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OCD Phase Diagram
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OCD Phase Diagram in HIC

# Chemical freeze-out line reach the T-axis in 2000
(RHIC started !)

s Hint of CP signal is clearly shown in 2014.
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Phase diagram: 2D — 3D

# Heavy-Ion Collisions: (T, p) phase diagram

# Compact Star phenomena: Isospin chem. pot. is necessary
— (T, n, op) 3D phase diagram
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Phase Diagram Evolution with =2N /g

s Extensive studies exist in the strong coupling limit
(staggered, N =4), and the sign problem is under control.

# 3D phase structure is related to the nature of CP.

T | 2ndorder Strong Coupling Limit

TCP

1st order

>

Cross over
Fodor-Katz

Baryonic Effects

Chiral & Deconf. CP

Forcrand-Philipsen

>

MC / Real World

2
Reality (1/g , mg, Ng, ...)

Kawamoto, Miura, AO, Ohnuma ('07)

Chiral CP

u/mg

B

de Forcrand, Langelage, Philipsen, Unger ('13)
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Strong Coupling Lattice QCD I

I YITP

\"I'I'PKyotu

Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 7



Strong Coupling Lattice QCD

s Effective action at strong coupling

1 = ID[X7>_<7 UOv ]exp[_SLQCD(X7X7 UOvUj)]
spatial link integral

= [ Dix, X; Uo ()] exp[—Sesr (x> X, Uo)]

Damgaard, Kawamoto,Shigemoto('84), Ichinose('84), Faldt,Petersson('86), Nakano,
Miura,AO ('09), Gocksch, Ogilvie ('85), Fukushima ('04), Nakano, Miua, AO ('11)
@ Integrate spatial links first.

@ Given order in 1/g? and, Leading order in 1/d (d=spatial dim.)
@ Temporal Link + Nearest Neighbor Int. + Polyakov loop + ....

LQCD SC-LQCD
L
o lr w1 [7] -U-U°°®:@05D
X m, & p+
0
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Finite Coupling Effects

# Finite coupling corrections

Gle

<§."> =Cumulant (connected diagram contr.) c.f. R.Kubo('62)

e
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VeV MM VEVe MMMM v-v+  ® ° MMMM MMMMMM VAV-MM  V+V-MM

Seff:SSCL_10g<eXp<_ SscL—

Seff = 5 Z(W Vo) ”ZO[MM]H SCL (Kawamoto-Smit, '81)
L pe ty- vVt ] s ;
+;f_drz;‘n[v Vo4+VV ]f*"_ia'(dﬁ——])r.._,n;m# [MMMM] ji NLO (Ichinose, '84;
B ’ B R Faldt-Petersson, '86)
2d r%ﬂ WIW AW W e 4d(d—1)(d—2) _r.j:>0.|f§10.|!| r:t[1F"iirj'ﬂrM}'ﬁf]ﬂL MM
K2, 15, [T K
+8a’(§ﬁ—l) DZM |+-;[V+V_ Vv () b)) NNLO (Nakano, Miura, AO, '09)
- ( By )'"“' N2 Y (PP +he) Polyakov loop (Gocksch, Ogilvie ('85), Fukushima ('04)
g*Ne 750 o Nakano, Miua, AO ('11))
LY ETP —
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Monomer-Dimer-Polymer simulation

# The partition fn. can be given as the sum of monomer-dimer-
polymer (MDP) configuration weight in the strong coupling limit.
The sign problem is mild. Karsch, Mutter ('89)

Z(2ma,u,r>=2 W
WK=(2ma)NMr2N’(1/3)N1N2H w(x)l?[ w(C)

s MDP with worm algorithm is applied to study the phase diagram
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)
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Karsch, Mutter ('89) de Forcrand, Unger ('11)
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Mean Field & Auxiliary Field Monte-Carlo

# One popular way to handle many-fermion int.

= Bosonization (Hubbard-Stratonovich transf.)
SO
e MM _ /do_e—a2—20M (M = vx) X G

# Nearest neighbor Four-Fermi int.

— ¢ and & (chiral partners) :

Extended HS transf. } } - T orIEn
exp|a Z MM, -] = /D[a, 7| exp |—Sint]

T,]
Sint = L3NTCM Z f(k)(|<7k\2 + |’7T/€‘2) + « Z Mx(a + igﬂ)xiﬁ,
k,f(k)>0 _—
(f(k) == ZCOS kj , £ = (_1)x0—|—x1+$2+x3)

s Mean Field & Auxiliary Field MC (after y and U integral)
Z = | Dio,n] exp[—Set (0%, )] = exp[—Sest (04050, T )]|star.
AFMC Mean Field approx.
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SC-LOCD phase diagram evolution in time...

# Phase diagram in the strong coupling limit (mean field)

T s Damgaad, Kawamoto, Finite T ST =164 MeV™™
. LT = eV -
Shigemoto, 1984 Tc=1°1 GeV e Vo TR0 oMY
gl Te164Mey Sl
— Conjecture ! T
Damgaad, Hochberg, |
Kawamoto, 1985
° ° i Mx=2B9Mey .
»u Finite n N N 7Y =V
q NJL: Hatsuda, Kunihiro ('85)

1985 1 =290 MeV cf. Fukushima (Aug.5)

” e L 2004

i [Finite T& p

- Finite T& p Tc is too high in SCL.

1992 e | | R=p /T =(0.2-0.3)
T ——— Fubseingy | Mean field artifact ?

