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s HRIBICKD I FZIVADER
o R/IMFADIRE 6S=0 — FFSERERU
o ZLDIFEHRKTHA

condensate (Time dep. Gross-Pitaevski), nuclei (TD Hartree-Fock), Inflation,
high-energy heavy-ion collisions (classical Yang-Mills), ...

o EREUVHATEHGADE, EHERT IR T—EETHEN
nge = T /wi(Classical), ng = [exp(we/T) F 1]~ " (Quantum)
s (AROGHISZZEST ) EFRORBRIFERENADEDHH»

@ Closed Time Path+ 2PI fEAIC &k BFdiE (Kadanoff-Baym FER )
Aarts, Berges ('02), Hatta, Nishiyama ('12)

— BREBEI—EHRTRVSSICIIESTHEENIEX

o ETSHHAEZXICIESD and/or BIHKRLY

Bodeker, McLerran, Smilga ('95), Greiner, B.Muller ('97),
Dumitru, Nara, (Strickland) ('05,°07) ...
— HHBED (SRR, HHEB ERFOZEEE non-trivial

soyi| FETBFHEIHE E S DOEMBOREHBNIL ..




Approaches using 2PI effective action

VOLUME 88, NUMBER 4 PHYSICAL REVIEW LETTERS 28 JANUARY 2002

Classical Aspects of Quantum Fields Far from Equilibrium

Gert Aarts and Jiirgen Berges

Institut fiir Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
(Received 16 July 2001 published 15 January 2002)

We consider the time evolution of nonequilibrium gquantum scalar fields in the O(N) model, using
the next-to-leading order 1/N expansion of the two-particle irreducible effective action. A compari-
son with exact numerical simulations in 1 + 1 dimensions in the classical limit shows that the 1/N
expansion gives quantitatively precise results already for moderate values of N. For sufficiently high

initial occupation numbers the time evolution of guantum fields is shown to_be accurately described by

and gquantum thermal equilibrium.
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Coupling with classical field is
still hard.
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BEsmEIgF OCD THATIE?
s BE)EE and/or 1&F QCD 53R JZ EOS+ Eix{REXT Hydro

R. Baier, A.H. Mueller, D. Schiff, D.T. Son (‘01, pQCD, z ), P.Arnold, D.G.Moore, L.G.Yaffe

(‘03, pOCD, n); A. Nakamura, S. Sakai (‘05, LOCD, n); A. Bazavov et al. [HotQCD] ('14, LOCD,
EOS); S. Borsanyi et al. ('14, LOCD, EOS)

o BIE{ET BT, BESKAT : early thermalization puzzle,
large n (pQCD), large uncertainty in n (LQCD)
s IEH? BE=E (HHE ) DR

@ Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller (‘06)

AL S RIBEPOER(CKDEBERITHMEESND (INEiEn)
o HEBEERTER5ND

H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (‘20)
n o (g*log(1/9)) ™" (PQCD) = 1 o g~*/*(ABM, CYM)
o EIRIINF—DRFIZRIGTIEIEAR (Wall-Window formula)
One-body dissipation ( &58#21% ) > Two-body dissipation ( 38 )
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s Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller, PRL96 (‘06)252301; PTP116 (‘07) 725.
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H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (arXiv:2007.06886)
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ZHaEFRILUICEBRD THETE LD ?

s Lefshetz thimble approach to real time evolution
o 2=B¥ E.g. Alexandru+(‘17)
*» Closed time path COERIED & Lefschetz thimble L TET
» 1+1R5t. 14 BARIEEEET, 1=0.1 - BHREN(CER+D
» [EEPHVRF S DL
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Introduction
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(Replica evolution)
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LD UBDFEEBETOREREE (2EFHEF)
lEﬂﬁ?T@ﬁmﬁﬁ

[ dxdp H(x,p)
H=Y 4 U@ zo(1) = [ G exp |- HEL)]
« EFNFTONTES (B
5o ! V&IU% 20(T) = [ Dwexp(~Sla)

N 2 1/T T 2
V= Z%@cm —oree [ arg [g_] &= NT(= a/a)
s LTUDREE (ERMEEAREEERFEHIRT) TONRBN

N 5 DxD H|x, p]
n=S [ v | om0 [ e ()
H(xr,pr) £S[9) =(2m&)NF 2 Zo(T)
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LTV HigiRTES ~ o BEE
s LTVHER (x, p) OEBHHER

de; OH
dt  Op., — b
dp  OH = OU(x;)
E = — axT —_— axT _|_€ (xT—I—l _I_ xT—l T 2337—)
s LD UhEETES 1-derivative terms
dr 1 dr: -
dt N dt "
dp 1 dp- 1 oU(xz,) T
_ — Ehrenfest’s th
i TN 2 di N 2~ o, + 0 (Ehrenfest’s theorem)
oU () 2
= — O((o
) 4 o))
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L' UBFEREE (Replica Evolution method)

