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RHIC [ZH171B2DDEF

# RHIC (Relativistic Heavy-Ion Collider)

@ 2000 EHSBRBLTWSES A EREINES

@ VA= T N—F>-F5XT (QGP) &% (IXIX) R
s 2DDEE (1): EES QGP

o MENFELKRELEI. QGP [XIFFTLFME (v/s ~ 1/4n) .
- BIRLF—TRESEH g [F/PSVEKTEDIZ,
INSTEEH EHRTENRE

RHIC BRB@IOHHtIF—IZT,

“If a miracle happens and the
system thermalizes at around 7~0.5
fm/c, hydrodynamics will work

to describe the evolution of QGP.”

z ‘ A miracle happened ! I
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RHIC [ZH1FB2DDEZF (cont)

s 2DNEZ (2): BULVBEHL

o HEEIFRIKN QCD DFE 2-5fm/c) ITHRTHEIZERLVEZ
(0.6-1 fm/c) TREAEY ., RAENENFRRBIED
- BERLV?

P BIRLF—EAA U EHROMDAEH
=JS5XAT (TRVYUIILIEHNEE)

Hadron Gas |
I

|
| T
T, Hydro T=1_ Hadron t=r1_

+Jet +Jet Cascade

CGC Glasma : QGP
I I
t=0 CYM 1=

_a
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YOS DFLEME

# Weibel instability
E.S.Weibel, PRL 2 ('59),83; S. Mrowczynski, PLB 214 ('88),587.

# Nielsen-Olesen instability
N. Nielsen, P. Olesen, NPB 144 ('78), 376: u = enh. factor in one period
H. Fujii, K. Itakura, NPA 809 ('08), 88
H. Fujii, K. Itakura, A. Iwazaki,

NPA 828 ('09), 178.

U max

-

2
# Parametric instability 10

J. Berges, S. Scheffler, S. Schlichting,
D. Sexty (BSSS), PRD 85 ('12),034507
S. Tsutsui, H. Iida, T. Kunihiro, AO,
arXiv:1411.3809.
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:lhl
L

AY = A(t) (6"%6:2 + 6163y

{} 1 L
Enh. by >100 times in one period 1 2

under homogeneous-periodic B ! 25 .
P- 15y Tsutsui et al. ('14)
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a Emﬁﬁ-l-:/sl l/_:/a?/ 0.01 _ ”t“;;"-c] . 1 2 3 4
McLerran, Venugopalan ('94), Romatschke,
Venugopalan ('06), Lappi, McLerran ('06),
Berges, Scheffler, Sexty ('08), Fukushima ('11),
Fukushima, Gelis ('12), Epelbaum, Gelis ('13)

e

0.8\ Lappi, McLerran ('06)__ p, *| -

FHIEICOWTITHERICER/SINTSE
=M, TorAE—[ER O DN TULVELY,

0.1 1.0 10.0 20.0 30.0 40.0

Epelbaum, Gelis ("13)
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RHIC [ZH1FB2DDEZF (cont)

s 2DNEZ (2): BULVBEHL

o HEEIFRIKN QCD DFE 2-5fm/c) ITHRTHEIZERLVEZ
(0.6-1 fm/c) TREAEY ., RAENENFRRBIED
- BERLV?

P BIRLF—EAA U EHROMDAEH
=JS5XAT (TRVYUIILIEHNEE)

o WHYVIINXFORR (FREM) > MFADRHE — R ?
CUBSHHAV > I AZEERI>Y NOE—Z{F>TWADTIE?

Hadron Gas |

_a

CGC Glasma QGP
I

| |

| | |

=0 CYM r1=1_ Hydro =1, Hadron 7=71 _ 7T
+Jet +Jet Cascade
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s BOERZEZEZHERNE HFRIFHLTOIAE—ZLDET,

ML EFFR DR

(A, E) — (q, p) (Wigner L.Ed# , Mrowczynski, Muller)

# von Neumann entropy

(p=ZFETH])
o MIRRRETITpD

Sun = —Tr [plog p]

AE=1,0

@ IVMAE—IFEADEE

s HRIVMOE—
(Wehrl, Boltzmann)

p — f (Wigner( il ) B#)
@ Liouville EEMN S HHMEEIC

BOT fIT—5E

SW:—/delogf

(dI' = dqdp/(27))
of

— IVRAOE—3—5% —+v-Vf-=VU- -V,f =0

o f (X IEEETEL
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Entropy Production before QGP

8 JA—ONFOVHBERTIOTSL-EREELF1—ILEHREES
(2008.08.01-28)

8 M3 : A. Schafer (& B &%), R. Fries, B. Muller, M. Strickland,
T. Schafer, M. Natsuume, Y. Nara, T. Hirano, K. Fukushima,
A. Ohnishi, T. Kunihiro, (M.Ohtani)
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L & FFRDRE
s REBE#H = HHoXBEHTHRIELT= Wigner BIE
fu(gq,p) = /dP’G(q —q,p—p)f(d.p)=(2|pl2
G = Gaussian , |z) = coherent state , z = (wq + ip)/V2w

o NBIEMITLIETHYEAICLHMUEEZMAI>MDOERIEE (HFRAR)
— MickYIorOE—4% R, (Husimi-Wehrl entropy)
Kunihiro, Muller, Schafer, AO ('09)

Suw = — / dl' frr(q,p)log fr(q,p)

complexity
exp. g7wth of phase space dist.

