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The Sign Problem

# When the action is complex, strong cancellation occurs
in the Boltzmann weight at large volume. = The Sign Problem

Z = /Dxe_s(x), |Z‘ < qu = /Daj ‘e_s(x)

# Fermion det. is complex at finite density
det D(p) = (det D(—p™))™ — Set = Sbhoson — logdet D € C

RHIC, LHC,
. . . Early Universe
# Difficulty in studying T , Lattice QCD
finite density in LQCD
— Heavy-Ion Collisions,
Neutron Star, Sy o
Binary Neutron
Star Mergers,

Nuclel, ...

(at large V)
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Approaches to the Sign Problem

# Standard approaches
@ Taylor exp., Imag. u (Analytic cont. / Canonical), Strong coupling
# Integral in Complexified variable space

@ Lefschetz thimble method
Witten ('10), Cristoforetti+ (Aurora) ('12), Fujii+ ('13), Alexandru+ ('16).

@ Complex Langevin method
Parisi ('83), Klauder ('83), Aarts+ ('11), Nagata+ ('16); Seiler+ ('13), Ito+ ('16).

@ Path optimization method
Mori, Kashiwa, AO ('17,'18,'19); Kashiwa, Mori, AO ('18,19); AO, Mori, Kashiwa
('18,'19); Alexandru+('18), Bursa, Kroyter ('18)

|/ Re-z Rez Rez
Lefshetz thimble Complex Langevin Path Optimization
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Integral in Complexified Variable Space

# Simple Example: Gaussian integral (bosonized repulsive int.)
Mori, Kashiwa, AO ('18b)

/dw 6—w2/2—iwpq :/ dew 6—(w—|—7;pq)2/2—p2/2
R

$Im ©

05 R BT N

0 /L VAR RRR RRRV AR

-0.5 1

s L/
- ﬂx}:exp[—xg+2iux)‘ -1 < pq>
-3 -2 -1 0 1 2 3

Complexified variable methods
= Extension of the saddle point integral
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Lefschetz thimble & Complex Langevin methods

8 Lefschetz thimble method
Witten ('10), Cristoforetti+ (Aurora) ('12), Fujii+ ('13), Alexandru+ ('16).

@ Flow eq. from a fixed point ¢ — thimble (Im(S)=c0nst.)

Jo : dt (8@) Z|8zz

@ Problems:Phase of Jacobian, Multimodal prb., Stokes phenomena,

ER, C:Znajo

s Complex Langevin method
Parisi ('83), Klauder ('83), Aarts+ ('11), Nagata+('16); Seiler+ ('13), Ito+ ('16).

@ Complex Langevin eq.— Configs.

oﬁ; _ gi +m;(t)(n; : White noize), (O(x)) = (O(2))

@ Problems: Wrong conversion, Boundary terms, ...

G 0QS
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Path optimization method

Mori, Kashiwa, AO ('17,'18,'19); Kashiwa, Mori, AO ('18,19); , IE
AO, Mori, Kashiwa ('18,'19); Alexandru+('18), Bursa, Kroyter ('18) :‘,'

# Integration path is optimized

to evade the sign problem, m

i.e. to enhance the average phase factor. Rez

Path Optimization

APF = (") ), = /dxe_s//dx\e_s\ = Z/Z5q

‘ Sign Problem — Optimization Problem I

# Cauchy(-Poincare) theorem: the partition fn. is invariant if

@ the Boltzmann weight W=exp(-S) is holomorphic (analytic),
and the path does not go across the poles and cuts of W,

# S is singular but W is not singular when fermion det.=0.
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Application of POM to Field Theory

8 Cost function: a measure of the seriousness of the sign problem.

Fla(@)] =121 ((e“)pa] " 1)

# Optimization: Gradient Descent or Neural Network

@ Neural network = Combination of linear and non-linear transf.
a; = g(Wi(jl):z:j + bgl)) variational
2 (2 arameters
fi=gWa;+67) P

g(x) = tanh x (activation fn.)

@ Universal approximation theorem
Any fn. can be reproduced

at (hidden layer unit #) — oo
G. Cybenko, MCSS 2 ('89) 303 Inputs Outputs

K. Hornik, Neural networks 4('91) 251 Hidden Layers
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Optimization of many parameters

a8 Stochastic Gradient Descent method, E.g. ADADELTA algorithm
M. D. Zeiler, arXiv:1212.5701 Grad. Desc. -

dci/dt — —3.7-“/802
Learning rate

par. in (j+1)th step
\C§j+1) — ) 41)

Y mean sq. ave. of v
(4
o0t = VA TE )
decay rate Pt e

. ~—___ mean sq. ave. of F
(J-|—1) _ ,YT(J) +(1— ,y)(Fi(J)>2

(J+1) _ 73(]) +(1 7)(0(3'4—1))2

sradient

evaluated\F = 0F/0c; Machine learning

in MC T ~ Educated algorithm
(batch training) Cost fn. to generic problems

A. Ohnishi, FLOCD, Apr. 19, 2019 9




Hybrid Monte-Carlo with Neural Network

Initial Config. on Real Axis

2
HMC H(:E,p) — % + RGS(Z(:E)) Jacobian
Do k=1, Nepoch — via Metropolis judge

Do j =1, Nconf/Nbatch

Mini-batch training of Neural Network | ¢/ = ¢ — ™
Grad. wrt parameters (Nbatch configs.) | F; = Nbitch En: 0F(n)/0c;
2
New Nbatch configs. by HMC H(x,p) = 5 + ReS(z(x))
Enddo
Enddo

Nbatch ~ 10, Nconfig ~ 10,000, Nepoch ~ (10-20)
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Benchmark test (1): 1 dim. integral

z — / d.CIZ(.CIZ‘ 4+ iOé)p exp(—x2/2) J. Nishimura, S. Shimasaki ('15)
. . Neural Network
Gaussian+Gradient Descent - . . e

Imz
\

10+ ‘ modified path  s—

thimble  ee—

Re Z -10 5 0 5 10

On Real Axis
Ly R) oS 3 42 N
0‘(>< 105O> i Ree . (><10 ) I -.\
AN 1 '.
. / \
0 ) A
B \ /
0 3 t‘u* Re Je_g
' ImJe” -—
R o 2 . “ 10 5 0 5 10
X Re z

Mori, Kashiwa, AO ('17); AO, Mori, Kashiwa (Lat 2017)
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Benchmark test (2): Complex ¢ theory at finite u

# Complex Langevin & Lefschetz thimble work.
G. Aarts, PRL102('09)131601; H. Fujii, et al., JHEP 1310 (2013) 147

# How about POM ?

@ 1+1D Complex ¢* theory
Y. Mori, K. Kashiwa, AO, PTEP 2018 (‘18), 023B04 [arXiv:1709.03208]

£ =0,6" 0" — m?¢" 6 — A(6°0)’
4+ m? A
S = zx: [( 2m )gba,xgba,x + Z(¢a,x§ba,x)2 — gba,wgba,x—l—i

— cosh u ¢a>$¢a,x—i—() + 1€qp SInh ¢a,x¢b,x+ﬁ]

(6= 501+ i0a))
Complexity

complex
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POM in 1+1D ¢* theory

s POM for 1+1D ¢* theory
Y. Mori, K. Kashiwa, AO, PTEP 2018 (‘18), 023B04 [arXiv:1709.03208]

@ 4%, 6°, 8% lattices, A=m=1

@ p_~0.96 in the mean field approximation

Density
APF ! ul |
0.8 ¢t
121,
Z 06 | R 10
Eﬂ 5 8 | 2t
v 04} @ 6|
~ = 4lo
0.2 | oo ) | y _
0 - ¥ - 1 0 — '
1 1 1 1 _1 1 1 1 1
0 05 1 L5 2 ,u 0 0.5 1 1.5 2 ILL
it m
POM also works !

