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Field Theory at Finite T & p
— Short Course —
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s BEFHNETORERES (Path Integral)
o BFZ t; [CHIE q; [SULN\=RIFHEFZ ¢ [SHIE qf [CRIET HIRIE

Sti = <€lfatf | et =t | qi,t7;> = / Dq Sl
q(ti)=qi,q(ts)=qy

Stal = [ dtLa.d)
°
» BEFORDYICEHEDHE (c-number) TRES
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Sld] = /O drd*aLp(6, 06, 0,0)
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Example: Scalar Field

s Lagrangian density

L= 50,00"6 — 5?6~ U(9)

Euler-Lagrange equation (principle of least action)

oL oL oU
o= 0 2 o o
(9“[5(5“ )] =0 — 9,00 +m ¢+ = 0 (Klein-Gordon eq.)

# Euclidean Lagrangian
@ Euclid {EDIL—)V t=-ir,x=1,g =(1,1,1,1), L =L
1 1

L = 50,0006+ 5m’¢* + U(9)
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Partition Func. of Free Scalar Field

s BHADS—IHD 7 ECREE
o HERDYAXDFE (K& 1) OB TEHHRAHNT—IH (U=0)
“ 7—UI%1§

Periodic Boundary Condition w, = 2wnT, k; = 27wn;/L

1
Euclidean action Sg = 5 Z (w2 +k? +m?) ¢F (K)o (k) ,

n,k
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Partition Func. of Free Scalar Field (cont.)
s BHIRILYX—

1

Z TZlogw +k2+m) —Z (Fk,T) + const.
k

QA=—TlogZ =

N | —
DN

s ¥ARF] (Matsubara Frequency summation)

1 cosh(BE/2) .
Z I )3E sgnhgﬁE/zg (wn = 27nT)
- w% + 1.2 1 sinh(BE/2 (wn _ 7T(2?’L 4 1)T)

2F cosh(BE/2)

oI(E,T) 2ET  Jcoth(BE/2) (wp = 2mnT)
OE Z w2+ x2  |tanh (BE/2) (w,=7m(2n+ 1)T)

I(E,T) = E +2T1og(1 — e ¥/T) + const.
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Partition Func. of Free Scalar Field (cont.)
s BHIRILF—(TIUE-RTUIvIL)
0= Zk: {% + T'log(1 — eEk’/T)] + const.
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Matsubara Frequency Summation

s Contour integral technique

S :TZg(wn = 2mnT, m(2n + 1)T)

B i/ dz  g(z)
C1+Cs 2T eiﬁz + 1

C

-

2

=51 G —6SEEE60—~

eiPwo 1

wo

(g: meromorphic ( FE

E3%),

no pole on real axis,
decreases faster than 1/m at ® — o0)

@ Applicable to more general cases !

@ Anti-periodic condition — Fermi-Dirac dist.

s Example: g(w)=1/(w*+E?)
— o= *iE, Res g = £1/2E
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Fermion

@ Lagrangian
L = p(in" 0 —m)ip
8 Euclidean action
(%)E = (17 =1it,x), (V/L)E — (i7077)

Lg= @(_Wuau +m)y
# Grassman number

BREAICBWVT, ZoILSFA VX RA[#7E Grassmann 3
/dx -1 = anti-comm. const. = 0 ,/dx - ¥ = comm. const. =1

1
/ dxdx exp [YAx] = / dxdy W(XAX)N = =det A
= exp |—(—logdet A)]

Bi-linear Fermion action leads to -log(det A) effective action
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Relativistic Mean Field

s Example: Relativistic Mean Field (RMF)
L =(iv*0, — m — X) + Lineson
Y =950 + V' (Guwu + gop, - T)

s Euclid £+ {EZRTUIVILORA
Z = / DYDYDD exp _ / d*z(L — )’ w)]

:/D@DDED(I) exXp _—/d4ZE(ED¢—|’[zmeson)]

:/DCI)eXp |—Sert (P; T, p1)]
D=—iv,0, -’ +m+X

s —FREXNIF AL (meson field=const.) — HIEFE

Set = Sit) + Smeson = — » _ logdet D g, + / d*% L omeson
n,k
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RMF: Uniform Field

s —RIFIBE{NE — Fourier E#LIZLY DZET OV AIE
Dy =7 (—iwp — (p = V7)) +v -k + M + g,0

— det Dy = [(wn +ip%)* + Efff

wo=p—gow’ —g,0°1, E*=VK2+ M2, M'=m+g,0
s WRIREIBMERIT 7 =)V
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i/
s FE D Dirac AFEX (Minkowski metric) [CEEREKATSHE
(170 +iv -V —m)yp = Dy =0
(Y'E~~-k—m)x =Dprx =0

ﬁ@liéE&2=k2+m2 =m0 T. TN E D4 RKXTHBHCLE
30

det Dpp = (E* — E2)?  (Ei = k* +m?)
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RMF: non-uniform meson field

s FEFIENE—FRGTIEES (e.g. BF)IZIT
EmMERENREZLG - —HFEE

s B hRE B TD Dirac Eq. E—HIFEE
K =" [—iv- V + M*(z) +7°Vo ()]
Kwk =Fy. (Dirac. Eq., Ex € R)
s —RIFEEZMFE-ST y'D [IXAETTRE
U1 (2) =€~ by ()
D =K + 8. — i
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s {THIX

T logdet D =T log det(7°D)
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_Z TZlogsk—zwn}:zk: n

) =RV wQas ,
A2 m, Y TP . # 5’;: r" 1 5
%) I e Ay Motrer




RMF: non-uniform meson field (cont.)
s BHIRLF— (FTIEFUES)

Qp = — Z [(%k + T'log(1 + eXP(_ng)}

:—Z|Ek| Z Tlog(l+e™

k,F>0

AB=0) 5 Tlog(1 4 e AIE )
k,FE;. <0
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S = TZg(wn = 2mnT,

w20+ T) = 50 3 o

&,

Res g(wo)

wo

s RMF OESHAERICENT, HFH-TorEE— IRILXF—F
BEROLHEBEAEZROHL, (uniform field DFETLLY, )
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