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Field Theory at Finite T & p
— Short Course —
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KBRS

s BEFHZETOREERS (Path Integral)

5 Zl t; (T B qp W e Rl Fh°

R b IO B o ICBIE T 3

I Ve

Sﬁ:<q]”’ tf|eXp[_i[A{(tf_ti)]|ql" ti>:f quxp<iS[Q]>

Slql= fqu,.):q,.,q(rf):qf diL(q,q)
BE q ICOWTOHI-REKEL
o 15

» MEFORDLYITEE D (c-number) THERES
» {EA S DIEREFFICIEERZMBERZAWVSIEICLY

B OMEEZIMYAD

s SFOEM =R TDBDOMRE o(x,t) 2ERETIEF HF

Sﬁ=<‘I’f|exp[—iﬁ(tf—ti)

B 4
S[q)]_f\lf(tl.):‘l’i,‘l’(ff):\yf d .

¥ =] Dexp(iS[p))
L(d, 0, d)




S EE#EI -2y FE
s SRR

2= exp(~E,IT)=Y. (nlexp[~ HIT]|n)

=> (nlexp[—i H (t,~t,)|n), ,—_.r=] Doexp(—S,[¢])

n
B

|
L(¢9,0,9,0.9)=—L(¢,8,9,i0,¢)
t=—it, 0,=—id, p=1/T

is=i[ “at[dxi=] dvd’x1=—] drd’xL,

¢(x.p)=¢(x,0)

° Bt NFOLERBERFEARRORIBOMTHS,

o ETORRBICTOWVWTH = =0, p CABEAFZHZ2DIFT
EED o (xt) IKCDWTRLEDE S,




Example: Scalar Field

# Lagrangian density
1 1
L:Eauq)a“q)—zmzqf—U(q))
Euler-Lagrange equation (principle of least action)

oL

- [ oL oU
“|0(0, )

_ﬁzo — au 8“¢+m2¢+£:O(Klein-Gordon eq)

# Euclidean Lagrangian
o Euclid {6®IV—Jb t=-ir,x=r,g =(1,1,1,1), L,=L

LE:%8H¢8H¢+%M2¢2+U(¢)

- HEERAIPBRWGEICEREICEREBE2LTHELLD,




Partition Func. of Free Scalar Field

s BHAADS—I1ZD 9 EREAN
o BEROYV A ZXDFE (AT V) DR THHRADS—IF (U=0)
B 7—')12?&

b (T, WZ exp(—iw, t+ik-x)d, (k)

Periodic boudnary condition w,=21tnT, k,=27tn/L

Euclidean action SEZ% > (wi+k+m) b (k)

n,k
o J—YIBMFIL=HY—FHMEDD,
BODAEREDLRWV, (BXTEHE)

D= NHd<|> I/Ti

s HORBS - SRR /
51—1/2 ‘L\A L

/= chbe NH\/Ewi+k2—|—m]
o g ok
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Partition Func. of Free Scalar Field (cont.)

. HEBTRIL¥— |
Qz—TlogZZ%Z TZlog vk’ k™ +m *) |+ const.

k ey

Ek

:%Z I(E,, T)+const.

s ¥A[R# (Matsubara Frequency summation)

Z ] T(XCOth(Tl'a/Z) (7=2n)
i>+7° 2a  |tanh(mal2) (i=2n+1)

n

0I(E,,T) < 2TE,  l+exp(—E,/T)

OE, o+ E> 1—exp(=E,IT)

n

I(E, T)=E,+ 2Tlog(1—exp(—Ek/T))+ const.
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Partition Func. of Free Scalar Field (cont.)
s HBHIRIVF—(IIVR-RFUIovIb)

0-Y

d’k
=y
J T

E _
7"+T10g(1—e BT 4 const.

E _
2k+T10g(l—e FITY

PORIRINFE— (Ao/2) mayEE

PORIRIF—RBLo2RELTHRORL IS,

OE,
- 0k

ik kv e
(2m) 31— BT

| 4

BDELH — Euclid € + Imag. Time — #5+1%

o -
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Matsubara Frequency Summation

s Contour integral technique
S=T> g(w,=2mnT,w(2n+1)T)
n

C

2

-«

—ef, e gle) oy Reslo) —eseoqpe06060—
—J C+C, '

|

>

21 PP x e

(g: meromorphic (FEH),
no pole on real axis,
decreases faster than 1/m at @ — o)

@ Applicable to more general cases !

@ Anti-periodic condition — Fermi-Dirac dist.

s Example: g(w)=1/(w*+E?)
— o= *iE, Res g = *1/2iE

BE
o 1 e "+1
2F P11

Geeeeast

WCL

C +C,+C, +C,=0

13



Fermion

s Lagrangian
L=N(iy"0,—m)N
# Euclidean

(x)p=(t=it,x), (v.)r=(v.=i¥",¥)
L,=N(-iy,0,+m)N

# Grassman number

BEESICBVWT. 7TV IA VIR ET#A Grassmann £

d v -1 =anti-comm. constant=0 |, fd Y X, =comm. constant=1

. B B 1 _

dxdxeXp[xAx#fdxdebch)N:---:detA
—exp|—(—logdet A)]

Bi-linear Fermion action leads to -log(det A) effective action

|
m™m = w  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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RMF

s Example: Relativistic Mean Field (RMF)

L=g(iy"d,—~m—3)p+L

meson (

®) (b=0,w,p)

S=g,0+y (g, 0 +g,p T)
s Euclid 1t + {EZRTVIVILDEAN

Z=[ DyDYD® exp|

D=—iyo—uy'+ m+3
s BMER

SeffZSg?JrS ——Z logdetDn,k+fa’4xL

meson

n,k

[ ¥

"dtx(L—uyy)