« Enhancement of the APF after optimization.
* Density is suppressed at u < m. (Silver Blaze)

A. Ohnishi, FLQCD, Apr. 19, 2019 13



Path Optimization Method w/ Neural Network
seems to work in 1D integral and simple field theories.

How about gauge theory ?
What happens when phase transition occurs ?
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Application to Gauge Theory:
1 dimensional QCD

A. Ohnishi, FLQCD, Apr. 19, 2019 16



0+1 dimensional QCD

# (+1 dimensional QCD (1 dim. QCD)

with one species of staggered fermion on a 1xN_ lattice
1

S :5273 (Xr€"UrXryo—Xrro€ "Us ' xr) X o
+m Y XeXr = 1o EZ IUTI "
m Xt X1t — 2X X

Bilic+('88), Ravagli+('07), Aarts+('10, CLM), Bloch+('13, subset),
Schmidt+('16, LTM), Di Renzo+('17, LTM)

@ A toy model, but includes the actual source of 3+1D QCD sign prob.

@ Reduces to a diagonalized one-link problem.

Z = /dUe—S /dazldazzJ[ Hsm ( Z”)] !H(XN—I—2COS(zai,u)

a

Haar measure exp(-S)

— Analytic results are known.

. QS
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Fermion determinant in 1 dim. QCD

# Fermion determinant (Temporal gauge) reduces to Nc¢ x Nc det.

( 17 0 M\ I el 0 0
_H I £ —e L e
m

X — 0 —e H I3 et

_' '_'M TN (:) —é;ﬂ In
\\e%\\ : ) N, X N

det D = det [X 91, + (—1)N et/ TU + 6—M/TU—1-‘ ‘NC I = 2mg(x, %)

# For constant o, X is obtained as

X =2cosh(E/T)
E =arcsinhm,
sinh|(N. +1)E/T]

Sinh(E/T) + 2 cosh(N.u/T)

Faldt, Petersson ('86)

—>/dUdetD:




Partition Function in 1 dim. QCD

# Partition Function
D =X +eMTy 4 e Tyt
sinh[(N,. + 1)E/T]
sinh(E/T)
=X°% —2X 4 2cosh(N, u/T) (N, = 3)

det D =X° + N. X (N.PyPy — 1) 4+ 2cosh(N.u/T)
+ N.X2(e!T Py 4+ e M TPy) + N X (24 TPy + e~ 2/T py)
+ N.e"T(N,P;, — 2Py) + Noe "/ T(N.P2 — 2Py)

Z :/dU det D(U) = + 2 cosh(N. pu/T)

(NC = 3,PU = tI‘U/NC,/dUFUPU = 1/N02)

# Chiral condensate, Quark number density, Polyakov loop
T 0 log Z. T 0 oo 7
o= 0 ng=———10
Vom ° ! V ou 5
1 1 (X2 —1)e #T + Xe2/T
P < Tr U > ( Le TAc

N, N, X3 —-2X +2 COSh(Su/T) Faldt, Petersson ('86)
Bilic, Demeterfi ('88)




1 dim. QCD in diagonalized gauge (1)

# 2 variable problem — 2D mesh point integral
— ¥1,(X,X,) are variational parameters by themselves.

0.2
W 0.1
2 0
"2 -0.1
0 0.2
-0.2
-] =
10° | | 2D mesh opt. ]
# Average phase factor > 0.997 107 | - .
102t T ]
@ (Normal) gradient descent =4 :23
v - TSBgeee
® Good enough for small lattice — .0
0 i W/0 Opl. —
\ 10-6 i (60 ) I—E— | | ]
(APF)&+1 ~ (0.21(L = 8) 0 05 1 15 2 25
w'T

Mori, Kashiwa, AO, in prep.

N LAY 2QS
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1 dim. QCD in diagonalized gauge (2)

# Jacobian is also important !
Im(JW)| < [ImW| (W = Hexp(—5))

# There are six regions with large stat. weight | JW |.
Symmetry : S(—z) = (S(27))", 2z <> 2(3,5 = 1,2, 3)
— Problematic in sampling in Hybrid MC

| W] 120 =z g

Q0_IE : :

L = L 2
=

bt -2 -2

0 -4 -

-20 £ ¥

®@ @
DO

Xy X |.".‘[

Mori, Kashiwa, AO, in prep.

Lgm) ™™ Qs
2 YITP “‘ A. Ohnishi, FLOCD, Apr. 19, 2019 21



1 dim. QCD w/o diagonalized gauge fixing (1)

# Complexification of link variable
N?-1

U—UU)=U || ev
a=1

:Ule—y1>\16—y2>\2 N = SL(3)

@ Derivative wrt y's is easy. Parametrization deps. is taken care by J.
s Hybrid Monte-Carlo in 1 dim. QCD
P2

H = = +Re(SU(U))

# 8 variables — path optimization using Neural Network

e L AVe rQs
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1 dim. QCD w/o diagonalized gauge fixing (2)

0
10 woopt. —— | Average phase factor
y w/ opt. —+—
10
v T e Chiral condensate
— ] f Sy .I\i-a .
107 1 A & Quark number density
- ' ' ' 4
107 ' ' '
o 05 1 1. 03 N\E [T
wT 0.2 S
2 T p 7
o |2 Polyakov loop
0.1 1 | "~ PHMC ——
- 08 L5i7 e, PHMC —— |
0 ! . =
0 0.5 1 1.5 2 0.6 \
wT . 04| \Hfi}
0.2 . }EE -
0 ! L . ?iﬁi?_f'i‘i—fz—u
0 0.5 1 1.5 2 2.5

w/T
Mori, Kashiwa, AO, in prep.

N LAV rQs
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1 dim. QCD w/o diagonalized gauge fixing (3)

# Statistical weight distribution in diagonalized gauge
~ Config. dist. in Hybrid MC w/o diag. gauge fixing

1
0
>
1
= 0 1
X4/TC

120
100

WT=1, T=0.5, m=0.05

-1 -05 0 05 1
X4/T

in more realistic cases !

It would be possible to apply POM

Mori, Kashiwa, AQ, in prep.

Cae) "™ B Y TP Aﬂ
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' Application to QCD effective fodels I
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Polyakov-loop-extended NJL (PNJL) model

# Sign problem is more severe around the phase boundary.
e.g. S. Tsutsui et al., 1811.07647; Y. Ito et al., 1811.12688.

— Let us discuss QCD effecitve models !

# Polyakov-loop-extended Nambu-Jona-Lasinio (PNJL) model
with vector coupling

Lp=q+mo)q—GC [((?Q)Q + (Cﬁ%ﬂl)z]
_|_ Vg(q)a (i)) _I_ G’U (Q/YMQ)Z
Polyakov  Vector

# Bosonizaiton & Truncation to homogeneous aux. field

A d3p
V:_QNf/ [NCEp—FTlOg(f_fJF)} D, 5, w cause

(23 ,
L G024+ 7))+ G+ Y the sign prb.

fm =1+ 30e Pl 4 30 2Py 4 30,

A. Ohnishi, FLQCD, Apr. 19, 2019 26



Repulsive interaction causes the sign problem

# Hubbard-Stratonovich transformation of repulsive interaction

exp[—a(qlq)?] = /dw exp|—aw? + iawglq]

@ This “model” sign problem causes trouble in Shell Model Monte-Carlo,
Strong-coupling LQCD, ...

