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High Energy Heavy-Ion Collision Experiments

# Heavy-ion physisists wanted to create QGP for a long time ...
LBL-Bevalac: 800 A MeV
GSI-SIS: 1-2 A GeV
BNL-AGS (1987-): 10 A GeV
CERN-SPS (1987-): 160 A GeV 4
BNL-RHIC (2000-): 100+100 A GeV
CERN-LHC (2008-): 3 +3 A TeV
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B=A 4> EEMBEDERE (PRE~ESIRILF—)

s 1980°s: SIRIVF—EAMA>EREDIGED (Bevalac, SIS)
o RN, AREEXEN. HFEHFENIO— (REHERESEN? )...
@ HNXIRBIDMFE : h AT — RRE (2 FERDH ) — Fi9i5 +2 (KiEH3E
s 1990’s; BREIHR (BNL-AGS & CERN-SPS),

o QGP D<2DF)b : Iy 11l , Dilepton 18X , Multi-strange
hadron, v2, ...
o ZERRIG. AOVU—M#R > QMD, AMD R EDRHFE
a 2000’°s: RHIC #&x{E

@ Jet quenching, quark number scaling of v2, /s, CGC,
Hydrodynamics Mm% , early thermalization puzzle, ...

— QGP &pkDhE:R

@ (Viscous) Hydrodynamics, Classical Yang-Mills, Recombination, ...
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BA A > @B DEE (PE~FIRIVF—)
s 2010°s: LHC &=@). =R

@ b quarkonium DiEfE. Pentaquark. small system TD QGP .

QCD critical point, chiral magnetic effect, global polarization,
Femtoscopic study of hh interaction, ...

o Ej];&\ I:FI'I‘E?E%E EOS . iq*;ﬁl*)l/:‘i‘_\ coe
(SINVA D ZEMENADELEHL B )

@ Fluctuating hydro, Bayesian analysis, Chiral Kinetic theory, Hydro-
particle integration, ...

IRTEDRRE
* QGP MESNIEBDAA FZVRAEKENCHD D= (?)
— QGP E£pial , WIRRRIZ T TOFUVVIE |, FE{L,
ANRO>IZEUVLTOFIA, ...
- &/ \UA > ZE AR fZEP
— &< MDitiE (RHIC-BES, FAIR, NICA, J-PARC-HI),
FSHERE , p, IEAD EOS HhE5DHHE, ...
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Nuclear Matter EOS

s Energy per nucleon in nuclear matter

Exwm(p, @) = Esnm(p) + S(p)a? (o= (N —Z)/A)

s Saturation point (pg, Eg) E (E per nucleon)
po =~ 0.16 fm 3 4 Pure
Ey=—a, ~ —16 MeV Neutron

Matter
(nuclear radius and mass)

s Symmetry energy

S(p) =Epxm(p) — Esxm(p) P,
So =S(po) = 30 MeV K Symmetric

Mass formula, volume term E Nuclear
( ) Py Eo) Matter

Nuclear Matter EOS can be, in principle, determined
by terrestrial (laboratory) nuclear physics experiments !
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s Symmetry Energy Parameters

Hsym
15
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Neutron Star MR curve

s EOS from saturation parameters is consistent
with many ab initio calculations

s Constraint from TLOK+2M , R, ,=(10.6-12.2) km,
is consistent with many of previous ones.

Neutron Star Mass and Radius

250 T T T T T T T 2.5 | : : | : ; |
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— APR o ’
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Extrapolation to high densities

s SEEREAOIHFCEASIRAEMIRS o

CSM

o {EEEMEN (p < (1-2) p,) Tl e 4
AR5 DHIIE at i)
o BEEMT
SO ERE |
or Ux—OMEICESMDORL |

1= 10r
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Sign Problem

# Fermion det. is complex at finite density
— Strong cancellation of the Boltzmann weight at large volume.

det D(p) = (det D(—pu™))* — Segg = S — logdet D € C
Z = /Daz exp(—S(x)), Zpq = /D$|6XP S(z))]
APF = =Z/Z,q =0 (V= o0

s Difficult to study dense matter Farly Tniverse

using LQCD Iy yttieeQcp
s Standard approaches -
(Taylor exp., Imag. p, ..) S

— Usetul, but not enough
to discuss dense matter

0=(N-2)/4_(or ¥, (hadron)=Q, /B~(1-0)/2)