= DyDYDD exp[—[ d*x(PDy+ L, ., (®)]]
= Dq)eXp[_Seff<q);T’M)]

meson

|
W YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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8 —RIRIG%I{RE = Fourier E#IcLY DE=7OvIxAIE
D, =y (~iw,~(u=V"))+y-k+ M+ g,0
> det D=|(w,+ iw" P+ E*[
W=p-g,0'—g,p"t, ET=1k+ M7, M =m+g,0
s MRIREB M ZR1T
FEeIfZ“):_a’sz d3k3

2Tt

E*+T10g(1+e_<E*_”*)/T)+T10g(1+ ~(E )/T)]

-sagoon%A YO&  HF(MF)  REF(RET)

Fro=_%r (" d k d”k dy=d 2
eff J'[j) Nf (231:) ( )
FORIRNVF—RBEFOI—THSER NS
(RMF Tld8 % #457)

|
== m m  YUKAWA INSTITUTE FOR 1 6
" THEORETICAL PHYSICS



Spontaneous Chiral Symmetry Breaking
in NJL model

17



Chiral Symmetry in Quantum Chromodynamics

s QCD Lagrangian notation: Yagi, Hatsuda, Miake

L:q(iy“DM—m)q—%terF“V

s Chiral symmetry: SU(/Vgp x SU(Nppg
@ Left- and Right-handed quarks can rotate independently
9, =(1=¥5)a/2, qx=(1+y5)q/23V q,, V4,
L,=q.(i¥" D)4, +q:(iy" D) g Am\q. qu+ Txd.)

invariant small (for u, d)
# Chiral transf. of hadrons

0=qq , W'=qiysTq

4

1 —0
0 1

@ ¢ (J™=0") and 7 (J™=0") mix via chiral transf. but have diff. masses.
— Spontaneous breaking of chiral symmetry.
(As in Bogoliubov shown in superconductor of electrons.)

T L]

m xR Y TP .&\?Qs utro
m Stor 18
TV eounoumss 2w Motrer

O
JT

O
JT

/




Nambu-Jona-Lasinio (NJL) model
# NJL Lagrangian

L \ /
ch‘](iy“éu—m)q+2[\2[(79)2+(7iY5T q) /@\

# Integrating out gluons and hard quarks in QCD q
— Effective theory of quarks
with the same symmetry as QCD Wigner

In Nuclei(?)
Nambu

S=qq,P=qiystq
- S°+ P>=inv. under chiral transf. c

8 Euclidean action

(xu)E:(T:it: x): (YM>E:(Y4:iYO’ Y)
G2
2A°

Nambu, Jona-Lasinio ('61), Hatsuda, Kunihiro ('94)
19
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Partition Function in NJL

# Bosonization (Hubbard-Stratonovich transf.)
G’ A’

@9 +@ivstg)] - (o’ +Gglo+iysTm)g
b
# Partition Function — _ — _ —@—
Zw=) DgDgexp|— [ d*x Ly, G = G, — GG
M 2
:fDquDZexp[—f d4x{q(—iy8+m+G2)q+A7(02+n2)}]
D

:f DZCXP[_Seff(G’ n"T)]

8 Effective Action

2
Seff(Z;T)z—logdetD+f d4x%[62(x)+112(x)]

20



Bosonization & Grassman Integml

# Bosonization (Hubbard-Stratonovich transf.)

AZ

2

2
-2A2-

exp

Zfd(rexp

i Gz(Pa>2 1

exp

2A°

=f d i exp

# Grassman number

[ %

A2

2

O'__

2

GS+

AZ

« GP°
Tl'—A2

2

G>S®
2A°

_|_

G2(Pa>2-

2A°

" d ¥ -1 =anti-comm. constant=0 |, f d -y =comm. constant =1

[ %

-

|
W YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS

"dydyexplydy|=[ dydy

1

N!

(x Ay)" =

—exp|—(—logdet 4),

---=det 4

Bi-linear Fermion action leads to -log(det A) effective action

21



Fermion Determinant in Mean Field Approximation

# Mean Field approx.+Fourier transt.— Diagonal Fermion matrix

De—iv. Vi M- —iw+M k-O M= _ |
iy'V—iy,0.+ b ios M ( G o =const. )
det D= H (ooi+k2+M2)df/2 (df=4NC N ,=Fermion d.o.f.)

n,k

8 Effective Potential




Matsubara Frequency Summation

# Matsubara Frequency Summation \ ®0)
0
I(E,T)=T 2, log(w,+E’) C,
n [ [ ° 4
,=2nxT,xT(2n—1) ,Thisisit! —5050505656900—~
(for bosons, fermions) C
1
6[(E,T)_Z DTE Y™ T+ ™7 ®
OFE o 2+E2 o eE/ZTie—E/2T

n

I(E,T)=2Tlog[e"* Fe '] C
:E+2T10g(liexp(—E/T))+const. ® v
. o .

s Contour integral technique E@@ ) ) ®@f

SZTZg(u)n=2TrnT,Tr(2n-l-1)T) —
" %) C
dz g(z) Res g (w,) L

:+f
o C,+C, 21T ZBZ_I ZZ leo—

|
m™m = w  YUKAWA INSTITUTE FOR
" THEORETICAL PHYSICS




Effective potential of NJL model

s Eftective potential (Grand pot density)

d’k
=V ==d
f (2m)

Zero point energy + Thermal (particle) excitation + Aux. Fields

2
> +T10g(1+e_E"/T) +A702

s Effective potential in vacuum (T=0, u=0) in the chiral limit (m=0)

d A d3k A2 2 4 d )Cz .
Fa=—-2 =A*|——LI(x)+ =M /A
A T(M/IA)
F g d, x| 1 1 4 2 >
=— + — +O0(x'1 G =81t"/d
AY 16w 2| G G (x"logx) (G.=8m'/d,)

‘ G>G_ — 2nd coef. < 0 —Spontaneous Chiral Sym. Breaking I

1+ 1+x°| 1

X 81T

\/l+x (24+x*)—x"log +0(x%)

- 1+x2+éx4 1+4log§

24



Spontaneous breaking of chiral symmetry

s o is chosen to minimize F__ (Gap equation)
1 8Feff__df d](x)_l_ X

— =(
A Ox 2 dx G?
For G>G_— finite o(~ q"*"q) solution gives min. energy state.

