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I Chiral Transition and NJL model I




Quantum Chromodynamics (QCD)

# QCD Lagrangian notation: Yagi, Hatsuda, Miake

L:q(iy“Du—m)q—%trFqu“V

D,=0,+ig A, (Covariant derivative)

FuvzéuAv—avAu—ig[Au,Av]z_—l[Du,DV] (Field strength)
4
A=At ("=SU3) generator,[ta,tb]zifabctc,tr(tatb)zééab)

# Gauge transformation

q(x)=V(x)q(x), g4,(x)=V(x)(g4,(x)=id,)V (x)
(x)=V (x) Dy (x) V" (x)

U




Chiral Symmetry

# Chiral transformation
= indep. rotation of left- and right-handed quarks

1 , 1 :
QLZE(I_Y5>Q_)Q =Viq;, QR:§<1+Y5>Q_>Q =V r4qr

‘g=(u,d,s,...), V, R€SU(N /)

axial-vector transformation

i

q%exp(—g?\fefys)ﬁ V44

# QCD Lagrangian is invariant under chiral transformation
when quarks are massless.

L=q(iy"D,—m)q
—>q Viy'(iy'D,—m)V ,q=g(iy"D,—V ,mV ,)q

1 o
6Lq:§qzy5{?\]61,m}q—>0 (m—0)
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Chiral Symmetry (cont.)

# Chiral transformation of hadrons (SU(2),)

S=gq (Scalar), P'=giy,t"q (Pseudo scalar)
qu—éej?\jysq, 65]2-%5]9’?@){5 (infinitesimal transf.)

S—-8'=5S—-0“P", PP-P""=P'+0"S
— Scalar and Pseudo scalar mixes under chiral transf.

@ P D 0 ARDEDE P. 02 RORMNLOKESE 0 LTHL.
chiral transf. & (S, P) Z/MTODmlEx

S —0)(S) 5 S”+ P°=const. (chiral circle)
P'l \6 1 \P

s EEFI~THIFIEEZDE. 6 (I=0") & a(J=0) OEEIIHERT
BIEETEN, BLRAS—HEIFIEEELEL,
— WHEO BRMEN

~
. Y P *‘?Qs AN\
- I ‘
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sigma model

# Chiral symmetric Lagrangian Gell-Mann, Levy ('60)
1 U W
LZE((?“U@ o+0, -0 1T)—U(cr,1't)
A, - ) 5y Wigner
U(U,“)Zz(ﬁ +m—f7) In Nuclei(?)
@ Invariant under chiral transf. ﬁ,*: ¢+ Nambu
e e 7

do=—0-m, 6mm=00 o
@ ¢ and m masses = T
O T
>

£1>0-(0)=f
U(U,Tt)=%mi(p2+%><0><112—|—0(((p,1'r)4) (p=0— f)

— When a member condensates, their masses split,
and massless modes appear !
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Nambu-Jona-Lasinio (NJL) model

# NJL Lagrangian o
L=5]<i>/”5u_m)q+2/\z[(c‘lq)2+(?i>/5T q)] \@/
QCD [ZHLVT quark DEESERL S
gluon ZF4 B P ="
— QCD O ¥ FttEHFEo7= A

quark DBFER
(m=0 T chiral sym. Z%D)

S=qq,P=qiy;Tq

— §°+ P*=invariant under chiral transf.
# Euclidean

(x)e=(t=it,x), (y,);=(y,=iy"y)

2GA2 (gqP+(giystq)]

Nambu, Jona-Lasinio ('61), Hatsuda, Kunihiro ('94)
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NJL model: Partition Function

# Partition Function

ZNJL:f DqDQexp!—j d4XLNJL]

_ - —e—

G = G, — G,2G
M 2
=| DgDgDSexp[—| d4x{é(—iy5+m+GZ)q+%(02+ﬂz)”

B

D
=f DZeXp[—Seff(U,Tt;T)]

# Bosonization (Hubbard-Stratonovich transt.)
G’ [, _ A’ I
—2A2[(qq)2+(611y5w)2] - (0" )+ Gglo+iysTm)g
a8 Effective Action

2
S (2 ;T)=—logdetD+f d4xA7[(r2(x)—l—th(x)]

BREBECHVT, FzILFA UL A7 Grassmann £
mmy 2QS P

2.




Aegendz’x: Bosonization & Grassman Integml

# Bosonization (Hubbard-Stratonovich transt.)

(G252 Al 6sY Gis
ex =|ldoexp|l——|lo—— | +
p_2A2_ J P2 ( A 2A°
- - 2 -
GZ(Pa>2 . A2 ; GPa G2(Pa>2
ex = | dmiexp|l—— |1t — 4
P 2A° f PIT5 A° 2A°

# Grassman number

fd -1 =anti-comm. constant=0 |, fd ¥ X, =comm. constant=1
_ _ _ 1 -
fdxdxeXp[xAx]=fdxdxﬁmAx)N:-":detA

=exp|—(—logdet 4)]

Bi-linear Fermion action leads to -log(det A) effective action

|
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Fermion Determinant with Mean Field Approximation

# Fermion determinant ZUL\NZEHETHIN?
— EIFA L +Fourier EHICKY . BITZEHEMAIEE

Mean field approx. 2 (x)=0 —const

Fourier transf. q(x)= \/ﬁ Z exp(—iw, t+ik-x)q, (k)
Fermion matrix (XX EKRIELRS,

D=—iy-V—-iy,0.+M=y-k—y,0+M=y-k—iy ,w+M
_[—iw+M k-c
—k-o iw+M
det D= H (W +k>+M>)""? (d ;=4 N_N ,=Fermion d.o.f.)
n,k

