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B FRDEFRIFEREDIRY#EH

- AHRBER: B/MERORE 6 5=0 — HEMBELL
+ SLDOFTHRRTHMA

condensate (Time dep. Gross-Pitaevski), nuclei (TD Hartree-Fock), Inflation,
high-energy heavy-ion collisions (classical Yang-Mills), ...

- FFEUEREHISGEIE, EFER TIRIILX—FEXRH

ne = T /w(Classical), ng = [exp(w) F1]7 (Quantum)

- (AROTHRBZEV)BRFRORERERANDRYEH

e Closed Time Path+2PMEIZ &k b2k (Kadanoff-Baym A2 =)

Aarts, Berges ('02), Hatta, Nishiyama ('12)
- BRIV —RTLHEVBSICEH AR BEX

- BERRBHEEZEICHS and/orBlHKLY

Bodeker, McLerran, Smilga ('95), Greiner, B.Muller ('97),
Dumitru, Nara, (Strickland) ('05,°07) ...

— RIS (I h sERE . & IR SR F D E (L non—trivial

T C B F#AE"EE O RIBORMALBNIL.. > LT HFER
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LT hREE

(Replica evolution)
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L7YAHRERETD S B (BFF)
. HRAFTOHNEERK

dxd H(z,p)
H=" U zo(1) = [ G exp [— Tp]
- BFHETOHERE (ERERE)
s—1lv i o) 2o(T) = [ Dwexp(~Slal)
N 9 1/T T 2
V:Z%(%H—%fﬁﬁfo df%[%ly {=NT
- LTI RER (RBFERSEEZHEEEREAET) TO AR
H=> {%3 + U(ﬂh)} +V Zp(§) = D;?p exp (_H[z,p])
HTZ:T Dr)  ES[¢] —(2m&)N"' 22 (T)

BRI R CHEER T ONED T I D 2 EEEH (RE &)
o< BFHFTHDSEEIH GBET=£ /N)
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L7 U 68T 2) ~ ey BB
o LTVHER (x,p) DEBAEA-ELEESHER

de; OH
dt  Op;, — b
dpr  OH = OU(x;) )
7R Sy + & (Tr1 + Tro1 — 227)
- LFYHIBEEY T-derivative terms
dr 1 dr; .
dt ~ N & dt — P

dp 1 dp 1 oU(z,) ¥
d]t) == T Z =% T a;ﬁ ) + 0 (Ehrenfest’s theorem)

__ou(x) 2
= = T 0((62)")
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L7 hR & (Replica Evolution)

Replicas Closed time path
of classical field 5

H._
Il'r -2

4" Interaction (ra(t), Tra(t))

btw Replicas

H=ZHT f ZVT,TH = %Zﬂ'grm | {S:(p’

Zr =/’D1?’D<~'} exp(—H/€) /D(f’ exp(—5S¢])

LIVhFER=BFHEEZEOTANF
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ABS—BDLTHREE
- BOEBTOLITVHRE
. Djl)ﬂ%& (mTapT) — (¢Ta:7777-:13)
- IBOBR - EEYCAH., FORIRILTF—DKRE

o {5i: ¢4the0ry )%
1 — V m? A 4 52 2
Z [ gbﬂn) 7957:1;;' ﬂqum + 9 (¢7-—|—1 x ¢7m)
H($rosTra) £S(¢)
_5&¢

e HE<YZH (1 loop)

Aarts, Smit ('97), Kapusta, Gale (textbook)

om® = %<¢2>div O
5 1 1 x

<¢ >div — ﬁ zk: ka\/l n (wk/2€)2 i Sin2 /\<(a52>/2
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ERE S
« LIUHTOER RS (B 1)

1

1 4 1
wi /2£)? eSe/T — ]
Free field, Matsubara sum / Thermal
Zero point — Bose-Einstein

EonRMRERYRLE, LA)—-O—0 XL MY BRITS,
(N=1 (:E-%@Eﬂﬁ)'Cld:ycél-(d:m")ﬁ('}'&b\)

(or]%) NZ (PrkPni) +wk\/1+

103 ‘Replica (N=4) 103 ‘Replica (N=4)
10 Classical (N=1) ] | Classical (N=1)(x5) +
107 | thermal (lattice) 1() ; thermal (lattice)