If the interaction is strong enough, o(~q*"q) condensates
and quark mass is generate.(Nambu, Jona-Lasinio ('61))

“ m>() x=Go/A

25




Chiral phase transition
at finite T and u
(Chiral Limit)

26



NJL model with u

# NJL Lagrangian

2

L=g(iy"0,—m+y,u)q+ 2A° {(74)2"'(?1')/51@)2]
2

LE=q<—in8M+m—y0M) 2[(74)2+(7iY5tQ)2]

2A
8 Effective Action
AZ

Seff(Z;T):—logdetD+f d4x7[62(x)+112(x)]

D=—iyo—y,u+M , m+GX
MF+Fourier® D=—y (io+u)+y-k+M , M=m+Go

# Free energy density

wn—iu)2+k2+M2)df/2

'Ek K1 .
2 3E 2 E M/T_I_1 e(Ek+M)/T+1

27



T, u and m dependence of thermal pressure

# Thermal pressure as a function of T, p, and m (Fermions)
Kapusta ('89), Kapusta, Gale (2006)

PF 14 7 T4 1 272 i
'eF =200 ] L + 192 Stefan-Boltzmann (m=0)
m® [=®
dh .-:l .-:l
T [ B =+ .I”'_:| m’ term — phase transition
4 ;
T m 3 T
o (—) — S fAgl HY (—) + @ (m"
T 32x [ S\ 7 g T (")
m* term — critical point New
. 7 vy 31 _,_  rv\4 127 v\ ©
H rz:|—351.31(T) —E\,n:n(“) +_64_l“|'|(;) I

‘ Mass reduces pressure (enh. Feff) — phase transition ? I

28




Chiral Transition at Finite T

s Eftfective potential at finite 7 in NJL

F d 2 d
eff :__f]<x>+ X 2_P4
A 2 2G° A
d d nz 4 2 7 2
-4 & TN x 12_ 12 | %) +O(x*)
167 90 8\Al 2| G* G? 3
Stefan-Boltzmann Correction from T
@ Chiral transition should A >
occur at T <32 A/x. F o =T
T=T,
c
T<T,
Chiral Transition at finite T
is suggested by NJL !
PR BLLESEY 1) 29




High-Temperature Expansion (1)

# Thermal pressure (Fermions)

pF _ ar d’p p* 1 n 1
2 (27)3 3w | elw=—w)/T 11 = elwtn)/T 41
w=\/p? +m?

s High-Temperature Expansion = Expansion in m/T

@ Important to discuss chiral transition (m = Go)

@ Naive expansion does not work (non-analytic term in m)
# Kapusta method

@ Recursion formula: simpler integral — pressure

AT*dp m 1 dhy1 Y
pF — hF( - :_) ntl — _Zp,
2 s\ VT ) dy n 1
@ Replace integrand
1 t 1 1 - 1
2w eV +1  ewtV 41| 2w — w?+[7(20 — 1) — w]?

|
m™m = w  YUKAWA INSTITUTE FOR
" THEORETICAL PHYSICS



High-Temperature Expansion (2)

s Following identity is obtained from contour integral.
1 1 1 1 > 1
— =+ o
2w |eY vV +1 S |

T 2w w2 + [7(20 — 1) — iv]?

[=—o0

j[ dz 1 I jgdz 1 |
Coic 2T es vV 41 22 4 w?2 e 2m eV 4+ 1 22 4 w?

poleatz=+iw poleatz=m(2/-1)-iv
4 [ O\
-
i Beeeoast
C2< ®
QISININ) IO, @ C,
® G C,+C+C +C,=0

“m™m m m  YUKAWA INSTITUTE FOR
s THEORETICAL PHYSICS
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High-Temperature Expansion (3)

# Recursion relation of h-functions

1 e ldy 1 1
hE =
n(yv) 2(n—1)!/0 W {e“’—"'—|—1+ew+"’—|—1}

dh'nJrl
dy

Y
— __hf'n,—l
T

@ From hy(y, v), h3(0, v), h5(0, v), we obtain hs(y, v) and pressure.

s Key function= hy(y, v)

2L o0
1 1
hF — | d -— —
tlyv)=lm J o de {2&) Z;o W2 1 720 — 1) —iu]2}

|
m™m = w  YUKAWA INSTITUTE FOR
" THEORETICAL PHYSICS

32



Chiral Transition at Finite u

s Effective potential at finite # in NJL
coldl. ) o cgl(T, um)

Fur (m; T, p) =Ferr (0; T, ) + —5—m® + —5—m" + O(m°)
- 0 n|
) Il;l_ll'.' 3 ST 0 3 5
ca(T ) = — Y AT |1 - —a7 |- I+ —u
e F e |
2( v
T “(p=0)
@ 2nd order phase boundary 511=50 MeV in Asym., g./2.=0.2
200 HIC BH: Shen EOS, 40 M___
3 e, PRO4 104 I RO2
+— =T ~ 150 Lo X LC08
T’ o M (M O) > m% ****** %PNJIES
i % 2 2. 2=mns i
Roughly matches § 100 | N o
chem. freeze-out line. Stat. © e ¥
50 r CP(models) ©
CP(Lat) ©
0 CP(Asym.) = |
0 300 600
Lg (MeV)




(Tri)Critical Point

# Do we expect the existence of (Tri)Critical Point in NJL ?
@ Yes, as first shown by Asakawa, Yazaki ('89)

@ TCP in the chiral limit — CP at finite bare quark mass
s Estimate from high-temperature expansion

@ TCP: ¢, =0 and ¢4 = 0 simultaneously.

@ ¢4 decreases as n/T increases.

