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@ Auxiliary field effective action in the Strong Coupling Limit
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OCD phase diagram

# Various phases, rich structure (conjectured)

Related to early universe and compact star phenomena,
and CP may be reachable in RHIC.
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Lattice QCD at Finite Density

# Dream
Ab initio calc. of phase diagram and nuclear matter EOS

# Unreachable ?
Sign prob. is severe at low T & high p

@ No go theorem
Han, Stephanov ('08), Hanada, Yamamoto ('11), Hidaka, Yamamoto ('11)
Phase quenched sim. at finite quark p ~ Finite isospin p
(No flavor mixing, as justified in large Nc)
— Average sign factor vanishes at low T & high p due to & cond.

s Hope?
@ Sampling method other than phase quenched simulation ?

@ Strong coupling lattice QCD
— Mean field approximation
Monomer-Dimer-Polymer simulation
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Strong Coupling Lattice QCD

# Successful from the dawn of lattice gauge theory

@ Pure YM: Area Law, MC calc. of string tension, 1/g2 expansion
Wilson ('74), Creutz ('80), Munster ('80)

# Strong Coupling Lattice QCD with quarks

@ Spontaneous breaking of chiral sym. in vacuum, Chiral transition
Kawamoto, Smit ('81), Damgaard, Kawamoto, Shigemoto ('84)
— Utilized in constructing effective models
Gocksch, Ogilvie (85), Fukushima ('03), Ratti, Thaler, Weise ('06), ...

@ Phase diagram in the strong coupling limit (mean field)
Bilic, Karsch, Redlich ('92), Fukushima ('04), Nishida ('04)

@ Finite coupling and Polyakov loop effects (mean field)

Faldt, Petersson ('86), Miura, Nakano, AO ('09),
Miura, Nakano, AO, Kawamoto ('09), Nakano, Miura, AO ('10),
Nakano, Miura, AO, Kawamoto ('11)

@ Fluctuation effects via MDP simulation (mean field)
Karsch, Mutter('89); de Forcrand, Fromm ('10); de Forcrand, Unger ('11)
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Finite Coupling and Polyakov Loop Effects

Miura, Nakano, AO ('09), Miura, Nakano, AO, Kawamoto ('09),
Nakano, Miura, AO ('10), Nakano, Miura, AO, Kawamoto ('11)

# Finite coupling & Pol. loop I'a

reduces T, while p is stable. s

Polyakov Loop
Effects

@ MC results of T, at p=0 are
explained at B,=2 N./g2 < 4.

1.5

@ Compatible with empiricals. b

2.9 . - - - . ).9
B(T=1/N_, u=0)(MC) ——
2t T.(SCL, u=0)(MC) —=—o-
T L5
g
= 1y 242 (MeV)
0.9 r |w/PL (Weiss) *———
0 w/ PL (Haar) | “a
0 1 2 3 ) 4 5 6 _
BZZNc’fg | , ' .
Nakano et al. ('11) Miura et al., in prep.
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Monomer-Dimer-Polymer phase diagram

s MDP simulation
Karsch, Mutter('89); de Forcrand, Fromm ('10); de Forcrand, Unger ('11)

@ Partition function s —r T T T ]
= sum of config. weights al ]
of various loops. s | i
@ Extension to finite coupling 0 R
2 . . + B _ _ " + A
(1/g*#0) is not straightfoward. Continuous Time: "

nE T tricritical point b--4—- + -

istorder  + +
04 |- -|_; -

Maan Feld: H
02 . 2nd order -

fricritical point =
o 1|51 -:lrzluerI | | | |
i0 0.1 o2 0.3 0.4 03 0.6 0.7 0.8

Both finite coupling and fluctuation effects are important.
Is there any way to include both of these ?
— Auxiliary Field Monte-Carlo method

- . -
e YRTPos
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Auxiliary Field Monte-Carlo
in the Strong Coupling Limit
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Strong Coupling Effective Action

a8 Strong Coupling Limit Lattice QCD action

@ no plaquette action, aniso. lattice a,=ay/ 7y,
unrooted stag. fermion T

| _ /v —
SLQCD_EZI Y X Uo X ro—€ Iy Xx+6U3:xXx]

m J—
. Z M, (x [Xx X~ Xes; U xXx] @O_Z X:Xx  anisotropy
X

# Strong Coupllng Limit Effective Action

@ Leading orders in 1/g2 and 1/d
+Spatial link integral

— EAf. action of mesonic composites

Sa== [V (x) =V (x)]- ZMM +—“ZM

2 4N
X c
V+(X) . Y )Zx Ux,OXx+0’ V_(x>_e_wy >_<x+0Ux,OXx’ Mx:%xXx

(d=spatial dim.)
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Introduction of Auxiliary Fields