“Instability” Coarse graining — Entropy

- = \?Qs oy o
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Thermalization scenario based on chaos

V. Latora and M.Baranger, PRL (’99);
M. Baranger, V. Latora and A.Rapisarda, Chaos, Soliton, Fractals (2002)

Generalized cat map(chaotic system) = = = -

P=p+ag (modl), d
Q=p+(l+a)g (mod]l) " o W 1 cidt
Lyapunov exponent ',;»:'"m H m :_'
/=10 %{7’ +a+ a4+ 4a) e . f TT —
2 ; 10 s i
0

Corse-grained Boltzmann Gibbs entropy

S(t) = - Zm ) log pi(t)

1:cell

pi(t) -probability that the state of the system
falls inside cell ¢; of phase space at time t

The entropy production rate is consistent
with Lyapunov exponent.
A=2.48,1.57,0.96,0.69
©Kunihiro(talk at YITP)




IO —4£BFE

s HHRAFRETI.
IhOE—4REE = IE®D Lyapunov ¥ 8¥D

V. Latora and M.Baranger(’99)

t=0

(Kolmogorov-Sinai rate)

dS 4

dt = hks = Z Ai :
A; >0

6X;(t)] = ™6 X;(0)]

A . : Lyapunov exponent

5X (t)

5X (0)

« BFRTHAL

Kunihiro, Muller, Schafer, AO ('09)
o () AMIREF

5

t=2/A

Husimi

wY TE-&

Kunihiro workshop, June 9, 2018, Kyoto



YOS BDv+ T/ TIEH

s BFLOTHAYUIILKE

H=5 3 (B + (B )]

T,a,t

Bi(x) = 0; A}, — Op AT — 6abCA?A§ ((4,7,k) = cyclic)

s X BHHETO Lyapunov exponent ZIA[ICEHHRETCEHM?

@ EL2ENDALDEEREE — Trotter XRXZHAVVTETRLAAIL
Kunihiro, Miiller, AO, Schdifer, Takahashi, Yamamoto ('10)

(c.f. Shimada-Nagasihima %)

Hessian

e
2 ()=o) G i) Gr) == ()

0X(t) ~T || [(1+H(kAL)| 6X(0)
|k i

e YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 16



YOS IBD T /T8
S — 9000 {H%#2 %5 Lyapunov {5 ¥ %

LLE(sum o]

e KT, F &,

s e 2 | HF—UAAEJ/3) TIEEI=0
= 100 ) s 8 8 : [En(d, EHERFEEELTS
2 1/4 FTLALBELN? ]
3 10 - Tida, Kunihiro, Miiller, AO
g

] ’
. Schdfer, Takahashi ('13)
100 - .
A “ 0.1 | I | I | 3 | | I
‘ o« 4 mod. init. cond., V-8, t=150 +

107 -

, 0.05
10 | 2 I-1 I{] I1 |2 3
107° 10 10 10 10 10 10
exp(-20)~ exp(+20) D 0
Lyapunov 3% 1000 {&
l_ﬁEL*&) -0.05
Ar—)LEEBELTT
TRBESLL, B IA, X o
F ] Kunihiro, Miiller, AO, Schiifer, 01 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Takahashi, Yamamoto ('10) X

=t YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 17
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BRI EF R D Husimi-Wehrl Entropy

ERFFITEEITERA, HW I AP —OEESEMITLHEE

E.g. Xif§- Iﬂ*ﬁb\ 2009 FIZHKEE T DB FELLEMRFEST . BH
fu(q,p;t) N ZGQ_% P —pi(l
tp i

K T AR F
Saw = _/deH(q p,t) log fu(q,p,t (FRNE)

1 i ZHDTAMLFD

— — 1 H aat )
Nep 2 o fu (4P ) *— my= MC 1

(]

s Monte-Carlo jJEEFHHAELICKSFEDEHFE

vENEiRH. (Kih)
R YITP-22g Ku T,

Tsukiji, Iida, Kunihiro, AO, Takahashi ('15,'16)
@ logf OITRIOHEMNELLY — 2:BYTHRAES

@ log ORHl-S T
RICTAMRIFEE (Test Particle %) —logf DTFRX
RIGH5TAMAFEH (Two step MC or pTP &) —logf D TR/




Q2

TR F D DIRSFENED LR

PRAZZER CDIRDEEL )

15

10 ¢

REN\—ILT > bOE —DRREIFEE

SHw

mqYM
(e=0.1)

0 2 4 6 B 10 12
t

REBEEDLH D (FFRITHF o hmERIRT B,

I> hOE—DE—OFRITRFDmHMIRT> S v ILIC
ISNDONBEFZCXTIET B,

DN —HRICIRDEITS FOE— (X309 D,

© Tsukiji



Y>3 )L X35 D Husimi-Wehrl entropy

Y rsvovm 14 - Random 7Z#) BAS#4
1.5 | Npp=100, Nyc=10 6 | EEFREBICENTSIRED
14 | | TobAOE—4%RpE
ZQ 1.3 | ALt = jJTXﬁb\bo)%*mE& ﬁ
< | 32 o Tsukiji, Kunihiro,lida,AO, Takahashi ('16)
S8 12 | o< -
“ | s L]
| b 0 0.5 1 1.5 2
0.9 | | | KS ra ) |
0 0.5 1 1.5 2 32” lattice
mt 18 _________________
gﬁ 1.6 B
= 14 ¢ 64% lattice -
JS5XIMEH 212t
SOOI POE—4%/KT %
[FIFEEFEIREE THE Nrp=100, Nyc=10
HE > hARAEILDFIE 0.8 r SUQ)YM | KS rate —
Tsukiji, Kunihiro, AO, Takahashi ('17) 0 5 10 15 20

2
g
- ?Qs
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Some Reservations ({HL &)

8 YOS JXF D Lyapunov ARIKMILETEIE
LRIZEH®HY, =L 2% lattice.

o THABZMTIRA LS HERIE x,q\

FIAY 5o LE— A TEAED, |
EEANEEBRAVEREOBRE? N

—> Matsuda, Kunihiro, AO, Takahashi, in prep.
@ Entanglement entropy (E.g. Takayanagi-Ryu)

