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Hadronic Matter Phase Diagram
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Phase Diagram

in Strong Coupling Limit Lattice QCD
with N =3
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Strong Coupling Limit Lattice QCD (1)
8 Full Lattice QCD at large u and low T is not possible

* Fermion Det. becomes complex — Monte-Carlo breaks down
* Small y — Re-Weighting / Expansion in y
a8 Strong Coupling Limit: g — oo
* Semi-analytic analyses become possible.
* At u=0, Chiral Restoration at high T is explained.

@ Damgaard, Kawamoto, Shigemoto, PR1.53(1984),2211
% At u# 0 and N. = 2, Phase diagram is drawn.
— Baryon = Boson with N, = 2
@ Nishida, Fukushima, Hatsuda, PRept 394(2004),281.
% At u # 0, T=0 and N, = 3, Uy integral is done only
approximately.
@ Azcoiti, Di. Carlo, Galante, Laliena, hep-1at/0307019.
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Strong Coupling Limit Lattice QCD (2)

8 Chiral Restoration at u=0. 8 Phase Diagram with Nc=2

* Damgaard, Kawamoto, * Nishida, Fukushima, Hatsuda,
Shigemoto, PRL53(1984),2211 PRept 394(2004),281.
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Strong Coupling Limit Lattice QCD (3)

8 Proper Understanding of QCD phase diagram
with N, = 3 is not achieved yet.

* Nc=2.: Diquark = Color Singlet Boson = Baryon
— No Fermi Energy for Baryons ?

#* Nc=3: 1/d Expansion also for U, term.
— Conversion would be bad.

@ Azcoiti, Di. Carlo, Galante, Laliena, hep-lat/0307019.

8 This work:
#% N,.=3.: Baryon Integral is required
#% EXACT integral of Uy term

* Diquark condensate is tentatively ignored.
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Useful Techniques in Lattice QCD

8 Fermion determinant f DXDXexp(XGX)=detG
8 Group Integral

T o] L . R 1
/P[{T_]{T_UI_JE = h—rf}ﬂﬂjk . /D[r]ru{,ﬁ!{wrz — Fffﬁ:mfﬂn

8 Polyakov Gauge and SU(3) Group Integral
U,(x)=diag(exp(i0,),exp(i0,),exp(i0;)),0,+0,+0,=0

8 Bosonization, Mean Field Approximation, ....
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Step 0: Lattice Action in SCL-LOCD

8 Lattice Action with staggered Fermions

+ I _ , - - —
U S[U.x. %] = SelU] + Sr[U.x. % .
o ¢
s NG 1 ,
Uv UV Salll] = — z {l - ?RE'TE'{-'”E_,QT)} | > ()
4 e T X e
UH Ui fx} = l[";[.'i:‘:IIL'TJ (x+ o) U (x+ U (x)
Chem. Pot.
SelUx, %] = SoM v, %]+ 8 W%, %] + 85 P [Us,x. 7]

5.;-11][L ¥], = mz e (zix™(z) ,
SE'WUnx: % = EZZM }{ ()U ()b T §) — Xl + DU ) }

xz =1
SN = 53w {xE .-'.j(,rh';,f-ﬂj;__ﬂﬁﬁ;.r;';.r;.@q.r;},

8 In the Strong Coupling Limit (¢ — ), we can ignore
SG, and semi-analytic calculation becomes possible.
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Step 1: Integral over Uj: 1/d Expansion (1)
8 Group Integral

, T I 1
/D[E*’]{ ?__}'[ I;!:lrg — N ﬂﬂéjk ) /D[r]{u Uil = ﬁff}cm"fj!ﬂ
o L¥es

s Expand exp(-Sg), and perform U; integral.
I E/D[U;,: ()] e\p[ ”‘” {x x(z +7) — X(= + 5)U (z)x(: )H

2

= f D ()] {1+ [wwﬁ (@ +]) ~ X+ U @) ()]
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Step 1: Integral over Uj: 1/d Expansion (2)

8 Action in Meson and Baryon Fields made of Quarks

s 1 .

