Auxiliary field Monte-Carlo study
of the QCD phase diagram at strong coupling
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@ Introduction

@ Strong coupling lattice QCD (mean field results)

@ Aucxiliary field effective action in the Strong Coupling Limit
@ Monte-Carlo estimate of the phase boundary

@ Summary

AO, T. Z. Nakano, in prep.
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OCD Phase diagram
# Phase transition at high 7

@ Physics of early universe: Where do we come from ?
@ RHIC, LHC, Lattice MC, pQCD, ....

# High p transition

@ Physics of neutron stars:

Where do we go ? QGF/e%p \ Hadronic
-M Matter
@ RHIC-BES, FAIR, J-PARC, [ ruIG ®9O
Astro-H, Grav. Wave, ... 170 ~ 200 k- / @@@
MeV CP :"w
@ Sign problem in Lattice MC Sy csc
— Model s.tudle.s, 8 Quakyonic @@Q
Apprq)ﬂmatlons, e .- 0
Functional RG, ... .0 . P H0po
N P :
.: _. @ Strange Matter
L-G Mixed
Nuclear Matter
= m - \QQS#
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CP sweep during BH formation
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AO, H. Ueda, T. Z. Nakano, M. Ruggieri, K. Sumiyoshi,
PLB, to appear [arXiv:1102.3753 [nucl-th]]
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OCD based approaches to Cold Dense Matter

8 Effective Models

(P)NJL, (P)QM, Random Matrix, ...
E.g.: K.Fukushima, PLB 695('11)387 (PNJL+Stat.).

# Functional (Exact, Wilsonian) RG

E.g.: T. K. Herbst, J. M. Pawlowski, B. J. Schaefer, PLB

696 ('11)58 (POM-FRG).

s Expansion / Extrapolation from p=0

@ AC, Taylor expansion, ...

— n/T<1

@ Cumulant expansion of 0 dist.

(S. Ejiri, ...)

s Strong Coupling Lattice QCD

@ Mean field approaches

@ Monomer-Dimer-Polymer (MDP)

simulation
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Strong Coupling Lattice QCD for finite u

I sl !.':Irdl-er L'hjrall

s Mean Field approaches ol G o T
Damagaard, Hochberg, Kawamoto ('85); Bilic, Karsch, “| ™" %o =
Redlich ('92); Fukushima ('03); Nishida ('03); ) S O U -
Kawamoto, Miura, AO, Ohnuma ('07). o S s S0 L
# MDP simulation 0
Karsch, Mutter('89); de Forcrand, Fromm ('10); de “;
Forcrand, Unger ( 11 ) b a1l Az 03 . 04 05 06 07
@ Partition function = sum of config. Mé‘(‘,” "’1 ]1\’0“6’“1"2’;’; AO, Kawamoto,
weights of various loops. “ LW'. —
@ Applicable only to Strong Coupling Limit | "
(1/g*=0) at present T e
R 2’
1 Sm.
de Forcrand, Unger ('11) "+ = R
—

Can we include both fluctuation and finite coupling effects ?
— One of the candidates = Auxiliary field MC

Ohnishi, RG workshop (2011/09/07)
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Strong Coupling Lattice QCD I
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SC-LOCD with Fermions & Polyakov loop: Outline

s Effective Action & Effective Potential (free energy density)

- S - % -
LQCD

Mty e [ @0+

L= fD %, Uy U,lexp 5 5 JU - ;

_ m s

Spatial link integral — X

[pvvu,ut=8,5,/N | ™ SCL NLO _
e THRE BrpET
=) Dl 7 Udlexp ||, Ay NNLO

Bosonization o . O 47Ty )
& MF Approx L= — |
Nf D exp( S eff[x X, U O,q)stat.]) Polyakov loop

Fermion + U integral

NeXI)(_VFeff((D

stat »

T ,u)/T)
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SC-LOCD with Fermions

s Effective Action with finite coupling corrections
Integral of exp(-S ) over spatial links with exp(-S,) weight — S __

-1y,
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n/) <SG>C

n=1

<§."™> =Cumulant (connected diagram contr.) c.f. R.Kubo('62)

DR OE

MMMM MMMMMM VIV MM VIV-MM

SCL (Kawamoto-Smit, '81)