# Bosonization of MM term in Mean Field Treatment

B i
X

J,x
i Const. quark mass
# More rigorous treatment

—a ) MM _=—a ) MV, M=—0Ll) flk)M_, .M,
J,x X,y k,t
@ Meson hopping matrix has positive and negative eigen values

1
Vx,yzzz <6x+}'y+6x—}‘,y)’ fM(k):z COSkj;
J

F o)== 1 (k) [R=k+ (.7, 7)]

@ Extended Hubbard-Stratotonic (HSMNO) transf.
— Introducing *“ i ” gives rise to the sign problem.
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)

exp(adB)=] dodpexp[—a(@’—(A4+B)o+¢"—i(4—B)o)]

e Ym:rp *# Ohnishi, Lattice 2012, June 24-29, 2012, Cairns, Australia 9
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Auxiliary Field Effective Action

Const. quark mass

# Bosonized effective action

Sl 730, Ug) =3 SV (1)1 (x)]+ X 7z,

X

L 5 \
+ - > fM<k)!O‘kO'k-|—T[kT[k]
AN Y kot £, (k)>0

m, Nearest Neighbor
'Y Interaction

Negative mode — high k modes
# Grassmann and Temporal Link Integral (analytic)
Faldt, Petersson ('86), Nishida ('04)

S0, )= 2 Z fM(k)[GZGk+T[ZT[k]

1

> = >
4N .y

X

Z[(Gﬂsn) s+(o+ien), ]

=X log[ (%)~ 2.X, (x) +2c0sh (3N w/y')

X, (x)=X,[Z(x,t)] (known function)
=2cosh(N,arcsinh=/y?)  (for const.X)

Ohnishi, Lattice 2012, June 24-29, 2012, Cairns, Australia 10

TTTTTTTTTTTTTTTT



Merits of Auxiliary Field Monte-Carlo

# Fermion matrix is spatially separated
— Fermion det. at each point

# Imaginary part (i) involves

&= =-1
g= (-1)""10243 = exp (i (X, +X X, +X,)) o—o
— Phase cancellation of nearest neighbor o—o
spatial site det for = field having low k =-1 e=1

# Phase appears only from the log(det) term,

log| X, (x)—2X,(x)+2cosh(3N_u/y?’)
N N

Complex Real

— Less phase at larger p !

While we have sign problem, it should be suppressed
especially at larger u. Let's try

Teen s Ym:rp* * Ohnishi, Lattice 2012, June 24-29, 2012, Cairns, Australia 11
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AFMC phase diagram I
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AFMC Simulations

Unrooted staggered fermion in the chiral limit (m =0)

Lattice size: 43x4,63x4,43x 8,43x 12
Fixed fugasity: n/T=0, 0.1, ..., 0.5, 0.6, 0.8, 1.2, 1.6, 2.4

Temperature assignment

T =v2 /N, (rather than T =7 /N,)
Bilic, Karsch, Redlich ('92), Bilic, Demeterfi, Petersson ('92)

MC samples : 200 k ~1 M sweeps

@ Dynamical var. = 6(k, 1), (K, 7)
Det. is evaluated from o(x, 1), (K, T)
— Generate new o(k, 1), (K, 7) for a given T,
and Metropolis sampling is carried out.

Machine = Core i7 PC

To do: Parallel computing, FFT, Jack knife error estimate,
larger lattice, ....