Decoherence entropy by Zurek of) Lyapunov spectrum (V=25
— HPRENMNSES :H(ﬁ;/\ Gong, Phys Rev.D49, 2642 (1994).
EFELBREBEOHEEERMN AR

@ Time-averaged observables (E.g. Deutsch)
pij(t) = pi;(0) exp(—i(E; — E;)t/h)
— THEVFETOEYINHE
s HMEMGIVMAE—SE B FEMEICIERENRITHA,

s Scaling ZFALEBXKYYT /I ~0.45T (SUQ3)), 0.52 T (SU(2))
J:BEﬂEJ:U!i’d’o&IJ\éL\

-" YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 22



FLo

s INEFRO(F2EFELTER:) B _
hAREMo MBS EMEL. BRETIETRIENFTETEZS,

s WHRVYUSIVZGE, BoENERL, FAEL, 8T SH,
BIRLXT—ESMAUHEONHBEETCEINDI FOE—D—E
FH BB OREEBREE CHEOINE=-LODIBEEILTHAS,

s BREMBELTHEZOEROELRHL. BMTEE7(F7
EH LTS - AL S A (< B,

o ERM-BIEHNLTRE(BE) I BRESNBETHo-THMRMXIZT AL
(Kunihiro et al.('09) [CIZ#& < BT 5hFELT)

o RAILSOEHE -FATF7REITHIBERDES
o KRERE-RARIZEFEHHIEM (YoTL)
s R-BEF-EE, Z<{A53FTLT,
@ QCD MMEMBEDRIFR. AR—FLFZVXRDRER.
o ZLDKERE -RARIDIRE,
o IRENEE. FERTIOJTSLDIALLEIT,

-" YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 23



Thank you for your attention !
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Entropy Production in Glasma

# Huge entropy must be produced before QGP formation !
@ Thermalization time ~ (0.5-2.0) fm/c

@ Instability ? Rapid glasma decay ? Entropy of classical field ?

| Decoherence Freeze-out
S thermal | EqI,II|Il:Ir:-I.l;IDI1| | Isentropic expansion
dsidy= 0 |~1500( -~4500 5100 5600
E k. =' k. =' r =: L3 =;
i i PU[-E IH':E['I{ i hydrod ynamics
: : | pQCD+HTL . _
initial linear equilibrium phase [ [ |
I | | | -
Trlmr r"l1l|i*r|11 T huelra t

B.Muller and A. Schaefer,

Int. J. Mod. Phys. E20, 2235 (2011) Qs 0.5-2fm/c 7!
R.J. Fries et al, arXiv 0906.5293

We discuss the CYM entropy and its production rate
with emphasis on the chaoticity




Monte-Carlo + Semi-Classical Approx.

Tsukiji, Iida, Kunihiro, AO, Takahashi, in prep.
s Semi-Classical + MC methods reproduce mesh integral values of S_

@ Two-step MC results converge from above.

@ Test particle + MC results converge from below.

Two-step MC Test partlcle + MC
Si—IW ) . SIHW '|'|l.-' :-lll 'I |I-|' —

THWE2A B0 EC0 0 dar”

o ‘Tsai-Muller - rweimoinzeonin-

= 'Hmn 1 Z00.da8" —s

g oHWREA00 et —
; W HWNINO0 dar” s :
2 J r'HWndE] :I ey . 2
D00t
H#n 1200 J:|" ;
a3 z A B = T 12 4 s o 1 2 3 4_ 5 6 37 B @ 10
Time Time

- . ?Qs
= Y TP » # Kunihiro workshop, June 9, 2018, Kyoto 26
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FLo

s BIRNX—BAF O BHENBICEVTIRORTEHEELIE
é;ﬁ@ﬁ%&ﬁ%ﬁd)v&’)’éiw [TobOE—4S R BRHEN

s UHAZROBHESICEYVEEFNS IO MAE—&RKIT. FREE—F
DI ERICKYEBRBREIN, ROIARELEBEIZH DD S,

(Kolmogorov-Sinaii entropy rate= IE ) Lyapunov exponents ) #] )

s ZEHHEERICETS Husimi-Wehrl entropy DM (IRETHHREL
HETRE
o FERERMIESF. Yang-Mills BEFHERICHELT

iy BIL {2l +Smearing Z AL V= Husimi BB D RFRIERIZKY
IVhAE—4% [ %E M [Kunihiro et al.('09), Tsukiji et al.(in prep.)]

s RV ZBRICEIEIRLE—E(F L BEROHDS A F
SHRBERICHASA TS,

@ IFNEHEHLBEEZFIEXETHEL T Wigner NEAS. Husimi JAES
BEFEZE L. FREM. Kolmogorov-Sinai rate , Husimi-Wehrl entropy
Z#5R [Kunihiro et al.('10), Iida et al.('13, '14), Tsutsui et al.('14)]

s ELREDEE ...

-" YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 27



Husimi-Wehrl Entropy in Multi-Dimensions (1)

# Challenge: Evolution of Husimi fn. & Multi-Dim. integral

dP qd?

qudepf - N2 12
fH(qu) :/ s e —Alg—q")"/h—(p—p’) /Aﬁfw(qu)

8 Monte-Carlo + Semi-classical approx.
Tsukiji, lida, Kunihiro, AO, Takahashi, in prep.

@ Two-step Monte-Carlo method
Monte-Carlo integral + Liouville theorem [ f_(q,p,t)=f,(q,,p,,t=0) |

@ Test particle method: Test particle evol. + Monte-Carlo integral

_ 27h L
fw(g,pt) = —— > (g —ai(t) 6(p—pilt)) .
P =1
dgi _ pi dp;  OU
dt m dt 0q;

= pQS
. Y TP n> # Kunihiro workshop, June 9, 2018, Kyoto 28



Poincare Map of 2D Quartic Oscillator

I AN I U
H=5(p* p,)+ 5 (x"+ y7)