) 1 jn0i0ks [MMMM | jicx NLO (Faldt-Petersson, '86)
x,j=0k=04kF]
Pz I N Bss
Y WW W W), — MMMM) ;[ [MM], __;
2d -r-fz}ﬂ[ ! ]jh M(d_ l}(d_l} _r.j::-ﬂ.|kzii=-ﬂ.|!|j::-ﬂ[ ]-HL [ ]}I F
24, 1125 11K
t gd{f:i 0 Y VIV +vivTL ([M M]; i+ [MM] jhr+;:-_|_{“j) NNLO (Nakano, Miura, AO, '09)

x, j=0,|k|#j

L
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SC-LOCD Eff. Pot. with Fermions & Polyakov loop
s Effective potential [free energy density, NLO + LO(Pol. loop)]

Ferr(D. T, ) = —(T log ZLQCDHN ﬁ’fﬁ : Pm aux. fields

PN s

T
Fen = (4N zero point E.

‘— NEE,?} T(log R,(T. jt) + log Ro(T. 1)) thermal

—Ne(Eg—p)/ ,—(Eq—i)/T ~AE;~@)|T

1/T)
e = uad. coef.
7.0, — T 109 Wiaar(£,. T,) q
) 2 DI R R Haar measure

Pol 2
o o —ET{fNC.(EEN{

@ Strong coupling lattice QCD with Polyakov loop (P-SC-LQCD)
= Polyakov loop extended Nambu-Jona-Lasino (PNJL) model
(Haar measure method, quadratic term fixed)
+ higher order terms in aux. fields
- quark momentum integral

- - - \QQS
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P-SC-LOCD at u=0

T. Z. Nakano, K. Miura, AO, PRD 83 (2011), 016014 [arXiv:1009.1518 [hep-lat]]
s P-SC-LQCD reproduces T (n=0) in the strong coupling region
(B=2N/g* < 4)
MC data: SCL (Karsch et al. (MDP), de Forcrand, Fromm (MDP)), N_=2 (de Forcrand,
private), N =4 (Gottlieb et al.('87), Fodor-Katz ('02)), N_=8 (Gavai et al.("90))

2.5 ! T T T T
=2N /g?=4.0, u=0, my=0.05 Be(T=1/N_, u=0)(MC) —s—
1 P=2N /g , u=0, my=0.0o 5 | ETE(SCLT, 1=0)(MC) — o -
= 1.5
=1
=~ 1t N
0.5 r [w/ PL (Weiss “““‘-—————__;i
| | w/ PL (Haar) -
0 0.5 1 0 5 a4
T 0 1 2 3 ) 4 5 6
. . =2N_/
Lattice Unit p=2N./g
==\ PQS
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Approximations in Pol. loop extended SC-LOQCD

i‘lg:j {LD‘ ll.-'Jj}':r

Fluctuations o 1/g* expansion
LAE}H"C-- (C)1/d with Pol. loops
(O
(8cr (with Pol. loop)
'

1/d BE-’ ==

expansion |( M M) « Gocksh-Ogilvie

...... -{ AVP-5C-LQCD
_ . ot #1
d=spatial |+ & | 3 P *-:‘ Nakano, Miura, AO ('11)
dim. Pt - ...--'"" _________ . SC-LQCD
OO E ) = 1/
NLO ot (with guarks)

NNLO 1/g* expansion
with quarks
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Approximations in Pol. loop extended SC-LOQCD

a8 Strong coupling expansion
@ Fermion terms: LO(1/g°, SCL), NLO(1/g*), NNLO (1/g%
@ Plaquette action: LO (1/g*7)

# Large dimensional approximation

@ 1/d expansion (d=spatial dim.)
— Smaller quark # configs. are preferred.
MM, = Oo1/d’) > M ocd'? — yocd'™

@ Only LO (1/d°) terms are mainly evaluated.

# (Unrooted) staggered Fermion

@ Nf=4 in the continuum limit.

# Mean field approximation This work:
| Auxiliary Field MC

in SCL

@ Auxiliary fields are assumed | :
to be constant.

oy Y-TP4\?°¥
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Auxiliary field effective action
in the Strong Coupling Limit

A
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Strong Coupling Expansion

# Lattice QCD action (aniso. lattice, unrooted staggered Fermion)

L
1 + 1 I |
2 P ; fp EU IU ®0 2
g plag. ' m, &

S1op=S8r+Ss Sg=—— 2. tr|U,+U
1 + - 1 _ _ + m,
SFZEZ[V (.X:)_V (x)}_l__zn]<x)lXxe]Xx+}_xx+}Ux]Xx]+Zy_Mx
’ X

V+(x> uyixe,OX)H-ﬁ’ V ('x>:e—uy>—(x+6U:,0Xx’ Mx:X_xXx’ a‘l’:a/y, fPZl Orl/y

8 Strong coupling expansion

(Strong coupling limit) 'U0 'U * 00 @:@
o, 6

@ Ignore plaquette action (1/g?)