Sy, %% = ~5(M,VyM) ~ (B, Vs B)
M(z) = Sax”(z)x"

1

B(z) = ceapeX (@)X (2)x"(x) , Blz) = ,,.fabci"w:'ﬁxllfl;r)

3
1
Vm(z,y) = 4%2(““ ur;)

€

3 N
: x —n;(2) \7° )
Ve(z,y) = Z ( F?“::r )) (ﬁ’y-ﬂr.‘i’ - ﬂyi—j)

j=1 -

8 In SCL, spatial gluon components can be integrated out !
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Step 2: Auxiliary Fields and MFA (1)

8 Pfaffian Integral: Bi-Linear in Grassmann variables (y and b)
— Determinant

1/2

G= / Dy, x]eXE” = [T {aet [ (m, M)} X = ()

8 Reduce the action to Bi-Linear form in y — Auxiliary Fields
* Baryvon Field
exp [(B,VBB}] = detVB/P[E, bl exp [—(F__}, Vglbj + (b, B) + (B,b)]

* Di-quark Field

. 1o,
Deg = veap6X 3\ b 6— b Dy = _1'"'5(Lbf>(b}{ff + 6 2%
/ ¥

DD, =2v*M?*+ Bb+b

/p[ﬁ)m@;;] eXp { (”a/)ﬁ + D' )((rr}a/gﬁf + Dy) + DéDfﬁ} — €XPp {D(ILDG}
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Step 2: Auxiliary Fields and MFA (2)

8 Auxiliary Fields (cont.)

* Baryon Potenital (note: (bb)’=0 )

1 I " 1
exp [3(” Mbl ] = /D[w] exp [— Qg?;.wz — gj(('l:ﬂ[ + g,bb) — Eazﬂ-[z]

* Chiral Condensate o

1 ~ ¥
exp !5(3\-[, VarM) — i(w ﬂi{)]
2 Guw

1
= /D[J] exp )(G’ 11}10”’) + - (U Ve M) — i(w J[)]
. | < Gw

© -
= /D[J] exp —5(0' — aw/guw, Vi (6 — aw/gw)) — (o, ﬂf)]

o' (2) = o(z) — aw(x)/gw + Var(z, y)M(y) .
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Step 2: Auxiliary Fields and MFA (3, Summary)

8 Action with Auxiliary Fields

% Bi-Linear in y and b — Determinant Technique
* Local in position — Small Matrix Size

* Contains coupling term of y and b — Problematic ..
Sk [Uos X, .0, b, 0, T ]_gq:+5;~:y

o | 2, Lo, 1 &
Sp ) = (B.V5'0) + (¢, 0)/47* + 507 /0% + 5(0 — aw /g, Viz' (0 — aw/a.)
.;}ffq:l _ rim) o E} (7g) _I_SE-'D']
:{::r—l—mg,ﬂf) (61, Do) /27y + (D}, ¢0) /2y + S
= (X", (e +mg)x") + (X ,{:}LE}HZW ) + {E@w*“lﬂj-z,}(“)
1 |
+oeean | (61, XX") = (TR, )
1
+5 > {X@)e Vo(@)x(a+0) X

~ Division ofPhysrcs
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Step 3: Fermion Determinant (1-1)

8 Fourier Transformation

* Anti-Periodic Boundary Condition is Satisfied

* “Derivative” term becomes sin(kt)

3
m 1 % <o 1 R R
y ———gZ eFmTYn(x) (@) = —= Y e (x)

r':'fj':' E :E : 1 1_, ' t..a b —a =b
{B?ulmkm mj{m —|_ j{m( *:‘.-1 —|_ E“:ﬂf?t‘.‘(‘?cj{ﬁ'e }km" o )kmj"um’r-ﬁﬂj

X m=1

C [. J ";’T (Kjbm{}‘:} . rm [ ) bﬁ?(}i)ff»'g{:’;}

— C——1
Tl 1 3"}‘3 (i} 111 1 zﬁrg

By (x) =mp+ o(x) 4+ isin(k, +0(x)/5 — iu)
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Step 3: Fermion Determinant (1-2)