S as
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fnaiaF QCD

s BESHER (1/g2 — 0)

@ IS5y MERDSEHATY > OZTORDH (GEMEIC ) vIEE
@ 2 DDOMIIIRFET QCD HEH—E
- FSHEENH O THERBEEIEF QCD Z&HmrIHE

@ JZICUERER (g — 0) &
B DIRPR

@ BIRD g TP (EDFFSE=E

Ist. Order —
TCP. @
2Znd. Order —

K. Miura, N. Kawamoto, T. Z. Nakano,
AO, PRDI95(‘17)114505.

...... " AFMC 42X4 O
1.6 Erg:"{:i ST
P 62X6 —4

— | -Dimer
08T -Polymer

04 | Auxiliary Field :
Monte-Carlo *

0 0.2 0.4 I 0.6 0.8 1

de Forcrand, Fromm ('10), de Forcrand,
Langelage, Philipsen, Unger ('14)

T.Ichihara, AO, T.Z.Nakano, PTEP2014,123D02.
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Complexified Variable Methods

8 Lefschetz thimble method
E. Witten ('10), Cristoforetti+('12),Fujii+('13), Alexandru+('16).

@ Flow eq. (dz/dt=-(0S/0z)) — Im(S) is constant on thimbles

@ Phase from the Jacobian, Diff. phase from diff. thimbles
(residual / global sign pr.),

8 Complex Langevin method
Parisi-Wu('81), Klauder('83), Aarts+('11), Nagata+('16), Seiler+('13), Ito+('16).

@ Complex Langevin eq. — Expectation value = Ensemble ave.

@ Occasional conversion to wrong answers

I/ Rez Rez Rez
Lefshetz thimble  Complex Langevin Path Optimization

TTYITP -x\"“"* A. Ohnishi @ Kyoto-NT collog., Oct. 21,2020 14
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Path optimization method

Mori et al. ('17), AO, Mori, Kashiwa (Lattice 2017),

. A
Mori et al. ('18), Kashiwa et al. ('18); o L<
Alexandru et al. ('18 (SOMMe), '18),Bursa, Kroyter ('18) * f’
8 Cauchy(-Poincare) theorem m
The partition fn. is invariant if =

@ the Boltzmann weight W=exp(-S) is holomorphic (analytic),

@ and the path does not go across the poles and cuts of W.
(det D=0 — Singular point of Seff, Zero point of exp(-Seft))

# Integration path is optimized to evade the sign problem.
Cost function:
Flz(a)] = Zpq — |2] =|Z] (APF " — 1)
# Optimization can be performed in various ways.

Gradient descent, Stochastic Gradient Descent (SDG),
Neural network, ....

‘ Sign Problem — Optimization Problem I

T as
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http://inspirehep.net/record/1599849
http://inspirehep.net/record/1640646
http://inspirehep.net/record/1622747
http://inspirehep.net/record/1674516
http://inspirehep.net/record/1665682
http://inspirehep.net/record/1680998
http://inspirehep.net/record/1672924

Benchmark test: 1 dim. integral (gradient descent)

s Stat. Weight J e® s Observable

On Real Axis CLM Nishimura, Shpi!ggasaki ('15)
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o
Mori, Kashiwa, AO ('17); AO, Mori, Kashiwa (Lat 2017)
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Application of POM to Field Theories

8 Preparation & variation of trial fn. with 1000 variables by hand
— Pracitcally impossible

# Neural network

@ Combination of linear and non-linear transformation.
a; = g(Wi(jl):Ej +b_§1)) parameters
fi=g %7;('2)%‘ + b_z(2 ')
zi = @ + i fi(z) + 5i)

g(x) = tanh z (activation fn.)

