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OCD Phase Diagram

RHIC/LHC/Early Universe

O O
Nucleon Nuclear My
oo ©
. Gas Matter

- : Qs
_;;I.!_. YKA;VATOP > Ohnishi @ NFOCD 2013, Nov.21, 2013 3

yoto 3204




How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite p has the sign problem.
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Sign Problem

# Monte-Carlo integral of oscillating function
sz dx exp (—x2+2ia X)=-Texp (—az)

<0>:%f dxO(x)e ™ e
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3 2
Easy problem for human is not necessarily easy for computers. I
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Sign Problem (cont.)

# Generic problem in quantum many-body problems
@ Example: Euclid action of interacting Fermions

S = Zwayw +gZ (), (Py), g
X,Y

@ Bosonization and MC integral (g>0 — repulsive)

exp(—gM M )=] do exp(-go’—2igo M) (M =({py),)
Z=fD[w,IT),O]eXpl—fP(DHigO)w—gZ Oi]

—fD Det(D+2igo expl gz ]

complex Fermion det.
— complex stat. weight
— sign problem
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Sign problem in lattice QCD

# Fermion determinant (= stat. weight of MC integral)
becomes complex at finite p in LQCD.

@ v5 Hermiticity

J DIU.q.7) exp(-7D(,U)g~S4(U)
= [ DIU] Det(Dlw, 1) exp(~5,(U))

YsD(w,U)y,=|D(—u, UM
—Det(D(u,U))=|Det(D(—u, UY)[

@ Fermion det. (Det D) is real for zero n (and pure imag. p)

@ Fermion det. is complex for finite real .
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite p has the sign problem.

s Effective model and/or Approximations are necessary.
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Lattice QCD at fnite u

# Various method work T
at small p (WT <1). \RW

. ==y .-
Large u \.\~ ~ " \.~ S~ /

@ Roberge-Weiss transition . \ Bl
— Conv. rad. of W/T <m/3 P
at T>TRW

@ No go theorem
Splittorff ('06), Han, Stephanov ('08), uz
Hanada, Yamamoto ('11), Hidaka, T 4
Yamamoto ('11)

* Phase quenched sim. 7t cond.
~ Isospin chem. pot.

+ CP would be hidden in 7 cond.
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach

= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite p has the sign problem.

s Effective model and/or Approximations are necessary.

@ Effective models:
NJL, PNJL, PQM, ...

Model dependence is large.

@ Approximate methods:
Taylor expansion,
Imag. p , Canonical,
Re-weighting,
Fugacity expansion,

Complex Langevin,

T (MeV)

0
Histogram method, Ejiri (11/27)°

Aarts (11/28)
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Strong coupling lattice QCD| In this talk

Stat, -

- CP(models) ©
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3u=50 MeV in Asym., g /g_=0.2
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Strong Coupling Lattice QCD

Pure YM

—

* MC

SC-LQCD

0 1 , 2
B=2Ndg’ (Nc=2)

Wilson ('74), Creutz ('80),
Munster ('80, '81), Lottini,
Philipsen, Langelage's ('11)

Phase diagram

Kawamoto ('80), Kawamoto, Smit ('8§1),
Damagaard, Hochberg, Kawamoto ('85),
Bilic, Karsch, Redlich ('92),
Fukushima ('03); Nishida ('03),
Kawamoto, Miura, AO, Ohnuma ('07).

Miura, Nakano, AO, Kawamoto ('09)
Nakano, Miura, AO ('10)

Fluctuations
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Mutter, Karsch ('89),

de Forcrand, Fromm ('10),
de Forcrand, Unger ('11),
AQO, Ichihara, Nakano ('12),
Ichihara, Nakano, AO ('13)
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite p has the sign problem.

s Effective model and/or Approximations are necessary.

3u=50 MeV in Asym., g /g_=0.2
BH: Shen EOS, 40 M__]

@ Effective models:
NJL, PNJL, PQM, ...