A 10 “‘, +zero point (lattice) A§ 10! :l::::. Bose—Eu?:stem e ]
107 | M0aggqq,.. | 10 | .‘\‘N’ 32° x 4 or 1;
V107! | \’m”:”:”ﬁ’ v = 107! | ““". Maags d
1072 | 293 T 1 1072 | haa " ‘V“"’t
3 F 32° x4 or 1 S e R 3 vw.',
10~ 5 R 10~> [Zero point subtracted %.,,
g =8, m=0, T=0.5, w/ dm =4 A=8, m=0, T=0.5, w/ 6m
10 ‘ ' ‘ ‘ ' 10 ‘
0O 05 1 15 2 25 3 O 05 1 15 2 25 3
k k
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LIVHRRETOREE

- {\Vc Kapusta, Gale (textbook)
<) ﬁ&d)ﬂlﬁl ) , , Parwani ('92, '93)
e Leading Order (one-loop) Mio =m" +AT"/24. O
2
* Resummed One-Loop M2 = )‘2% 1— % 2%] o 2
 Two-Loop ) ,
M? A 1—E A—I— A §lo L + 21lo A +
2—loop = 94" Vo1 T am)? 2778 anp 5\ 24 ’
¢ l/j')j]%& : One 1\I;)(;P — |
?ﬁiﬂ*ﬁﬁﬁ&b\bﬁéhf: 0.8 - Replica (m='i§§ ® i
=(.5
%El = 06| (m )_ 2
_ < -
C( ) — <<bp=0(t)<bp=0(o)> = 04 L m=0.5
LI)hREETDRER 0.2
—1N—TE#8AS .
HAEERHRZED 0
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FEDH

o BFHAHEZ L OHHANFE (HRIFER) THS
L j') ﬂ%i%i&ibf:o

o EEFMHIEEEZL 7 hiE1E(replica index)&L T,
EFEEXTERNS t HAPEERTUOIOYILELTHET .,
4A(=3+1)RTZEMTOF/OEHROEHRNFRRR

- FisBIZ[ZHMC D 9 F B H 2B 5

- HHPOME LR FHREEZ RO,

s L) =V XRHHEL, 1 —TEB A -HEERANRETT
- SROERE

e CNFETITRESINTWSFELDHE
Hard mode effects [Bodeker, McLerran, Smilga ('95), Greiner, B.Muller ('97)],
Field-particle sim. [Dumitru, Nara ('05), Dumitru, Nara, Strickland ('07)], 2PI

[Aarts, Berges ('02), Hatta, Nishiyama ('12)], ...

o MIXABRNEDBE  Classical field — Boltzmann eq., A.Muller, Son ('04).
- FURE, EFRERER(TUNOE—£ R, BFITFRE). ..
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ZIERBHVNREITINELE,

Hidefumi Matsuda Toru T. Takahashi
AQO Teiji Kunihiro

AO, H. Matsuda, T. Kunihiro, T. 1. Takahashi,

Replica evolution of classical field in 4+1 dimensional spacetime
toward real time dynamics of quantum field,
arXiv:2008.09556 [hep-lat]
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Replica Evolution

* Replicas = N classical systems interacting with t-derivative terms (V)

N 1/T 2
£? 1 | 0x
VZE:E(ZCT-Fl_CET)Q:g/O dTQ[E
T=1

* Replica variables (x , p_) are assumed to evolve with canonical EOM

e Long (real) time evolution in 4+1D spacetime (space, T, t)
samples correct quantum statistical configurations of x .
~ MD part of HMC

* Replica index (t) average of (x , p_) obeys the classical EOM.
e Replica evolution of field

* Replace variables (Zr,07) = (Pras Tra)

e Mass renormalization & Subtracting zero point contribution

 How about dynamical properties of replica evolution ?

I will skip this page...
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Lattice Setup

o Lattice size: 32> x 4 (L=32, N=4)
 Temperature: T=0.5, Coupling: 2=0.5-10, bare mass:m=0, 0.5
e Average over replica index (t) and replica ensemble (Nconf=1000)

 Thermal ensemble is prepared by solving the Langevin equation
at temperature E=NT=2.

e EOM is solved in the leap-frog method (reversible !)
with the time step of At=0.025 until t=500 after equilibration.

e A few hours for each (A, m) on iCore7 PC (w/o MP).