AFMC-NLO (subt. < pq3='=[l.5 1)

. - AFMC-NLO 3 =
.~ m® _I ' 1‘ B . 2 | .ﬁﬁrmpq LSI\_T .
27 .. OPopy LN, - |
1} S o0
B - 1t
s 0 =
— iy B TR
1t y B=3, 474, WT=04, T=1.0 N
y -3 : - - -
5 | R 1 0.5 0 0.5 1
B=3,4"x4, WT=0.4,T=1.0 ° O .
3 - - - Complexification
-1 -0.5 0 0.5 1 & Shift

Wy
AQO, Ichihara (Lattice2015)




POM for PNJL (w/o vector coupling)

# Partition function
Z = /dX exp(—pV/V) = /dX exp(—kV/T*) (dX = dAzdAgdodw . . .)

Homogenous field ansatz & const. k approx.
— Results converge to mean field results at large k
Cristoforetti, Hell, Klein, Weise ('10) (MC-NJL)

s POM works in PNJL !

@ Average phase factor ~ 1, Pol. loop converges to MF results.

| . . . ‘ 0.1 .
- T=0.1GeV 1 T=0.1GeVv

le——s—a—o _
" Re<e'’> |
' I8
< v
= 5 T A 0.05F
vV 0.5F 1e j
i B v
L ‘;—-\.,,é"/’ — "‘/,'
: Im <ei0> : <>
og—a—8——gg——F H & 3 | e ==
CI) L 0'2 L 0‘4 0 %@ﬁﬂ“@h L
: 0 0.2 0.4
u [GeV] u [GeV]

K. Kashiwa, Y. Mori, AO, PRD 99 ('19)
e LAV Qs
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POM for PNJL with vector coupling

# POM works in PNJLv
@ Pol. loop converges to MF results.

@ Average phase factor is enhanced significantly,

but we still find the region, APF <1
and we need special care for the initial config. distribution.

(Optimization is not automatic in this case.)

' ' ' 0.1 :
1 =y e _4;\@ ----------- L T=0.1GeV
\ |
p— Y |
=5 b
:DA A l
= \ |
Y 05 \ $ ] 18
L S b
Cd \\ I| | | e
\\% % |
_\ |
r T=0.1 GeV \ . oy
0 B
0 0.2 0.4 0 0.2 0.4

il [CeV]
K. Kashiwa, Y. Mori, AO, arXiv:1903.03679
A. Ohnishi, FLOCD, Apr. 19, 2019 29
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Do we describe multi thimbles ?

s It seems yes. - NG

a Statistical weight in NJLv . T=2ﬂMemﬂwMevsv€=w / %i
on (o, ®,) plain after optimization 2 ; | i 7
on the 2D mesh. R é.s
— Three peaks (or shoulders) y o m‘” 3

: __-_fll:i";i}'.i-----__."____ ,_;ﬂ;'i'ﬂ m4m3

# Transition o
ol A’ 0.1 g5 al372

from the Nambu-Goldstone phase Wi
tO the Wigner phase T=20 MeV, u=350 Mefi‘ﬁ;}/ lg
occurs at p=(340-350) MeV ’ ’

# In the V — oo limit,
this corresponds
to the phase transition.
(We may need exchange MC
or different tempering.)

il o v




Summary

# Complexified variable methods (LTM, CLM, POM) are
promising tools to tackle the sign problem. [c.f. Talk by Fukuma]

# Path optimization method has been demonstrated to work in
1 dim. integral, 1+1 dim. scalar theory at finite density,
0+1 dim. QCD, and PNJL model w/ and w/o vector coupling.

@ POM does not suffer from zero point of fermion det.,
since it is not a singular point of the Boltzmann weight.

@ Complex phase from Jacobian and the Boltzmann weight cancels
with each other, and the residual sign problem is evaded.

@ In 1 dim. QCD, an apparent multimodal problem in the diag. gauge
can be avoided by calc. w/o diag. gauge fixing.

@ Sometimes, the average phase factor does not easily grow during the
optimization. Improving the opt. method and/or knowledge of
preferred path would be necessary (not yet ab initio).

s To do: 1+1 D QCD, Reducing cost O(V3), ...

# A. Ohnishi, FLQCD, Apr. 19, 2019 31



Prospect

# Path optimization in 3+1 D field theories would require reduction
of numerical cost.
Imaginary part
= f ( real parts of same point and nearest neighbor points)
may be a good guess.

# Deep learning (# of hidden layers > 3) may be helpful to explore
complex paths, which human beings (~ 7 layers) cannot imagine,
while “Understanding” the results of machine learning need to be
done by human beings (at present). e e

Defelipe 2011a (Review). The evolution of the brain, S SENRSEEGD | SRR

Neurons (N)= 158 Neurons (N)= 249 Neurons (N)= 364
Synapses (S) =4683400 Synapses (S) =4507828 Synapses (S) = 7673503

the human nature of cortical circuits, Soweinitem  Sommwiions Sl
and intellectual creativity. Front Neuroanat 5, 29.

N° synapses/neuron (S/N)= 29642 N° synapses/neuron (S/N)= 18104  N° synapses/neuron (S/N)= 21081

A. Ohnishi, FLQCD, Apr. 19, 2019 32



Thank you for your attention !
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Fermion Determinant

Faldt, Petersson, 1986
# Fermion action is separated to each spatial point and bi-linear

— Determinant of Nt x N¢ matrix

Nc x N7t

explRV /T 1=

= | du det[x, (01,07 U°CB 1077 U] § Ne

= X —2X,[Rcosh@N}
I42=[0N 00 O OO @12 N, O 0m /L Ly e 0
X,=B,0B,_,0;N-1
BN=INBN—1 BN—Z c ’




Discussions

A. Ohnishi, FLQCD, Apr. 19, 2019 35



Frequently Asked Questions

# How many parameters do you have ?
— Many ;) For generic trial funciton (V= # of variables)

Yi = yqz($1,$2, . --5UV)
Npar = (Mayer + 1) X V X (Nunit + 1) + 2V

# How about the numerical cost ?
— A lot ;) Derivative of J with respect to parameters cost most.
—1
0J _ Ja J gk (921
oc; Oz; Oc;
a It is still polynomial.
Does the sign problem becomes “P” problem?

— No. The average phase factor is still exp(-# V).
If extrapolation is possible from finite V, we have a hope.

> O(V?)

# How can we reduce the cost 2 — Next page

# A. Ohnishi, FLQCD, Apr. 19, 2019 36




How can we reduce the numerical cost ?

# Restrict the function form of y(x).

@ Imaginary part is a function of its real part.

E.g. Alexandru, Bedaque, Lamm, Lawrence, PRD97('18)094510
[Lawrence, Warrington, Lamm (Mon)]

Thirring model, 1+1D QED A_ye. __lil_lase Fact.
yi = f(x:), f[(x) = Ao + A1 cosm -

@ Nearest neighbor site

F. Bursa, M. Kroyter, arXiv:1805.04941 =

0+1 D ¢* theory wim; M -
Translational inv. + U(1) sym. Ave. Phase Fact. =
o EabLa,i+1 ji\_:ﬁ:ﬂ:_ﬁ___ == _':
T TR Ak, RN
et =\ -
R \\ Nt
B ST T VL -

| Y I P -.-‘\E
= YUKAWAINSTITUTEFOR
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Frequently Asked Questions (cont.)

# What happens when we have 101? fixed points ?
— In that case we should give up. (My answer @ Lattice 2017)
— If those fixed points are connected by the symmetry,
we may be able to perform path optimization.

3

5 | P Mean field results

! : = Degenerate fixed points
3oof (All have the same 0.)