Bilic, Karsch, Redlich ('92) R (17
- wisnidaa

- 'VW“} —
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Finite Coupling Effects

# Shape of the phase diagram is NLO(NLO-A)

compressed in T direction with 3

— Improvements in R=u /T !

@ MC (R>1)— SCL (R=(0.3-0.45)) / % st )
— NLO/NNLO (R~1) o
— Real World (R~(2-4))

# Critical Point

@ NLO: n(CP) ~ Const.

@ NNLO: n(CP) decreases with f3 1.5 T
consistent with the expected 1st order ;.

at p=0 for N =4. o5 [
Kronfeld ('07), Pisarski, Wilczek ('84) 0 g “ < ,«”2 0
02 S XY 2
@ n(CP)/T(CP)~1 & MC (WT>1) 3-4 06 o5 o 4 2NJg

Ejiri, ('08), Aoki et al.(WHOT, '08), Miura, Nakano, AO, Kawamoto ('09)
Allton et al., ('03,'05) Nakano, Miura, AO ('09)
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Polyakov Loop Effects (u=0)

s P-SC-LQCD reproduces MC results of T (n=0) ( p=2N /g’ < 4)
MC data: SCL (Karsch et al. (MDP), de Forcrand, Fromm (MDP)), N_=2 (de Forcrand,

private), N =4 (Gottlieb et al.('87), Fodor-Katz ('02)), N_=8 (Gavai et al.('90))

@ Weiss MF method: Bosonization of Pol. loop action (includes

i

= 1

Gaussian fluc. of PL)
@ Haar measure method: PL is replaced with c-number.
2.5 . . . . .
2N, /g?=4.0, pu=0, my=0.05 Be(T=1UN_, u=0)(MC) —s—
| e SR R R 2| “T(SCL, u=0)(MC) o
T L5 A--.
= “-~.._ w/o PL (NNLO)

0.5 ¢ [w;’ PL (Weiss) = ————
0 w/ PL (Haar) o a
0o 1 2 3 4 5

[ [ ] T
Lattice Unit |3:2chg2
T. Z. Nakano, K. Miura, AO, PRD 83 (2011), 016014 [arXiv:1009.1518 [hep-lat]]
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Polyakov Loop Effects

s Polyakov loop effect is significant at n=0.

@ Tcis reduced by 30 % at =3, and MC results are roughly
reproduced.

s Polyakov loop effect may be less significant at finite p.
Miura, Nakano, AO, Kawamoto (in prep.)

NLO
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09

T
_ 0.6
._'___.- ..;_.-J’F; ﬂ IIF NaW
0<__ 2 0.3
0.2 0 e 2
04 = - 4 B=2N /g 0 g
w96 58 6 /
Miura, Nakano, AO, Kawamoto ('09) Miura, Nakano, AO, Kawamoto (in prep.)
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Order Parameters in AFMC

4 Low u/T region AFI'-.-'I{: {L"g —u 8 X8, Order Parameters}
— 2nd order or crossover 24t W= D'ﬂ'1;5r'r2’3'3 — ]
(would-be second) 24 wT=08 -

s High p/T region
— sudden change

& hysteresis
(would-be first)

P

— 2.8
uf/f—o.z WT=0.6 2
1.6 -:- | AFMC i%i '/

:.3}(6 =16

_ 0.4

i — 0 4 : 5
”/T 1'8 02 04 06 08 1 12 14 16

T
1
Ichihara, AO, Nakano ('14)
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Fluctuation Effects

AFMC 4 }:4 ]
. 33;{5 A
12 |
Reduced Tc(low p/T) }
— Enhanced pc (high w/T) k.
0.8 — 00
. : iIstent
Small spatial ;
. , DP
04 size dep. :
E er Nt,
0 : : L . arger U,
0 0.2 0.4 u 0.6 0.8 1
Ichihara, AO, Nakano ('14)
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)
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Fluctuation & Finite Coupling Effects

# Fluctuation & Finite Coupling effects on Tc¢ are
in the same direction.

@ Fluctuation reduces Tc by (10-15) % in AFMC

1E‘ | | | | |
chiral cond.. f=3.0 el al aT (p) at u=0
75 Y Mean Field {Miura et al.) i
D - - Y MF w/PL (Makano et al.)
\'&.&_ AFMC ﬁjﬁ —— 144 HMC, mEII;EII:N1=2,4,E.] b d
e =7 — h! HMC anizotropic N=2
2t h*:“m =3 12 [ SC N=2 ey |
aniso. MFE =0 === < SC Ny=4 t--dhe--
= o v SC N=6 —d—1
1 5 ...I"'\-l.__. {'1"‘.'5.,_\_. L-'_j '1 - - —
L= ..'-\._ -t{-:'.
1 -"-a-i‘?\ . - DE- B
iaﬁl}'\- .\. “'-l D E |—
05 L *y '
it P _
% By D.4
D. 1 1 5 L - ] 0o L Expnnential
0 0.5 1 1.5 2 <[ extrap.in i
T D | ] ] | ]

Ichihara, AO (LAT2014 proc., o 1 2 3 4 5

to be submitted) de Forcrand, Langelage,

Philipsen, Unger, 1406.4397v1
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Summary

# Phase diagrams under various conditions (3D phase diagrams)
are important to understand
Compact star physics (isospin chem. pot., 0 p),
Finite density lattice QCD (coupling, p=2 N /g’, imag. p),
Magnetic catalysis/inhibition, and more.

