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Field Theory at Finite T & p
— Short Course —
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s BEFHNETORERES (Path Integral)
o BFZ t; [CHIE q; [SULN\=RIFHEFZ ¢ [SHIE qf [CRIET HIRIE

Sti = <€lfatf | et =t | qi,t7;> = / Dq Sl
q(ti)=qi,q(ts)=qy

Stal = [ dtLa.d)
°
» BEFORDYICEHEDHE (c-number) TRES
» YEA S DA EFICIEZERZ B RZALVHEITEKY

[EFRIOEEZRMYAD
s BOER = FRATOF/DIRIE o(x,t) ZERETIRBFHF
sz — <\ij ’ e—iI:I(tf—ti) | \IJZ> _ / D¢ eiS[gb]
\If(ti):\I/i,\I’(tf):\Iff

S[¢] = / 'z L(6,0,6)
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HEEEEL—0YIFE
. ﬁﬁﬂﬂﬁ
Zexp E,/T) = Z<n\e_ﬁ/T\n>

n

— Z <n e_ZH(tf_t’i) ‘ n> . — / D¢ e_SE[qS]
n tg—ti=—1/T ¢ (x,8)=¢(x,0)

B
Sld] = /O drd*aLp(6, 06, 0,0)

£E(¢7 az¢7 87'¢) — _£(¢7 a’&¢7 at¢ — Z87‘¢)
t = —’iT,at :’iaT,ﬁ = 1/T

—if 8 B
iS:z’/ dt/deE:/ dT/dSZIZL:—/ dT/deEE
0 0

° BETNFDSERERIIEFERERDIRIEOMTH S,

* ETOREEIZDONTH — =0, p TRYEREHEDITT
E =0 P(x,t) 'uOL\—CELA*)ﬁéo
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Example: Scalar Field

s Lagrangian density

L= 50,00"6 — 5?6~ U(9)

Euler-Lagrange equation (principle of least action)

oL oL oU
o= 0 2 o o
de[i(iu )] =0 — 9,00 +m ¢+ = 0 (Klein-Gordon eq.)

# Euclidean Lagrangian
@ Euclid {EDIL—)V t=-ir,x=1,g =(1,1,1,1), L =L
1 1

L = 50,0006+ 5m’¢* + U(9)

— HEERAINZWEEICERICEBESLTHELLS,
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Partition Func. of Free Scalar Field

s BHADS—IHD 7 ECREE
o HERDYAXDFE (K& 1) OB TEHHRAHNT—IH (U=0)
“ 7—UI%1§

Periodic Boundary Condition w, = 2wnT, k; = 27wn;/L

1
Euclidean action Sg = 5 Z (w2 +k? +m?) ¢F (K)o (k) ,

n,k
o J—UTLHMII =R —FH|EID,
WO DAERIEDLLLEL, (BREHE)

Dp =N | | don (k)
n,k

’ 1/T¢
o HYRMS — HEEN /
Z:/nge_SE :Ng\/ﬁ(wijtﬁjtm?)lﬂ‘L\A '’

6

Zexp —iwn, T + 1K - X) ¢y, (k)




s B

QA=—TlogZ =

Partition Func. of Free Scalar Field (cont.)

ITRIL¥X—

N | —

2.

k

TZlogw +k2+m ‘)
E2

1
— Z (Fk,T) + const.
k

(N

s ¥ARF] (Matsubara Frequency summation)

oWt b 5 cosh(BE/2)  (Wn = m(2n+ 1)T)
oI (E,T) 2ET coth(BE/2) (w, = 2mnT)
0E Zn: W2+ B2 {tanh (BE/2) (wp, =7(2n+ 1)T)

= F + 2T log(1 — e_E/T) + const.




Partition Func. of Free Scalar Field (cont.)
s BHIRILF—(TIUE-RTUIvIL)
0= Zk: {% + T'log(1 — eEk’/T)] + const.

3 B

27)3
FORIRILE— (how/2) MR

PORIRILEF—EREEBALTHSEST5HLE.
ﬁﬁ 1 ﬁ&?%éo

Pk kK 1
P p— —Q p—
/v / (27)3 3E) elR/T — 1
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Matsubara Frequency Summation

s Contour integral technique

S :TZg(wn = 2mnT, m(2n + 1)T)

B i/ dz  g(z)
C14+Cs 2T 67;'8’2 + 1

C

-

2

=51 e —6SEEE60—~

eiPwo 1

wo

(g: meromorphic ( FE

E3%),

no pole on real axis,
decreases faster than 1/m at ® — o0)

@ Applicable to more general cases !

@ Anti-periodic condition — Fermi-Dirac dist.

s Example: g(w)=1/(w*+E?)
— o= *iE, Res g = £1/2E

- 1
- 1

keceoast

\ & e,

C +C,+C, +C,=0
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Fermion (1): Euclidean action & Grassmann V- pak

@ Lagrangian
L = p(in" 0 —m)ip
8 Euclidean action
(%)E = (17 =1it,x), (V/L)E — (i7077)

Lg= @(_Wuau +m)y
# Grassman number

BREAICBWVT, FZoILSAVIERA[#ZE Grassmann 3
/dx -1 = anti-comm. const. = 0 ,/dx - ¥ = comm. const. =1

1
/ dxdx exp [YAx] = / dxdy W(XAX)N = =det A
= exp |—(—logdet A)]

Bi-linear Fermion action leads to -log(det A) effective action
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Fermion (2): E B Fermion D% BCEG#

s Fermion ﬁ'ﬁlld) determinant ( H H Fermion DG &)
—twnp T+ik-x
(x) = W Z e~ nT R Ty (k)