A. Ohnishi @ JPS 2020.09, Sep.17, 2020 15



Momentum Distribution

Replica (N=4) o
Classical (N=1)
03 ¢ thermal (lattice)

Bose—Einstein - - - -

4 2
k <|¢k| >ren
~
o

A=8, m=0, T=0.5, w/ Sm’

0 !
0 05 1 LS 2 25 3
k
N Y5 (Voralt = 5 3 gkl > L [ kol
N2 T N et (2m)3 " TR

By subtracting the zero point part,

.| we can avoid the Rayleigh-Jeans divergence of ener
oL T Olmiehi & JPS 207009, Sep 173037 16




Time-Correlation Function

e Time-correlation function
(unequal-time two-point function at zero momentum)

T
g —— cos Mt
L3 ¢a: ¢y )> free MTQL "
n
e With interaction (non-zero 1),
C(t) shows damped oscillatory behavior.
— Thermal mass & damping rate
60 | R —
ek Replica Evol. - o 20 V Replica Evol.
A ...... .‘.-'-~.‘o A 10 '°~~~\-
‘é 0L+ . T e J-— § 0 ! . _,,'_.:.._..-o'.f:,. -
I 4 .-, g5, I \ 0‘—.- J o=
= =20 - AL . ccom = WE T S0 X L en™ "
- sty S B O ) I Lo
-40 = "'
- | | A=2, ml=0, w/ dm? =20 | =8, m=0, w/ dm*
0 50 100 150 200 0 100 200

t t
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Replica Evolution
of a Single Harmonic Oscillator

- P 4\?05 . .
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Replica Evolution of a Harmonic Oscillator

 Replica Hamiltonian = N free HO Hamiltonian
2

2 2,.2 =2 272
L P W=, S 21 __ Pn Mn'xn
H=2 [7* > +§<$T+l—%>]—zn [N\ 2/]
)%

M? = w? + 4€2 sin®(mn/N)
« Expectation value of x> in Replica
exp(—H /€) Matsubara freq. sum

o1 o 1 . ¥_ 1 ¢ i coth (©2/2T)
@) =5 2.0 = 5 200 = 5 2 M2 20\/T+ w248

() = 2&arcsinh (w/2¢)

Fourier transf.

T n n

- Zero point
E( N =1, Classical) / /thermal
ccoth (w/2T) 1 |1 1

2—|—ew/T—1

(N — oo, Quantum)
2w W

Equal time observables of x are reproduced at N —

N LAYA a@?@tﬁ
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Expectation value of X’

100
e
4
I
S
&) Quantum
Replica (N=4) ——
(N=32) ---------
10" ¢t | _ro®)
0 0.5 1 1.5 2
T/®
z(N = 1, Classical) — coth g(:/QT) (N — 00, Quantum)

w2

Equal time observables of x are reproduced at N —

Caw) mm\gs -\\?Qs
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Time-Correlation Function

e Time-correlation function (Unequal-time two-point function)

(t) = (5 le@)s(0) + 2(0)a(t)] )

* Quantum Replica
coth(w/2T T
CQ (t) — ( / ) cos wit CR(t) = E 3 COS Mnt
2w Mn
n
Quantum Quantum
2 | Replica (N—4) | LS ¢ Replica (N—4)
(N—2 ; 1| (N= " %
o O kiR R R
-1t g We7# o i
5 T/m=1.0, =1 . T/®w=0.5, =1
0 05 1 15 2 2§ 3 0 05 1 1.5 2 25 '3
ot/2n mt/2n

Not perfect, but C (t) roughly explains C Q(t) at T/w > 0.5
_- - Y TP 4\?‘?.‘3‘.‘
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Application to Gauge theories and Fermion Systems

e Gauge theory

 Temporal component of the gauge field is Wick-rotated in the
imaginary time formalism, and replica evolution cannot be applied

as it is, except for the case in the temporal gauge (A0=O).
 Fermions

* We do not know (yet) how to handle Grassman number in replica.

 Time-dependent Hartree-Fock theory may help.

- . = %%?ﬁg
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Damping Rate

 Apparent damping rate in replica evolution is larger than 2-loop
results at small coupling. Why ?

e Classical results (N=1) better agrees with 2-loop results.
Aarts (‘01)

 Power spectrum shows wide spread of the mass, but falls off
quickly. Fragmentation of zero-momentum single particle mode ?