# Strong coupling lattice QCD is a powerful tool to understand
finite density QCD at p < (3-4) (1/g* < (0.5-0.66)).

@ At pn=0, finite coupling, Polyakov loop and (chiral field) fluctuation
reduces Tc by (30-40) %, (30-40) % and (10-15) % at p ~ 3.
— consistent with Hybrid MC results.

s CP position is still sensitive "
to the truncations & method.

@ Do we see CEP or Lifshits pont in BES ? " I/

2nd order | Strong Coupling Limit
TCP

3 1st order

Baryonic Effects

1

Fodor-Katz

Forcrand- -Philipsen
/ 1 MC / Real World

2
Reality (1/g , mg, Ny, ...)
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Thank you
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Sign problem in SC-LOCD I
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Average Phase Factor

# Average phase factor o 3
= Weight cancellation AFMC (1/g°=0. 4°X4 or &°X8) Average phase factor

T T

B e

<ei9> — thase quenched / qull
a8 AFMC results

@ <e> > (.9 on 4* lattice

=
T

=== 0o

<exp(i6)>
0o b O E0 oL

@ <e'%>> (.1 on 8*lattice

"//T =02 =06

v’

EEEEEEL

AFMC 42%2 O
3t —¢
52X6

12+ i 3 o M 1

l_

0.8+ -
- 0
I i 0 02 04 06 08 1 12 14 186
o n/T=1.8 T
ﬂ f L Y L
¢ 02 04, 08 08 Ichihara, AO, Nakano ('14)

= = - \vus
- YTP" w Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 23



Discussion: Comparison with MDP

# Free energy difference

(exp(iB))=exp(—QA f) |

2 =space-time volume

s MDP simulation on anisotropic lattice at finite T and p
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Strong coupling limit.

@ Higher-order terms in 1/d expansion

@ No sign problem in the continuous time limit (Nt — ).

::H: l[::_4 5 I L L=a
-—F
4.5 &—12 Lo,
] roL=4KEM| B, . S 2.0=-04 |
: * -G KAM T ¥ -
"!-'\-_ 12 K & P p o :‘_1
=] .. - .
o 'f "k 4 004 | -
S ph MDP -,
15 b %
1 j "
0.5 | l 0.Oe+D0

A= = o T .
0.2 0.4 [5E] 0.8 1 i3
| fT T

de Forcrand, Unger ('11)

1.2e-03

AFMC 1/g°=0, Af

' u.'T-[:.I-ZI awg
634
ENE
. EME —=
. g« ""‘. iy T —
L : .E,.‘r-LE =
| ,.t 2 .l ‘ . H
% = . X
L] Ll - ..\l.l’ -'.-.-‘
L R . B
N
w
g g

0

02 08 00 _12 15 18 21
T

Ichihara, AO, Nakano ('14)
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Ways to avoid the sign problem

s Complex Langevin simulation with Gauge cooling
Aartz, Bongiovanni, Seiler, Sexty, Stamatescu ('13)

# Integral on Lefschetz Thimble

Fujii, Honda, Kato, Kikukawa, Komatsu, Sano ('13)
Aurora Science Collab. ('12)
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Phase boundary

2_ 3

s Low w/T region 1000 e MO (VG =0,8X8 %)
wT=00 o

(would-be second) WT=0.1

. WT=02

— Chiral susc. peak 100 } WT=04

_ WT=0.

s High p/T region g 08

10

s

log (%)

(would-be first)
— Average eff. action

from Wigner/NG init. cond. ST —
0.8 1 12 14 16 18 2
c.f. Exchange MC (Hukuyama) T

AFMC ( 1/g%=0, 83X8, For=<Se>/(N.L%))

T

—— {] |
) et Tl
< p2t o T
S04t S wT=1.0 @
Y, $_t=/'.-h:-i - E M:12 .
o5 |/ it
T ¥ =1.
AS “ ¢y WT=24 e
02 03 04 06 07 08

42

Ichihara, AO, Nakano ('14)
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Finite Size Scaling of Chiral Susceptibility

s Finite size scaling of x5 in the V (spatial vol.) — oo limit

@ Crossover: Finite

@ Second order: y; < V# " 11=0.0380(4) in 3d O(2) spin
Campostrini et al. ("01)

@ Firstorder: 5 < V

8 AFMUC results : Not First order at low w/T.

AFMC (1/g°=0, wT=0.2 , Chiral susceptibility) FSS, wT=0.2
0.12
60 -
0.1} e
40 | 0.08 | *’
i = . .--"‘ "‘ """
S I 22 0.06 | 1L )
20 [ 0.04 - ‘ﬂﬁ'{' ” “Jlr:ﬂl}]
[ - 2NN o
I 0.02 "F (Vol.)
- 0 G CroSS-over ===«
06 08 1 12 14 16 18 2 0 0.004 0.008 0.012  0.016
T 1/Volume

Ichihara, AO, Nakano ('14)
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Beyond the mean field approximation

s Constant auxiliary field — Fluctuating auxiliary field

L3
Seff:Sgé)-l- Z mex+ 4N Z f(k>[|0k,r|2+ |lek,r|2
X ck,t

m_=m,+ 4]1V Z ((o+ iarc)x+}.+ (o+ iSTIS)x_}.)
¢ j
f<k>:Z COSkj <, g:<_1)xo+x1+xz+x3

J
@ Auxiliary Field Monte-Carlo (AFMC) integral

+ Another method: Monomer-Dimer-Polymer simulation
Mutter, Karsch ('89), de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Bosonization of “repulsive” mode: Extended HS transf.