Sp = / dr / Pr Ly =Y hn(k)Dn (k) (k)
0 n,k

Dy(k)=—vrwpn+k-v+m=—irw, +k-v+m

s BHE D (Minkowski Z2[&] T®D )Dirac ;J@EHF D Fourier 5
Dy =iv"0, —m — Dy (w, k) =w’ —k-v—m
Dirac FEEXDEELY  detDy(w, k) = (w? — E2)? (Ex = V2 +m2)

s S ECRER
Euclidean T Fermion {THEDEFRMNOHEREABE RS

D, (k) = =Dy (iw,, k) — detD, (k) = (w2 + E2)?
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Fermion (3): B H Fermion D EHHBAILR/LF¥—

s HHIR/ILX—: Boson DF/EERFBRIZ,

1
=3 ZI(Ek,T) + const.
k

1
Q:—TlogZ:§zk:

=23 Bk + 2T log(1 + ~5/7))
k

T Z log(w? + E7)

oy [ B oy + exp(- /)

dk [E, k? 1 :
__de/(Qw)3 E +3Ek eEk/T—|—1] (df = Fermion dof = 4)

EORE HWF (ERHF)HSOEN

2ET :
= ; o2 B = tanh (E/2T) (w, = 7(2n 4+ 1)T, Fermion)

OI(E,T)
OF

I(E,T) = 2T log(cosh(E/2T)) + const. = FE + 2T log(1 4+ ¢~ &/T) + const.

IEOHERHMNMSOBEBIRILF—=COK[E-PV

._ | Fermion TXE O energy h5lH (&)
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Relativistic Mean Field

s Example: Relativistic Mean Field (RMF)
L =(iv*0, — m — X) + Lineson
Y =950 + V' (Guwu + gop, - T)

s Euclid £+ {EZRTUOVILORA
Z = / DYDYDD exp _ / d*z(L — )’ w)]

:/D@DDED(I) exXp _—/d4ZE(ED¢—|’[zmeson)]

— [ DBexp [-S.a(®: T )
D=—iv,0, -’ +m+X

s —FRENIFIALL (meson field=const.) — HIEFE

Set = Sit) + Smeson = — » _ logdet D g, + / d*% L omeson
n,k
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RMF: Uniform Field

s —RIFIBE{NE — Fourier LKLY DZET OV %A1
Dy e =7 (—iwp — (0 = V7)) +v -k + M + g,0

— det Dy = [(wn +ip%)* + Efff

wo=p—gow’ —g,0°1, E*=VK2+ M2, M'=m+g,0
s RIREIBMERIT 7 =)V

3 *
() _ g [ EF B T 1 e Ty L D g e et
Fom f/(2ﬂ_)3[2 +2 og(l+e )—I—2 og(l+e )

os R+ (T ) RAF ( R$%+F )
s BEODBS

A 53 kr 33
) _ 7 A ey / Tk e it pnldy = dy )2
Fi& == 23 +dy 2m)? ppp(dy =dgf/2)

FPORIRILTF—ERFOIL—THhoE]hd
ngm?uﬁﬁ%ﬁ)
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75 AE

s FEE D Dirac FFEX (Minkowski metric) [CFERERATHE
(170 +iv -V —m)p = Dip =0
(WOE—y-k—m)X:DE,kX:O

23 E2=Kk*m? {9 DT, THXNE D4 RXTHSH_ L%

Fy=
det Dpp = (E* — E2)?  (Ei = k* +m?)

[
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RMF: non-uniform meson field

o BEAFBAE—HITRE (0. HTH) IS
TEREENAEAL > —HFEE

s B hREFIB TO Dirac Eq. E—HIFEE
K =3° [—iy -V + M*(2) + 7" Vo ()]
K?ﬁk =FEy (Dirac. Eq., b € R)

. —HFEEEEST 1D EHAILTHE
Un.k(x) ="ty ()

70D :f( + 0, — %
VODwn,k :(Ek — U — Z.Wn)wn,k — (5k — Z.(vun)wn,k

. 17512t 0
T logdet D =T logdet(y" D)
T
5 Z log(ef, + w;,)

_Z TZlogek—zwn}:zk: 4

NS\ . . = PQSs
e\ #
P bllgy” 16




RMF: non-uniform meson field (cont.)
s BHIRLF— (FTIEFUERS)

Qp = — Z [(%k + T'log(1 + eXP(_ng)}

:—Z|Ek| Z Tlog(l+e™

k,F>0

AB=0) 5 Tlog(1 4 e AIE )
k,FE;. <0

i

AL+
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LiR—F & (Sec. 8)
s KPEHEY D LA TESBERVOTIRBLTSL,

[au%(EEﬁﬁA)& 1% |

HH 2 g =B RFESFEEC -1 AX
s Rep.8-1: *’Aﬁ*ﬂ’&'*&)éﬂglw .L\T_«XUDT’&E &Ko

SZTZg(wn:QWnT,W(2n+1)T) :_@ZRGS g(wo)

etbwo T 1
wo

s Rep.8-2: RMF OEHIGELUH T, fIFH-TohAE— IR

IWX—BEEROIBRAERD &K,
(uniform field DIFZETLLY, )

s Rep.8-3 (V—ERME): BEFHRICETHBEBRBE,ORK
Suld= [ atiie.d

tz7QZQz

zBHE L, (DBELTEHBAFEA, )

-. = ?QS
O\ \}
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