. R LR02
Model dependence is large. : S Eren X 7 GLcos
EE NI
@ Approximate methods: - 5N T3 msconst,

Taylor expansion,

- Stat. = e
Imag. p, Canonical, 50 | CPmodes) © -.
-weishti CP(Lat) ©
Re We.lghtmg, . CPagmy = . .
rugacity expansion, ’ 0 300 600 900 ™ 1200
Histogram method, Ejll"l (11/2 7) Mg (MeV)

Complex Langevin, Aarts (11/28) .
Strong coupling lattice QCD| In this talk

We discuss the phase diagram and a sign problem in SC-LOQCD
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# We investigate the phase diagram and try to understand nuclear
matter based on the strong-coupling lattice QCD (SC-LQCD).
@ Effective potential (free E. density) — phase boundary & EOS
# Setups & Disclaimer
@ Effective action in SCL (1/g"), NLO (1/g%), NNLO (1/g*) terms
and Polyakov loop.

NLO: Faldt-Petersson ('86), Bilic-Karsch-Redlich ('92)
Conversion radius > 6 in pure YM ? Osterwalder-Seiler ('78)

@ One species of unrooted staggered fermion (N =4 @ cont.)

Moderate N f deps. of phase boundary: BKR92, Nishida('04), D'Elia-Lombardo ('03)
@ Leading order in 1/d expansion (d=3=space dim.)
— Min. # of quarks for a given plaquette configurations, no
spatial B prop.
@ Different from “strong couling” in “large N ”

Still far from “Realistic”, but SC-LOCD would tell us
- - useful qualitative features of the phase diagram and EQS.
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Lattice QCD action
s Gluon field — Link variables U,(x)=explig4,)

s Gluon action — Plaquette action nas Us(ntv)
n+p+v
2N
Ss= ZCZ[I—LRetrUW(n)] Uy (n)] 11g* LU, (n+0)
g  plag. N,
& n+
U,(n)

@ Loop — surface integral of “rotation” F,, in the U(1) case.

# Quark kinetic term (staggered fermion) X
SF:_Z l% eMUO xxx+()_>_(x+ﬁe_MU(—)|_,xXx] L "y

2

+= Z TI] [Xx X, ]Xx+]_xx+] Ux ]Xx]_l_zmo

=SV +S > mgM
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Link integral — Area Law

# One-link integral

,f du UabU:d:NLéadébc

# Wilson loop in pure Yang-Mills theory i
<W(C=LXNT)>:%IDUW(C)GXP S (U,+U;)

- g P -
=exp(=V(L)N,) L
in the strong coupling limit A = st
1 LN,
(W(C))=N N
( ) gzN t

—>V(L)=Llog(g2N) |

Linear potential between heavy-quarks =1/N_g*

— Confinement (Wilson, 1974)

1 @ NFQCD 2013, Nov.21, 2013 16




Link integral — Effective action

s Effective action in the strong coupling limit (SCL)

@ Ignore plaquette action (1/g%)
— We can integrate each link independently !

@ Integrate out spatial link variables of min. quark number diagrams
(1/d expansion)

4NCXZ]MM +mOZM (M .=v%.%.)

Damgaard, Kawamoto, Shigemoto ('84)

Seff:SSé)

'
o 5” 90 @Z@ Lattice QCD in SCL

g — Fermion action
0 with nearest neighbor
f au Uab Uca=8ua8s! N. four Fermi interaction

- - \QQS#
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Phase diagram in SC-LOCD (mean field)

s “Standard” simple procedure in Fermion many-body problem

@ Bosonize interaction term (Hubbard-Stratonovich transformation)
@ Mean field approximation (constant auxiliary field)

@ Fermion & temporal link integral

Damgaard, Kawamoto, Shigemoto ('84); Faldt, Petersson ('86); Bilic, Karsch,
Redlich ('92); Fukushima ('04); Nishida ('04)

“aee, Ind—order

r

lemperature
—

Co=0 1st—order

] | 1 ] 1 ] 1
1] 0.2 0.4 0.6

Quark Chenucal Potential

- QS Fukushima, 2004
H = \
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Finite Coupling Effects

s Effective Action with finite coupling corrections
Integral of exp(-S ) over spatial links with exp(-S,) weight — S __