@ Universal approximation theorem
Any fn. can be reproduced

at (hidden layer unit #) — oo
G. Cybenko, MCSS 2 ('89) 303

K. Hornik, Neural Networks 4('91) 251

Inputs Outputs
Hidden Layers

A. Ohnishi @ Kyoto-NT collog., Oct. 21,2020 17

e l Qs
O SN - . Y T P \?
]
="suw 'YUKAWA INSTITUTE FOR
b THEORETICAL PHYSICS soto 25

| YITP Kyoto I 2.0



Optimization of many parameters

s Stochastic Gradient Descent method, E.g. ADADELTA algorithm
M. D. Zeiler, arXiv:1212.5701 Grad. Desc. -

dCi/dt = —8F/8Cz
Learning rate

par. in (j+1)th step
\C§j+1) — ) 41)

Y mean sq. ave. of v

' G+1)
decay rate \ r; «{ mean sq. ave. of F
(j—|—1) T~ (D (7)\2
=1y + (1 =) (F)

(J-l-l) _ ,YS(J) +(1— ,y)(v?gj-l-l))Q

gradient

evaluated\F = 0F/0c; Machine learning
imnMC T ~ Educated algorithm
(batch training) Cost fn. to generic problems

7 -y as
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1+1 dim. Complex ¢* theory at finite
0p@ M —m ¢ — N(¢* )’

# Action on Eucledean lattice at finite u.
G. Aarts, PRL102('09)131601; H. Fujii, et al., JHEP 1310 (2013) 147.

4 + m? A
S = Z [( 5 )Qba,x?ba,:c =+ Z(¢a,x¢a,x>2 — ¢a,x€ba,x+i - COShN¢a,x§ba,x+6

s Complex ¢* theory L =

+i€ab Sinhu%,x%,ﬁo} <¢— —= (1 + ¢52)> Complexify
complex
| = r—— — 16 - .
o 1a L "b.h an }Iulg --------- /{'
i w/ opt. _ C = i
0.8 +/’_ 12 ¢ b L=6 - - ;
=06t 10 | W L=4 —+— §
g i +/’ := 8 r
v 04t | 2 6
& 1 | - -4 = g4l s
/o opt 4
0.2 fp_gq +n':‘ oop 2L 08 1 121416
0 J_Lig = *-’b'ﬁ:iﬁ_ﬂ;‘}_— 0 gl
L 1 L L _2 1 1 1 1
0.5 I 1.5 2 0 0.5 1 1.5 2

. Y-TP *\?Qs#

ETICALPHYSICS |y 81

LL
Y. Mori, K. Kashiwa, AO, PTEP 2018 (“18), 023B04 [arXiv:1709.03208]
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0+1 dimensional QCD

# (+1 dimensional QCD (1 dim. QCD)
with one species of staggered fermion on a 1xN lattice

1 1
5 = 52 (XT@MUTXT_HA)_>_<7+66_MU7-_1XT) —m Z)ZTXT — §>_(DX

z :/DUdetD[U] = /dUdet {XNJr(—l)Ne“/TU —|—€_M/TU_1}

Xy =2cosh(E/T), E =arcsinhm , U=UUs---Uyn , T=1/N

Bilic+('88), Ravagli+('07), Aarts+('10, CLM), Bloch+('13, subset), X3
Schmidt+('16, LTM), Di Renzo+('17, LTM) ‘ U,
@ A toy model, but|{the actual source of QCD sign prob.| ° X2
@ Reduced to be a one-link problem. U,
— Analytic results are known. Y1
@ Studied well in the context of strong coupling LQCD [7
Miura, Nakano, AO, Kawamoto('09,'09,'17), N
de Forcrand, Langelage, Philipsen, Unger ('14) \ XN
T

mmy” Qs
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http://inspirehep.net/record/1627881

1 dim. QCD in diagonal gauge

- Diagonal gauge
(67,21 eiZQ’GiZi%) (Zl—|—22—|—23 :O)