== YUGWANSTITUTEFOR # OhniShi, Lattice 2012, June 24—29, 2012, Cairns, Australia 13



Average Sign Factor, Chiral Condensate, Quark Density

8 4°X 4 results AFMC (1/g°=0, 4°x4)
: T= 0.5 1 5
s Average sign factor | o
<cos 0>>0.9 { -
° ° M @ 2=
in 4° x 4 lattice. 2095 ‘ 05
v o u |
@ <cos 0> becomes small " {.n“"-’a LW 12 v
in transition region. ayf’ (blid), Init.cWig. fopen), NG (flled) -24 -
° o~ 3 E
# Chiral condensate =
quickly decreases around . 5By
=
- 1|
o I
# Quark number denstiy > :
quickly increases around vy . q |
# Results from “NG start” (large o) =27
and “Wigner start” (small o) are i}
different with small sampling #. :

0.4 0.6 08 1 1.2
T{,NTLEZT 1/2
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“Larger” Lattice Results

AFMC (1/g%=0, 4°x4, 6°x4)

T= 0.5 1 1.5
_ R .."f
"' A ?F ;“ *
™ :"' LA i1 =— |-
SN O e
« ¥t I =08
e =10 &
& =}.% -:-
1* (solid), 6°x4 (symbols) 24
- - -

0.4 0.6 08 1 1.2

small fluc. in Wig. phase

<cosB>

.20 2102
b=(c"+n")

AFMC (1/g°=0, 4x4, £°x8)

0.9 |

et e o o
s S MesLn

stdbmdb

L T s - I

[

0.4 0.6 0.8 1 1.2
TJI,INT].J'IE:T 1.'2

6° x 4: Smaller <cos 0>, Sharper trans., 4° x 8: Sharper trans.,

Larger o, Larger T,
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How to determine the phase boundary ?

AFMC (1/g°=0, 4°x4)

T= 0.5 1 1.5
avle. (solid) | | | uf"l'=l]:g.g 5
" Init.=Wig. (open), NG (filled) ;[1':%
S ; 1 :2 a v
=16 ©

0.4 0.6
YN 27T

Strong 1st order
— Seff COMparison

0.8

AFMC (1/g°=0, 4°x4, W/T=1)
dP/d(c*+n) |

CP region

(would-be)

2nd order

— Suscept.
peak

AS

Ohnishi, Lattice 2

o
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=
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Phase Diagram

8 AFMC predicts smaller T, (u=0),

and extended Nambu-Goldstone phase at finite p
compared with mean field results.

# AFMC results are almost consistent with MDP results.

de Focrand, Fromm ('10),
de Forcrand, Unger ('11)
@ N.=4 results
~MDP (N,=4)

@ N.= oo Extrapolation

~ Continuous Time
MDP

P

g
-

AFMC can be
an alternative to discuss
finite density LOCD !

- - Y TP*\VQ-S#

u"n =
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158 o
1 R

0.5 |

0

SCL (1/g%=0)
MDP
e, AFMC 4x4 ——
h\ 63X4 A
4’x12 ——

O 02 04 06 038
T}

1

1.2
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Summary

s Strong Coupling Lattice QCD has been useful in these 40 years.
Misumi (Tue), Kimura (Tue), Nakano (Wed), Unger (Tue, Thu)

# We have proposed an auxiliary field MC method (AFMC),
which simulates the effective action at strong coupling exactly.

@ LO in strong coupling (1/g°) and 1/d (1/d°) expansion.

@ Phase boundary is moderately modified from MF results by
fluctuations, if T=y*/N_scaling is adopted, as in MDP.

@ Sign problem is mild in small lattice (<cos 0> ~ (0.9-1) for 4%), due to
the phase cancellation coming from nearest neighbor interaction.

@ Sign problem is less severe at larger u (except for transition region).

@ Extension to NLO SC-LQCD is straightforward.
Note: NLO & NNLO SC-LQCD with Polyakov loop eftects
reproduces MC results of Tc at p=0.

# To do: Larger lattice, finite coupling, other Fermion, higher 1/d
terms including baryonic action, chiral Polyakov coupling.
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Thank you
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Extrapolation to N, = « (Continuous Time)

a Extrapolation of N.=4, 8, 12 AFMC results to

agrees with Continuous time MDP results.
de Forcrand, Unger ('11)
— CT-MDP result is confirmed.

0.80 T —
MDP

0.75 |

= 0.70

0.65

0.60 - -
0 0.1 0.2 0.3

1/N

T

- - Y TP*\VQ}
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Second or First Order ?