-1 F

2t

3

-3 -2 -1 0 1 2 3

Re Z,

If they have different complex phases, the global sign problem
emerges and the partition function would be almost zero.
E.g. H. Fujii, S. Kamata, Y. Kikukawa, arXiv:1710.08524
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Application to PNJL

# PNJL model with homogeneous condensates, (o, 7, @, ©).

@ Has Sign problem in finite volume

@ Converges to mean field results in the large volume limit

| n=0 - - T=0.1GeV
T 1fs—a—a—6—6— & B 0 6
. “n1 &
- Re<e' > °
A e )
@ ".1 ’ T a::n i
" I', -""r I-"ﬂ.-' .
A 0.5} 1 vV 0.5f
vV L'-.t ' ]
af ..I"I1 | - I;_.____ﬂ.-""
',-': ' B . Im ":E'j G}
" o Ot G el
0oy o3 0 0.2 0.4

b [GeV]

K. Kashiwa, Y. Mori, AO, arXiv:1805.08940.
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Summary

# The sign problem is a grand challenge in theoretical physics,
and appears in many fields of physics,

@ finite density QCD, real time evolution, Hubbard model off half-
filling, other quantum MC with fermions, ...

and complexified variable methods (LTM, CLM, POM) would be
promising to evade the sign problem.

# Path optimization with the use of the neural network is
demonstrated to work in field theories having many variables.

@ 1+1D ¢ theory at finite p (neural network)
@ (0+1D QCD w/ fermions (grad. descent, neural network)
@ 3+1D homogeneous PNJL (neural network)

# Neural network (single hidden layer) is the simplest device of
machine learning, and it helps us to generate and optimize
generic multi-variable functions, y.=y.({x}).

A 1Y TPy A. Ohnishi, FLOCD, Apr. 19, 2019 40




Prospect

# Path optimization in 3+1 D field theories would require reduction
of numerical cost.
Imaginary part
= f ( real parts of same point and nearest neighbor points)
may be a good guess.

# Deep learning (# of hidden layers > 3) may be helpful to explore
complex path, which human beings (~ 7 layers) cannot imagine,
while “Understanding” the results of machine learning need to be
done by human beings (at present).

‘ Thank you for your attention ! I
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Introduction

s Sign problem for complex actions AO, PTPS193('12)1.

@ Grand challenge
in theor. phys.

@ Largest obstacle to explore
QCD phase diagram

# Approaches

@ Taylor expansion,
Analytic cont., Canonical,
Strong coupling LQCD, ...

3u=50 MeV in Asym., g /g =0.2
200 HIC BH: Shen EOS, 40 M__]
. ?”fﬂ é’rna IR
- e BLCI11 = LCO8
> m o @ PNILs
3 100 | hﬁﬂ% "*f.“ T2+p,Bzf3 n =const. |
hy N /
Stat. - . o
50 1 CP(models) ©
CP(Lat) ©
0 CP(Asym.) ® . 1
0 300 600 900 ™ 1200
g (MeV)

@ Generalized LTM (GLTM)
A. Alexandru, et al., ('16)

@ Complex Langevin method (CLM)
Parisi ('83), Klauder ('83), Aarts et al. ('11), Nagata et al. ("16)

@ Lefschetz thimble method (LTM)
E. Witten ('10), Cristoforetti et al. ('12), Fujii et al. ('13)

Complexified variable methods

=]
8 - Y TP QS
O )
5 )
2 a4
|
> w"smw 'YUKAWA INSTITUTE FOR
- THEORETICAL PHYSICS
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Strong Coupling Lattice QCD

Pure YM — Area Law Lattic MC
S vy Phase diagram simulations
e MC (mean ﬁeld) (Fl“CtuationS)
w 1st. Order — 18 T T T T
1 o‘t 733 MeV Ind. OTIEIEI hd 16 aT ':E’ w)=0
| Strong coupling region ‘\* = T N tricritical T
L eak coupling region ‘ 12 L 0.8 q?: }'l;,. 4
\ 09 06 N=2 iﬁ {
0.1 \'-:w, 0.6 AT izw"i H
E \ ‘;‘ --gt::.l;‘ i - | | | |
r | i ’ 0 0.2 0.4 0.6 0.3 1
L . 00
| o | ‘ *
0 1 2 3

Rossi, Wolff ('84), Mutter,
Karsch ('89), de Forcrand,
Fromm ('10), de Forcrand,
Unger ('11), AO, Ichihara,
Nakano ('12), Ichihara,
Nakano, AO ('14),

de Forcrand, Langelage,
Philipsen, Unger ('14),
Ichihara, Morita, AO ('15)

B=2Ndg’ (Nc =2)

Wilson ('74), Creutz ('80), Kawamoto ('80), Kawamoto, Smit ('8§1),

Munster ('80, '81), Lottini, Damagaard, Hochberg, Kawamoto ('85),

Philipsen, Langelage's ('11) ligenfritz, Kripfganz ('85), Bilic, Karsch,
Redlich ('92), Fukushima ('03); Nishida
('03), Kawamoto, Miura, AO, Ohnuma
('07). Miura, Nakano, AO, Kawamoto
('09), Nakano, Miura, AO ('10), Miura,
Kawamoto, Nakano, AO ('17)

A. Ohnishi, FLOCD, Apr. 19, 2019 43



Phase Diagram in Strong Coupling Lattice QCD

Aoki ('84), Rossi, Wolff ('84), Damagaard, Hochberg, Kawamoto ('85), Mutter, Karsch ('89), Bilic,
Karsch, Redlich ('92), Fukushima ('03), Nishida ('03), Kawamoto, Miura, AO, Ohnuma ('07), Miura,
Nakano, AO, Kawamoto ('09), Nakano, Miura, AO ('10), de Forcrand, Fromm ('10), de Forcrand,
Unger ('11), Misumi, Nakano, Kimura, AO('12), Misumi, Kimura, AO('12), AO, Ichihara, Nakano ('12),
Tomboulis ('13), Ichihara, Nakano, AO ('14), Ichihara, Morita, AO ('15)

# Integrate links first, and fermions later — Milder sign prob.

# Two indep. methods give consistent phase diagram
in the Strong Coupling Limit.

18 . . . . 6 b I | AFMC 433{4- ]
16 F ar {I._Liw}='[} _ . L : 53:{4 _.;_:._
1.4:-. f_ ®. . fuizrr.n:va - i~ i Egig
af el 12t e ME e
" tnﬂnmtlca | S MDP
Monomer "9” | —
. 08F P Ve . 0.8 r '
-Dimer AL
-Polylﬁér VA T
T @) E{,ﬂ‘ P 0.4 r Auxiliary Field
DE I Monte-Carlo ~
0 02 04 0B 08 1 0 ' ' —! '
ap 0 0.2 0.4 0.6 0.8 1
de Forcrand, Fromm ('10), de Forcrand, M
Langelage, Philipsen, Unger ('14) T.Ichihara, AO, T.Z.Nakano, PTEP2014,123D02.
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Phase Diagram Away from the Strong Coupling Limit

s Sampling at finite coupling (g < oo or 2N /g* > 0) is difficult !