-1y,
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n/) <SG>C

n=1

<§."™> =Cumulant (connected diagram contr.) c.f. R.Kubo('62)

e
B imind)sqebusnii=oall L

VeV MM VEVe MMMM v-v+  ® ° MMMM MMMMMM VAV-MM  V+V-MM

Seff = = Z(V+ Vo) Z[MM];r SCL (Kawamoto-Smit, '81)

rj 0
1 B: 1B
_]E‘J[wv VIV i TA@1) gl MMt NLO (Faldt-Petersson, '86)

B’ET WAW— W W Biss MMMM VM

2d :go ' e 4d(d—1)(d—-2) .r.j}ﬂ.|f§0.|!| o[ i< [MM]
K27, 114, 1 # K]

T3 _ o . '

+8d(§7_” Yy VIV VTV ([MM] J,.J_H[MM]LHM) NNLO (Nakano, Miura, AO, '09)

;rl

>0kl
- ( By )"‘“’ N2 Y ( P+ }”) Polyakov loop (Gocksch, Ogilvie ('85), Fukushima ('04)

N, vub“ ‘ Nakano, Miua, AO ('11))
L Y TP
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SC-LOCD with Polyakov Loop Effects at u=0

T. Z. Nakano, K. Miura, AO, PRD 83 (2011), 016014 [arXiv:1009.1518 [hep-lat]]

s P-SC-LQCD reproduces MC results of T (n=0) ( p=2N /g’ <4)
MC data: SCL (Karsch et al. (MDP), de Forcrand, Fromm (MDP)), N_=2 (de Forcrand,

private), N =4 (Gottlieb et al.('87), Fodor-Katz ('02)), N_=8 (Gavai et al.("90))

2.5 I T T T T
2N, /g%=4.0, =0, my=0.05 Bc(T=1/N., u=0)(MC) ——
1 P=2N /g , u=0, my=0.0o 5 | ETE(SCLT, 1=0)(MC) — o -
< 1.5
o
= | o
0.5 r [w/ PL (Weiss “““‘-—————__;i
| | w/ PL (Haar) u
0 0.5 1 0 5 a4
T 0 1 2 3 ) 4 5 b
B=2N//g

Lattice Unit
| - \?QS
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# Comparison of Polyakov loop in SC-LQCD and PNJL

@ SC-LQCD: Tc decreases with Polyakov loop
(Polyakov loop deconfines hadrons)

@ PNJL: Tc increases with Polyakov loop
(Polyakov loop confine quarks)

I - ' ' -
i p=2N/g"=4.0, u=0, my=0.05 1_ Polyakov Loop
05  olN, . O -
~.(w/o PL) P
] |
. ! 0 . : - ™
'|] '}5 1 100 200 300
T Temperature [MeV]
Fukushima ('04)

21



Miura, Nakano, AO ('09), Miura, Nakano, AO, Kawamoto ('09),
Nakano, Miura, AO ('10), Nakano, Miura, AO, Kawamoto ('11)

# Finite coupling & Pol. loop I'a
reduces T, while p is stable. s

Polyakov Loop

@ MC results of T, at p=0 are .
explained at B,=2 N./g2 < 4.

@ Compatible with empiricals. b

2.9 . - - - . ).9
B(T=1/N_, u=0)(MC) ——
2t T.(SCL, u=0)(MC) —=—o-
T Lo A--.
3 ... woPL
= 1 \T\ [N 225 (MieV ’ 242 (MeV)
0.5 | [wf PL (Weiss) —*———— B Rt} A BEE R g g~ :
0 w/ PL (Haar) M L R e N e
0 1 2 3 ) 4 5 6 __
B=2N_ /g ' = .
- Nakano et al. ('11) Miura et al., in prep.
TPYETP R ”



Beyond the mean field approximation

a8 Constant aux111ary field — Fluctuatlng auxiliary field

Z f(k l|0k,r| +|T[k,r| ]

ck,T

eﬁ_

4N

mx=m0+ﬁz (o+ien) +(o+ien) )
¢ J

=Y cosk, <, e=(—1)"""TT

@ Aucxiliary fields can be integrated out using MC technique
(Auxiliary Field Monte-Carlo (AFMC) method)

+ Another method: Monomer-Dimer-Polymer simulation
Mutter, Karsch ('89), de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Bosonization of “repulsive” mode: Extended HS transf.