2.5 . . . .
. . S - 1_1 :IITlllza'l.‘l -
@ Existence is probable, ) E Hx-{':f% [fu]ﬁ L
Position is sensitive “ | BT o.x) -
to parameters and treatment. 1.5 | E:‘gj :
N #
: .
1| &)
05} il
D -—I—T"_'_F_.r 1

0 05 1 15 2




Chiral Transition at Finite u

s Effective potential at finite # in NJL

a1, . (T,
Feg(m: T, p) =Feg(0; T, u) + rl[,}'ﬁ] m> + H[:Hfi] m® + OQ(m")

f dr [ 3 5 Sor .
colTl,u) = — 5 [ﬂ-i‘ﬂ (l — ﬂ’f,-:’__,'ﬂ) — (T +r_5”u )]

Yy =T
calT, p) =— 2[ e — 1 — log (ﬂ) . H“[,u,-“T]]

p=0 negative at finite p
@ ¢,=0andc,>0— 2nd order

@Cy 2> 0 and ¢y < 0 — 1st order

@ ¢,=0and ¢y, = 0 — tricritical point \\/_/

VaaV,

35




Short Summary

# We expect the existence of QCD phase transition
and the critical point from chiral effective model studies.
This point is discussed based on the Nambu-Jona-Lasinio model

@ When (q interaction is strong enough, chiral symmetry is
spontaneously broken in vacuum.

@ Chiral symmetry should be restored at high temperature.

@ Density effect reduces the 4-th coeff. in m (or o),
and we can expect the first order transition at high density.

@ Technical part
Matsubara sum, Hubbard-Stratonovich transformation,
High-temperature expansion, ...

# Since the first principle calculation of QCD has difficulties at
finite densities, we need studies using effective models,
approximate treatment of QCD, and of course, experiments.

36




OCD Symmetries
s QCD Lagangian
. 1 v
L =q(iv"D,, — m)q — §ter F#
D, =0, +igA,, F,, =0,4,—0A, F gfabCAZAC

174

# Classical Symmetry = Symmetry of Action (Lagrangian)
SU(N.) @ UN¢)L @ U(Nys)r

8 Quantum theory — Action + Measure (path integral)
Chiral anomaly breaks U(1),
SU(N,) ® U(1)g ® SU(N)r ® SU(Nf)g
s Spontaneous + Explicit breaking of chiral sym.

SU(N.) @ U(1)p ® SU(N¢)y

—(N/-1) Goldstone bosons

37



' Introduction to Lattice Field Theory I
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1% F_L DIg DI 5
s IFOEBH=MIEEHE
o RN -BREICECIERE—RICITHE - HERICHEEL<

o RODWHEDIZFEE ICERLESL
- [E9KRE] = BROBFLTREE, ZiHiERA*E35,

s AN5—¥
o E#tHE M (Euclidean) D{ER ( ¢ ‘5 )

] ] ]
Scont:fd“x 58u¢@u¢+5m2¢2+4—,?\¢4]

o IBF LDIERE
s EHABERT S IC—

s S, ETEBREFAUHBEER

¢ —_4a Z(l)(n)¢(n+ﬁ)+¢(n—ﬁ)—2¢(n)+a4z[%mz¢2(n)+ﬁ¢4<n>

o’ 4/

&, - . = ?QS T
YITP g- 39
3 rer




& F LDIFDIE (cont.)

J *ﬁ?i@j’ﬁ ] - Zﬁa—fﬁﬁﬁﬁ ) b
Slat:_%z ¢<n)¢<n+l1)+¢<n_“)_2¢<n)
n,u

2
a

A
4]

n=(n,,n,, n_):spacetime point on the lattice

b (n)

+a4z %m2c|>2(n)+

(i :unit vector in the positive p direction.

°a—0 OBRT, EixEmDIEHE—
Sumat Y| bn) X Z2+ g () + L ()| +0(a)

2
M axu g

40



Gauge field

# Gauge action (Euclidean)

1
SG:2gz

Afvﬁﬂ<hﬂﬁkﬁf@Jiﬁu%5:%6w>
(RBBOTRZEREDN cBALDT,. g4 >4 ERT—))
8 Gauge transformation
A (x)=V (x)(A4,(x)=id,) V" (x), F,(x)=V(x)F, V" (x)

TRY,

8 JF—I AR EEEEORFLOERZEDLSICESH?
> YV IEH

U(x,y)=Pexp

F,=0,4,—0,4,~i[A, A,

i fj dz,A,(z)| (P:path ordered product) y

)V OZERIIHEO R TS —V TR %EZITS
Ux,y)=U'(x,y)=V(x)U(x,»)V" ()

X

41



Appendix: Gauge transformation of U

8 Proof of U(x,y) — VX)U(X,Y)V'(y)
N—1
U(x,y)=1lim [] [1+i4,(x,)Ax,] (x,=x+nAx)
N —00 =0
(multiply (1+i A Ax) to the right!)
By using the gauge transformation of A,

A, (x)=V (x)(4,(x)=i0,)V " (x)  x=x,

and the unitarity of V, V(x) V"(x)=1, we get
14+i4",(x,)A x,
=1+iV(x,) A, (x,)V " (x,)Ax,+V(x,)0, V" (x,)Ax,
=V (x,)V " (x,,,)+iV (x,) 4 u<xn)V+( 1) A X, +O((Ax))
=V (x)[1+id,(x,)Ax, ]V (x,,)+O((A x))
—U'(x, )=V (x)U(x,y) V" (y)

|
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Gauge action

s YO ZEH U,,.=U(n,n+{)
U, . =U(n,n+)=explia A,(n)|€SUN) ., i
s YV O)BBISHIED R TOTF—IE % U, ,=U(n+{,n)
2I50T. TFALAREIICZoTRZ < )
EBE.ED trace (Eli’)'—““;FE n+p
[Tu-=vn)(]] vV
neC neC C
# Plaquette
Lattice EC&RE/INIR loop & Lo Ul(n+v)
BHIERF Y n+p+v
n—-n+p—-n++v—on U’ (n) U.(n+0)
qu(n)EUn,uUn-l—ﬁ,vU:JFv,uU:,v '
n .
s Gauge action (plaquette action) U,(n) "TH