VO
@ Integrate out spatial link variables
of min. quark number diagrams f dU U, U., cd= 04 55(;/ N,
(1/d expansion)
SeﬁlelV+(x)—V_(x)]— S M. M. +—°ZM
27 4N .y’ & _

Ohnishi, RG workshop (2011/09/07) 14
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Introduction of Auxiliary Fields

# Bosonization of MM term (Four Fermi (two-body) interaction)

s 1
SY=—aY M M _ =—0) MV M, V=5 20,540, )]
Jox X,y J
@ Meson matrix (V) has positive and negative eigen values

fM(k):Z cosk; , fM(I_{):_fM(k) li{Zk-F(T[,T[,T[ﬂ
@ Negative mojde = “High” momentum mode

— Involves a factor exp(i @ (x,tx,1x,)) = (-1)**(x, +x,1X,)
in coordinate representation

@ Bosonization of Negative mode: Extended HS transf.

— Introducing “ i ” gives rise to the sign problem.
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)

exp(aAB)=| dgd gexp[—a(g’—(4+B)o+¢ —i(4—B)¢)]
Nexp[_owq)lp_‘Afq)_I_I)B)]stationary

- - W:E%gaﬂ# Ohnishi, RG workshop (2011/09/07) 15



Introduction of Auxiliary Fields

1 L3 - -
gls) — _ N ZM,_..MI = TINA Z Far (k) My (7)) M_y(7)
= T, J c T.k

L3 B ) ‘ ) )
TUAN A2 Z fu (k) [@k{?’]g + Oc(T)? + o ( My + M_y) — icne( My — M_y)
< k. fa (k)0

+ i(7)? 4 0p(7)? + (N + M) + (M — M) |

12 . N 1 :
=N > fu() [ofor + mim] + 5 N2 Y M, [o(z) + is(z)n(z)]
k.faik)=0 T
3
Q=L"N,

ol@)= Y, fu@e o, m@)= Y fulk)em

k. fu (k)=>0 k. fak)=0
O =@k + i@k , T = @ + 10z

1 =

Yo :E Z (§I+;},y + Em—jf,y) . atk) = ZEDE ki, k=k4(x,x,m)

J J
AVaer \PQS
;I. YW:rP -, Appendix 16




Phase cancellation mechanism in cMC

# Bosonized effective action

1 _ Q " *
Sar=75 20 Do X+ . 2 fulk)ojo ]
X,y 4Ncy k,fM(k)>O
ly*? —uly’ y 1+ m 0x+i8x7[x
Dx’y—éﬁojyéx)ye“ Y UX,O_Bx,y+f)BX,ye e Uy,0+2!2x+7]6x,y , Zx: 2Ncy2
olx)= = fylkle"o, nlx)= = f,(kle"n,
k, fk)>0 k. fulk)>0
@ Fermion matrix is spatially separated
— Fermion det at each point 8=1. o e=-
@ Imaginary part (i) involves
c= (_1)X0+x1+x2+x3 — exp(i TC(X0+X1+X2+X3)) . .
— Phase cancellation of nearest neighbor g=-1 =

spatial site det for & field having low k

- o * Ohnishi, RG workshop (2011/09/07) 17



Faldt, Petersson, 1986
# Fermion action is separated to each spatial point and bi-linear

— Determinant of Nt x Nc¢ matrix

exp(—V o /T)=] d

= [ dU det| X, [o]®1,+e " U +(—1) e U ‘Nc

=X,—2X,+2cosh(3N, )

I.12=[c(x)+ie(x)m(x)]/2N_y*+m,ly I, & 0

Xy=By+By_,(2;N-1) —e’ I, &
By=l0 —e* I e"

By=IyBy 1+By_, N . i

IS YITPss
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Auxiliary Field Monte-Carlo Integral

s Effective action of Auxiliary Fields

S o = 4]\§zy . fMZ: Sk )IGZGﬁHZTﬁk]
—Zlog[ —2X,(x )+2c0sh(3NTu)]

XN(x)=XN[O(x,r),n(x,r)]

@ n dependence appears only in the log.

@ o ,m have to be generated in momentum space, while X requires
o(x) and n(x) — Fourier transf. in each step.

@ X is complex, and this action has the sign problem.