= Replica —
107 ¢ Plo
107 10°
2
g g
107 Twoloop — { = 10
Replica (m=0) @& ; 10° F=
. (m=0.5) ® | 1
-5 4 N=1 (m=0) -o- - 107! |
190 P W L, | 3234, m=0, 1=0.5
1 10 10 ~ ; l :
A 0 0.05 0.1 0.15 0.2

®

= P QS
2 - . §
) 4
Y
NN
- 'YUKAWA INSTITUTE FOR s ‘?’_“_‘
THEORETICAL PHYSICS joto -]

-.'-. [ vire %
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Commutator in Classical Dynamics

e Classical-Quantum Correspondence

(A, B] — ih{A, B}pg + O(h°)

e Unequal-time Poisson bracket Aarts (‘01)
(3len @) 2n(0)) = (5 (o(0,2(0)}en
7 0%, (t) 0z,(0 0%, (t) 0z,(0
3 [ (t) (0) (t) ( ))]>

2 Oy (to) OPn (to) AP (to) OFn (to

2

1 1 .
‘;eg —§;MslﬂMnt

- -

n,n’

al result in a HO.

 Unequal-time derivative can be obtained by using the Trotter
formula together with Hessian matrix.
Kunihiro, Muller, AO, Schafer, Takahashi, Yamamoto (‘10)

| YITP Kyoto 354
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Previous Attempts

e Separate soft and hard modes
Soft modes still have classical statistics, cutoff needs to be small.

e Effective action of soft modes by integrating hard modes

— dissipation and fluctuation from integrated hard modes
D. Bodeker, L. D. McLerran and A. V. Smilga, PRD (‘95)52;
C. Greiner and B. Muller, PRD 55 (‘97)1026.

e Introducing mass counterterm — Similar results with 2PI
e.g. G. Aarts and J. Smit, PLB 393 (‘97) 395.

* Coupled equation of field and particles

* Solve coupled equation of field and particles — faster equilibration
A. Dumitru and Y. Nara, PLB 621 (‘05) 89.

* Two particle irreducible (2PI) effective action approach

— Large numerical cost to simulate 3+1D fields
J. Berges, AIP Conf. Proc. 739(‘04)1; G. Aarts, J. Berges, PRL 88(°02)041603; Y.

Hatta, A. Nishiyama, NPA 873(‘12)47.
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“Classical” evolution to “Quantum” equilibrium

. Example (p4 theory on a lattice at T=C/N
1 2
Z Z [ T(,bTac §(V§b7—a}>2 + %(bq—m + ¢’T:B] — ZQ = /D¢e SE

7'1:1:

e Classical Hamiltonian

H(¢p,m) = Z [; T (V¢m) + rm;qbi + 2_);l¢i] — Zel = /quDwe_H(‘b’”)/T

€T

* Replica Evolution: Simultaneous evolution of N configs of CF

2
H = ZH(¢T77TT) + Z % (¢T+1,:B _ ng:B)Q — Z 17-‘-72-:13 + fSE

— ZR(Trepl) = / D¢Dre 16 x / Dge°F

AO, H. Matsuda, T. Kunihiro, T.1T. Takahasi, in prep.
(e . . Y TP u@?@ﬁ
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Replica Evolution

 We consider N classical field configurations, dubbed as replicas,
which interact with each other
via the t-derivative potential terms.
(~ Molecular dynamics part of the hybrid Monte-Carlo)

* Replica evolves according to the classical EOM.

e In the replica ensemble at temperature C=NT,
classical field distribution is described
by the quantum partition function in the imag. time formalism
after the long real-time evolution.

 Question

* Does the replica evolution give correct real-time evolution ?

e Does it describe the thermal mass correctly ?

A. Ohnishi @ JPS 2020.09, Sep.17, 2020 27



Scalar theory (¢p?) on the lattice

 Lagrangian & Hamiltonian

1 1 A\
_ _ w22 Y 4
L 2(9M¢3qb 2mgb 24gb

2 A
H.m) = Y 372 + 5 (Vo) + T3 dk + 5104

* Replica Hamiltonian & Equation of Motion fluc. in
replica index
52
H=) Hprm)+V, V=15 TX;(@H@ - ¢)’
d T d7T7':1: OH Ty Tr
o | 3?5 — TTrge At — a(z ) ‘|‘£2(¢7——|—1,m - ¢T—1,m _ 2¢Tm)

_ . )~
Go =5 Y bra= b = (00 + M)+ 5(3a)® = O((59:)"