8 Pfaffian Form
* G: Size=p (Number of Time-Step) x 3 (color) x 2 (y, ybar)

qi:fiff' — 1 [(ia Xa J ( Bgzﬂﬂbamn _"'?f:*ab{fjt‘-(}??h.ﬂ—”"‘l) (li)
g =g E | (s = bl ’ X
2 Ll EecabPe 6??1 JA—n41 —B rfn r-gu,h ﬁ.‘rran Xn

x,m,n.a.b

a (e - _ a
‘I‘(J’uinj"ufr:!) (_{231 ) + (C':z‘ = ’f;i,] (;{g?):|
m m

:% Y | Xn®)GS (m,n;0(x) X5 (%) + (X5, (x) Vi (%) + Y (%) X5, (%))

m T ok

., 1 a.a.b

ab

- Z E (X + ?G); G l(m,n) (X + GY)E: — é‘ifﬁlGab(m, ﬂ-JYi}

x,m.n.a,b

m =8—m-+1

N
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Step 3: Fermion Determinant (1-3)

8 Determinant of Big Matrix G
* Block diagonal — 6 x 6 Matrix (g)

/'D[,\g.){] exp { b } H H {—det [gqy(m)]}'/?

X m=1

g(x, ki) = —det [gap(m: 0% (x))]

= Bl‘rﬁl‘z + B-}‘r%‘Q + Bg|r?}3‘2 Bi‘rﬁl‘z + Bg‘ﬂg‘z + Bé‘rj;rg‘Q)

+ Y BuB|6u[*(ByB, + B,B,) + B1B;B3 B By B,
(a,b,c)=cyec.

* Matsubara Frequency Sum — Total Matrix Determinant
- —1/2
G(x) = H (1 + cos Bz(x))
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Step 3: Fermion Determinant (1-3b)

8 Matsubara Sum Technique
* Using z (the solution of g(k)=0)

B3
lﬂg f__-;|:-]{| ] ]_1 }J’_._'!: [H gl.}{'_,‘ FI"HI ]

m=1

6
=" tog [T (cos km — 1¥3()) (2:21)
Kp) j=1

r.!’lnj;r{'_:f:h:; _—Z —Y;
cos km — rY5;

.7

1 f iz = & —i/3 -Y —i/3
=5 T L. 7 8z i T it
21 - 2micoszr—rY;14¢€ o sz 1 4 e

3
A — sin =% 1 ++?:{p[-:'_=_?frs;’?.'”] 20 — dr 1+ exp(ifz])
o 15 4 dre g
d 1
apl —1 32 2.22)
= dr 202 £ (=16%)) £22)
3,2]
logG(x) = 20 Z log (1 + exp(—i3z;)) + const. (2-23)
J:24

" . ; : ol . - Division o fPhysrcs
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Step 3: Fermion Determinant (2-1)

S RE.L AT G T T T W R
8 Baryon Integral Ve (2.4) =V (2.y) + wosy
= i ~ 3 SR S Ne
/'D[b, b| exp [— ; (hm.‘[;B lbﬁ.)] Vi(z,y) = Zl ( -i’?:}z(l)) (f}-y“w} B ‘?w—j)
~ =
* Different Spatial Points are connected — Spatial Fourier Transf.
1 =2 27
b.m (X) = \/F - E’.‘tk X]_}mk : k = T(Al. }1:2,_ }1‘3)

#* Momentum Repr. of Vp:

o ; i _
VB ('m-'k* ﬂ*kf) — Té;iﬁ..-n. Z 1_.[ &ﬁi.ﬁ‘; 1_.[ aki-‘w Sl 'L‘T;i"

j=1,2,31<i<j 1>]

_? -3 9 ~ = .
= jé-:un..-,-q.%.s:g_ [ﬂakl,kiékz__ké sin ky

L 8 i L L e
+é’l‘41'k;1 ék?—*‘h‘é sin kg + ékl.ﬁfi bkz.k‘é sl ﬁ"ﬁ} ,

-3 ;. . 44 = :
Om_-n. — b?n..ﬂ.—k;ﬂf:z ¥ (}rn.,-n.—;ﬁf:z ) (}a.b = Og.btr + Oab—n

N
Division of Physics

Colloquium in Nuclear Theory Group, Hokkaido Univ. (2005/04/26) “ﬁf s oot o imes

hitp://phys.sci.hokudai.dc.jp/



Step 3: Fermion Determinant (2-2)

8 Baryon Matrix in Momentum Repr. and Determinant

Z (Em, ﬁ_{ 1[}”)