@ Monomer-Dimer-Polymer sim. — Reweighting from SCL
P. de Forcrand, J. Langelage, O. Philipsen, W. Unger ('14)

@ Auxiliary Field Monte-Carlo

— Direct sampling is possible at small p/T, but fails at large n
AO, T. Ichihara (Lattice 2015)

aT1 g ' ' ' ' ' ] A F’hase diagram on a 47 x 4 Lattice
| MDP+Reweighting,; . 1534 AFMC, =0
12| § 16 oo MF(iso., B,=0) MDP, B =0
e e S T S AFMC Bg—3
1w T §
Ty L e e +-}| 1.2 1 N
“Er a‘-x — ’. — ——e___ :
. | Al e | RRACETTTI. "--.____:‘_
06 rii b D.B B I". ~-..,__._.1 : -
chiral 2™ order chiral/nuclear 1% order, 14 I"-, R.
04| 0 . e LA 04 \
|near ri(:.or[)iﬁr ; :ﬁ - i 1 — ?
oo o EREE MF(s0. B~ oo 0
s e’%"é’”ﬁﬁé'é’% """ L 0 - -
B=1.5 (exponential 1 " order e:dlra | |
0. — . 0 0.2 04 0.6 0.8 1
P de Forcran-’d J. Langelage, 1
O. Philipsen, W. Unger ('14) AO, Ichihara (Lattice2015)

) - - QS
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http://inspirehep.net/record/1300825
http://inspirebeta.net/record/1411467

Why is direct sampling difficult at finite 1/g° ?
— Sign problem from Repulsive Interaction

and also from the Polyakov loop ?
(U. Wenger on Mon.)

] - vos
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One of the origins of the sign problem = Repulsion

# Repulsive 4-Fermi interaction — Sign prob. via Hubbard transf.
exp [—G*(q'q)?] = / dwe="/2—1G(d w

# With small fluctuation in density qTq ~ P

@ Phase ~ Gop x L’ — Serious sign prb.

~ AFMC-NLO

* , 0
: . 6P wpy, LN,

O/'n
=

_1 i -.'I- ..+.:¢

2 0F
P _— _ 4 A
f=3.4 x4, WT=0.4,T=1.0 °%% :

SIGN '18 D NTY

International Workshop on the Sign Problem in QCD and Beyond

5 ] - vos
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One of the origins of the sign problem = Repulsion

# Repulsive 4-Fermi interaction — Sign prob. via Hubbard transf.
exp [—G*(q'q)?] = / dwe="/2—1G(d w

# With small fluctuation in density qTq ~ P

@ Phase ~ Gop x L’ — Serious sign prb.

@ Shifted o should Kkill sign prb.

2
W 1 >

5T iGwp, = —i(w +1Gpy)

"VVVVWVWVVV"" 0 ~Re o
1

SIGN '18 b

. . . 0. >
International Workshop on the Sign Problem in QCD and Beyond - l G< pq>

S o el = QS
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Strong Coupling Lattice QCD action (1)

s Lattice QCD action (unrooted staggered fermion)

1 _ _ _ _

5 :§ Z [nu(x)Xqu(x)X:c+/l — Ty 1(x)Xﬂc+ﬂU;(x)Xiﬂ] + Mo Z Xz X
T, x

2N,

DR () = (1) Femren)
P

# Eff. Action in the Strong Coupling Limit

Damgaard, Kawamoto, Shigemoto ('84),
Jolicoeur, Kluberg-Stern, Lev, Morel, Petersson ('84).

@ Spatial link integral— Four-Fermi int.
(LO in 1/d expansion)

S =y DI V) mo M e ST,

T,]

V+ — Xxe'uUO(x)Xx—{—()? V:I:_ — Xx—l—@e_'uU(;r(x)Xxﬂ MSU = Xz Xz

‘ SCL — (Scalar-Pseudoscalar) 4-Fermi int. I l

] - vos
- YITP- # A. Ohnishi, FLOCD, Apr. 19, 2019 49




Strong Coupling Lattice QCD action (2)

s 1/g? correction
Faldt, Petersson ('86), Miura, Nakano, AO, Kawamoto ('09)

(NLO)  o(SCL) Br 4oy r— e
SO =sG Y v v v

2 , T x4y
x,]

—Bs Y MM, M . M
x,k,5,k#j

B, =1/2N2g?, B, = 1/16N}g?

Plaquet (1/g°) corr. generates
* Density-Density (VV) 4-Fermi Repulsion
» 8 Fermi attraction

] - vos
o YITP-o # A. Ohnishi, FLOCD, Apr. 19, 2019 50




Imaginary Part Shifted AFMC works !

, AFMC-NLO ; AFMC-NLO (subt. = pqi}=ﬂ.5 1)
< T :; 0 - .
2t 6B wpy L'N; - 2t .
1t 1 L
E =
z 0 = 0
a1t a1t
2 3 2 3
B=3, 47 x4, WT=0.4, T=1.0 B=3, 4" x4, WT=0.4, T=1.0 "
3 - - - 3 - - -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
[’-‘IS |
i AFMC, 4°x4, =3 . AFMC, 44, B=3 (subt.)
wrT=0 8- =5 EI—-E|
- o= -
0.8 - G—a8—a gi . 1 0.8 ¢ E .'. |
& 'S . L P
pos| T R I V1 B |
= AN 0.8 = 3 o, 02
= 04 e L m 1.0 -~ 1 =04 ¢ S e wWrT=0 = A
S Y - % S 0.3 =m-
W A ] .
Vo 1 Voo2r N 0.4 © 1
£ L
0 EES 0 X ﬂg
_l]z I I I _['2 1 1 |1'{:I 3
0 0.5 1 1.5 2 0 0.5 1 1.5 2
T

T
AO, Ichihara (Lattice2015)
m-m as
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When density fluctuation is small,
auxiliary field shift of the imaginary part by constant
works well.

However, when density fluctuation is large
(e.g. around the Ist order phase transition),
simple shift does not work.

Configuration dep. shift of the imaginary part
— Complexified variable methods
(LTM, CLM, GTM, POM, ...)

SN | = QS
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Path Optimization Method

Y. Mori, K. Kashiwa, AO, PRD 96 (‘17), 111501(R) [arXiv:1705.05605]
AQO, Y. Mori, K. Kashiwa, EPJ Web Conf. 175 (‘18), 07043 [arXiv:1712.01088]

(Lattice 2017 proceedings)

Application to field theory using neural network
Y. Mori, K. Kashiwa, AO, PTEP 2018 (‘18), 023B04 [arXiv:1709.03208]

Application to gauge theory: 1-dimensional QCD

— Talk by Yuto Mori (next talk)

Application to effective models with phase transition
K. Kashiwa, Y. Mori, AO, arXiv:1805.08940 and in prep.

Discussions

Summary
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Path Optimization Method

Y. Mori, K. Kashiwa, AO, PRD 96 (‘17), 111501(R) [arXiv:1705.05605]
AO, Y. Mori, K. Kashiwa, EPJ Web Conf. 175 (‘18), 07043 [arXiv:1712.01088]
(Lattice 2017 proceedings)
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Lefschetz thimble method

E. Witten ('10), Cristoforetti et al. (Aurora) ('12), \i
Fujii et al. ("13), Alexandru et al. ('16). Thimble \/ :
[Alexandru (Tue)] wnt
# Solving the flow eq. from a fixed point ¢ i \ f/ GTM,
Rez

— Integration path (thimble)
Note: Im(S) is constant on one thimble

dz(t) (98 dS ]88/
Jo s~ _<8zi> /dt_zi:‘(?_z

# Problem:
@ Phase from the Jacobian (residual. sign pr.),

@ Different Phases of Multi-thimbles (global sign pr.),

GR, C:Znaja

@ Numerical Cost,

@ Stokes phenomena, ...

G = gas
YITH P-4 % A. Ohnishi, FLOCD, Apr. 19, 2019 55




Complex Langevin method

Parisi ('83), Klauder ('83), Aarts et al. ('11), >
Nagata et al. ('16); Seiler et al. ('13), Ito et al. ('16). 00 9 o L
[Sexty (Mon), Stamatescu (Tue)]

# Solving the complex Langevin eq.— Configs.
Ci;, = — Sf + n;(t)(n; : White noize), (O(x)) = (O(z))

# No sign problem.
# Problem:

@ CLM can give converged but wrong results,
and we cannot know if it works or not in advance.