= /dUe /d:ﬁldangHe_S

B 0z, 8 .o f Za — 2b .
_/dazldaﬁgdet (8%) {3? al;[bsm ( 5 )} {H (XN +2cos(zq —ip))

a

Jacobian Haar measure exp(-S)

s Path optimization (t: ficticious time)
— y(x,,Xx)) itself is the parameter on the (x ,x,) mesh point

zi = X + 1Y, Yo = yi(T1, T2)

dy; 3qu / S
— Zhq dxidxo|JH
dt Oy; Tydy e

A. Ohnishi @ Kyoto-NT collog., Oct. 21,2020 21



Path Opt. of 0+1 dim. QCD

s exp(-S) and Haar Mesure— Six separated regions Schmidt+('16, LTM)
@ Problematic in MC simulations to overcome Statistical pot. barrier
# Hybrid Monte-Carlo in 1 dim. QCD w/o gauge fixing using NN
NZ?-1
C 2

Y P
U—UU)=U ] ev/? H= — +Re(SU(U))
a=1
SL(3) Tt
120 “f =S ::::I..
80 Y- - 7
o o ' ol o
B S _
0.2 ST
is 05 F\
Ji H.UE
e 1 -
.2
4 137{ ] 3 131 1 -1 -0.5 xlg'm 0.5 1

AO, Mori, Kashiwa, Lat2018 proc.; Y. Mori, K. Kashiwa, AO, PTEP2019, 113B01
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Path Opt. of 0+1 dim. QCD

# Hybrid Monte-Carlo in 1 dim. QCD w/o gauge fixing using NN
— reproduces exact results, as expected.

0.6

04
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{- \ { I
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025 B AN \ /-g"ﬁ GHMC B 25
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0.1 f e 11 1
0.05 5; I 1 05
0 I I I S
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w/'T
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Y. Mori, K. Kashiwa, AO,
PTEP2019, 113B01
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Short Summary (1)

s SEERIED (HEE ) IRBAENERIP(
RHTF - BT - FTHYEOASLEIE
o QCD HE®B. WHITRIE—, PEFE
s BZEDLDSOMB(CIIXRZITRATEEZHFL.
e EMBENZBEIEITEHOFEmHIITSNTLS,
s BIEEE QCD 25— EEN(CH< (CAFSHEERDEXS /#ITD
CELE, EIBREBIEE (F et al) (FE€DHED—D,
o 1RTESD. 1+1 RTAHS—1E. 0+1:%5% QCD. -
s 1+1 %5t QCD TREHEHD., RLEOKEHD.
(— SEDIOFIA by &)

@ R1E 3+1 XRcBIREFE QCD [CHEETETVWDDIIERS > 1)k
(@, B, &H. - ; Sexty, Stematescu, Aarts, ...)

N RV A= Qs
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B A BEICHTDIFEFHE

s BLRILVF—EALA>EZEDEFE
QGP fAEHh s\ RO>HMESN. FIKEIHBEERHDE. freeze-out

o ENEMSI/I\ROENRRB(CAT Y F
r inANF EERIRBIZ BRI (CHES (integrated model)

Y. Akamatsu, M. Asakawa, T. Hirano, M. Kitazawa, K. Morita, K. Murase,
Y. Nara, C. Nonaka, AO, PRC98(‘18),024909 [1805.09024]

CGC : Glasma Hadron Gas |
>
=I o0 ¢YM Hadron _ I= r T
+Jet had Cqgcade FO
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Hydro. and Hadron Transport are “Integrated” !

s fidk - RFREIRE

o IRIE—BEHLSVZEEBTERSNE
HFEREDEE U, Vi |
IRIE—BEHLTHS EHFET S ERE. 07 IAM cascade L,

K

10-2 } — JAM+Hydro (e=0.5)

@ )\ FD itZESF < EHHH }1?63 = - JAM+Hydro (e=0.8)
o WHEOYIDEXS S 10
iniEDE Cooper-Frye 2N CIRNICHIFZHix E 10° |
or BT - MTIHSEVIDEX 2 100 —
= 102 p ]
1'32!: Dynamical cascade & 10-3 ) * STjﬁ‘R'ﬁ
_ InTtiaIizatiun Hybrid: particle _%‘ 10