. n
L/2 Lj/2

-2y e (s h) ()

k1=1ky=1 ks m=1

sinky  sin ko sin ki3 0
sinkys —sinky 0 sin k3
S=1". : . .
sin ks 0 —sinky —sinks
0 sin k3 —sinks  sinkq

bm = (b brk@s bk bk@)

/ e .
by, = (b?n.—i—ff/:z._k'ilj* bnz—l—ﬁf?._kf?)* b-r:z—i—;ﬁfi&,kf?’]‘* hm—i—;‘ﬁ;’iz_.k(i])

kY = (ky, ko, ks), k@ = (k1 47, ko, ks) |
= (k1 +m, kg + 7, k3), K = (K1, ko +m, k3) ,

" Division o

Physics
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Step 3: Fermion Determinant (2-3)
8 Effective Potential from Baryon Loop

e}{p(—ﬁLgFé?) = DetVp / D[b,blexp | — Z (hm lbn)]

m.,T

= DetVgDet [V;' +wl] = Det [1 4+ wV5]

Lig L] 3/2 i ey
ST T (L )

k1=1 ko=1 k3=1 m=1

L/2 L/2 I B/2 L/2 L/2 L N

— H H IT IT (@ +«2216)* = TT TT TI (1 +«s%/16)*
ko=1 k3=1 m=1 ki=1 ks=1 ka=1

:H (1 +w?s2/16)""

k

2.2

(b) _ | Z _ WS

Fer = —373 - L2 [H 16
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Step 4: Gluon Integral (1)
8 Link Variable in Polyakov gauge

U,(x)=diag(exp(i0,),exp(i0,),exp(i0;)),0,+0,+0,=0
8 SU(3) Haar Measure

/‘D[Uo} =11 Ur 'i—"i] {S(Z 6;)A
v of —qr - j
H? 1 — cos(6; — 6,))]

'I-!;- i

1<j
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Step 4: Gluon Integral (2)

8 Quark Integral at =0 (without diquark condensate)

’* =0, —ifu+ifsinhts, g=mg+o

sinh™ = = log(V/'1 + 22 + z)

G = H [(1 4 cos Bz)(1 + cos 3z]))] 12 - pELE,
i
F; = Cy + Cycos6; — 15, sin 6;
Cy; = cosh [jamh_l N}

Cy =coshpu , S, =sinhBu

8 Gluon Integral

1
PG

e

1 1 3 .
/d( G = CT’,}T‘? — ECGCE — gca T Icf o
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Effective Potential at Zero Quark Condensate

8 Fermion Integral, Matsubara Freq. Sum, and Uy Integral
— Effective Action at Zero Diquark Condensate

x.'.'

Feff 5 —|— F + F
._.f..flr'
I . 1:3 J_ 12 J_ :3 73 ]. -
Féi? = —T log (C-g s ECgC-H = gCg — 1(:” - §Cﬂ_
(', = cosh [ﬁ sinh ! J] , (), = coshppu
; 3 x |
FO ~ P f®(cp) , fO(2) = 5 | Kdklog(1+ )
L7J0

8 Two Types of Fermion Log(Det) Terms !
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Phase Diagram

8 Minimum of Effective Action — Phase Diagram

* Kawamoto, Miura, AO, Ohnuma, in preparation.

Phase Structure in the ¥ Limit (m q=0)

s 0 (b) (7)) 12 . . . .

Fef = 53 +leg +Eeg 2nd -
L c=0 Ist —

0.8 S

= 0.6 | 1(#? _
(one local min.)

0.4

0.2 | 7 |

0 . (twln local mlin.l

0 01 02 03 04 05
p,

8 Change from 2nd order to Ist order at Finite u

Colloquium in Nuclear Theory Group, Hokkaido Univ. (2005/04/26)




Free Energy Surface

| At lu ;ﬁ 0 quark can gain Free Energy Surface in the ¥ Limit (m=0)
b

Free Energy even at ¢ =0 L T=0,0.3,0.6, T 1.2 p=b J

— Two Min. Structure 051 A '

— First Order

04 | T=0.6 p=0,0.3,0.3631,0.3632, 0.4 1
Phase Structure in the ¥ Limit (quﬂ)

e
——

0.8 —
= 0.6 l'\;_,_lﬂ .
0.4 (one local min.) """'
0.2 | |
0 L ... (two local min.) |
0 0.1 0.2 0.3 04
T
)
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Treatment of Diguark Condensate (1)

8 Diquark Condensate with Nc=3

1
- b, c —a
Do = veapex X" X'b

Y
!