# Probability distribution in = 62 + 72
— Hint to distinguish 2nd (one peak) and 1st order (two peak)
transition

8 AFMC — CP is suggested in the region 0.8 < n/T < 1.0
MDP — CPis around p/T ~ 0.7

2 3
AFMC (1/g°=0, 4°x4, W/T=0.8) AFMC (1/g%=0, 434, W/T=1)

2 o P/d(0”+7) N,
dP/d(c*+7) I
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Clausius-Clapeyron Relation

# First order phase boundary — two phases coexist

dM:_Sq—Sh
dT pq_ph
dP,=p,dw+s,dT, dP =p,du+s dT

@ Continuum theory
— Quark matter has larger entropy and density (dp /dT < 0)

P,=P, - dP,=dP,

@ Strong coupling lattice

* SCL: Quark density is larger
than half-filling, and “Quark hole”

carries entropy — dp/dT >0
* NLO, NNLO — dp/dT <0

AO, Miura, Nakano, Kawamoto ('09)

Ohnishi, Lattice 2012, June 24-29, 2012, Cairns, Australia 22



s Effective Action & Effective Potential (free energy density)

-S — A —
LQCD
M UM (RPN
7= f Dlx.%,U,U,lexp ) U+ JU -80+—
_ m s
Spatial link integral _ X ST
f DU UabU:dzaadébc/N [ SCL _ T |
. : a:ﬂ veve annone | - MM MMMMMM v V- MM
:fD[X,X,Uo]eXP i i NN NNLO
Bosonization o . O d 11) ] )
& MF Approx = T N ‘ |
~[ D%, %, Uplexp(=S.lo, % Uo P )) Polyakov loop
Fermion + U integral
Nexp(— VFeff<(I)stat" T’ M)/T)

|
w"mmm YUKAWA INSTITUTE FOR
- THEORETICAL PHYSICS

]
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s Effective Action with finite coupling corrections
Integral of exp(-S ) over spatial links with exp(-S,) weight — S __

-1y,
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n/) <SG>C

n=1

<§."™> =Cumulant (connected diagram contr.) c.f. R.Kubo('62)

Jin minl =izl siuii=out

MMMM MMMMMM VIV MM VIV-MM

| bs
Seft = 5 Y (Vi —vo) - 3d ) [MM]j, SCL (Kawamoto-Smit, '81)
Bs

x,j=0 2 dl‘(d — 1 ) x,j=>0k=04k#]

[IMMMM| ji. NLO (Faldt-Petersson, '86)

STT Frar— —rrrd ﬁ_ﬁ i
= ) WW +W W', — _ (MMMM] i . [MM]
Z 7 4d(d—1)(d-2) .r.j::-ﬂ.|kz:::-ﬂ.|!|:::-ﬂ :
k7, I 7 | # k|

Y VTVT+VTVTL (:M M|, ;i +[MM] J,;H;;Jrg) NNLO (Nakano, Miura, AO, '09)

x, j=0,|k|# ]
- m - Qs
o YITPa®

jhr—f
x,j=0

Bzs
8d(d—1)

_|_

24



s Effective potential [free energy density, NLO + LO(Pol. loop)]

Ferr(D: T, 1) = (T log Zrqep)/NE = Fiy + Ford aux. fields
FA ( d + B ﬂ,){rg + ’5#3 - ’BT( p? — .-:ug) - N.logZ
eff ~[\qn_ " 57 b o VT ¢ =" zero point E.
‘— NEE,_?I~ T(log R (T, ) +log Rz(T, 1)) thermal
'REI{T.H} =1 + ¢ NEgBDIT 4 iﬂ?r.r(_me'i”_{E“r_ij : 5 E‘;:-J{J_E{Eq_mﬁ)
.y
5 &l - uad. coef.
Faol = -PTaNY( ) [ote - Trogpieat . )] 4
ES He\g2nN.] [P o i Haar measure

@ Strong coupling lattice QCD with Polyakov loop (P-SC-LQCD)
= Polyakov loop extended Nambu-Jona-Lasino (PNJL) model
(Haar measure method, quadratic term fixed)
+ higher order terms in aux. fields
- quark momentum integral

|
| \?Qs
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T. Z. Nakano, K. Miura, AO, PRD 83 (2011), 016014 [arXiv:1009.1518 [hep-lat]]
s P-SC-LQCD reproduces T (n=0) in the strong coupling region
— 2
(P=2N/g*<4)
MC data: SCL (Karsch et al. (MDP), de Forcrand, Fromm (MDP)), N_=2 (de Forcrand,
private), N =4 (Gottlieb et al.('87), Fodor-Katz ('02)), N_=8 (Gavai et al.("90))