=zero in classical field eq.
A. Ohnishi @ JPS 2020.09, Sep.17, 2020 28




Mass Counterterm

e Leading order thermal mass
\ \ 9
2 _ 02 g2 Ny 2 N2 X
M* =m* —dm~ + 2(qb v =m* + 5 <qb >ren o -

gy AL ! 1,
2<¢ >T 21,3 - Wk\/1+(wk/2€)2 [2 T GQk/T—lJ

. w20,

—> ||

Matsubara um. om 2
* Perturbative Calc. 15 — | |
Kapusta, Gale ) s 32%x4 lattice
m=0.5 (W/dm) —— m_g5
Mio =m?* + \T?/24. ;| Wodm’) ---- e :
o . A
2 S e
pzo AT B A] g
resuim 24 T 24 — Ei
= 0.5 e
[ IR0 PRI Y P Y A i
27loor 4 TV 24 ’ e :---::-: e
A [3 T2 A 0 ' ' - '
2 2108 | gz ) T2le oy ) T 0 2 4 6 8 10
A
R.R. Parwani, PRD 45 (‘92 E:48(°
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Numerical Calculation Setup

« Lattice size = 32> x 4 (L=32, N=4)

e T=0.5 (.=NT=2); m=0, 0.5; 2=0.5, 1, 2, 4, 6, 8, 10.

* One loop renormalization of mass, no counterterm for A.
 Initial conditions are obtained by solving the Langevin equation.
e Solve replica EOM until t=500 with the time step of At=0.025.

* Number of replica configurations = 1000
— 3-6 hours on one core of core i7 PC for a given (m, 1)

A. Ohnishi @ JPS 2020.09, Sep.17, 2020 30



Time-correlation function

e Time-correlation function of free field (zero momentum)

1
C(t) :ﬁ Z <¢a: (t)¢y (O>> 4 | | Repllica Evol{ s |
T,y R ) —
1 . XN N

— l - . § . —
=55 2 (Pra()9ry(0) ML WA ]

T,2,Y v 4 g

] 2 .
T S -1 s A P
— _ (&) * . ¥V A W =« 2 o= oW = =
Ve cos M,,t P A ¥ [ 3
n , , S al | . A=8,m=0.5w/dm"
M2 = w* +4£°sin“ (nmw /N "
g 1\_/1‘ U& lﬁlCl 'd\lllllé-g 11U1<ll / )) 0 10 20 ¢ 30 40 50
e Interaction induces thermal mass —
20 — Replica Evol. -+
 Coupling of different momentum » | "~ N
modes induces damping. 2 'Y I o

- ol 1..4..} o R T N _..’.l.;..';-.,f.w

\; Lo WA
g 1047 ..-% -
-20 ~ | A=8, m=0, w/ sz‘

0 100 200
t

= 9QS
. A\
)i =<
6y ®  YUKAWA INSTITUTE FOR D S
% THEORETICAL PHYSICS joto -

= [ vire %
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Thermal mass and width

 Thermal mass in replica method ~ 2-loop calc. results

 Thermal width in replica method ~ 2-loop calc. results at A <4

Replica method takes account of
higher—order interaction eﬁects over one—loo_p.

ITUTE FOR SEE M
g [ vITP Kyoto 3%
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— L0 LA P o 22
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- 04 s 1 =5
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OCD Phase Diagram

RHIC, LHC, o,
Early Universe

T |, Lsiccocd  cp  [QGP] %
oy 4

(BES, FAIR,
NICA, J-PARC)

Sym. Nucl. %@
Matter
0 B
Pure Neut. | Quark Matter |
Matter
1 Sym. E n Star

BNSM

AO, JPS Conf. Proc. 20 (2018), 011035
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http://inspirehep.net/record/1651074

Approaches using 2PI effective action

VOLUME 88, NUMBER 4 PHYSICAL REVIEW LETTERS 28 JANUARY 2002

=0) M

F(1,0:p

0.6

03 r

-0.3

Classical Aspects of Quantum Fields Far from Equilibrium

Gert Aarts and Jiirgen Berges

Institut fiir Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
(Received 16 July 2001; published 15 January 2002)

We consider the time evolution of nonequilibrium quantum scalar fields in the O(N) model, using
the next-to-leading order 1/N expansion of the two-particle irreducible effective action. A compari-
son with exact numerical simulations in 1 + 1 dimensions in the classical limit shows that the 1/N
expansion gives quantitatively precise results already for moderate values of N. For sufficiently high
initial occupation numbers the time evolution of guantum fields is shown to be accurately described by

] Y el Sl g SO o) Q r 3 o ol MONCEe o O ~ Q ~

and quantum thermal equilibrium.