* Have Color — Expectation Value=0 — Cannot be Order Par.
s Color Singlet Combination Vv'=¢ ¢,

* Idea: Leave v2, and integrate other “angle” variables

~2 1

Ve ool =
2 (—Jﬂlrz

Mbb= D! D, — (bB + Bb)

EEB‘I’BE} — /"ﬁ[(i}a (.-",:r_i-]rﬂ_‘ﬂn"ﬁa‘f“ﬂﬂm-l-ﬂi#"5.3 -Y
= il e M 25 1 e

2 oA
‘/ID[Q‘}Q : .;::",;-l] exp {qﬁl_D&_ + D(L i;::‘,;-t.i_} — / Dlv| exp {%Dé D, + fﬁﬂf'gbb}
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Treatment of Diguark Condensate (2)
8 Self-Consistent Replacement of quark-baryon coupling

exp(bB + Bb)
- 9

. 2 B 4
~exp [—v? - Y + % (:’JB + Bb+ 1") -

162

M? Bb]

1 —2%/3
4

~ exp

+ E(v)M3bb — }]

)= Tmn =3

8 Reduction of M"bb term

A T3T I Ve e AT e N AL g
SEM®Bb _ /r"D[LL?Q]E—wE_fl—wgliﬁgﬂf—l—Eﬂf bb/ go)—go M2 /2

Colloquium in Nuclear Theory Group, Hokkaido Univ. (2005/04/26)



Treatment of Diguark Condensate (3)
8 Effective Potential with Chiral and Color Condensates

gl oy =y b,

1 v?
X 2(1 < (p—l— 1"‘ 2}‘|‘ 1_?—1.2/3

g =0g— (fmwﬂ + g1wi + gaws) ,

i 1
4o =2(1—7*—gs—9i—93)
1 1 3 1
R o1 3 1 ,2__ 3 Lo
F,=—Tlog (C G( & 3( 4 # 2(_,‘&)
. = 1 232 (k cA
C,, = coshBu , P = s Z log [1 4 ( Hl[g )] ~ _ﬂ_{gb}f{b} (T)
’ T (s =
C, = cosh [;j sinh rﬂ : k
< 3 % , :
ag=mo+0. 70 — ﬁ/ k2dklog(1 + k2)
2x° Jo
s2(k) = sin? ky + sin® kg + sin® ks |
o 1 Wil
Cp = BT E(}“)] )
Jo [9’?‘2 g192
Colloquium in Nuclear Theory Group, Hokkaido Univ. (2005/04/26) i P

okkaido Univ elszty
- hittp:/phys.sci.hokudai.ac.jp/



Summary

8 While full Lattice QCD is not (yet?) applicable to study
low T and high p matter, we can obtain qualitative
feature of the Phase Diagram

with the Strong Coupling Limit of LOCD with Nc=3.

% With Nc = 3, Two Fermion Integrals would give different
results from Nc=2 case.

* 2nd order — Ist order as i increases. (Chiral Limit)

8 With Diquark Condensate, we have developed
“angle average” technique for colored condensate.

% Consistent with the results with previous one when v=0
% Diquark condensate can grow when o is small.

* Phase diagram — To be investigated later
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Collaborators

» T. Ohnuma (M1)
* N. Kawamoto (Hokkaido U.)
- K. Miura (M2)

Thank You !
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OCD Phase Diagram from Lattice QCD

8 Zero Chem. Pot. 8 Finite Chem. Pot.
_ S ! " tuulrc-lstlaitla: JLQGII:i [ | L L I L L L O LI B B ]
0.25 X A 1storderlike, JLQCD 7 - -
I # crossover like, JLQCD _{.}%} quark—gluon plasma_
02 | * ¢ 8 Ltotilm;atialégi:ﬂ[sr — 170 K Hﬁ{{{ 7]
I < physical point 1 :—"U‘J - {} _
0.15 ; = : HHH endpoint
m :’;’;} Crossover ] B 160 ___ i __
" 01 :—'f”@% . * . 1 | _ i
__ M m:;m’_ - :_ hadronic phase _:
005 L first order _@\\\}Z/ ] | [ ST NN T N A N SN T A AN R A AN A A
R K ] 0 200 400 600 800 1000
0 002 [  0.04 0.06 Ly (MeV)
* JLOCD Collab. (S. Aoki et al. ), Nucl. * Fodor & Katz, JHEP 0203
Phys. Proc. Suppl. 73 (1999), 459. (2002), 014.