- ‘ Hybrid: Hydro
. I aEEs -.,_--;;_.m.f: . Hybrid: Total
E ‘ , .-- -
2 A
4]1___ \ :“

[ o I""""--m-.wl:-"“ ;1. T . =3 ‘_..-"‘ \

" Pb+Pb@6.4GeV - T 56789 20 30
10 E;’ VSun (GeV)
0 5 10 15 20 Y. Akamatsu et al., PRC98(‘18),024909

o time (fm/c) [1805.09024]
- -" YTP «° # A. Ohnishi @ Kyoto-NT collog., Oct. 21,2020 27
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1BFisDOERCTEA A BE?

s BIRIVF—EA A EEDVIHAERE
H BUSH ST AEAIRESRE (CGC, Glasma) hSZFH (Hydro., QGP) N\
- Eﬂﬂ@%‘%ﬁ@#&@%—‘f%@ﬁ*ﬂt&%il_\b“;‘u\E

1, MII |I| 1
| | Y | | 1)
CGC | Hadron Gas |
| | g
_ Hadron _ _ T
T Thaa Cascade T~ Tro

LB S BFREATEEN

s UhUEFEORHEFER (CXAZRFSERED ...
HOBBD'? 5\ [ Do (witp)]exp (iSTo]) [¥(t)

-y as
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E=EFEOIHEFERNADED

s HHIBICKBIMF=ZOVADERIR
o R/IMVEBODRE 6S=0 > FSREIRELRU
o ZLDIITEHRKRTHH

condensate (Time dep. Gross-Pitaevski), nuclei (TD Hartree-Fock), Inflation,
high-energy heavy-ion collisions (classical Yang-Mills), ...

o EEUEREHISGEDE, EHiERT IRV F—EE[TFER
nie = T /wi(Classical), ng = [exp(we/T) F 1]~ " (Quantum)

s (AROLRIBZET ) EFEORIGHFAERNDHRDHEH

@ Closed Time Path+ 2PI fEAIC k5801 (Kadanoff-Baym FFE= )
Aarts, Berges ('02), Hatta, Nishiyama ('12)
— BRED—EKRTRWMESI(CITIFHEEh X

o HEISEHHBEZLCTED and/or BIHKL)
Bodeker, McLerran, Smilga ('95), Greiner, B.Muller ('97),

Dumitru, Nara, (Strickland) ('05,°07) ...
— HHEBID (L IRRET. iR EFOEE(T non-trivial
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h i > S XGOSR

s > =aL—23>
McLerran, Venugopalan ('94), Romatschke,
Venugopalan ('06), Lappi, McLerran ('06),

Berges, Scheffler, Sexty ('08), Fukushima ('11),
Fukushima, Gelis ('12), Epelbaum, Gelis ('13)

0.8\ Lappi, McLerran ('06)__ p ?| -

T [fmic]
0.01 0.1 1 2 3 4

:-,-‘.,:“-

- /<
P/ e
-1 o -
0.1 1.0 10.0 20.0 0.0 40.0
QT
T [fmc]

0.01 01 1 2 3 4

0.1 1.0 10.0 20.0 30.0 40.0

Epelbaum, Gelis ('13)

. = QS
.. \?
) TP«
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Approaches using 2PI effective action

VOLUME 88, NUMBER 4 PHYSICAL REVIEW LETTERS 28 JANUARY 2002

Classical Aspects of Quantum Fields Far from Equilibrium

Gert Aarts and Jiirgen Berges

Institut fiir Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
(Received 16 July 2001 published 15 January 2002)

We consider the time evolution of nonequilibrium gquantum scalar fields in the O(N) model, using
the next-to-leading order 1/N expansion of the two-particle irreducible effective action. A compari-
son with exact numerical simulations in 1 + 1 dimensions in the classical limit shows that the 1/N
expansion gives quantitatively precise results already for moderate values of N. For sufficiently high

initial occupation numbers the time evolution of guantum fields is shown to_be accurately described by

and gquantum thermal equilibrium.
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BiwEtgF QCD THOTE?