2
- F Q/V——?logZ——— Z log(w>+k*+ M)+ 12 /; o’
n,k

IIY-TP l‘?QS _A\
w"smn 'YUKAWA INSTITUTE FOR
] oRneAL PYES yoto NGy ‘».k affe




Effective potential of NJL model
s WRESHHN — FRARTUOvIL

3
E
Feﬁ:Q/Vz—dff <;Z1Tk)3 2k+Tlog(1+e

FORIRILE— + VF—VDRBERS + HBIE
s K2 (T=0, p=0) THORMRT¥IL (chiral limit, m=0)
_ df A d3k A2 2 4- df xz'
Feff_ 7¥ (2“_)3Ek+70_ —A | 7](X>+2G2-

A T(MIA)

Far__ 4y X1 _
A 16 2|GP G
G>G DESE, 2RDFBHHNA >HAFILAFRED B RIBN

A
_I__
2 0)

—Ek/T>

(x=MIA)

—

1 1

+0(x"logx) (G:=8w’/d )

1 1

~~

I(x)=

2 2

/ 2
\/l+x2(2+x2)—x410g1+ L+x
X 81T

16Tt
- . - ?QS VAN
A\ g
S YrTP # @ 12
- "THEORETICAL PHYSICS. » o 28 2

1+x2+%x4 +O(x6)]

1+410g§




Spontaneous breaking of chiral symmetry

s F_DRIMIGSH o HEBRSIS (Gap equation)
1 OF _df dl (x) x

At Ox 2 dx  G?

G>G, DEZABD o(~ q""q) DN IRIILF—R/PMRBZEEZS

quark BDSI AN+ RBEITNIE. o(~q""q) HiEHEL.
BRFIA—ODEELZEAHT , (Nambu, Jona-Lasinio ('61))

’ m>0 x=Go/A
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Chiral Transition at Finite T
a Effective potential at finite 7 in NJL

F d, d, e
L=l I(x)-—LP(M;T)+
A 2 A’ 2G
d, d,7(7\" 2|1 1 2(T)2
S S X TT 4
=— - ==+ ——|1—-=—{%] ||[H+O(x"]
161'[2 90 8 A 2 G2 Gi 3 A (X ng)
Stefan-Boltzmann THANDODEEMFIE
o dk K 1
TS (2m) 3E exp(E/T)+1 AFeff =1,
T=T,
— T<3" A/r OEBHET,
DS VRERHIECSILT G
HREETD T<T,
HAZIVIHEEE 2R

u
YITP %Y P
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= "= w 'YUKAWA INSTITUTE FOR
- THEORETICAL PHYSICS | VITP Kyoto 2" /A &

14



B S/ 155 ENIL $BE Short Summary

s HLZILxFRE

@ JA—DHEEMNIPILNEZIZ QCD AiE DX FitE

o BERMNEGHMSILAIREDENALSNFAVERZEART,
s EEP -3 =aFEE (NJL)

@ D= -RIA—IVDEI ADBWMERIZIX, V4A—0 - RIA—I% (" q)
ggﬁgﬁﬁﬁ (BAoIEBE LT. BRFIA—VDEEL

°* ARBETIXIA—VDRMEMRICLYRELABOLN, HHERETH
aHSHAS (DA HAFRMED[EE) .

s FRHTR7ZEER S

o BB 2ICTHLVT Fermion [XRAMLE Grassman M TERT,
( Fermion determinant, X [E#EREH)

o VF—VRDOBREERDORYEIZLSHEL
(Hubbard-Stratonovich transt.)

= VAN
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Appendix: Finite u
s ARZEEDFSIC, PEEARIIESIEHLIMN?
s Example: Relativistic Mean Field (RMF)

L=@(iy" 0,~m—Z)Y+ L, (P) (P=0,w,p)
S=g,0+y (g,w +g,p T)

s Euclid 1t + {EZHRTUIPILDOEA
Z=[ DyDIDP exp|—[d*x(L—ny )
= DYDGDP exp[—[ d*x [P DY+ Ly (®)]]
= D®exp|[—S (@, T, )]
D=—iy0—uy +M+3
s BEER

Su=S"+8 == logdetD, ,+ [ d*xL
n,k

meson

|
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Appendix: Finite u (cont.)
s —RTIHEZERE — Fourier ERICKY D ZTOvIrxifA{L
D, =y"(~iw, (V") +y-k+M+g,0
—>detD=[(wn—|—iu*)2—|—E*2r
W=p—g, 0 —g,p T, E*'=\NK+M", M'=M+g_ o
s RIERBIHMMERIT

Fiﬁ f dﬂk) lE +T10g(1+e )/T)+Tlog(1—|— E )/T)]

s BE0DES FOom *ﬁ?(#"?) REF ( R#&%F)
FUF) ffA d’ k

eff

E'—upy (dy=d,/2)

FORIRILT—ERRFOIL—ThHhoEHND
— RMF Tl B EER

|
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Phase diagram

# GL expansion at finite pn

log(1 + e~ (Ee—r)TY)(1 4 e~ (Extp)/T)

2r (" &Pk E 1 / A’k
;v | (@32 2/ (27)?

M2A2 M%?  M?T?

LT

1672 167 18

Second order boundary 72 + 12/372 = T2 (up = 3p)

- + const. + O(M?) |

= T Ej.lzlﬁl] MeV in z'iﬁ}’lll., g,_jgszlﬂ.?l’
200 |Lac T, HIC BH: Shen EOS, 40 M, |
LFT'L LT04 LR02
— 150 H=Z - gL{:u o LCO8
SI0TE 2 i ot
E 100 | = h‘ﬁ"" - TE+].LBE.I’3 T =const. I
£ :-ii o ; J_,,..f" _: PQM
E Stat. - N :
al | CP(Lat) © ;
CP(models) ©
0 CP(Asym.) ®m

0 300 600 900 1200
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