|
Ss=B, Z 1—VReter(n)} (Bg:2NC/g2)
__plag. ¢
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Appendix: Plaquette and continuum action

s F—IFDRFEH n+ U:(n-l-v) o
ntH+V
Ss=B, Z 1—]\1] Retr U, (n) Uj(n)|:| U,(n+)
plag. c - A
2 U(l) (RES) DBE : AMA =rotation OEMS — F,F,
o FEM[AS — VB DIBE : Hausdorff 2R DFI eAeB:€A+B+;[A,B]+---

ial A, (x)+A,(x+()+ial4,, 4,2+ —ia{A,(x+9)+4,(x)-ia[4,, 4,2+

trU,,(x)=tre X e

—tr eia[(Av(Hﬁ)—AV(X))—(Au(xW)—Au(X))Ha[Au,AV]+0(a )

:tr[l+inguv+ﬁ4X4—a4FﬁV/2-|-0(a6)]
0
lim S,= D, B,tr

a—0 n,u#v

4
a
1-—F.,
2 S. Aoki, Text

|
m™m = w  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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Link Integral
J ’J’—“‘%G)"&%Fﬁ
Z, fHa’U Lexp(— fHdU explB, D, tr(U,+U,)]

PE plaq.

@ dU ‘iﬁJ:G)Z;%)ﬂHE ( Haar measure )
- =T H

U, .~V U, V' (n+i)

IKRH L TAELRRSOREN’BE

s JVIRD SUN)

o F=UFREMUDHT NV VIEBDZSHADRDIKITITRES,
) dU1=1 (normalization), deU =0
. |
| dUUabUl.j:ﬁ(Saj(Sbi
dUU,U,U, =&, e, (N=3)
. N .

/ abc z]k




* [dUuU,=0
s LHS=R_ &8<, TWlICENS SUN) 551 V &b iF5E

LHS= | dU (VU),=[ d(VU)(VU),=R,,, RHS=(VR),

VIiRERD SUN) DTELS, R =0
1

* Javv,U;=+5,38,

o LHS=T¥  &8<, U, U" ¥ LU, UL'&E#RTELI L, L' &H I35,
LHS= | dU(LU),(LU);=] d(LU)(LU),,(LU);=T¢
RHS=L, T, L, —» LT,=T,L — T$=S,38"

EED SUN) DTERMTEDOTLRFICOWT T IZEATI,
RRICEZALT S HHEATHICLH,
a=j EBVWTHIEESRE, LLAIBRED N &3,

|
== m m  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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Proof of the one-link integral formulae

1
N / EabcEijk (

* [avU,U,U,= N=3)

abc __ def

o ZDE T E8<, U axs, Lo Lalily Ly
EEDOLICHLTRARZERIBOT VY ILEEE2RR/IHTTYVILDH,
EE*&%E%O Tabc_ abc

@ M3IC abe ZMFTHIZEY., det U=1 ZfF>H& c=1/N!

|
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Wilson Loop

s One link integral formulae DGHEL T,
bl ¥5 & PR 18 T D Wilson loop DHEEERDTHET.

s Wilson loop

w(C=LxN.)=t[[] U] A
o BEAE L. BEBENOL—TKET, 0

YO OZERERITEDELED, 1
° BERJII |

HEIRBZICERDEWNIF—ID SR, -

L 2T AN) VT %3,

%gf’aﬁ Nt DRICEAUCAMETEHRANTS

(O,(N,)O;(0))ccexp(—=V (L)N,) (forlarge N )
V (L)=Interquark potential
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Wilson loop (cont.)
s 5 S 1% PR T o FL | |
(W(C=LxN,))=| DUW (C)exp %Ztr(UpﬂLU;)

g P
o UVIBHABOTWBEESLTO, L
— Wilson loop ICEEN 5T RTD — >
|)> 4% plaquette oDV I & A
HATHOETEHIDELHS, I | EPE | IS | B
° FEEMHLNEE 'C’*%K.H")&L‘&O)N ]
plaq 'Czﬁ?"di Wilson loop % S | I | I |
SEHEBIIC plag. T &bih,‘fck\,\
1 LN_ —— ] ] ——
<W<C>>=N( L Ly ()=Llog(g*N)
g N e L Le—d L
MR ¥E SRR CIXERER Vi bl el

- J9FA—ODEALA®D
K.G.Wilson, PRD10('74),2445

N B A0S
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Strong Coupling Lattice QCD: Pure Gauge

8 Quarks are confined K. G. Wilson, PRD10(1974),2445
M. Creutz, PRD21(1980), 2308.

in Strong Coupling QCD G. Munster, (1980, 1981)
@ Strong Coupling Limit (SCL)
— Fill Wilson Loop

with Min. # of Plaquettes
— Area Law (WllSOIl, 1974)

——

SC-LQCD
. MC

SLQE‘D = ——Ztl‘ {{[ + U T]
@ Smooth Transition from SCL Esmng EOMATERERCE N, Sof
to pQCD in MC agd - Weak coupling region
(Creutz, 1980; Munster 1980) : \
- L > 0.11 “"i‘.‘
A | I
N, 0 i, 2 3
=2Ndg’ (Nc=2)
= l/Nc gz P 9 Munster, '80
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Fermions on the Lattice

# Fermion action (Euclidean)
Sq’con;f d4xq(—iyuDu+m)q, D, =0,+i4,
s }&F LD action — Link ZEHDFI FE

R ALY (CL D (EA ) PUMIIED)
F,lat ~ | T 2a

+mq(x)q(x)

o q,U DEBRENST —IFE
q(x)=V(x)q(x), U, —~V(x)U, V" (x+)

o EMIBERT S N

q, cont

U=1+id,a, Sp —a Zq ai—HA qg)+m|q(x)
X

IhigE I'zy,x, - x &ELET,
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Fermions on the Lattice (cont.)