TRV 2= QS
'YITP-<525 A. Ohnishi, FLOCD, Apr. 19, 2019 56
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Path optimization method

Morietal ('17), AO, Mori, Kashiwa (Lattice 2017), ‘i
Mori et al. ("18), Kashiwa et al. ('18);

Alexandru et al. ("17 (Learnifold), '18 (SOMMe), '18), T ' ‘l‘ I ‘I

Bursa, Kroyter ('18). T T f t
[Alexandru(Tue), Mori, Lawrence , Kroyter (Wed)] Rez

# Integration path is optimized to evade the sign problem,
i.e. to enhance the average phase factor.

APF = (e") 4 = /daze_s//dx|e_s\ = Z /2,4

‘ Sign Problem — Optimization Problem I

# Cauchy(-Poincare) theorem: the partition fn. is invariant if

@ the Boltzmann weight W=exp(-S) is holomorphic (analytic),
@ and the path does not go across the poles and cuts of W.
# At Fermion det.=0, S is singular but W is not singular

@ Problem: quarter/square root of Fermion det.

S o el = QS
YITP “:“3 A. Ohnishi, FLOCD, Apr. 19, 2019 57
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http://inspirehep.net/record/1672924

Cost Function and Optimization

8 Cost function: a measure of the seriousness of the sign problem.

Fla(@)] =3 / dz |e : F(z)em 5|

=I2| ([{“)pa| " —1) = Zpq — |2]
0 = arg(Je™ ), Oy = arg(Z)]

# Optimization: the integration path is optimized
to minimize the Cost Function.
(via Gradient Descent or Machine Learning)

i0(z) _

@ Example: One-dim. integral — Complete set

z()—a:—l—zy ch

dz(t)
dx

Z = /de(x)e_S(z(x)), J(x) =

S\ E st
YITH P-4 % A. Ohnishi, FLOCD, Apr. 19, 2019 58




Benchmark test: 1 dim. integral

# A toy model with a serious sign problem
J. Nishimura, S. Shimasaki ('15)

zZ = /daz(az + ia)P exp(—z2/2)
@ Sign prob. is serious with large p and small a — CLM f{ails

# Path optimization
y(z) = c1exp(—ciz?/2) + ¢z, J =1+ idy/dx

@ Gradient Descent optimization 5 — :
- o=l
@ Optimized path ~ Thimble o | p=50, /(1510 \\.\
around Fixed Points ST s
E -10 r'/ Ll \'\
-15 | ‘. .’
\ /
-20 \-\ modified path :
55 \ __thimble - - - -
-10 5 0 5 10
Re z

Mori, Kashiwa, AO ('17); AO, Mori, Kashiwa (Lat 2017)
TRV 2= QS
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Benchmark test: 1 dim. integral

s Stat. Weight J e®
On Real Axis

(x10°Y)

On Optimized Path
(x10%%)

# Observable
CLM Nishimuga, Shimasaki ('15)

T
exact

W ==
@ -0 | i il f’wﬁ

: \£
T
200 J‘ ‘H‘ ‘ ‘ ‘ p=50
A 100 +|||||||||"l"|| - POM
“ o P4 (HMC)
0 _I.-I.-.|...'..J.-.l'..:;;.'r':!.:;..ll!-.!;:-db..';:-..t...Ifl. T —
* I |I |I |I iy 48
| | &
-100 ‘ | | | | ]+ Exact

so0 LT POM —=-

5 10 15 20

o
Mori, Kashiwa, AO ('17); AO, Mori, Kashiwa (Lat 2017)

.
m u
B
|
> ="= = m  YUKAWAINSTITUTEFOR
- THEORETICAL PHYS|

o | -: e -L- E
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Now it's the time to apply POM
to field theories !

fa mm T vQs
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Application of POM to Field Theory

# Preparation & variation of trial fn. is tedious in multi-D systems
2i(T) = Ti + 1) . . Ci(nang...)Hpy (21) Hny (T2) Hpg (23) - -

# Neural network

@ Combination of linear and non-linear transformation.
a; = g(Wz‘(jl)xj +b_§1)) parameters
fi=g %@Qaj T b_z(2 )
zi = & + (0 fi(x) + 5i)

g(x) = tanh x (activation fn.)

@ Universal approximation theorem
Any fn. can be reproduced
at (hidden layer unit #) — oo

G. Cybenko, MCSS 2 ('89) 303 Hidden Layer(s)
K. Hornik, Neural Networks 4('91) 251

A. Ohnishi, FLQCD, Apr. 19, 2019 62



Optimization of many parameters

a8 Stochastic Gradient Descent method, E.g. ADADELTA algorithm
M. D. Zeiler, arXiv:1212.5701 Grad. Desc. -

dci/dt — —3.7-“/802
Learning rate

par. in (j+1)th step
\C§j+1) — ) 41)

Y mean sq. ave. of v
(4
o0t = VA TE )
decay rate Pt e

. ~—___ mean sq. ave. of F
(J-|—1) _ ,YT(J) +(1— ,y)(Fi(J)>2

(J+1) _ 73(]) +(1 7)(0(3'4—1))2

sradient

evaluated\F = 0F/0c; Machine learning

in MC T ~ Educated algorithm
(batch training) Cost fn. to generic problems

A. Ohnishi, FLOQCD, Apr. 19, 2019 63




Hybrid Monte-Carlo with Neural Network

Initial Config. on Real Axis

2
HMC H(z,p) = % + ReS(z(x)) Jacobian
Do k=1, N _epoch — via Metropolis judge

Do j =1, N_cont/N_batch

. . . . G+ _ G) _ o (G+D)

Mini-batch training of Neural Network o = =
Grad. wrt parameters F = 1 Z OF (n)/dc;
(N_batch configs.) Nbaten <

Enddo
2
New N_conf configs. by HMC H(z,p) = % + ReS(2(x))
Enddo

N batch ~10, N conf ~10,000, N epoch ~ (10-20)

48 1" YiTP-«ttg A. Ohnishi, FLQCD, Apr. 19, 2019 64




Optimized Path by Neural Network

Gaussian
+Gradient Descent

Neural Network

O O O O

Optimized paths are different,
but both reproduce thimbles around the fixed points !

AO, Mori, Kashiwa (Lat 2017)
] = vos
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Comments in order

# Neural Network in POM — Unsupervised Learning

@ We do not prepare “Teacher data” with problems and answers,
but we prepare “Training data”.

@ When APF increases, we can judge that “NN learned”.
c.f. Learnifold: Machine learning of GTM manifold
(Alexandru (Tue))

# Sign problem ~ (almost) “NP hard” problem

@ Once the optimized path (answer) is given, we can examine the
result (average phase factor) in MC simulations.

- YTP # A. Ohnishi, FLQCD, Apr. 19, 2019 66




Application to complex ¢* theory
using neural network

Y. Mori, K. Kashiwa, AO, PTEP 2018 (‘18), 023B04 [arXiv:1709.03208]

A. Ohnishi, FLQCD, Apr. 19, 2019 67



Complex ¢* theory at finite u

s Complex ¢* theory
L= 0,0 "¢ —m?¢"¢p — A(¢"¢)’

# Action on Eucledean lattice at finite u.

4 + m? A
S = Z [( 9 )¢a,x¢a,x + Z(¢a,x¢a,x)2 _ ¢a,m¢a,x+i o COShlngba,acqba,,a:—i—f)

+1€4p Sinh 1 ¢a,x¢b,x+0} (gb ~ %(ﬂ T Z@)>

complex Complexify

APF - Demsity - ——————

SCI I Y / |/ Complex
N R ot f | / {Langevin
]z : | 4 | & Lefschetz

Jh0 ! Tl i w, |/ | thimble

BN poo A 1 | work.