s BE)EE and/or 1BF QCD Hh53R&IZ EOS+ EixfRET Hydro
R. Baier, A.H. Mueller, D. Schiff, D.T. Son (‘01, pQCD, t ), P.Arnold, D.G.Moore, L.G.Yaffe

(‘03, pOQCD, n); A. Nakamura, S. Sakai (‘05, LOCD, n); A. Bazavov et al. [HotQCD] ('14, LOQCD,
EOS); S. Borsanyi et al. ('14, LOCD, EOS)

o BIE{ET BT, BESSAT : early thermalization puzzle,
large n (pQCD), large uncertainty in n (LQCD)

a IXEH ? BRIG (HHE ) OIR

@ Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller (‘06)

AL ERIBPOERICKDEHERITHEEEND (ISR 1n)

o HHRIZEETCERS5NS
H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (‘20)

n o (g*log(1/9)) ™" (PQCD) — 1 o g~*/*(ABM, CYM)
o BEIRIF—DREFERILTIEIER (Wall-Window formula)

One-body dissipation ( 258215 ) > Two-body dissipation ( #&3€ )
IE—Ek - IFTEHREREDO T TOEFZDREDIRHNE
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LY > SIIVA50T DRE
s JU—> - ARAK
1 [ 14
n= /O atC(t), Ct) = ;TU (t)73;(0)
s HRYSINABOIRNF—EHET VIS
BSRIMERBIBIE C(0) ZEHH L. MBS

s IP-glasma {RZETODI DR LIROTNSIET

15 " 0.75 | g=D.5{g2T=D.288} —
9=0.5(g°T=0.288),Data R | ——
L — 68)
10 1(1.16),Data
o Flt """"
E 2(4.68),Data
Q o5} Rl s

fo(t)

0.0

-0.5

t H. Matsuda, T. Kunihiro, AO, T.T.Takahashi,
arXiv:2007.06886 [hep-ph]
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RERY DT

s Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller, PRL96 (‘06)252301; PTP116 (‘07) 725.

AL ERIBEPOER CKDEBERITHMEEETND (/NS 1n)

2ANZ = Dual(@Tr\ " s
T —
1A Ec'n',n[]_-"w'c-i'-’LL{E}'

l!.,|' \
4 —1
- n (g log(l/g pQCD
s HHEEGFERBRTER5NS ( (1/9)) ( )
H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (arXiv:2007.06886)
_ if N
o 12 + ~T 4/e 3 L=32 —o
' 24. &
o = 0,09+ 0.07.19 = 1.49 4+ (.39, 5 | 16.
= = 0.33 £ 0.06, 4 =0.35 £ 0.07. '::
Il
x=g’T .
4] _
ﬂ 1 ) il
107 10" 10  10°
JIYITP %y
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ZHaEFRILUICEBRD THETE LD ?

s Lefshetz thimble approach to real time evolution

o 2=E# E.g. Alexandru+(“17)
+ Closed time path TOD#EEIENDZ Lefschetz thimble L TEST
* 1+1 R5e. 1/4 ARIREFET. 2=0.1 — RKHN(CEAR+D
» EFPHRF D DS

S T ; .
A. Alexandru, G. Basar, P. F. Bedaque, ob B3 b2 5. .
. s L0 " 1 :
G. W. Ridgway, PRD95(‘17), 114501 - | & 4 * i ':
.; 0.5} F ; s . ; ]
S ool N St S
= M aco1 s 2=05 e 2=l ? 3 i; ]
0.5 o 0"« O . 00
0af
- u.uih ix
= _I i
= 01} P
= ¢ ¥ i
= [J.'EE g ¥ i i i B
: AT '
0.5} + B3 B3

(. (.3 L.l 1.5
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B LRIVF—EA 7 > EEDYIRERET
SFMRZEOCS=aL—232%Z 0N !
(IE—#k - IFEBREFBEO T COEFEDOFERDCR )