2.9 . . . . '
~2N,/g?=4.0, =0, my=0.05 Be(T=1/N;, u=0)(MC) —s—
1 B=2N/g , 1=0, my=0.05 5 | ET{.{SCLT,LI.:[I)(MC} o
S 1.5 A--.
= ... w/oPL
~ 1
0.5 ¢ [wﬁ PL (Weiss) = ———i
| | w/ PL (Haar) “a
0 0.5 1 0 | | | | '
T 0 1 2 3 ) i J 6
. . 3=2N_/
Lattice Unit p=eNce
:'-' '-' !‘#ﬁ#ﬁff-!;ig*\vns# 26
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‘ 1/g* expansion
‘ Fluctuations IE}ﬂm:.. (C)1/d g~ exp

with Pol. loops
i‘lm I[LD' ll,-'“:l}':a

lf;iaﬂj'j (with Pol. loop)
BB ==

1/d o
expansion (MM)? =3 e » (Gocksh-Ogilvie
s -{A}F’ SC-LQCD
d=spatial |} } | N - :‘ Nakano, Miura, AO ('11)
dim. Lo .. R P L . E“T—L[:H?D
it "F'_'T ;oa
b ]j e w s 1/ g
NLO ot (with qguarks)
NNLO 1/g* expansion
vt o with quarks
:"' ! !‘#ﬁ#ﬁfﬁ’-!;ig:“# 27




a8 Strong coupling expansion
@ Fermion terms: LO(1/g°, SCL), NLO(1/g*), NNLO (1/g%
@ Plaquette action: LO (1/g*7)

# Large dimensional approximation

@ 1/d expansion (d=spatial dim.)
— Smaller quark # configs. are preferred.
MM, = Oo1/d’) > M ocd'? — yocd'™

@ Only LO (1/d°) terms are mainly evaluated.
# (Unrooted) staggered Fermion

@ Nf=4 in the continuum limit.
# Mean field approximation

@ Auxiliary fields are assumed
to be constant.

|
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Introduction of Auxiliary Fields

1 L? VP
gls) — _ N2 Z ﬂrf,_,.ﬂxfr_i_ﬁ = TAN A2 Z Far (k) My (7) M_y(7)
cY T, j el .k

LE

= IN 2 > fu(k) ["Pkfﬂg + o(T) + pu( My + M_y) — iy (My — M_y)
ko far (k) >0
+ i(T)? 4 0p(7) + (N + M) + by (M — M) |
12 * * 1 :
=3 . Z fu(k) oo + mpme] + IN Z M, [o(x) + ig(x)m(x)]
1 kfa(k)>0 L~
3
Q=L>N.
o(z)= Y  fu®eor, w(@)= DY fu(k)e™m
k. fu (k)=0 k. fa(k)=>0
Ok =Pk + i , Tk = P + 10
1 2
Ve =3 Z (rﬁﬂ_:},y + Eg:—j,y) 7 e ZEDE ki, k=ki(x,x, )
J J
"YiTP?%
;I..- e ,TP - Appendix 29




Faldt, Petersson, 1986
# Fermion action is separated to each spatial point and bi-linear

— Determinant of Nt x Nc¢ matrix

\,

e.“U
:fdUOdet[XN[O]@)IC-I-e_“/TU++(—I)N Ty th

exp(—Veff/T)zf d

=X3,—2X,+2cosh(3N,u)

I./2=[o(x)+ie(x)n(x))/2N_y*+m,ly I &0

Xy=By+By ,(2;N-1) I A

By=IyBy_1+By_; v e RE ?u
Constant/: X ,=2cosh (arcsinh (7/2)/T) | L I,

ITYITPuoy

| ¥ITP Kyoto 33,4



Results (2): Susceptibility and Quark density

# Weight factor <cos 0>
(cos0)=Z/Z,,
7= °Daankexp(—Seff>
=| Do, D, exp(—ReS ;e
chrkTrkexp( ReSeff)

# Chiral susceptibility

1 8210gZ
L’ om;