_k2x2y2 by

k=0, 0.2, 0.4, 0.6

OE | : o S Tl _. Y .- 1 L]

=4 i,_ ¥ i ""-:E L -"-iIﬁ-"'-; S I:-E'-
Sugita, Aiba, SRR I 4
Phys.Rev. A65 ('02) 036205. T T w0 e oo w6 ow

= QS
;Ill YK,'IP "‘;ﬁé Kunihiro workshop, June 9, 2018, Kyoto 29
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“Yang-Mills” Quantum Mechanics

# Yang-Mills quantum mechanics

2 2
7 Pi + P2 _|_1 20242
2m g7 iz
@ Quartic interaction term — almost globally chaotic
S. G. Matinyan, G. K. Savvidy, N. G. Ter-Arutunian Savvidy, Sov. Phys. JETP 53, 421 (1981);
A. Carnegie and 1. C. Percival, J. Phys. A: Math. Gen. 17, 801 (1984); P. Dahlqvist and G.
Russberg, Phys. Rev. Lett. 65, 2837 (1990).

@ Husimi-Wehrl entropy in a test particle method for the Husimi fn.
(w/ h? corrections, EOM with a moment method)

H.-M. Tsai, B. Muller, Phys.Rev. E85 (2012) 011110. ——
T T I T T T I T T T T T T g LI LU LI ) LU I SS ?6-4: 11-6
i ] - a 06115 0.0235
10 _ EI.B:— _:
8.6 o gnemmnnne e
8 = :_ ,--'.-F--- _:
[ ] 8.4: oo ]
[ ) g2l .~ 3
= s _ =) o ]
"y i 1 & E:? E
’ 7.80 e
J | - e S .10 N
4__3\,- Sy, (t) for N=3000 7 6 H{ } ]
- AT - 5 .
| i C -=- sﬁt{N]=52' Hg N
oL — s, (t) for N=1000 ] 7.4F ]
] 72 3
L1 L L L L ?':l paobv v b by v bv g by v |:
0 2 4 ¢ 6 8 10 5000 10000 15000 20000 25000 30000
M

- - ?QS
e YTP » : # Kunihiro workshop, June 9, 2018, Kyoto 30



Husimi-Wehrl Entropy in Multi-Dimensions (2)

Tsukiji, Iida, Kunihiro, AO, Takahashi, in prep.
8 Two-step Monte-Carlo integral

Liouville
(tsMC) __ d”Qd"P —AQ?/h—P%/AR d”qd”p
SHw = / (zh)D__ ¢ (221D fwld,,
x log W(Q+Q+Q’7P+P+Plat)]
_ L > lo ! NZf (g + Qr + QP + P + P, 1)
— Nout £ g Nin — W 4k k 1y Pk k L
Outside MC — S Inside MC — fH
# Test particle method: test particle evolution + MC integral
P p g
(tp) L2 [ dP00PD (g0 he o ()22
SHW:_N—Z R)D € ' ' IngH(Q_apat)
1 M th I 2D th 1l
- Z Z log ||-— o~ AQr+ai (1) —q; (1)) /h—(Pr+pi (t)—p; (t))*/ AH
MNyp (= i3 Nep i

- . - ?Qs
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Contents

# Introduction

# Entropy production in quantum mechanics
@ Chaoticity, Lyapunov exponent, and Kolmogorov-Sinaii entropy
@ Coarse graining and Husimi-Wehrl entropy
@ HW entropy in quantum mechanics

T. Kunihiro, B. Miiller, A. Ohnishi, A. Schdfer, PTP 121 ('09), 555.
H. Tsukiji, H. lida, T. Kunihiro, A. Ohnishi, T. T. Takahashi, in prep.

# Entropy production in QCD (classical Yang-Mills field)

@ Wigner and Husimi functionals

@ KS, HW, and decoherence entropy of CYM
T. Kunihiro, B. Miiller, AO, A. Schdfer, T.T. Takahashi, A. Yamamoto, PRD82('10),114015.
H.Iida, T. Kunihiro, B.Miiller, AO, A.Schiifer, 1.T. Takahashi, PRD88('13),094006.
H.lIida, T. Kunihiro, AO, T. T. Takahashi, arXiv:1410.7309 [hep-ph].
S. Tsutsui, H. lida, T. Kunihiro, AO, arXiv:1411.3809.
H. Tsukiji, H. lida, T. Kunihiro, A. Ohnishi, T. T. Takahashi, in progress.

& Summary

- - ?QS
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Classical Yang-Mills Field

# Yang-Mills action

1 1
SyMm = _ZFSVFGW _ g—zScYM(Acz) +0(g") (A = (gA))
1
F, = 0uA% — 0, A, + gf**C A} AL = p [0u(gA)s — 0y (gA)s + f**°(gA). (g A);

s CYM Hamiltonian in temporal gauge (4 =0)

1
= IS (B @R 4 Bi@?]L Bi) = e Fiu(x),2
dA%(z) dE¢(z)  OH

w0 T T A

# Wigner functional and Husimi functional
S. Mrowczynski and B. M uller, PRD 50('94)7542.
I. Kunihiro, B. Muller, A. Schafer, A. Ohnishi, PTP 121('09)555.

FwlA,E] = [ds P (4 —s/2 | p| A+ s/2)

dA'dE" N2 r (2
fH[A,E]:/ el (A=A M- (B=E)[Ah g1 A1

- - ?QS
e YTP » # Kunihiro workshop, June 9, 2018, Kyoto 33
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How to obtain Lyapunov exponents

s Kolmogorov-Sinai entropy rate h . = Entropy production rate

dS
B~ hs. hrs= Y0 A [ (0] = 116X,(0)
Ai>0

A. = Lyapunov exponent

# EOM of 60X — Integral (Trotter formula)
pr HPP
_Hxx o pr

— A2
(H,,=0"Hlopdx etc)

~/

> dX= SX=Hd X

SX(t)=Texp| [at'H(t")|dX (t=0)=T [] (1+ AA1)dX(t=0)
k=1,N
=U(0,¢)8 X (¢=0)
@ Diagonalizing U and the eigen value becomes At.