But the sign problem is milder because of the phase cancellation
and is less severe at larger .

‘ Let's try at finite u ! I

Ohnishi, RG workshop (2011/09/07) 19
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Auxiliary Field Monte-Carlo (cMC(C)
estimate of the phase boundary

- - - \QQS
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Numerical Calculation

s 4* asymmetric lattice + Metropolis sampling of 6, and & .

s Metropolis sampling of full configuration (¢, and x ) at a time.

(efficient for small lattice)
# Initial cond. = const. ¢
# Chiral limit (m=0) simulation — Symmetryinoc < -o
# Sign problem is not severe (<cos 0> ~ (0.9-1.0)) in a 4* lattice.
s Computer: My PC (Core i7)

Ohnishi, RG workshop (2011/09/07)
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Results (1): o distribution

# Fixed w/T simulation: w/T=0~2.4

s Low pu region: Second order
(Single peak: finite 6 — zero)

# High p region: First order
(Dist. func. has two peaks)

2.5 : . .
2 MF
SCL (1/g"=0) \IDP — .-
Iy 2
dP/d($")
(=3 - ) " - S
2 T wr=0s %0
e T T
L T 5
] .\_ 0
wrT=1.2
0.5 -
f WT=2.4
0 k=" . .
0 0.2 0.4 0.6 0.8
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Results (2): Susceptibility and Quark density

s Weight factor <cos 0> GMC, SCL (1/g*=0), 4* aniso. lattice
T=025 05 1 15 2
(c0s0)=Z/Z,, 1.00 —~ > s
7= °Do DT exp(—S..) 08 WANPL
B kT CXPAT O e A 0.96 Eavaa 03 5
_ 0 Z 0.94 ——— 06 ——
0.00 |—- A
chrkTrkexp( ReSeff) 3
8
# Chiral susceptibility 6 o
b )
2 4 —
2 }
_ 138 10g22 2 T
L” Om, 0 -
3 ¥ o -
[ ] '!. l:ip._v . -
s Quark number density - 2 ——
R =S
1 ittt I" .
2
P,= L y ologZz 0 | ! qﬁ) A et e
[N, ou 05 1 15 2 25 3
- f2
=(ON.T)
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Results (3): Phase diagram

s By taking T =y*/N_,

a8 Definitions of phase boundar

@ ¢*= o’ + a* dist. peak:

(blue)
# Fluctuation effect

@ Reduction of T at p=0

@ Enlarged hadron phase
at medium T

— Consistent with MDP

2.5 . .
v dep. of the phase boundary SCL (1/g°=0) ,;I':g
becomes small. Bilic et al. ('92) ) | GMC (sus/p) -
oMC (dist.) - -» -
E,_. 1.5 ¥ .,..-_ "I-..
F":!.:* - — S—— _"
finite or zero (red curve) I .|
@ Chiral susceptibility peak
0.5 |
I:I 1 1 L 1
0 0.2 0.4 0.6 0.8
LL
de Forcrand, Fromm ('09); de Forcrand, Unger ('11)
24
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Clausius-Clapeyron Relation

# First order phase boundary — two phases coexist
dM:_Sq—Sh
dT pq_ph
dP,=p,dw+s,dT, dP =p,du+s dT

P,=P, - dP,=dP, —

@ Continuum theory
— Quark matter has larger entropy and density (du /dT < 0)

@ Strong coupling lattice

+ SCL: Quark density is larger
than half-filling, and “Quark hole”

carries entropy — dp/dT >0
+ NLO, NNLO — dp/dT <0

AO, Miura, Nakano, Kawamoto ('09)

Ohnishi, RG workshop (2011/09/07) 25



Summary

We have proposed an auxiliary field MC method (cMC),
to simulate the SCL quark-U_ action (LO in strong coupling (1/g")

and 1/d (1/d") expansion) without further approximation.
c.f. Determinantal MC by Abe, Seki

Sign problem is mild in small lattice (<cos 0> ~ (0.9-1) for 4%),
because of the phase cancellation coming from nearest neighbor
interaction.

Phase boundary is moderately modified from MF results by
fluctuations, if T=v*/N_and p = y*p, scaling is adopted.

oMC results are compatible with MDP results, while the shift of
T_at p=0is around half (LO in 1/d expansion in cMC).

Extension to NLO SC-LQCD is straightforward.

To do: Larger lattice, finite coupling, different Fermion, higher
1/d terms including baryonic action and chiral Polyakov coupling.

Ohnishi, RG workshop (2011/09/07) 26
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Thank you
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