8 Quark number density

1 y*> dlogZ
L’N. du

P, =~

1.00
0.98
0.96
Z 0.94
v 0.92

0.90

nsb=

e = b e S QO

q
I3

oMC, SCL (1/g°=0), 4* aniso. lattice

T=0.25 0.5 1 1.5 2
i _.F o 1 :1:':‘I )
T 7 ¥ i i
L | AT
X =
G AR A 1~
A i 1.2 ¥
=
24
¥
LA
.n,,'d"' ..t;ﬁ ——y
r’""r”
| i r’k-‘
]
f“f:u-ﬁ' I.'
T )
] _-__._:'ﬂ
5 1 1.5 2.5
LY 1”
=N T)

TIYITP o
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# Quarks are confined
in Strong Coupling QCD

@ Strong Coupling Limit (SCL)
— Fill Wilson Loop

with Min. # of Plaquettes
— Area Law (Wilson, 1974)

1 ~ 1
L]

@ Smooth Transition from SCL

to pQCD in MC
(Creutz, 1980; Munster 1980)
L
- et
A
Nt
Y =1/N_g’
ey Y-TP“\VES#

i
| T yUiv S5

K. G. Wilson, PRD10(1974),2445
M. Creutz, PRD21(1980), 2308.
G. Munster, (1980, 1981)

N SC-LQCD
e MC

_ Strong coupling region \+

" Weak coupling region

.

______7:';'_'_
_‘."—
i (]

0.1

)

0 i, 2 "3
B=2Ndg’ (N =2)

Munster, '80
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# Phase transition at high 7

@ Physics of early universe: Where do we come from ?
@ RHIC, LHC, Lattice MC, pQCD, ....

# High p transition

@ Physics of neutron stars:

Where do we go ? QGP :‘%' Hadronic
@ RHIC-BES, FAIR, J-PARC, ' [ Rruig o ®9Q

A
Astro-H, Grav. Wave, ... 170 ~ 200 - / @@@
MeV cp.‘:_::c"
@ Sign problem in Lattice MC o

CSC
—> MOdel S.tUdle.S, 5 mN:I-{ v Quarkyonic @@Q
Apprqmmatlons, € > 05
Functional RG, ... .o P g
N P :
.: , @ Strange Matter
L-G Mixed

Nuclear Matter

|
w"mmm YUKAWA INSTITUTE FOR
- THEORETICAL PHYSICS

| T RYOTD & Sy



1000 |
up(MeV) 1200

AO, H. Ueda, T. Z. Nakano, M. Ruggieri, K. Sumiyoshi,
PLB, to appear [arXiv:1102.3753 [nucl-th]]

|
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8 Effective Models

(P)NJL, (P)QM, Random Matrix, ...
E.g.: K.Fukushima, PLB 695('11)387 (PNJL+Stat.).

# Functional (Exact, Wilsonian) RG

E.g.: T. K. Herbst, J. M. Pawlowski, B. J. Schaefer, PLB

696 ('11)58 (POM-FRG).

s Expansion / Extrapolation from p=0

@ AC, Taylor expansion, ..

. — /T<1

@ Cumulant expansion of 0 dist.

(S. Ejiri, ...)

# Strong Coupling Lattice QCD

@ Mean field approaches

@ Monomer-Dimer-Polymer (MDP)

simulation

|
w"mmm YUKAWA INSTITUTE FOR
- THEORETICAL PHYSICS
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# Mean Field approaches Y
Damagaard, Hochberg, Kawamoto ('85); Bilic, Karsch, “| ™" %uio =
Redlich ('92); Fukushima ('03); Nishida ('03); o e N -
Kawamoto, Miura, AO, Ohnuma ('07). S IR NN A s el
# MDP simulation 0
Karsch, Mutter('89); de Forcrand, Fromm ('10); de “;
Forcrand, Unger ( 11 ) P Al Az 03 . 04 05 06 07
@ Partition function = sum of config. M;"(‘,” “’1 ]1\’0“6"‘1"2’;”9 AO, Kawamoto,
weights of various loops. “ LW'. —
@ Applicable only to Strong Coupling Limit | "
(1/g>=0) at present A kN
T 2’
1 o=
de Forcrand, Unger ('11) "+ = T T R
—

Can we include both fluctuation and finite coupling effects ?
— One of the candidates = Auxiliary field MC
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