@ Matrix size =3 (xyz) x (N-1) x L’ x 2 (A,E)

= pQS
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Typical Lyapunov spectrum

# Sum of all Lyapunov exponent = 0 (Liouville theorem)

# 1/3 Positive, 1/3 negative, and 1/3 zero (or pure imag.)

0.1

0.05

-0.05

-0.1

lida, Kunihiro, B.Miiller, AO, Schéafer, Takahashi ('13)

u
e
=== m  YUKAWAINSTITUTE FOR
- THEORETICAL PHYSICS

- total DOF=8°x3x3x2
=0216

| | | ~ | |
mod. init. cond., V-8°, =150 +

1/3 of DOF = gauge DOF

- >

0 1000 2000 3000 4000 3000 6000 7000 8000 9000

X

cf) Lyapunov spectrum (V=2%)
Gong, Phys Rev. D49, 2642 (1994).

\ ‘: e -,. E
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Preliminary Results

Tsukiji, lida, Kunihiro, AO, Takahashi, in progress

8 Preliminary numerical results of SU(2) CYM on a 4° lattice

@ Initial cond. = min. wave packet (gaussian) — S . ~ 3576

@ Entropy production is observed !

Two-Step MC Test particle + MC

1300 TE0
Product Ansatz Mante-Carla methed M 19=0 N 3=

F'rndur Arizatz Monte-Carlomethod N_T2=10 N_ 3= 10 _
F m ot Ansatz Test-Particle method M=10 N=100

(M | i T' 1%# I"‘|| ':. 700 |

1200

1100

1000

00

800 600 -

Husimi-Wehrl entropy
Husimi-Wehirl entropy

FO0

550
0 - wonc e IN(E@SE PaNticles)
Froduct Ansatz Test-Particle method=100 N=10
) ) F’Todu-ctﬁ-.nsam Te thF'artche metiod M 10 N= 'ICICI _
E00 5|;.|;|

0 500 1000 1800 2000 2500 3000 500 1000 1800 2000 2800 2000

" Time (1 x 1073 a) e
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Chaoticity of CYM

Kunihiro, Miiller, AO, Schafer, Takahashi, Yamamoto ('10)
lida, Kunihiro, B.Miiller, AO, Schifer, Takahashi ('13)

# Chaoticity in CYM
I. S. Biro, S. G. Matinyan, B. Muller, Lect. Notes Phys. 56 ('94), 1; S. G. Matinyan, E. B. Prokhorenko, G. K.
Savvidy, JETP Lett. 44 ('86) 138; NPB 298 ('88), 414; B. Muller, A. Trayanov, PRL 68 ('92), 3387; T. S. Biro,
C. Gong, B. Muller, PRD 52 ('95),1260; C. Gong, PRD 49 ('94), 2642.
@ Exponential growth of distance from adjacent init. cond.

@ Rapid spread of positive Lyapunov exponents

LEs Const. B background
'I (o Y Y R  T— T T T "
Dpp = \v-'llg{uz:. F;J.L..' )= — ”Z;F e 3 )\d Nl ‘ 11:-1[:% o
C ( _Bf4
] 0.3 _

& S rw 025 | Instability
Ej M L
5 Vs i 0.2 1
T . 015 | % i
5 Bf4 -
g o1 sprea d )

D + 005 |

D :';E’ :H:'-' 1 I | | DEEFI . |
i 50 100 150 200 250 300 0 50 100 150 0
Time Index

- = ?QS
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Conformal Property

Kunihiro, Miiller, AO, Schafer, Takahashi, Yamamoto ('10)
# No conformal anomaly in CYM

— Any average quantity scales as €n/4 (¢: energy density, n: mass dim.)

ALLE /13 ~ 3w el/d ) ALLE g 5 o1/
)\éﬁﬁ/Lg’zZXz—:lM, A%£20.2X61/4

@ LLE: temporally local, ILE: integral during exp. growing period

1|:|-" I I T 1 I

[ i LEs |l
i _— - Mo [P e, A el ] 1|:|-'| | I‘.'r_|.l_: _
2 / e e 2

1375

1]
o — 0L /’/ ] E i b , B 3 -
g A M/ T 4
N & s o' §
- c [ |
I €=3.20 — |7 Z S
Q e=0.87 ET 1t g B -
E:I:IEI:I ........ — .._- H =
e=005 - s =
_B | | I ' i -
0 50 100 150 200
t -:I-E' 1 1 1

Time w3 1|:I'3' 1o 1-I:F' 1! W i
| E/V

- - ?QS
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Husimi-Wehrl entropy of CYM

Tsukiji, Iida, Kunihiro, AO, Takahashi, in progress
# Husimi-Wehrl entropy of CYM on the lattice

dP AdP E
Siw =~ | i J4lA.E] o ful A ]

D 7’ 3D
} ﬂ-h ,
@ D=576 on 4’ lattice for N =2 — 1152 dim. integral, average exponent ~ D

(problem with large deviation !)