— Introducing “ i ” leads to the complex Fermion determinant.
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)

@ Weight cancellation from low momentum modes is small,
due to the g factor.

T YTP # Ohnishi @ NFQCD 2013, Nov.21, 2013 23



4 Extended Hubbard-Stratonovich transformation
Miura, Nakano, AO ('09), Miura, Nakano, AO, Kawamoto ('09)

quB:J" dq)d(pe—cx[(q)+(A—I—B)/2)2+(cp+i(A—B)/2)2_AB]

:J" dq)d(pe—oc[q>2+cp2+q)(A+B)+icp(A—B)

Complex

We need “i” to bosonize product of different Kind.
— Fermion determinant becomes complex.

# Bosonization in AFMC in the strong coupling limit
exXp {th(k] [_-'U_k_r_-'uk_,- — ;qur_l:[_r;qurl:[_r]}

— [dﬁk_r doy. . dmy, dmy _exp {—af (k) [|ow- > + [T |

-I—G']i_r_-"lf],,;_r + M _y Ok — 'ifrlt_r‘q“rl_-:_r — 'i_-’lf_lj:_rﬁk_r]}
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# Mean field treatment of repulsive interaction

e_o‘/f:f d pexp (—oc[cp2 +2icpAD
~exp (oc!(nz—ZooA]) (p=iw, w={(A4))

Im @
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How serious is the weight cancellation ?

a Statistical weight cancellation in AFMC
(exp(id))=exp(—QA f) , Q=space-time volume

AFMC (1/g°=0, 8°X8, wT=0.6) 12003 ATC 1&.-'] . .
1 ——— wT=00 4% -
% 0.8 | ,' B.0=04
a A=3.0 =~
5 A 0= :
v ﬂ: EJ ;15 — =
o6 | [J =1 :g R
=l —&—
00 e 4peDaf - .
16 | f " &a, .
; = =1 & L=d
hl E'MD ! i aal| ':: @‘
= 08 | 3: . Lq:&ssjm £ ' "':
0.4 | ;:51" = e ¥
. S ¥ MDP %
— ST 5 * %
06 07 0.8 08 1 11 1.2 1.3 1.4 de Forcrand, j .
T (k] 1 !
ﬁ k Unger ('11) LE 'Jt 1 I].1 :ﬁ :CI.I? 1 12 1.4 .
cut—off X sm™ k. >A n
Ichihara, Nakano, AO, PoS Lattice2013 (2013), to appear
- - Y TP eds
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# The partition function of LQCD can be given as the sum of
monomer-dimer-polymer (MDP) configuration weight.
The sign problem is mild. Karsch, Mutter ('89)

Z(2ma,u,r>=2 W
K

WK=(2ma)NMr2N’(1/3)N1N2H w(x)l?[ w(C)

# MDP with worm algorithm is applied to study the phase diagram
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

— [ W]
—— —— .. - T
12 | e
ik
Qo hEr-
" osp  ComaIng
LR ' critical Dottt
& o4 vm“;:::]cl.:ggﬁ -r . :
I ! | Discrate Time:
| ¢ S & -
! : . ! & - | 1|5'.c|rd»ar|| B | E;
- ) 0.1 0.2 0.2 0.4 0.5 0.6 o7 0.8
B:L
4
Karsch, Mutter ('89) de Forcrand, Unger ('11)
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Phase diagram

8 AFMC phase diagram

@ Reduction of T at p=0 and enlarged hadron phase at medium T
compared with the mean field results.

@ Quantitatively consistent with MDP simulation,
if extrapolated to Nt — «©

de Forcrand, Fromm ('09); de Forcrand, Unger ('11)

@ Spatial size dependence is small.