S Racse—p—o 44 s 4 o o paf.

'G. Aarts, PRL102('09)131601; H. Fujii, et al., JHEP 1310 (2013) 147

o) YTP o A. Ohnishi, FLOCD, Apr. 19, 2019 68
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POM result (1): Average phase factor

s POM for 1+1D ¢* theory
@ 42, 6%, 8% lattices, A=m=1

@ p_~0.96 in the mean field approximation

@ Enhancement of the average phase factor after optimization.

APF APF

n

Optimization _> H

_ o Y. Mori, K. Kashiwa, AO, PTEP 2018 (‘18), 023B04 [arXiv:1709.03208]
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POM result (2): Density

# Results on the real axis
Small average phase factor, Large errors of density

# On the optimized path
Finite average phase factor, Small errors

16
Density (4 |
12
10 |
VAN
: s
Mean Field App. o2 g '
S m’ 2, A4 2t
V—(1+7—coshu)¢ +Z¢ , 0 L
n =¢*sinh p | -2 ' ' ' '
0 0.5 1 15 2
oo o (1l < 1) .
stat. m>
S(coshp—1—"15)  (Jul > pe)
Mori, Kashiwa, AO (‘18)
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) I YITP -2 A. Ohnishi, FLOCD, Apr. 19, 2019 70

B e kyoto 25



POM result (3): Configurations

# Updated configurations after optimization
— sampled around the mean field results

# Global U(1) symmetry
in (¢, ¢,) is broken(*)

p=0.6 |

—_— -2 el
T T

by the optimization
or by the sampling.

Re z-
=

i i
[

i
(8]
i

3 3
2t 2t
1t 1t
5 0 > 0F
e = _
1t 0t
2t 2t
% . . 3 — — 3 S S
This dooes I%Ot contradict a9 1 0 1 5 3 39 10 1 5 3
the Elitzur's theorem. R R
°h Mori, Kashiwa, A0 (‘18)
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Which y's should be optimized ?

s Correlation btw (z,,z) of temporal nearest neighbor sites

are strong. Other correlations ~ 10 times smaller

Im(S) = Z €ab SINN 1L Do 2Py L1

X
# Hope to reduce 107!
the cost to be O(N_ ) \{
10
-,
. 9
ng T A
N Sy e
- z ﬂ : | .
4 | -
107 g x . o
. 6° lattice
Yo 1 2 3 4 s
O = Ya,i 2_|_ OYs,j ’ .
9=\ Ouy. s Distance n

Y. Mori, Master thesis
TRV 2= QS
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Application to Gauge Theory:
1 dimensional QCD

> Next Talk (by Yuto Mori)

Y. Mori, K Kashiwa, AO, in prep.

A. Ohnishi, FLQCD, Apr. 19, 2019 73



Application to Effective Models
with Phase Transition

Y. Mori, K. Kashiwa, AO, PLB 781('18),698 [arXiv:1705.03646]
K. Kashiwa, Y. Mori, AO, arXiv:1805.08940 and in prep.

5 ] = vos
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Complexified Variable Methods with Phase Transition

# Phase transition

@ Transition of the dominant weight
from a thimble to another thimble.

@ Thimble structure would be

complicated.

# Thimbles in Nambu-Jona-Lasinio

model Mori et al. ('18b)

@ Complicated structure
with many cuts from log.

Does POM work
in Eff. models with P.T. ?

Y. Mori, K. Kashiwa, AO,
PLB 781('18),698 [arXiv:1705.03646]

i
o

Im o (MeV)

J, (irrelevant)

o
o
T

Re M (MeV)

0 200 400

;E-\ZI'.ﬁ.'.;.f.ﬂiii_'jf_.','-_'i'-j':f" 277 4600

RN :

l10]3 (@rrel.) ,’ _

AN P 1 400 2
Ry o/ s

N ] 0

= b .
Ji | | J2|
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Re o (MeV)

|
"m \PQS
8
|
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Application to PNJL

a8 Polyakov-loop implemented NJL model B
with homogeneous auxiliary field anzats of (o, ®, ®, D).

I'pniL = / d*z [g(—i P +mo — py)g — G {(q9)* + (§iTq)" }]

1%4 _ 14 Pol. loop pot.
+ ?ch(q), P) ~ = VNJL + ch‘}/
d’p 2 2 — £+
VNIL = — QNf (27T)3 NCE_p— NC\/p + mg + Tlog(f f )
+ G(o? + ) G, T o, T, D, ®

@ Action (I') has the imaginary part.

@ The sign problem exists at finite volume.
(Mean field becomes exact at infinite volume.)

K. Kashiwa, Y. Mori, AO, arXiv:1805.08940.
A. Ohnishi, FLOCD, Apr. 19, 2019 76




Application to PNJL
s Path optimization for (A;, Ag) with V=k/T°, k=64.

@ Transition from Confined NG phase to Deconfined Wigner phase

@ Ave. Phase Factor ~ 0.25 around P.T. — ~ 1 after optimization

1 g H=0 - L T=0.1GeV
T | lo—e—8 —6—6—6—0—6—=0-
' Re <e' > h
A e :
,.g 0.5} . vV 05} |
vV ' ]
af I".Ix ] | i . a—"‘. ]
:,.,:' \—_ '  Im {Ei 0, |
i Tt s - e - e
0oy o3 0 0.2 0.4
b [GeV]
K. Kashiwa, Y. Mori, AO, arXiv:1805.08940.
N LA rQas
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PNJL with Vector Coupling

# Action of PNJL model with vector coupling
I'pnyLy =I'pngL + Gy /d433 [(@709)° — (@vi9)°]

— logdet D + /d4:1:(G(02 + %) + vaZ) + %V@(q}, D)

D=—1 @ + Mg + 2Go — ’)/0(/1 — QiGUW4> — 2@G’757? . 7?—|— QGU’}%W@

Wick rotated vector field — Complex Action

18 g R— = 1 R

m ¥ -'
=i ' =) . % %E .
vV ost || o \ Vst ]
re -' cr _ B
k—VT =64 |  k=VT3=8
- T=0.1GeV - - T=0.1GeV .
0 - 0 Em e
o 0z o4 o 0z o4
u [GeV] n [GeV]
K. Kashiwa, Y. Mori, AO, in prep.
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Discussions

A. Ohnishi, FLQCD, Apr. 19, 2019 79



Frequently Asked Questions

# How many parameters do you have ?
— Many ;) For generic trial funciton (V= # of variables)

Yi = yqz($1,$2, . --5UV)
Npar = (Mayer + 1) X V X (Nunit + 1) + 2V

# How about the numerical cost ?
— A lot ;) Derivative of J with respect to parameters cost most.
—1
0J _ Ja J gk (921
oc; Oz; Oc;
a It is still polynomial.
Does the sign problem becomes “P” problem?

— No. The average phase factor is still exp(-# V).
If extrapolation is possible from finite V, we have a hope.

> O(V?)

# How can we reduce the cost 2 — Next page

# A. Ohnishi, FLQCD, Apr. 19, 2019 80




How can we reduce the numerical cost ?

# Restrict the function form of y(x).

@ Imaginary part is a function of its real part.
E.g. Alexandru, Bedaque, Lamm, Lawrence, PRD97('18)094510

Thirring model, 1+1D QED

v, = f(x;), f(x) = X\g + A\ cosx ,

@ Nearest neighbor site
F. Bursa, M. Kroyter, arXiv:1805.04941

0+1 D ¢* theory S T
Translational inv. + U(1) sym.
! my (1) sy Ave. Pha_se Fact_. H

™ © =
= — = T T T T T o e

o EabLa,i+1 mx\__"“‘*'-;;:_:__:_ i

T TR Ak, RN
. % \\ | NT .