# Hartree approximation

fulAE] = || fir=(A, E)

.’,EZ(I

{ITZ(I

— SHW

@ Hartree approx. gives error of 10-20 % in HW entropy

for 2d quantum mech.
- ?Qs
-5y Y TP » # Kunihiro workshop, June 9, 2018, Kyoto 39




Husimi Function

# A simple example with instability

Inverted Harmonic Oscillator

2 2
P AT,
H=——-—x
2 2
@ exponential growth / shrink
T =p, p= Nz
— p £ Ax = exp(EAt)(po £ Axp)

@ Wigner function
fw(z,p,t) = 2exp[—K(z,p,t)/N]
K = wx{ + pi/w

@ Husimi function
2

K(z,p,1) +p* /A + Az

Kunihiro, Muller, Schafer, AO ('09)
t=2/\

t=0

= 0

ful(x,p,t) = G exp [—

hA%(t) }

A(t) = \/2(opcosh 2Xt + 1 +50") ~ exp( At )
o=(N\+w))/22w > 1,0 = (A —w?)/2 w,p = (A% + 1%)/2A) > 1,6 = (A% — N?)/2A\

(]
] Y I P __t\fos

=
""uu 'YUKAWA INSTITUTE FOR

- "THEORETICAL PHYSICS ‘ » W,
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Husimi-Wehrl Entropy (1)

# Husimi-Wehrl entropy = Wehrl entropy using Husimi function
Wehrl ('78), Husimi ('40), Anderson, Halliwell ('93), Kunihiro, Muller, AO, Schafer ('09).

B dqdp
Suw = —/ o7 fu(q,p)log fu(q,p)

@ Coarse grained entropy by minimum wave packet

# Harmonic oscillator in equilibrium

@ Min. value S_ =1 (1 dim.) from smearing
Lieb ('78), Wehrl ('79)

4 |||||||||||||||||
@ Husimi-Wehrl = von Neumann | .. 3
at high T (T/ io >> 1) 3t H“Slml'wehf !
Anderson, Halliwell ('93), [ P
Kunihiro, Muller, AO, Schafer ('09). vy 2f .

-. = ?QS
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Husimi-Wehrl Entropy (2)

# Inverted Harmonic Oscillator
= /2(opcosh 2\t + 1 + 66’) ~ exp( At), A=Lyapunov exp.

A(t s
Sqw = log # +1, ;W > X (t = o0) independent of A

# Many Harmonic & Inverted Harmonic Oscillators

pz 1 2 12 T ' '
"= z(——— )+z( T N T
ds 81
HW Z Ak t — OO t-n:-: 6
4 B
2t T o o
0

Classical unstable modes plays an essential role
in entropy production at quantum level.

- )
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Entropy production in quantum systems

# Entropy in quantum mech.

@ Time evolution is unitary, then the von Neumann entropy is const.

| (1)) = exp(—iHt/h) | 1(0))
p =)W [=9(t)) ()
Syn = —Tr [plog p| — const.
# Two ways of entropy production at the quantum level

@ Entanglement entropy

ps = Trg (p) — Ss = —Tr (pslogps) > 0

Partial trace over environment — Loss of info. — entropy production

@ Coarse grained entropy
p — p.(coarse grained) — S = — / dz p,logp, >0

Coarse graining ( #4fR1E ) — entropy production
Yes, we can define it even in isolated systems such as HIC and early univ.!

- - ?QS
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Coarse graining in quantum mechanics

(¢,p)log f(q,p)

8 Wehrl entropy (Wehrl, 1978) S — / dqdp
B orh

# Wigner function (Wigner, 1932)
Falrip) = [ ds €™/ (= 5/2 | p |+ 5/2)

@ Quasi phase space dist. fn., but it can be negative.

@ Constant along the classical trajectory in semi-classical approx.
— No entropy prod.

afW/at—FU'VfW—vU-foW:O

# Husimi function (Husimi, 1940)

dq'dp _ 2
fH(qu):/ — A(g—q')?/h—(p—p')? //—\hfw f

@ Smeared with min. wave packet.
@ Exp. value under a coherent state. ‘ —- ‘
fu={zlplz), z=(Aq+ip)/V2RA

- . ?Qs
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Comarison of Semi-classical & Quantum Evolution

# Comparison of the evolution in
Time-Dependent Hartree-Fock (TDHE, ~ TDDFT)
and
Vlasov Eq. (semi-classical)
for a low energy heavy-ion collision

Ca+Ca, 40 A MeV
Cassing, Metag, Mosel, Niita,

Phys. Rep. 188 (1990) 363.

Separation in phase space leads
to acceleration of nuclei
(deep inter-nuclear potential)

e.g. AO, Horiuchi, Wada ('90).

- - ?QS
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Contents

# Introduction
@ RHICIZBITH2DNDE=E
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Husimi-Wehrl Entropy
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RHIC [ZH1FB2DDEZF (cont)

s 2DNEZ (2): BULVBEHL

o EEIERA QCD DFE (2-5 fm/c) ITHRTHEICELEZ
(0.6-1 fm/c) TREAEY ., RAENENFRRBLED

REBVWEREDIERZSDH ?
- HHEY > SIILAGHIERTIER

>

|

I T
d Hadron 1= Teo
+Jet +Jet Cascade

- . - ?Qs
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Y SIXE

s YOS ILXIE
1

L = _Zngng , F., =0,A, —0,A,+1i9|A,, A

1
S p— 9—25[14(3]] -+ Sfree [CI,, ACl]

- . - ?Qs
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Thermalization in High-Energy Heavy-Ion Collisions

# Time Evolution at RHIC & LHC

1l
Y0
CGC QGP . Hadron Gas |
| |
t§0 CYM Hydro T=1 T=1
+Jet + Jyet "iHadron Fo
(tKB?) Cascade
Theor. Challenges Phen. Challenges
e Thermalization under ﬂovl:’ Jet, hard probes
. . — hydro., transport coef.,
dynamical classical field E-loss, hadron prop.,
 Theoretically interesting phase diagram, ...

and Phenomenologically important.
dN/ dn, init. cond. of hydro.