1 e | AFMC?giﬂIEI_
— Close to the final answer g BIX6

to the phase boundary 12| S, i
in the strong coupling limit ! - N

0.8} [ &

| )
D4} .' E&
cg
0 0z U3 " 06 08

Ichihara, Nakano, AO, PoS Lattice2013 (2013), to appear

|
- - Y TP |\qos
- YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS 0 .

| T IyUiv S

Ohnishi @ NFQCD 2013, Nov.21, 2013

28




s Lattice MC simulation at finite p and finite [ with Nt=4

Takeda et al. ('13)

@ Ave. Phase Factor ~ 0.3 at ap ~ 0.15 (83 x 4, ap,. = am,/2 ~ 0.7)

8 AFMC
@ Ave. Phase Factor ~ 0.6

around the transition (84, SCL)

p=1.58 Light mass

1
I 53 I-I— -£F- -
668 i—e-—i
0.8 68% bommde- b
8 ==
A 06
g
5
= 0.4
0.2 -
TR
e
0 | i ok Bl
0 0.1 0.2 0.3

Takeda, Jin, Kuramashi, Y.Nakamura,

Ukawa, Lattice 2013 ap, = amy,/2 ~ 0.7
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1 AFMC (1/g°=0, 8°X8, wT=0.6)
= =

— 4
% 0.8 | .
B A=3.0 ==
E r_J =2.9
v [, Oy =2.0 —i—
o ol o =1.5 —y—
o6 EJ =10 —to—
=0.5 —e—
I=n.nl ‘I )
P e
" AFMC 4:X4 B s =
62X4 & 1 i

0.8 09 1 11 1.2 1.3 14

T

Ichihara, Nakano, AO, Lattice 2013
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# MDP simulation on anisotropic lattice at finite T and pn
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Strong coupling limit.

Including finite coupling effects is not straightforward.

@ Includes higher-order terms in 1/d expansion
(spatial baryon hopping, meson-meson interaction)

@ No sign problem in the continuous time limit (Nt — ).

oo
[
S
ol
NN
mr
‘ Iﬁl@
L

L=4 K&HM a
BoR A M ' ”"
. K & 'i‘
"'II-_." 3
'f-:l 3 " 1
<+ v "
= 2 h MDP
15 i Tt
i F LY
[Els] j‘
P = e S
0.2 0.4 L] 0.8 1 1.2 1.4
bl FIIE

de Forcmnd, Unger ('11)
|
_- = Y TP #

by

1.2e03

B.Oe-04 -

4004 =

0.Oa+00

AFMIC 1ig™=0
' ' © T-0D 4%
ey G534
S ) GG -
F¥E .
Tl 44 WT=08 e
4 ’ H - . | £ WT=1.5 —
N o It
g 114 i
m PR S
-l. : [] . . ".* '_ll ._i‘
b . h
S '
I

o a3 il 04 1.2 1.5 1.8

Ichihara, Nakano, AO ('13)
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Chiral Angle Fixing

How can we simulate correct thermodynamic chiral limit ?

Viol. = fimite

_ mg = [ g > ()
|' Vol. = finite ( Vol. = finite
|
b Ao b I T
mg — +0
T Tk
I —
mo = € oo} £0 | {0 SJim lm (ol v
Vol. = hmte

Y STPeos
1'- - - YUKAWA INSTITUTE FOR
- LI THEORETICAL PHYSICS - E7

Appendix
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Summary

# Strong coupling lattice QCD is a promising tool
in finite density lattice QCD.

@ Strong coupling limit + finite coupling correction + Polyakov loop
— MC results of Tc is roughly reproduced.

@ Sign problem could be solved in the strong coupling limit.
Two independent methods show the same phase boundary,
and the spatial size dependence is small.

(Monomer-dimer-polymer simulation, Auxiliary field MC)

s Challenge

@ Finite coupling + Fluctuations Unger et al. ('13)
Different type of Fermion
Minimally doubled fermion, Misumi, Kimura, AO ('12)
Higher order terms in 1/d expansion,

||
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