— Introducing “ i ” leads to the complex Fermion determinant.
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)
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Strong Coupling Effective Action

s Lattice QCD action at strong coupling X
+ 1 I I
anlsotropy TU IU [ Vo) —
LQCD : [ (x)]"'moz M, X m, &
X

+— Zﬂ]

V+<x):e Xxe,OXx+6’ V_(X) _“/Y Xx+OU:,OXx’ Mx:XxXx
s Strong Coupling Limit (LO in 1/g2 and 1/d)

+
] xXx+]_Xx+] Uj,xxx +SG

Seﬁ:%Z[V+<x>_V_(x)]_— MXMX+]+mOZMx
X X

Cx)j

Damgaard, Kawamoto, Shigemoto ('84)

L
@ Integrate spatial links first. ? U, 'U i .O @:@
'y 6

@ Leading order in 1/g? and 1/d g

0

@ Temporal Link + Nearest Neighbor Int.
TTYITPasey

| ¥ITP Kyoto 3.4

(d=spatial dim.)
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Auxiliary Field Effective Action

# Fermion det. + U0 integral can be done analytically.
— Auxiliary field effective action

SAF = L)1, Pl
“ k, T jZ(: ) 4N [ ’ ’
—Zlog[ —2X,(x)+ ZCosh(3M/T)]

XN(x):XN[m(x,r)] (known func.)

m,.=m +L ((o+i8n) A+(O'+i83'l?) )
X 0 4N - x+j x—j
c J
@ Xy = Known function of m(x, 1) Faldt, Petersson ('86)

For constant m, Xn= 2 cosh (N, arcsinh (m/y))
@ Imag. part from XN — Relatively smaller at large p/T

@ Imag. part from low momentum AF cancels due to i€ factor.

_"Y TP #
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Chiral Angle Fixing

How can we simulate correct thermodynamic chiral limit
using finite volume simulations ?

T = ':]

3 2 a
Viol. = finite .

|:-_'.l'|:-:| = lim 5 '}Lm.-.. '::':r:'l.:'m:."r'ﬁl.

Ty —k 4
I.'. .-'.I Tk Tk
. - >
g} =10 mg = 0 {og) # 0
b 3 ; s | Vol. = finite — e
| g =]
Vol. = oo

Ichihara, AO, Nakano ('14)

c.f. rms spin is adopted in spin systems Kurt, Dieter ('10)
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AFMC (1/g%=0, 8°X8, w/T=0.6). T=1.1, Wigner start

Auto Correlation Jack-knife error
0.4 [T . 0.01
% 02 b ]
g o Neen¥af W, 0005
9 02} ] |
04tk 0
S ; 0 [ —
] | l- _ °
o ol el ,fﬁ iiﬂ $ = Jack-knife error
oo | A R : after autocorrelation
04 b : I disappears
........................ 4 T
044 ] .-!ﬁ --\.
02t o 3b mealliTy
> 0 Koo -.-:"'H 2 ;',-.'"""' L
02} ] 1 [
04 kb ] 5 ]
D 10 20 30 40 50 0 10 20 30 40 50
bin size bin size

Ichihara, AO, Nakano ('14)
YITPay —
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Comparison with Direct Simulation at finite coupling

s Lattice MC simulation at finite p and finite [} with Nf=4
Takeda et al. ('13)
@ Ave. Phase Factor ~ 0.3 at ap ~0.15 (83 x 4, ap, = am,/2 ~ 0.7)
s AFMC

@ Ave. Phase Factor ~ 0.6 around the transition (84, SCL)

p=1.58 Light mass

6° I-I— -EF-
668 i—c-—i
68 it

8 ==

v:DDSHB)}”

0.2 -

0.3

Takeda, Jin, Kuramashi, Y. Nakamura,
Ukawa, Lattice 2013 g

.
et gt L. =amg,/2 ~0.7

Ichihara, AO, Nakano ('14)
Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 33




Fluctuations in Strong Coupling Lattice QCD

s Summary of formulation (MDP, AFMC)
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Can we suppress the sign problem ? I

I YITP
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Sign problem

# Sign problem

- \0QS
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Thank you
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Lattice QCD action
s Gluon field — Link variables U, (x)~exp(ig4,)

# Gluon action — Plaquette action U, (n+v)
n+v
n+p+v
2N
S.= zcz I—LRetrUW(n) Uy (n)] 1/g> LU, (n+])
g  plag. ¢
& n+
U,(n)

@ Loop — surface integral of “rotation” F,, in the U(1) case.

# Quark action (staggered fermion) Y
SFZEZ X € U() xxx+0 )zx+(A)e_MUg,xXx L "y

+—Zm

=SV +S +Zm0

+Zmo

x ]Xx+]_xx+]Ux ]Xx

Y TP-t\"‘“i ~
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# One-link integral

1
,f duu,U Zd:N_6ad6bc
s Wilson loop in pure Yacng-Mills theory

<W(C:LXNT)>:%fDU W (Clexp|— > tr(U,+ U;)-

=exp(=V(L)N,)
in the strong coupling limit

LN,

Linear potential between heavy-quarks
— Confinement (Wilson, 1974)

=1/N_g’

39




Link integral — Effective action

s Effective action in the strong coupling limit (SCL)

@ Ignore plaquette action (1/g%)
— We can integrate each link independently !