- . = ?Qs
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Entropy Production in Glasma

# Huge entropy must be produced before QGP formation !
@ Thermalization time ~ (0.5-2.0) fm/c

@ Instability ? Rapid glasma decay ? Entropy of classical field ?

| Decoherence Freeze-out
S thermal | EqI,II|Il:Ir:-I.l;IDI1| | Isentropic expansion
dsidy= 0 |~1500( -~4500 5100 5600
E k. =' k. =' r =: L3 =;
i i PU[-E IH':E['I{ i hydrod ynamics
: : | pQCD+HTL . _
initial linear equilibrium phase [ [ |
I | | | -
Trlmr r"l1l|i*r|11 T huelra t

B.Muller and A. Schaefer,

Int. J. Mod. Phys. E20, 2235 (2011) Qs 0.5-2fm/c 7!
R.J. Fries et al, arXiv 0906.5293

We discuss the CYM entropy and its production rate
with emphasis on the chaoticity




Contents

# Introduction

# Entropy production in quantum mechanics
@ Chaoticity, Lyapunov exponent, and Kolmogorov-Sinaii entropy
@ Coarse graining and Husimi-Wehrl entropy
@ KS and HW entropy in quantum mechanics

T. Kunihiro, B. Miiller, A. Ohnishi, A. Schdfer, PTP 121 ('09), 555.
H. Tsukiji, H. lida, T. Kunihiro, A. Ohnishi, T. T. Takahashi, in prep.

# Entropy production in QCD (classical Yang-Mills field)

@ Wigner and Husimi functionals

@ KS, HW, and decoherence entropy of CYM
T. Kunihiro, B. Miiller, AO, A. Schdfer, T.T. Takahashi, A. Yamamoto, PRD82('10),114015.
H.Iida, T. Kunihiro, B.Miiller, AO, A.Schiifer, 1.T. Takahashi, PRD88('13),094006.
H.lIida, T. Kunihiro, AO, T. T. Takahashi, arXiv:1410.7309 [hep-ph].
S. Tsutsui, H. lida, T. Kunihiro, AO, arXiv:1411.3809.
H. Tsukiji, H. lida, T. Kunihiro, A. Ohnishi, T. T. Takahashi, in progress.

& Summary

QGP TO A XD turbulence [ZTDULVTII
ZINSA., BIGSAN
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=t YTP » : # Kunihiro workshop, June 9, 2018, Kyoto 53

[ 1P Kyoto 232




Decoherence Entropy

Muller, Schafer ('03,'06), Fries, Muller, Schafer ('09), lida, Kunihiro, AO, Takahashi ('14)
# Coherent State

alo>=aolo>

la>=Nexp(aa®)|0>=exp(—|a|/2) (jL_/In>
~\n.

@ n-quanta states are coherently superposed in a coherent state.

@ When this coherence is broken, entropy is generated

(decoherence entropy) 4
i=|af S
|OC|2n 2 : : 3 ¢
Pn:—/exp(—lod ) (Poisson dist.) P
n'! " S| :- Sdec
> Sge=— z P logP >0 7 L
n=0 V. S
N

Muller, Schafer ('03) ~ =~ ' .
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CYM as a Coherent State

Muller, Schafer ('03,'06), Fries, Muller, Schafer ('09), lida, Kunihiro, AO, Takahashi ('14)
# What Kkind of state does the CYM correspond to ?
— Natural guess = Coherent State

ICYM>= | ] |oy,>

k,a,i

# Decoherence entropy from CYM

SdeC:_ Z ZPn(akai)loan(akai)

k,a,i n

ockai=¢:[ook/1ai(k, tV+iE, (k, t)] u)k=¢ sin”k _+ sin’ k,+ sin’k
2w,

# [s the above assignment unique ?
@ Coherent state in each “coherent domain” Fries, Muller, Schafer ('09)

@ Deviation from Poisson dist. with coupled oscillator
Glauber ('66), Gelis, Venugopalan ('06)

- - ?QS
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Initial Condition and Time Evolution

8 “Glasma-like” init. cond. 20° lattice
0.08 = . T . T
@ MYV model (boost inv.) 0o | Eosi ] o+ R
+ Longitudinal fluctuations 0.06 - 0041\ 7 -
5 005 | ooz |
- Bx,y, EXaYa Bna E'l N”n 0.04 L D.ﬂgl T
McLerran, Venugopalan ('94), Romatschke, & . | 0 05 1 15 2|
Venugopalan ('06), Fukushima, Gelis ('12) Y e I RS RAE- A At
@ Non-expanding geometry is assumed, o ]
Substitute Bn and En in MV model "0 10 = 20 m 50
into Bz and Ez at t=0. o ut
# Time-evolution | S0 00T T
@ Short time behavior of E? does not _ oosr Ez;ﬂ:&gg Eg ) .
depend on the fluctuation strength. w2 0 002 |- 1
(and similar to expanding geo. results.) £ Ez: | 0 s T s 2
E.g. Lappi, McLerran ('06) Y e | e
@ Long-time behavior: 001 | .
Earlier “isotropization” in perp. and 5 0 a0 a0 a0 =0
long. directions of E. g ut

lida, Kunihiro, AO, Takahashi ('14)
LAY QS
pocent YTP » * Kunihiro workshop, June 9, 2018, Kyoto 56




Initial Condition and Time Evolution

0.08 ————
lang W=
0.07 - Eﬂ,ﬂmﬂ
0.06 |-
o
5 005 |
r:.III

F..'l._f

0.06
0.05
0.04
0.03
0.02
0.01

0

| |
| | |
o, =
..I.'-
f— ...I.' — n
-.... —
— b —
| | | =
0 05 1 15 2
=5 T e e R ."'.___-'""-"" W --.__-'f"-
| |

Lappi, McLerran ('06)

lida, Kunihiro, AO, Takahashi ('14)

=
-m Y T P l\vﬁs

o
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Decoherence Entropy of CYM

# How about the decoherence entropy ?
@ < JE>/<E> ~0.1 (A=0.05) and 0.3 ( A=0.1)
@ S _ ~2.3 (A=0) and 33 (A=0.05, 0.1)

@ Entropy from initial state fluc. and chaoticity

@ No long. fluc. results in 2D (pz=0 mode) entropy,
while 3D entropy is realized with finite long. fluc. (non-zero A).