s —REIBSIEN . BERN..> FT5—
o BHIZDIZE . Fermion M hopping matrix % Fourier £¥#19 % &
D=il, sin (P, @) (p,=2mn,/La,n,=0,1,..,L—1)
s (3+1) ,REJI%?J:’C D & 16 B 0 &%%, (p,=0,n/a)
— ETRIVF—TIHENS Fermion DFEFD 16 51X 3,
# Nielsen-Ninomiya D EIE

MBURRE (ETBREARAEMN. 13U, BRrE. TIL
;— M, TR ) &6 7T/ F Fermion ICIEZY TS5—DFE

T ]
s fRRFIE

@ Wilson Fermion: a —» 0 CYT7S5—DEIRICE<S< LS EIIC 2 M
DI THIEEZIMA S, ( 7J’f7)bﬁ*f.|"|'$7b‘7"d~\,\ )

@ Domain wall Fermion, Overlap Fermion, ....

@ Staggered (Kogut-Susskind) Fermion

T - e0S i@
A Y o TP .&\ # 52
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Staggered Fermion
s Staggered Fermion: Spinor #81&- v 7% EAFn THRHE S,
d=Yo' Y1 Y2 Y3 X
— A — Xy Xy X;_ X, X x,+1 X, A
>q(x)y, g (x+0)=%(x) YTy ¥ Yo Yu Yo ¥ oy x(x+i)
XX

2x2

=, ()% () yy v vy vy () =m, (x) 7 () x (x+ )
N, (x)=(— 1)

@ Lattice action with staggered Fermion

Znu +me X,

Fermion 0) 4 ﬁﬁﬁ?ﬁ‘éf%ﬁﬁo 1 ﬁﬁﬁ@&’&%if&\,\o
- 16 DY 75—, (Dirac Fermion C )4 DD TS5—&43,

o HASIER : 1,y IKDWTRL. BYE o7y THDAIE
Xx—>€Xp(ieE<x>)Xx, )ZXHCXP(I'GE(X)))_(X, E(X):<—l>x°+xl+x2+x3

- BBERDAZIHEZED
CERAINY ) 53

Xx X, uXx—l—u_Xx—l—u Ux uXx




Lattice QCD with staggered Fermion

8 Lattice QCD action with (unrooted) staggered Fermion

SLQCDZS +8;
Z np Xx X, uXx—l—u_Xx—l-u Ux uXx +Z mX Xx
:——2 Z tI'[U ‘|‘U
g plag.

@ Spinor #BED simple( &\ ) — FBITH - BUEMLRETEHIEHE
@ m=0 (chiral limit) CEX® A chiral WTHE%EELD
= A4 IVEER DR D A BE
o EHMEE (g~ 0,2a—>0) Tk N=4 D BRED « TRIL—
N—xFRE BN TWS,
@ Chiral anomaly (U(1),) ICDWTIX controversial
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Monte-Carlo simulation in Lattice QCD
s DHERIR (or *=5ﬁ5ﬂﬁ§&)

S=S,(U)+gDq, Z[J]=] DUdetD(U)exp[—S,(U)+J O]
_><0>:fDUdetD( )O(U)exp[ Se(U)] _52[J]

| DU det D(U)exp[—S(U)] 5.J

@ Monte-Carlo jE Tl B E IC Fermion determinant ZFE{ L.

VO EBDEALIZ MC ETRDB. 74—V 28 CEEFDEZE
ICI&, propagator ZHODICEHE. -

VA

0.4 0.6 08 1 1.2 ] -0
16 | ' ' T T T 1 e
i B 1500: _
12 - — 7] S 1 +—;\— z E{H-ﬁ
> _
L e pd —m— 4 _
12 _ 3T/ asqtad +—e— %1000 i e | N
6 L asqtgg EP
500_’ K — experiment
o ' ) = width
2
D TiMeV] I & QCD
100 1 5[] 21][] 25[] 300 350 41][] 450 5[][] 530 0
Hot QCD (2009) BMW collaboration, Sceience 322(2008)1224
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1BF LDIZFDEH Short Summary

s ¥&F QCD
o NVIOEPHDEAICKY, 2R —IWHMEERE.

o J)V—=V{ER : Plaquette (754 v ) YEA (or its improved ver.)
— EHBR (« > 0) TEHREROS—JER

o VA—V RV IEBERWTT—IWF2&E TS,
8 Monte-Carlo simulation
* FFEEIERE QCD 2B E ICH<FE—REF TR,
o KERWIH: h5—DRALAH. /NFOYEE. QCD HHIE® (n=0)
o BAZILRIEICITZS VD DORBEHY

» Staggered fermion: Fast, but ugly (N=4 — quarter root, anomaly, ...)

* Wilson fermion: Explicit chiral symmetry breaking at finite a.

* DW/Overlap fermion: large numerical cost.

s BEEE TCODEF QCD MC simulation (I IN - KILHE,
o [ KREREN postdoc ICEZATIEWIRBWT—T] (BAIA)
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Monte-Carlo Integral: Importance Sampling

# Metropolis sampling
= One of the typical (popular) method of importance sampling

Config. A
Sen{A)

-

P

B

—)A= 1

>

Config. B
Seff(B)

PA—>B= cxp [Seff(A)'Seff(B)]

@ Trial prob.: P™, =P™  (detailed balance)

@ Pickup prob.: According to S .

Seff(A)<Seff(B)

@ In equilibrium, P(A) P, =P(B) P, , — P(A) x exp[-S_(A)]

|
m™m = w  YUKAWA INSTITUTE FOR
" THEORETICAL PHYSICS
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OCD phase diagram
in strong-coupling lattice QCD
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Lattice QCD

# Space-time discretization of fields

# Quarks = Grassmann number on sites
KiXi=—KjXis de1=0, deXZI U+
_)fXmdX2"'d7_(1d)_(2'"EXP(XDX):detu)) '

# Gluons — Link variable U
e .

Uu(x)zexp ig f dx A(x) NeXp(igAM)
X

[davvu,=0, [dUuU,U,=8,5,/N., | dUU,U U, =¢.e.lN,!
# Gauge transf.