@ Integrate out spatial link variables of min. quark number diagrams
(1/d expansion)

Seff:SSé) ZM M +mOZMx (Mx:XxX))
X

4N N cx.
Damgaard, Kawamoto, Shigemoto ('84)

L
Y, ®0 @Z@ Lattice QCD in SCL
.X 6 aiiice l

g — Fermion action
0 B with nearest neighbor
f dU Uab Ui =885l N, four Fermi interaction

C \?Qs#
Y TP.‘ Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 40
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Phase diagram in SC-LOCD (mean field)

s “Standard” simple procedure in Fermion many-body problem

@ Bosonize interaction term (Hubbard-Stratonovich transformation)
@ Mean field approximation (constant auxiliary field)

@ Fermion & temporal link integral

Damgaard, Kawamoto, Shigemoto ('84); Faldt, Petersson ('86); Bilic, Karsch,
Redlich ('92); Fukushima ('04); Nishida ('04)

“aee, Ind—order

r

lemperature
—

Co=0 1st—order

] | 1 ] 1 ] 1
1] 0.2 0.4 0.6

Quark Chenucal Potential

. Fukushima, 2004
TYITPty
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Thank you
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Phase Diagram under Various Conditions

# Vacuum hadron properties + finite T (u=0) lattice data

+ 3D phase diagram ' D'Elia, Lombardo('03); de Forcrand,

| R _ Philipsen('03); Sakai, Yahiro et al. ('10),
1 B Lattice = PNJL - T

- R w—- QGP
0.8 [ e - L L
0.6 f_ _f "' Hicalll

5 U pure gauge
04 :_ 4 with quarks _:
0.2 :— _

5 5. Roessner et.al. PE‘D?E{E‘G‘G?}GHIIUG?:
0 o T N AT N T A O RN B

Kogut, Sinclair ('04); Sakai et al.('10);
AO, Ueda, Nakano, Ruggieri, Sumiyoshi ('11)

Fukushima et al.('08); Fukushima,Ruggieri,Gatto('10), | No sign prob, at ‘uB=0
Ruggieri ('] Og »Yamamoto('11); Nakano,AO (in prep.)
2 Y TP-\‘"“*
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite pn has the sign problem.

|
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Sign Problem

s Monte-Carlo integral of oscillating function

Z:f dx exp(—x2+ 2ia x)zvﬁexp(—az)

(0)=— [ dcO(x)e "

FANIEE R ERIN AN

{} -_-‘;‘H'_I'J- I'. :I. I;Ill'ﬂl I EI |II§ I :- I : EIIII.:
YRS B L T

—[]5' i Il'ulll SIS II'.:i .: ,l'll
.Ih;:'r;.'l .5_5 :: ;: 15-*"'

ﬂxbexp[—x%iiux} I

-1 0 1 2 3

3 2
Easy problem for human is not necessarily easy for computers. I
= = \?Qs
- Y TP Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 45
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Sign Problem (cont.)

# Generic problem in quantum many-body problems

@ Example: Euclid action of interacting Fermions

S = ZwayquZ D), (D), g
X,Y

@ Bosonization and MC integral (g>0 — repulsive)

exp(—gM M )= do exp(-go’—2igo M) (M =({y),)
z=| D[y, ¥, 0lexp| —P[ D+ Zigﬁ)w—gZO

820,

—fD Det(D+ 2i go)exp

complex Fermion det.
— complex stat. weight
— sign problem

|
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Sign problem in lattice QCD

# Fermion determinant (= stat. weight of MC integral)
becomes complex at finite p in LQCD.

@ v5 Hermiticity

Z=[ D[U,q,7] exp(-gD(w,U)g—S,(U))

(%

=) DIU] Det(D(w,U)) exp(~S,(U))

(¥

+

ysD(w, U)ys=|D(—u", U")
- Det(D(u, U)):[Det(D(—u*, )

*

@ Fermion det. (Det D) is real for zero p (and pure imag. p)
@ Fermion det. is complex for finite real p.

@ Phase quenched weight = Weight at isospin chem. pot.

thasequench<T’ Mu:Md:M):ZﬁJ”(T’ Mu:_ud:M)

|
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite pn has the sign problem.

s Effective model and/or Approximations are necessary.

3u=50 MeV in Asym., g /g_=0.2

@ Effective models:

HIC ; T
NJL, PNJL, PQM, . T ) BH: Shen EOS, 40 M _
. LR02
Model dependence is large. : ﬁ“ﬂ%;@y DPNJE LCo8
® o o [-., BES @ '''''' . S
@ Approximation / Truncatlon _ — R % T4pup’/3 n=const.
Taylor expansion, D

Stat. - a f

Imag. p , Canonical, 50 | CP(models) ©

Re-weighting, CP(Lat.) ©
Strong coupling LQCD o L_CPAsym) = ) uill}
: 0 300 600 900 ™ 1200
@ Alternative method Uy (MeV)

Fugacity expansion,
Histogram method,
Complex Langevin

- Y-1P # Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 48



Lattice QCD at fnite u

# Various method work T
at small p (WT <1). \RW

s Large p < A / Te(n

L

@ Roberge-Weiss transition "~ .
— Conv. /T <n/3 at T>Trw SN

@ No go theorem I
Splittorff ('06), Han, Stephanov ('08), I
Hanada, Yamamoto ('11), Hidaka,
Yamamoto ('11)

Phase quenched sim.
~ Isospin chem. pot. nt cond.

thase quench (T I e X M)
=ZwulT,w,=—u,=u
— CP in t cond. phase
(Silver Blaze)

|
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# Important in Compact Astrophys. phen. FRG: Kamikado, Strodthoff,
Lo von Smekal, Wambach ('13)

s At vanishing quark chem. pot., e
. ° =t FI!EIFI con

there is no sign problem. _ e

fst crder sigma

s Interesting 3D phase structure. i
o

TMeVion

80

40
20

QGP

Kogut, Sinclair ('04); Sakai et al.('10);

AO, Ueda, Nakano, Ruggieri, Sumiyoshi ('11) POM: Ueda, Nakano, AO,
Ruggieri, Sumiyoshi ('13)

|
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s “Watson, the dog did not bark at night. This is the evidence
that he is the criminal who stole Silver Blaze.”

s In physics,
“If op > m,/2 at low T and you do not have pion condensation,
that theory should be wrong.”

d e*"U" d

d
Q
O

s Phase quench Dy(p, U) — Dy(-pn*, UY) n
— We can compose pions from original di-quark configuration.