—— NLO classical
——— MC

N=20

Equation of motion for particle
distribution function. Coupling
with classical field is still hard.

5 — 10 15 20

A. Ohnishi @ JPS 2020.09, Sep.17, 2020
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Real time evolution of quantum field

e Static (equilibrium) problem — MC simulation of Lattice QFT
:/D¢€—fd4x£E

e Path integral — Strong sign problem

(W (1) /\/'/DqﬁTeXp[ /d4:13£] W (tg))
* Real time simulation of quantum field is difficult.

. Classical field simulation

doy dre OV
H = Z’ﬂ' —|—V 7 dt —Ww,ﬁ— 8¢w

. Phase is statlonary w.r.t. the variation of (¢,m) — No cancellation

* CF describes the growth of most unstable mode precisely.
(Classical Statistical Simulation;
S. Y. Khlebnikov and I. 1. Tkachev, PRL77(‘96)219)

* But CF evolution reaches classical equilibrium.

() - . ,:{’é? Qs
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Harmonic Oscillator

* Hamiltonian Fourier transf. of z,, p,
2 2,2

P Wwx

H(z,p) = 5 5 / l
M2 -2

=3 Hrpr) +V = Z[pn ]

2
Zf (@t =) M2 =P+ 4¢sind (/)

/ Matsubara freq. summation tech.

Zp(€) = [[(€/My) = [2sinh(Q/27)] ™" — [2sinh(w/27)]"" = Zo(T)

N—o0

n

() = 2€ arcsinh (w/2¢) = 2NT arcsinh (w/2NT) — w

N—o0

Correct quantum partition function is obtained
in the large N limit
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Time-Correlation Function

e Unequal time two-point function (Time-correlation function)

e Quantum mechanics Good exercise for UG students
1
Co(t)=(xgt)xn(0)r = 2 {COth (%) cos wt — isinwt}

* Replica evolution

Solution of EOM ) )
Tn(t) = Z,(0) cos Mt + p;\}(()) sin M.t , Pn(t) = —Z,(0)sin Mt + p;\}(o) cos Mt .

Thermal expectation values

Time-corr. fn.

Cr(t) =(x(t)z(0))r = %Z(m(t)x}(@)h = D (Ea()Zn(0))r

:—Z—COSM t—Z% cos M,,t .

(o) E Y TP k@@ @1

[ viTe kyoro 3R
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Equal time two-point function

=1
N=4
) 10°
\I,I _ n=0 contribution
§ P8
& Quantum
i/ Replica (N=4)
",',o ,: ((1:\1=3((2’g .........
|I
107! ) | - CroU)
0 0.5 1 1.5 2
T/®

Correct quantum amplitude is obtained in the large N limit.
N=4 is enough for T/ > 0.3
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1o do

e Complete the manuscript.

 Understand the meaning of fluctuations among replicas.
(Replica index average = Classical Field)

1
. 0.8 | Energy from fluctuations
A [ =
G =06
1l Il
S 7 < 0.4
&) -/ Quantum =
. Replica (N=4) ——— I . .
(N=32) - s Classical Field Fnergy
1 b Cro(0) —— 3 -y
e | ' | 0 1 2 3 4 5 6 17 8
0.5 1 1.5 2 .
e Co To A ot orium

processes such as entropy production or pressure isotropization,
Formal “derivation” of replica method (or its improved one),
Coleman / Mermin-Wagner theorem, ...

) - m = %%?ﬁg
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Unequal time two-point function

Quantum Quantum
2 | Replica (N ) _ LS5 Replica (N—4)
(N-2 ; (N-2 ;
1 Cro(t) — Ly Crolt
© | L . . " AL
k8 ! | o I
" T/w=1.0, ©=1 T/®w=0.5, w=1
5 - - - - - -1 - - - . -
0 05 1 1§ 2 25 3 0 05 1 15 2 25 3
ot/21

ot/21

Good enough ! Well, we can extract @

from time-corr. fn.

For T/mw > 0.5, time-corr. fn. is dominated by n=0 component,
and we can access the quantum TCF by the replica evolution.
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