- LV -

m  YUKAWAINSTITUTE FOR
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Frequently Asked Questions (cont.)

# What happens when we have 101? fixed points ?
— In that case we should give up. (My answer @ Lattice 2017)
— If those fixed points are connected by the symmetry,
we may be able to perform path optimization.

3

5 | P Mean field results

! : = Degenerate fixed points
3oof (All have the same 0.)

-1 F

2t

3

-3 -2 -1 0 1 2 3

Re Z,

If they have different complex phases, the global sign problem
emerges and the partition function would be almost zero.
E.g. H. Fujii, S. Kamata, Y. Kikukawa, arXiv:1710.08524

# A. Ohnishi, FLQCD, Apr. 19, 2019 82



http://inspirehep.net/record/1632175

Summary

# The sign problem is a grand challenge in theoretical physics,

and appears in many fields of physics.
Complexified variable methods (CLM, LTM, GTM, POM) would
be promising to evade the sign problem.

Path optimization with the use of the neural network is
demonstrated to work in field theories having many variables.

@ 1+1D ¢* theory at finite p (neural network)
@ 0+1D QCD w/ fermions (2D mesh, neural network)
@ 3+1D homogeneous PNJL (neural network)

Neural network (single hidden layer) is the simplest device of
machine learning, and it helps us to generate and optimize
generic multi-variable functions, y=y.({x}).

Gauge fields (link variables or Polyakov loop) and Repulsive
interaction makes the sign problem more severe.

A 1Y TPy A. Ohnishi, FLOCD, Apr. 19, 2019 83




Layers in Human Brain

8 Defelipe 2011a (Review). The evolution of the brain, the human
nature of cortical circuits, and intellectual creativity. Front
Neuroanat 5,29,  Human pomion

A s AS BS%:; L 0.3

E
S$S 11%: L 0.30 E | __ /soum
8 50 pm
2 {AS 88%; L 0.31 Rat
$S12%: L0.29 N=1 AS B0%; L 030
SR ° 209549 1 s 200 Lo27
e araisgra = W% L0.20 i AS 90%: L 0.30
A SS 10%; L 0.22 g S=1269002 oo vpm: L 028
AS 90%:; L 0.29 e AS 92%: L0.29 g g:gSEES? {AE 85%: 1024
$S10%; L0238 Pl 5398264 7 oo o0 | 009 L SS 15 %; L 022
=23 AS BO%: L 0.3 X ““__-: E;tmﬂ@? AS BG %; L 0.26
_ §=51 : S511%:;L023
| R TR ) N=83 AS 77 %; L 0.21
] | N=32 AS 90%; L 0.27 doh S=1810662 ;
A S- 953&90{55 m%f i Qi f N=$gaﬁ% AS 90%; L 0.30 §523 %;L0.20
' LS. S 10%; L 0.30 O -5 AS 84 %; L 0.24
ROl 5= 13251807 o5 16 96: L 0.2
N=91 AS 94%: L 0.29 i
AS 92%; L 0.30 Sl e g:;;’gm? AS 84%; L0.20
Ss8%: L0.22 Ty S516%; L0.18
Cortical thickness= 2622 pm Cortical thickness= 1827 um Cortical thickness= 1210 um
Neurons (N)= 158 Meurons (N)= 249 Neurons (N)= 364
Synapses (S) =4683400 Synapses (S) =4507828 Synapses (5) = 7673503
AS synapses= BS%; L 0.30 pm AS synapses= 89%,; L 0.30 pm AS synapses= B4%; L 0.23 pm
S5 synapses= 11%; L 0.25 um S5 synapses= 11%; L 0.28 pm S5 synapses= 16%; L 0.21 pm

N° synapses/neuron (S/N)= 29642 N°® synapses/neuron (S/N)= 18104  N® synapses/neuron (S/N)= 21081

-m st
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Config. dep. vector field shift ?

Re(W)

T=20 MeV, u=350 MeV, "r".-‘ILJ= 1& '}r =
337 %j
i 2.
-.q i }_:.
o il 0.5
ﬂ'ﬁ B 0

High density
Quark Matter

e ettt
Cad oo bt b ok Pt e

&e sose
ot b 2 . o i o

Low density
Nuclear Matter

\
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Application to Gauge Theory:
1 dimensional QCD

Y. Mori, K Kashiwa, AO, in prep.

A. Ohnishi, FLQCD, Apr. 19, 2019 86



0+1 dimensional QCD

# (+1 dimensional QCD (1 dim. QCD)
with one species of staggered fermion on a 1xN lattice

1

1
5 252 (XTQ'MUTXT_HA)_XT+(A)€_MU7-_1XT) +m ET:XTXT — §>_<DX

ot :/DUdet D[U] = /dUdet [XN+(—1)N6N/TU —I—e_,UJ/TU—l}

Xy =2cosh(FE/T), E =arcsinhm , U=U,Usy---Uy , T=1/N

3
Bilic+('88), Ravagli+('07), Aarts+('10, CLM), Bloch+('13, subset), X
Schmidt+('16, LTM), Di Renzo+('17, LTM) ’ Us
@ A toy model, but the actual source of QCD sign prob. X2
@ Studied well in the context of strong coupling LQCD Ui
E.g. Miura, Nakano, AO, Kawamoto('09,'09,'17), X1
de Forcrand, Langelage, Philipsen, Unger ('14) [/ N

XN
T o

)l - YU\TP ) # A. Ohnishi, FLOCD, Apr. 19, 2019 87



http://inspirehep.net/record/1627881

1 dim. QCD in diagonal gauge

s Diagonal gauge
U:(eizl,6i22,6i23) (Zl—I—ZQ—I—ZS:O)
Z:/dUe_S(U) :/dxldeH(x)e—S(az) :/d21d22H(Z)€_S(Z)
R

C
0z, 8 , a — .
= /dx1dx2 det (&ib) [3? ESHP (Z 5 Zb)} [1;[ (XN 4+ 2cos(z, —ip))
Jacobian Haar measure exp(-S)

# Path optimization (t: ficticious time)
— y(x,,Xx)) itself is the parameter on the (x ,x,) mesh point
zi =T + Y1, Yi = Yi(T1, T2)
dyi B 8qu
dt ayz

, Zoq = /dajlda;2|JHe_S|

N e QS
'YITP-<525 A. Ohnishi, FLOCD, Apr. 19, 2019 88
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Path Opt. of 1 dim. QCD in diagonal temporal gauge

# Path optimization
@ Average phase factor > 0.99 — Easily achieved

@ exp(-S) and Haar Mesure — “six pads” Schmidt+('16, LTM)

APF

fictitious time

Mori, Kashiwa, AO, in prep.
-m = vos
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1 dim. QCD with Hybrid MC

a Concern...
@ Six pads are separated by the Haar measure barrier.
Symmetry : S(—z) = (S(2))", z; <> 2;(i,5 =1,2,3)

Do we need exchange MC or different tempering ?
E.g. Fukuma, Matsumoto, Umeda ('17)

# Hybrid Monte-Carlo in 1 dim. QCD

N2—-1
C P2
U—UU)=U ] ev*/? H= - +Re(SU(U))
a=1

SL(3)

@ 8 variables — path optimization using Neural Network

e L AVe rQs
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1 dim. QCD with Hybrid MC

s HMC + diagonalization of the link
— All six pads are visited, and no Ex. MC needed.

Mesh point + Grad. Desc. HMC + NN

Mori, Kashiwa, AO, in prep.
] = vos
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