8 To do: Directly sample with complex S (CLE), Integrate U first
(SC-LQCD), and some other method....
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How can we investigate QCD phase diagram ?

# Non-pert. & ab initio approach
= Monte-Carlo simulation of lattice QCD
but lattice QCD at finite p has the sign problem.

s Effective model and/or Approximations are necessary.

3u=50 MeV in Asym., g /g_=0.2

@ Effective models:

HIC ; T
NJL, PNJL, PQM, . T ) BH: Shen EOS, 40 M _
. LR02
Model dependence is large. : ﬁ“ﬂ%;@y DPNJE LCo8
® o o [-., BES @ '''''' . S
@ Approximation / Truncatlon _ — R % T4pup’/3 n=const.
Taylor expansion, D

Stat. - a f

Imag. p , Canonical, 50 | CP(models) ©

Re-weighting, CP(Lat.) ©
Strong coupling LQC'D‘ o L_CPAsym) = ) uill}
. 0 300 600 900 ™ 1200
@ Alternative method This talk U (MeV)

Fugacity expansion, Nakamura, Nagata
Histogram method, Ejiri

Complex Langevin Stamatescu

- Y-1P # Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 52



Strong coupling lattiEe OCD I
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Strong Coupling Lattice QCD

Pure YM
N SC-LQCD
e MC

B=2Ndg’ (Nc =2)
Wilson ('74), Creutz ('80),

Munster ('80, '81), Lottini,
Philipsen, Langelage's ('11)

0 1 2 3

Phase diagram

Kawamoto ('80), Kawamoto, Smit ('81),
Damagaard, Hochberg, Kawamoto ('85),
Bilic, Karsch, Redlich ('92),
Fukushima ('03); Nishida ('03),
Kawamoto, Miura, AO, Ohnuma ('07).
Miura, Nakano, AO, Kawamoto ('09)
Nakano, Miura, AO ('10)

0

Fluctuations

troritical point F—4+—- +
istomdar -~ + "

roritical point F—=—-
1FI jmrl E 1 1 mI

i

o oz o3 D& 0.5 s 0.7
i T

Mutter, Karsch ('89),
de Forcrand, Fromm ('10),

de Forcrand, Unger ('l11),

|
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SC-LOCD: Setups & Disclaimer

s Effective action in SCL (1/g%), NLO (1/g*), NNLO (1/g*) terms and
Polyakov loop.

NLO: Faldt-Petersson ('86), Bilic-Karsch-Redlich ('92)
Conversion radius > 6 in pure YM 2 Osterwalder-Seiler ('78)

s One species of unrooted staggered fermion (N.=4 @ cont.)
Moderate N f deps. of phase boundary: BKR92, Nishida('04), D'Elia-Lombardo ('03)
# Leading order in 1/d expansion (d=3=space dim.)
— Min. # of quarks for a given plaquette configurations,

no spatial B hopping term.
s Different from “strong couling” in “large N ”

Still far from “Realistic”, but SC-LOCD would tell us
useful qualitative features of the phase diagram and EOS.
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Lattice QCD action
s Gluon field — Link variables U, (x)~exp(ig4,)

# Gluon action — Plaquette action U, (n+v)
n+v
n+p+v
2N
S.= zcz I—LRetrUW(n) Uy (n)] 1/g> LU, (n+])
g  plag. ¢
& n+
U,(n)

@ Loop — surface integral of “rotation” F,, in the U(1) case.

# Quark action (staggered fermion) Y
SFZEZ X € U() xxx+0 )zx+(A)e_MUg,xXx L "y

+—Zm

=SV +S +Zm0

+Zmo

x ]Xx+]_xx+]Ux ]Xx

Y TP-t\"‘“i ~
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# One-link integral

1
,f duu,U Zd:N_6ad6bc
s Wilson loop in pure Yacng-Mills theory

<W(C:LXNT)>:%fDU W (Clexp|— > tr(U,+ U;)-

=exp(=V(L)N,)
in the strong coupling limit

LN,

Linear potential between heavy-quarks
— Confinement (Wilson, 1974)

=1/N_g’

57




Link integral — Effective action

s Effective action in the strong coupling limit (SCL)

@ Ignore plaquette action (1/g%)
— We can integrate each link independently !