3 I I I I

3
Sdec/Slte w0l /.-- I -.. :

a5 |/ i

20 ;,.-"

15 |

Em.: !Volume

e

5 __.:'. ---.__- ’ e

0 20 40 60 a0 100

- - ?QS
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Decoherence Entropy Production Rate

# Decoherence entropy growth rate should be compared with KS entropy
@ dS, /dt~0.88 (A=0.01), 1.05 (A=0.05), 1.36 (A=0.1)

@ KS entropy estimate: S__ ~ ¢, €', ¢ . ~2 (conformal chaotic value)

@ Energy density: £ = 0.17 (A=0.01), 0.18 ( A=0.05), 0.21 (A=0.1)
— ¢ = dS*/dt/e" = 1.4 (A=0.01), 1.6 (A=0.05), 2.0 (A=0.1)

1 dSg.
~(0.7—1.0)
Sys dt N —
@ KS entropy 5 e ]
= Potentially realized 1
growth rate £

= PP —

: “Lg18:
3 1.0°102 - -

g fars
500107 - |
0 - il

A=0: unstable - p .
but stationary gt

- - YTP q\?oi Kunihiro workshop, June 9, 2018, Kyoto 59



KS entropy in CYM from glasma-like init. cond.

# Instability under strong color-magnetic field
Nielsen, Olesen ('78), Fujii, Itakura ('08), Berges, Scheffler, Schlichting, Sexty ('12)

@ No chaotic behavior is observed

[ [ I:I‘E I I T
with sine waves and constant-A ol a0 x -
w/o fluctuations. 04 MLBf4-1 =
035 -
@ Small fluctuations activate instability 03F * (eneray density: 000713 ]
and chaoticity. oesr *’: T
0.2+ -
@ Chaoticity emerges after instability T T
0.1 -
spreads to many modes. . _‘*F# 1
0= %n
. | | Der EFI'-::I Dee | | . II Der and Dee
_ I I I ::'FFI .
L_ -E-Constr.___ fA_+Fluc { st vl gee b
S - i S T IR N B st |
T AR : .l A gy ot
s T .. N s - . ]
T | AW = el i "
S s ¥ C-Bf4 1 & l p Modulated-F Fluc.
T g {" ' o . CHEN AR e (c) background
N | . . Dgg 0 g apl! I ~ tlr'u,.-r fluctuatmns
10 50 oo 150 200 250 300 iy E=EEEaSY D
¢ 0 50 1040 150 200 250 300
1
- . ?Qs
- Y TP » # Kunihiro workshop, June 9, 2018, Kyoto 60
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References of our works

# Towards a Theory of Entropy Production in the Little and Big Bang,
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Prog. Theor. Phys. 121 ('09), 555 [arXiv:0809.4831].

& Chaotic behavior in classical Yang-Mills dynamics,
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Phys. Rev. D 82 (2010), 114015 [arXiv:1008.1156].
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conditions,
H. Iida, T. Kunihiro, B. Miiller, A. Ohnishi, A. Schafer, T. T. Takahashi, Phys.

Rev. D 88 (2013), 094006 [arXiv:1304.1807].

# Time evolution of gluon coherent state and its von Neumann entropy in heavy-

ion collisions,
H. lida, T. Kunihiro, A. Ohnishi, T. T. Takahashi, arXiv:1410.7309 [hep-ph].

# Parametric Instability of Classical Yang-Mills Fields under Color Magnetic

Background,
S. Tsutsui, H. Iida, T. Kunihiro, A. Ohnishi, arXiv:1411.3809.
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Chaoticity, Lyapunov exponent, and KS entropy

# Entropy in classical dynamics = Wehrl entropy
S = —f dI' Hlog H
(dI'=dx dp = phase space, H= phase space dist. fn., e.g. Husimi fn.)
# Lyapunov exponent and Kolmogorov-Sinaii entropy
dX,(1)=d X (t))exp[r,(t—1,)] (X=(x,p)),

dSldt=S= D, N\,
i,AN>0
@ o X = difference of two trajectories from adjacent initial conditions
A = initial state sensitivity (Lyapunov exponent, measure of chaoticity)

@ When A > 0, exponentially growing number of phase space cells are visited
— phase space dist. fn. becomes smooth after proper coarse graining
— entropy production (Kolmogorov-Sinaii entropy)

e YTP ) * Kunihiro workshop, June 9, 2018, Kyoto 62



Classical Yang-Mills dynamics on the lattice

a Lattice CYM Hamiltonian in temporal gauge (A(=0) in the lattice unit

_1
H—2Z

x,a,l

A)aA()-ﬂﬁH;fm

# Non-compact (A, E) form !

@ Demerit: Gauge invariance is not fully satisfied at finite lattice spacing.

E!(x)+ B (x)|

Af(x)Ac.

J

(x)Fe; By (x)

Non-linear & coupling

@ Merit: Easy to consider the coherent state, and conformality is manifest.

a Initial conditions (E;"(x)=0 is assumed here.)

@ Random initial condition: A;"(x) = random in [-n, n],

@| Modulated init. cond.: , . . [ : (
AZ(r) = 8;,2| € 510

2xm

! -
i

-) N ) (E.ru'r) ) (
€5 51N sin
v.) PN,

l,lllr

2mz r) }

@| Constant-A init. cond.  4¢ (x ) — \/ Blg (6 § 8§ + 5., 6"2) Berges et al.('12)

magnetic field ~ 7 direction (&7 >> &3 ), w and w/o fluc.

=t YTP ) * Kunihiro workshop, June 9, 2018, Kyoto
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