Zero Chem. Pot, : Cross Over
Finite Chem, Pot.: Critical End Point

B
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Step 2: Auxiliary Fields and MFA (2b)
8 Auxiliary Fields

exp [(B,VgB)| = detVp /:D[E? b exp [—(b, V5 'b) + (b, B) + (B,b)]
exp (bB + Bb)

! | 1
et / D[f__-“,rm I;EJL] exp {— 4’?,‘3 -;,-"JL{_-'JQ

1 - =
Da _Mbb — 2~2M2
o®a) + 3672 | }

1 1.
Do =YeabeX X"+ 5=X"b, Dl = —7eabeX'X" + o-bX"
0
) fD[ ] L B R o B PN
exp ~Mbb| = exp | ———=w* — —(al sbb) — —a”]
P 13672 Pl 2 g 5

BD | =

exp {

- 1
(M, VM) — gi(m,ﬂi}} = f@[g] exp {——{{I Iffle:r") (o, ﬂ-f}}

d(z)=o(z) — aw(z)/g, .
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RMF with o Self Energy
from Strong Coupling Limit Lattice QCD
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RMF with Chiral Symmetry (1)

8 Good (approximate) Symmetry in QCD
* Only the current quark mass terms break chiral sym.
* Spontaneously Broken, andjq) determines hadron masses

4 Schematic model: Linear e model

2
L=%(8u06“0+6“n8“n)—%( 2+n2)2+%(02+n2)+c(r

+N i 8uy“N—gUN(U—I—i TrTyS)N
8 Problem: y Sym. is restored at a very small density.

* Smaller Nucleon Mass Energies are preferred

* ow Coupling stabilizes normal vacuum, but gives Too Stiff
EOS

@ J. Boguta, PLLB120,34/PL.LB128,19.
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RMF with Chiral Symmetry (2)
8 Sudden Change of <o>

g (m;=600 MeV, pg=0-5 p,)
1000 ' '
800 |
600 |
400
2 2 200 ]
_ 8uPs : o "~ M

ZCUwO- -150 -100 -50 0 50 100 150

s Suff EOS G (MeV)

e (M, =783 MeV, pg=0-5 py)

8 o w Coupling

Lw:—%FWF“V—F%CMUZwZ—ngyuw“N

¢ (MeV/fm™)

w:gwa/CO_wO'Z -

gw

EOS

Boguta —
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pr (fm)
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RMF with o Self Energy from SCL-LOCD
8 ¢ Self Energy from simple Strong Coupling Limit LOCD

S — —3(M,VyyM) (1/d expansion)
—  bo? + (Y o) (auxiliary field)

2

n} . . -
—  bo* —alogo® (Fermion Integral)

8 RMF Lagrangian
% o is shifted by [, and small explicit y breaking term is added.

L= (i — ¥V — M + goo) 0+ LY + L) 4 £

A 2
=Lt 1(“*";.1.“5”)
g 2 fz, 2 2
Us=—af (f_) ., flz)=2log(l4+z)—-2x+x°, a= Iﬁ(mﬂ —m)
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Nuclear Matter and Finite Nuclei

8 Nuclear Maftter 8 Finite Nuclei
#* By tuning A, g,,n, Mg, * By tuning gpN, Global
Soft EOS can be obtained behavior of Nuclear B.E.
in Chirally Symmetric is reproduced, except for
O J-j closed nuclei. (C,
Si, Ni)
EOS o g NI | |
80 T ' T ' O FZ S~ e
60 | S0200Q --- o 8(,' } a Z£YrSn S ]
< 40 | SCL — %7 - ° Pb
2 SCL-B —-- 5
< 20| 5
NS . E S
20t o Sl
0 01 02 03 04 05 06 gls . . .
Or (fm—S) 0 50 100 150 200 250

N
Division of Physics
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