@ Integrate out spatial link variables of min. quark number diagrams
(1/d expansion)

Seff:SSé) ZM M +mOZMx (Mx:XxX))
X

4N N cx.
Damgaard, Kawamoto, Shigemoto ('84)

L
Y, ®0 @Z@ Lattice QCD in SCL
.X 6 aiiice l

g — Fermion action
0 B with nearest neighbor
f dU Uab Ui =885l N, four Fermi interaction

C \?Qs#
Y TP.‘ Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 S8
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Phase diagram in SC-LOCD (mean field)

s “Standard” simple procedure in Fermion many-body problem

@ Bosonize interaction term (Hubbard-Stratonovich transformation)
@ Mean field approximation (constant auxiliary field)

@ Fermion & temporal link integral

Damgaard, Kawamoto, Shigemoto ('84); Faldt, Petersson ('86); Bilic, Karsch,
Redlich ('92); Fukushima ('04); Nishida ('04)

“aee, Ind—order

r

lemperature
—

Co=0 1st—order

] | 1 ] 1 ] 1
1] 0.2 0.4 0.6

Quark Chenucal Potential

. Fukushima, 2004
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Finite Coupling Effects

s Effective Action with finite coupling corrections
Integral of exp(-S ) over spatial links with exp(-S ) weight — S _

-1y
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n/) <SG>C

n=1

<§."> =Cumulant (connected diagram contr.) c.f£. R.Kubo('62)

e
B imind)sqebusnii=oall L

VeV MM VEVe MMMM v-v+  ® ° MMMM MMMMMM VAV-MM  V+V-MM

Seff = 5 Z(W Vo) ”ZO[MM]H SCL (Kawamoto-Smit, '81)
L p: + + ] s
:f_d L VIV '_d(dﬁ—'lrj-;,opm | MMMM] NLO (Faldt-Petersson, '86)
BTT ,B.r::
2d réﬂ WIW AW W e 4d(d—1)(d—2) _x,j>u.|;§0.|f| OMMMM]jA MM
£, £ 7 1 K
N gd(ffi ; DZM Jas el (M), + MM 70) NNLO (Nakano, Miura, AO, '09)
- ( By )"'*' N2 Y (PP +he) Polyakov loop (Gocksch, Ogilvie ('85), Fukushima ('04)
g*Ne = Fid Nakano, Miua, AO ('11))
] ?“b
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SC-LOCD with Polyakov Loop Effects at u=0

T. Z. Nakano, K. Miura, AO, PRD 83 (2011), 016014 [arXiv:1009.1518 [hep-lat]]

s P-SC-LQCD reproduces MC results of T (n=0) ( p=2N /g’ < 4)
MC data: SCL (Karsch et al. (MDP), de Forcrand, Fromm (MDP)), N_=2 (de Forcrand,

private), N =4 (Gottlieb et al.('87), Fodor-Katz ('02)), N_=8 (Gavai et al.("90))

2.5 I T T T T
2N, /g%=4.0, =0, my=0.05 Bc(T=1/N., u=0)(MC) ——
1 P=2N /g , u=0, my=0.0o 5 | ETE(SCLT, 1=0)(MC) — o -
< 1.5
o
= | o
0.5 r [w/ PL (Weiss “““‘-—————__;i
| | w/ PL (Haar) u
0 0.5 1 0 5 a4
T 0 1 2 3 ) 4 5 b
B=2N//g

Lattice Unit

I - \?QS
o YRTPO #ﬂ Ohnishi @ ATHIC 2014, Osaka, Aug.5-8, 2014 61




Beyond the mean field approximation

s Constant auxiliary field — Fluctuating auxiliary field

L3
Seff:Sgé)-l- Z mex+ 4N Z f(k>[|0k,r|2+ |lek,r|2
X ck,t

m_=m,+ 4]1V Z ((o+ iarc)x+}.+ (o+ iSTIS)x_}.)
¢ j
f<k>:Z COSkj <, g:<_1)xo+x1+xz+x3

J
@ Auxiliary Field Monte-Carlo (AFMC) integral

+ Another method: Monomer-Dimer-Polymer simulation
Mutter, Karsch ('89), de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Bosonization of “repulsive” mode: Extended HS transf.

— Introducing “ i ” leads to the complex Fermion determinant.
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)
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Origin of the sign problem in AFMC

s Extended Hubbard-Stratonovich transformation
Miura, Nakano, AO ('09), Miura, Nakano, AO, Kawamoto ('09)

eocAB:Jv d(pd(l)e—oc[(cp+(A+B)/2)2+(q)+i(A—B)/Q)Z_AB}

:J" d(pdq)e—a[cp2+¢2+cp(/1+3) io(A—B)

Complex

We need “i” to bosonize product of different kind.
— Fermion determinant becomes complex.

# Bosonization in AFMC in the strong coupling limit
exXp {&f{k] [ﬂf_k_rﬂfk_,— — ;’11[_1:[_1_;?'11[1:[_1_] }
= /dcrk_T doy. . dmy, dmy _exp {—af (k) [|ow- > + [T |

_l_gi:;.Tﬂfk-T + i',l”‘l-—]euz.T':rllt.r — E‘Fri;rjfﬁ:;— o iﬂf—ﬁ_rﬂk.?] }

oo - \QQS#
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s Mean field treatment of repulsive interaction
e_aAzzqu)exp(—oc:q)z—%q) A”
Zqu) exp —oc:((l)+im)2—2i((|)+i(n)A”
Zqu) eXp —oc:(])2+ 2ip(w—A)— o'+ 20)A])
:exp(a[m2—2m/1” (d=iw, v=(4))

Imo ,
P >
U
® T <A>
> Reo
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Auxiliary Field Effective Action

# Fermion det. + U0 integral can be done analytically.
— Auxiliary field effective action

SAF = L)1, Pl
“ k, T jZ(: ) 4N [ ’ ’
—Zlog[ —2X,(x)+ ZCosh(3M/T)]

XN(x):XN[m(x,r)] (known func.)

m,.=m +L ((o+i8n) A+(O'+i83'l?) )
X 0 4N - x+j x—j
c J
@ Xy = Known function of m(x, 1) Faldt, Petersson ('86)

For constant m, Xn= 2 cosh (N, arcsinh (m/y))
@ Imag. part from XN — Relatively smaller at large p/T

@ Imag. part from low momentum AF cancels due to i€ factor.