L0V ((x), 2270V (), o
U,(x)?V(x)U,(x)V(x+{) Lattice spacing = a
)_C(X)Uu(X)X(x-I-ﬁ'): invariant — Lattice unit: a=1

ufroi




Lattice QCD action

s Lattice QCD action (unrooted staggered fermion)

1< ey - ’
LZEZ Xon<X)eMXx+6_Xx+6U0(X)e Aon iU" IU0+
X 4
1 _ — + Iy
+§ Z "IJ(X) XxUj(X)Xx+}'_Xx+jUf (X)XX ubé
X, ] 04—.
My Y KoK — (0 +igA)y v
. @0
m

2N [ '
+—- Z 1—LRetr Uw(x) Stokes
N
plaq. L c | theorem 1/g°
— rotation

@ Staggered sign factor (~ y matrix)
(X)=(-1)**(x +...+x
N, (0=(-1)**(x,onbX, )  quark

@ Chiral transf. (Grassmann #)
X — explife(x)] 1, eX)=CD**xX+x+X,+X) [ link ~ exp(igA)

— =
S
Dgmmmao\ "™ W Y I P ‘\?Qs 770
2 i Star 60
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Sign problem in lattice QCD

# Fermion determinant (= stat. weight of MC integral)
becomes complex at finite p in LQCD.

d

Z=) DIU.q.q] exp(=gD(n,U)g=S5(U))
=) D[U] Det(D(u,U)) exp(-S5(U))

[ ¥

= D(_n )5 Det( D)) =Det (D)
(ys hermiticity)

[YsD(M)YS

@ Note: Euclidean D =y, D, +m-py, (y = Hermite, D,

@ Fermion det. (Det D) is real for zero p (and pure imag. p)

= anti-Hermite)

@ Fermion det. is complex for finite real p.
s Approximate methods:

@ Taylor expansion, Imag. n, Canonical, Re-weighting,
Fugacity expansion, Histogram method, Complex Langevin,
Strong-coupling lattice QCD

_ . :
A0 TRYITP <98
w Star 61
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Sign Problem

s Monte-Carlo integral of oscillating function

Z:f dx exp(—x2+ 2ia x):¢ﬁexp(—a2)

Easy problem for humanis | AT
not necessarily easy 0 ~E o A=
for computers. 05t
VAR
s Complex phase appears T , T f()=exp(x 42iax) |
from fluctuations of H and N. 302 00 | 2 3

de Forcrand

z=2 (Wlexp[~(H—-uN)ITNw)=2_ [ [ (w.lexp[~(H-uN)/(N.T)]|p,,,)
— Description based on “Hadronic” (color singlet) action

would be helpful to reduce fluctuations.
— Strong coupling lattice QCD

NIl |

A0 TRYITP <98
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Sign Problem (cont.)

# Generic problem in quantum many-body problems

@ Example: Euclid action of interacting Fermions

S= ZwayquZ D), (Py), o
X,Y

@ Bosonization and MC integral (g>0 — repulsive)

exp(—gM M )= do exp(-go’—2igo M) (M =(9y),)
Z=] D[y, ,0lexp| — | D+ Zigﬁ)w—gZO

820,

=| D[o] Det(D+2igo)exp

complex Fermion det.
— complex stat. weight
— sign problem

NI . 4
O LTYTP 4\"“5# @ 63
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Strong Coupling Lattice QCD

Pure YM
~ _ sc-LQcD
SE Phase diagram
Fluctuations
1.ﬂL -
"eEiy
—— nn:
tmoritical point F—4—-4 +
1stomdar — + it
:Hmirhﬂ]::gr (] n
" L A e -
0 1 " 2 3 0 01 02 03 04 05 05 0T 0B
. B=2Ndg" (N=2) Kawamoto ('80), Kawamoto, Smit ('81),
Wilson ('74), Creutz ('80),  Damagaard, Hochberg, Kawamoto ('85), Mutter, Karsch ('89),
Munster ('80, '81), Lottini,  [igenfrit;, Kripfganz ('85), Bilic, de Forcrand, Fromm ('10),

Philipsen, Langelage's ('Ll)  Karsch, Redlich ('92), Fukushima ('03); de Forcrand, Unger ('11),

Nishida ('03), Kawamoto, Miura, AO,  AQ, Ichihara, Nakano ('12),
Ohnuma ('07). Miura, Nakal:to, AO, Ichiham, Nakano, AO (r14),
Kawamoto ('09), Nakano, Miura, de Forcrand, Langelage,

A0 ('10) Philipsen, Unger ('14)

-. = \?Qs
)
n)| mTmw w  YUKAWAINSTITUTEFOR
%) oA

64




Area Law

Wilson ('74), Creutz ('80), Munster (80, '81)
# Wilson loop in pure Yang-Mills theory L

(W(C=LXN,)) ..

:lfDUW(C)exp %Ztr(Up"‘U;) N
Z g P

=exp(—V(L)N.) V(L)= heavy-qq pot.

s One-link integral \/ 1 -
f du UabU:d:Niaad I =N ¢
# In the strong couplingclimit baic
1 LN,
(W(C))=N . >V (L)=Llog(g’N) U U+
g N
Linear potential between heavy-quarks a ' d

— Confinement (Wilson, 1974)
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Area Law

# Area law in the strong coupling limit

SU(2), v=4

Wilson ('74)

# Verification of the area law
in Lattice MC simulation
Creutz ('80)

8 Strong coupling expansion
to higher orders

aga i

Munster ('80, '81),
Lottini, Philipsen, Langelage ('11)
# Weak coupling region
— g2/4w =1/ By log (q2/A2) 0.1f

— a~ 1/q ~ exp(2n/g2p)/A

T UL

1.0_f \

i Strong coupling region

SC-LQCD
MC

Weak coupling region

~.1

a

= String Tension

Strong coupling expansion connects
SCL and Weak coupling region smoothly

.\.
| 4

1 2
B=2NdJg’ (Nc =2)
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Strong Coupling Lattice QCD

# Strong coupling limit
Damgaard, Kawamoto, Shigemoto ('84)

1
SSCL:S(;)_W Z MxMx+}‘+moZ M,
X

cx’j

(M =7, %.)