— EFRsTEZE6DOHRIEMEXINT ....
(Replica Evolution)
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L7 VUAHFERETODEEE (EFHF)

lEﬂﬁ?T@ﬁmﬁﬁ
H_5+U() Zc<T)=/ o exp[— - ]

s EFNFTONEREE (FEREX)

s LIOVUBFEZE (ERNEHIEHEZHEFRAEHRT) TODEREE
H

N 1.2 [ DxDp H[x, p]
= ; l% + U(:cT)] +V Zr(E) = [ ———exp (— : )
Hirrpr) €519 =aee)" 2ol

EREIMDIATHEFRAY 3 N EOLBIBODERZ (RE &)
oc EFNFTONEEE (RE T=E/N)
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LD U HiEEF ~th BLES)
s LTVHER (x, p) OE&HER

de, OH
dt _apT = Pr
de 87'[ 8U(CBT> 9
g - T T—1 2 T
dt 0x., Oz + &(Try1 + 221 T.;)
s LITUBEEFE t-derivative terms
dx B 1 dx , s
dt N & dt — P
dp 1 ~dpr 1 —0U(z,;) !
- = T3 Ehrenfest’s th
dt N <~ dt N £ da, + 0 (Ehrenfest’s theorem)
oU (x) )
== Q= O((0
S+ 0((62)?)

LI UBEDWSEH/NEWNMESICIE,
LI UBEIEET (7 119) (LIEESSERCHEDS
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LU HFEEZE (Replica Evolution method)

Replicas Closed time path
ol classical leld

’”-'r—l

”-T 2

~ Interaction {e:ﬁm (), Trz(t))
biw Replicas

M= Ho + Y Vora = 5 Sow2, €510

Zp = /’IJ:-.— D L‘::{[J[{—?‘I{}rfj e Jﬂ¢ {TKP{_S?*?"-.:'

LI UhFEE=EFH 126 DOHANTF
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ABDS—EDLITVUDLRE

s ZOERETODLI ULEE
o LTULEY  (27,0r) = (drz, Tra)
o 1Z0DEH > BE<DIH. EORIRINF—DIRE
s {5l : @4 theory

.
Ay € )
H = Z [ V¢Tﬂ:) —+ —¢Tm\ 2_4¢7-;13 + 9 (¢7-+1 T ngm)
Horamm) V. ¢slo]
2
o EE( D:a} (1 |00p) - 9 ¢7-:13

Aarts, Smit ('97), Kapusta, Gale (textbook)

sm? = {6 O
5 1 1 %

> -y as
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EBED1
s LTUDTOEHENG (BHiS)

1 1 1 1

2 2 : *

_ — n n p— — —I—

ol N & Pk Ok b w1+ (wi/26)? [2 egk/T_J
Free field, Matsubara sum / Thermal

— Bose-Einstein

Zero point
o TORENZMDIRS & LAMU— - S XFHEHEDBRIT S,
(N=1 (GEEOL#HEE) TEFZRICIEXEDERTGEWN)

10* ——————— 10* e
3 Replica (N=4) = 3 Replica (N=4)
1"1 ' Classical (N=1) + 1 1“2 , Classical (N=1)(x5)
107 ¢ thermal (lattice) 1 10 thermal (lattice) —— 1
A 1"1 ” % +zero point (lattice) ] j l{Jl D’\\.“\ B{Jse—EénstEin LS EL
Z 100} 2000s50s I SRS T ‘-:‘“‘u,_hfﬂ X 4 or 1
v 107! | dadaciiiiclil T ! iy TN
s e — L ] L . 1
102} 328 x4or1 = 1072 | Stangg Titee
1073 | 5 103 | Zero point subtracted Cany
10~ A=2, m=0, T=0.5, w/ 51‘.['1 | e A=2, m=0, T=0.5, w/ Bm |
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
k k

S as
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Rayleigh-Jeans Divergence

# With N >=2, free field energy converges in the replica method.

() = 2NT arcsinh (w/2NT) g 2NT log(w/NT)
>

2NT B
<|¢k|2>ren ~ k‘2 eXp(_Qk/T) - Q(NT)ZN—I—lk 2(N+1)

]434 <|¢k|2>ren N 2(NT)2N+1]€_2(N_1)

@ Convergence cond. Replica (N=4) =«

2(N-1)>1— N> 1.5 0.4 1 (N=8) =
Classical (N=1)

=
J= 0.3 ; thermal (lattice)
e Bose-Einstein - - - - oote
We can remove & o2 | P
. v . 2 ®
c.llvergence. of energy >y "‘.‘=-=t-'l'-*
in the replica method 0.1} Tiuge

(N>=2)
with mass
counterterm(s).