_"Y TP #
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Chiral Angle Fixing

How can we simulate correct thermodynamic chiral limit
using finite volume simulations ?

T = ':]

3 2 a
Viol. = finite .

|:-_'.l'|:-:| = lim 5 '}Lm.-.. '::':r:'l.:'m:."r'ﬁl.

Ty —k 4
I.'. .-'.I Tk Tk
. - >
g} =10 mg = 0 {og) # 0
b 3 ; s | Vol. = finite — e
| g =]
Vol. = oo

Ichihara, AO, Nakano ('14)

c.f. rms spin is adopted in spin systems Kurt, Dieter ('10)
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Order Parameters

4 Low u/T region AFI'-.-'I{: {L"g —u 8 X8, Order Parameters}
— 2nd order or crossover 24t W= D'ﬂ'1;5r'r2’3'3 — ]
(would-be second) 24 wT=08 -

s High p/T region
— sudden change

& hysteresis
(would-be first)

P

— 2.8
uf/f—o.z WT=0.6 2
1.6 -:- | AFMC i%i '/

:.3}(6 =16

_ 0.4

i — 0 4 : 5
”/T 1'8 02 04 06 08 1 12 14 16

T
1
Ichihara, AO, Nakano ('14)
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AFMC (1/g%=0, 8°X8, w/T=0.6). T=1.1, Wigner start

Auto Correlation Jack-knife error
0.4 [T . 0.01
% 02 b ]
g o Neen¥af W, 0005
9 02} ] |
04tk 0
S ; 0 [ —
] | l- _ °
o ol el ,fﬁ iiﬂ $ = Jack-knife error
oo | A R : after autocorrelation
04 b : I disappears
........................ 4 T
044 ] .-!ﬁ --\.
02t o 3b mealliTy
> 0 Koo -.-:"'H 2 ;',-.'"""' L
02} ] 1 [
04 kb ] 5 ]
D 10 20 30 40 50 0 10 20 30 40 50
bin size bin size

Ichihara, AO, Nakano ('14)
YITPay —
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Phase boundary

2_ 3

s Low w/T region 1000 e MO (VG =0,8X8 %)
wT=00 o

(would-be second) WT=0.1

. WT=02

— Chiral susc. peak 100 } WT=04

_ WT=0.
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Finite Size Scaling of Chiral Susceptibility

s Finite size scaling of x5 in the V (spatial vol.) — oo limit

@ Crossover: Finite

@ Second order: y; < V# " 11=0.0380(4) in 3d O(2) spin
Campostrini et al. ("01)

@ Firstorder: 5 < V

8 AFMUC results : Not First order at low w/T.

AFMC (1/g°=0, wT=0.2 , Chiral susceptibility) FSS, wT=0.2
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Phase diagram

AFMC 43X4
16 G :{4 —— 7
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Monomer-Dimer-Polymer simulation

# The partition function of LQCD can be given as the sum of
monomer-dimer-polymer (MDP) configuration weight.
The sign problem is mild. Karsch, Mutter ('89)

Z(2ma,u,r>=2 W
WK=(2ma)NMr2N’(1/3)N1N2H w(x)l?[ w(C)

s MDP with worm algorithm is applied to study the phase diagram
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)
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Sign problem in SC-LOCD I
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Average Phase Factor

# Average phase factor o 3
= Weight cancellation AFMC (1/g°=0. 4°X4 or &°X8) Average phase factor

T T

B e
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a8 AFMC results
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Comparison with Direct Simulation at finite coupling

s Lattice MC simulation at finite p and finite [} with Nf=4
Takeda et al. ('13)
@ Ave. Phase Factor ~ 0.3 at ap ~0.15 (83 x 4, ap, = am,/2 ~ 0.7)
s AFMC

@ Ave. Phase Factor ~ 0.6 around the transition (84, SCL)

p=1.58 Light mass
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68 it

8 ==
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Takeda, Jin, Kuramashi, Y. Nakamura,
Ukawa, Lattice 2013 g
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Discussion: Comparison with MDP

# Free energy difference

(exp(iB))=exp(—QA f) |

2 =space-time volume

s MDP simulation on anisotropic lattice at finite T and p
de Forcrand, Fromm ('10), de Forcrand, Unger ('11)

@ Strong coupling limit.

@ Higher-order terms in 1/d expansion

@ No sign problem in the continuous time limit (Nt — ).
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Summary

s Strong coupling lattice QCD is a promising tool
in finite density lattice QCD.

@ Strong coupling limit + finite coupling correction + Polyakov loop
— MC results of Tc is roughly reproduced.

@ Fluctuation effects can be included in auxiliary field Monte-Carlo

@ Sign problem could be partially solved in the strong coupling limit.
Two independent methods show the same phase boundary,
and the spatial size dependence is small.

(Monomer-dimer-polymer simulation, AFMC)

s Challenge

@ Finite coupling + Fluctuations Unger et al. ('13)
Different type of Fermion
Minimally doubled fermion, Misumi, Kimura, AO ('12)
Higher order terms in 1/d expansion,
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Real Challenge: How to live with the sign problem

# Idea 1: Cutoff or Gauss integral of hich momentum modes

8 Idea 2: Change the integral path

# Idea 3: Combination of Fugacity exp. or Histogram method
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Thank you
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