@ Integrate out spatial links using one-link formula,
and pick up diagrams with min. quark numbers.

f dU Uab U:d:(sad(sbc/Nc

Lattice QCD in SCL
— Fermion action with nearest neighbor
four Fermi interaction

uuuuuuuuuuuuuu
HeoRemicaLpHysics [ /T RO R
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Finite Coupling Effects

s Eftective Action with finite coupling corrections
Integral of exp(-S ) over spatial links with exp(-S,) weight — S __

-1y,
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n/) <SG>C

n=1

<§."™> =Cumulant (connected diagram contr.) c.f. R.Kubo('62)

—p
| EE s B ST

VeV MM VEVe MMMM v-v+  ® ° MMMM MMMMMM VAV-MM  V+V-MM

Sef = 5 Z(V+ Vo) ”ZO[MM]H SCL (Kawamoto-Smit, '81)
l ﬁr + + ] ﬁs ’
_EIED[V VoV VT -5 d(d—U_r_j;;,m;.o.k#j[MMMM]’“ NLO (Faldt-Petersson, '86)
BTT ,B.w:
2d réﬂ WIW AW W e 4d(d—1)(d—2) _r.j:>[I.|I;D.|!| r:t[1F"iirMMM]ﬂL MM

I, 5 1

N Bd(gfi . OZM Jas el (M), i+ o], ;o) NNLO (Nakano, Miura, AO, '09)

- ( By )""" N2 Y (PP +he) Polyakov loop (Gocksch, Ogilvie ('85), Fukushima ('04)

g°Ne xg 0 el Nakano, Miua, AO ('11))

=
- \?Qs
2 R\ utro,
<) - far
-"=mw 'YUKAWA INSTITUTE FOR
] oo (g B ofter
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Phase diagram in SC-LOCD (mean field)

s “Standard” simple procedure in Fermion many-body problem

@ Bosonize interaction term (Hubbard-Stratonovich transformation)
@ Mean field approximation (constant auxiliary field)

@ Fermion & temporal link integral
Damgaard, Kawamoto, Shigemoto ('84); Iigenfritz, Kripfganz ('85); Faldt, Petersson
('86); Bilic, Karsch, Redlich ('92); Fukushima ('04); Nishida ('04); Miura, Nakano,
AO, Kawamoto ('09); Nakano, Miura, AO ('10, '11)

4..{ hy
] - : Tl ondeor
W A W , _ __{d der
? Fa-A0™ 8
5 1 g
1 -2 A E‘ Co=0
:—'l_’/ .'1”#:4 |
;:-I.'l'.' _L_ _.l':; _:1- ';- '-m p [BeV] e T g0 1st-order
I Y T .
Craark ['bemjcaant.Eﬂﬁal,u , AO, Mlura, Nakano,
Tlgenfritz, Kripfganz ('85) Fukushima ('04) Kawamoto ('09)

=
- \?Qs
%\ ‘&
<) m
N R Ir—
] oA




SC-LOCD with Fluctuations
# Monomer-Dimer-Polymer (MDP) simulation |‘=

E ] L

Mutter, Karsch ('89), de Forcrand, Fromm ('10),
de Forcrand, Unger ('11)

@ Integrating out all links 1“ ‘
— 7= weight sumof monomer,
dimer, polymer configurations

_ (N ! NI _
Zlm )= z ﬂ N rnﬂr n ——(2m )™ l_[ w(Cp) w(Cp ) =¢e(Cg)exp(+3fL,u)
4 W - .r_" ] .f_'ll_r

i R
{np.mp Lyl b v

|

# Auxiliary Field Monte-Carlo (AFMC) method
Ichihara, AO, Nakano ('14)

@ Bosonize the effective action, and MC integral over aux. field.

Z f “Ok 1:| +|7‘3k 1:|

C k,T
— Z COS kj, 8:(— 1 )x0+x1+x2+x3

Seff_
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Phase diagram

# Phase diagrams in two independent methods (MDP & AFMC)

agree with each other in the strong coupling limit.
— SCL phase diagram is determined !

18 . . . . AFMC 42}{4 O
16 L aT - - 18 e 53}{4 ]
' (ww)=0 3:a T - BoXR ——
M M e tcrical | Reéduced Te(low p/T) T
1 " ’@tpnmt - . M DP
o P | HEnhanced pc (high p/T) N NT — ©
0 L =2 & b 1 ;@ f consistent
Ao/ e i : by .
ot weod /1 oal Small spatial |____, /v 7| with MDP
el - | ' size dep. .
’ 0 EIIE ll]l.4 {EII.E EII.E 1 ﬂ 1 e 1
* , 0 02 |aT8er Ty, 0.8 1
de Forcrand, Fromm ('10). Largéi‘ "

de Forcrand, Langelage,
Philipsen, Unger ('14)

Ichihara, AO, Nakano ('14)

=
. \PQS
.& utro,
far
= YUKAWAINSTITUTE FOR
THEORETICAL PHYSICS YITP Kyoto 337] )
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Laiv— &

8 HE2MELIT 4P, 2B EBVTRRH, ¥ HDIZT1A R,

-

ﬁvv%;gin EROERISHELT. FOBRE(T=0) TOEMRFTY
:/'\7)1/ > o

RADEHNIE. ERBEE-EREBEE (BREERTVIUYIL) TOEMRTY
VY WEEBHRFIA—VBEER T2 RETERAL. hI1SIVIBR T 2 REGRERH
T2+pug2/3n2=T2 THEAbh3lEZTH,

VY OBDEFBLT, Wison L—7DHFEAZBESHEAEB RO L,
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