A=2, m=0, T=0.5, w/ dm”

O 05 1 15 2 25 3
k

0
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Time-correlation function

s Time-correlation function of free field (zero momentum)

1
z,y A 2 W= = = - i
1 s 14 ' y . &
T NIL3 2 (re()ry (0) s LU\ L\ (N L.\ [
T,T,Y W I
I L
T s -1 .
—ZﬁcosMnt S L I ¥ gp— Ve - - = -
noo =8, m=0.5, w/ 5m"
(MQ_ 2+4£2.2( /N)) -3 = I I }"-l' 1 —
n — W N 0 10 20 30 40 50

t

# TCF of interacting field .
20 — Replica Evol. -

@ Interaction induces thermal mass RN
. . = 10} ™. _
@ Coupling of different momentum 2 'y A _
mOdes induces damping. -ﬁ- D — ... g X ; ..... " 2,-.:- ....... *a . - ¥ P ]
S -0 Lo -
20 I A=8, m=0, w/ Sm>
0 100 200
t

S as
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LI VUAHFERETORES

- 7,4 ENEE= Kapusta, Gale (textbook)
s <DZHEORES Parwani (192, '93)
@ Leading Order (one-loop) Mio = m” + \T?/24.
® Resummed One-Loop , , _ AT U3 A " O
@ Two-Loop resum 24 w\ 24 —gmt A$%)/2
[ 8N A (3 (T )
Ms1000 =75 {1 V21 T e [2 log (47w2> +2log (24) +O‘]} ’
(o) l | | | |
s LIJVUDFEREE ﬂnef!;np —
- BRMEMBESET Y FUT 3| Replicam=b) o }
BoSnE-nEE = 06| (m=05) ™
< - N m
o — - 04 m=0 o
L UbhFEREBETORES 02 L _ = == '"_?'_ — &
(o) — * s - — - = m - - il
- 1J)L—TJ %X D A | | | waﬁmz
HEERAMRZSE 0 2 4 6 8 10

A
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Short Summary (2)

s BIRINF—BANASBEICSITDIEEDIAF=ZIOX (Fdk. I\RO>
X ) (CDOWTIXEENREBEFENEHDDH S,
@ Bayesian fiFth, RSERE, -
s EFHRETEREDODEHNETHI LI VHRREZRELVE.
o ERFREIEIRZ L T UBDIER (replica index) .

EREERTRNS t HATRZERT>SvILEHRUZ
4 (=3 +1) RaZERTDHEDOEARDHHNISHFERE

o HEUZDEE LEFHHEZHERD,

o FlmI(C(E HMC O FEHFEBD

@ LAU— - S—2ARBHWEF/HET. 1II—IJZ2BITHEFRAMRERT
@ SIEODRE : Ic<TAHB.
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= Yal. )

s SEEZYIED (#HEE ) IRBAENFPIEFRF - [FF&% - FEHYED
ARERXBAIRTHD, EMACEAXRISERETESEENEZESIHARR (1F
(FME—D ) EERFIE,

@ IRARTFZIO—FhHD, EENEBEHEATWNSD,
@ —BOINUEST (7). MO CENWEERERE
BIREZEETOD QCD i1, QGP OErki#iE
@ (BRITESICRVERE: VA—D - JI—A>EHER/\ROEHHEICED
EH3:BIEDZDOERIC KDL )
s M1 (CERBA UTZ5RRE
o FHSEiRE
» EFBZOIHRERE
o HEREEE/\ROEBEEER (— DRI )

N RV A= Qs
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RIS DMRESZETNX U,

Y. Mori (PhD stu.) Y. Namekawa
K. Kashiwa AO (11 yrs ago)

1D

Hidefumi Matsuda Toru T. Takahashi
Teiji Kunihiro

AO
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