Replicas Closed time path
ol classical leld

’”-'r—l

”-T 2

~ Interaction {e:ﬁm (), Trz(t))
biw Replicas

M= Ho + Y Vora = 5 Sow2, €510

Zp = /’IJ:-.— D L‘::{[J[{—?‘I{}rfj e Jﬂ¢ {TKP{_S?*?"-.:'

LI UhFEE=EFH 126 DOHANTF

Cad "B & - \QQS
- Y'TP A. Ohnishi @ Osaka U., Oct. 12,2020 12




Replica evolution
of harmonic oscillator
(quantum mechanics)
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Harmonic Oscillator

# Hamiltonian Fourier transf. of Lty Pr

W=
H —
— 2=2
Pn Mnxn
— H Ty U1 — o
H E (xr,pr) +V d [2 + 5 ]

2
V= Z %(%H —x,)?,  Mj=w?+4¢%sin®(nm/N)

s Replica partition fw

2r(€) = [[(€/My) = [25inh(@/27)] 7! — [2sinh(w/2T)] " = Zo(T)

n

() = 2€ arcsinh (w/2€) = 2NT arcsinh (w/2NT) — w

N — o0

Correct quantum partition function is obtained
in the large N limit

oy E - \QQS
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Time-Correlation Function

# Unequal time two-point function (Time-correlation function)

@ Quantum mechanics Good exercise for UG students
1
Co(t) =(xu(t)zy(0))r = o [Coth (%) cos wt — i sin wt}
o,
@ Replica evolution
Solution of EOM
ZTn(t) = Z,(0) cos Mt + p;\}(()) sin M.t , p;\}(t) = —Z,(0)sin M,,t + p}\}(()) cos Mt .

Thermal expectation values

(0, (0)Z0s (0))7 = &/M2bpnr,  (Pn(0)p (0)) 1 = E0pn
Time-corr. fn.

Cr(t) =(e(D)a(0)r = & 3 (e (D= 0))r = + 3 (@ (Fa )1
M

:%Z% COS nt:Z% cos M, t .

n n
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Equal time two-point function

- m=1
0

{107 '
¥ | _ n=0 contribution
s [ '
O ":/ , Quantum

i'r.“ 2 Replica (N=4)

il ({r:q:;?ﬁ; e

1

10! L ' ——
0 0.5 1 1.5 2
T/

Correct quantum amplitude is obtained in the large N limit.
N=4 is enough for T/w > 0.3
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Unequal time two-point function

Quantum

Replica (N=4)
(N=Ilﬁ% -
Crolt) —

T/w=1.0, w=1

0 05 1

1.5 2
wit/2m

2.5

Good enough !

3

Quantum
Replica (N=4)
{N=z‘ﬁ; .o

+f l
T/w=0.5, w=1

1.5 2
wt/2m

0 05 1 25 3

Well, we can extract ®
from time-corr. fn.

For T/mw > 0.5, time-corr. fn. is dominated by n=0 component,

. ¢S
- . ‘\
&
< 42
|
e\ n .
&) 4 === m  YUKAWAINSTITUTE FOR T
< R THEORETICAL PHYSICS YITP Kyoto 337

and we can access the quantum TCF by the replica evolution.
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ABDS—EDLITVUDLRE

s IBDOERTOLIT UHFERE
o LTUHTY (TriPr) = (Pras Tra)

o IZDEHR > BEKDIH, EORIRINF—DIFE

s {5 : o theory S
A & )
H = Z [ V§b7m> —+ —¢Tm\ 24¢7-;13 + 9 ((/b7-+1 T ng:c)
| S
H($romra) 2 £S[9
Ty O

s BE2<DZ#H (1loop)
Aarts, Smit ('97), Kapusta, Gale (textbook)

om® = %<¢2>div O
1 #

1
2 . = _— - 2 2 i
(&%) aiv L3 Zk 2wg /1 + (W /26)? —om Mo/

TN LHres
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Numerical Calculation Setup

Lattice size = 323 x 4 (L=32, N=4)

T=0.5 ((=NT=2); m=0, 0.5; 2=0.5, 1, 2, 4, 6, 8, 10.

One loop renormalization of mass, no counterterm for A.

Initial conditions are obtained by solving the Langevin equation.
Solve replica EOM until t=500 with the time step of At=0.025.

Number of replica configurations = 1000
— 3-6 hours on one core of core i7 PC for a given (m, 1)

* A. Ohnishi @ Osaka U., Oct. 12, 2020 20




EENE ) h
s LIJUBDTOEHENT (BHS)
o 1 . 1 1 1
(00 =3 S 0ubin) T s 5+
Free field, Matsubara sum

n

]
Thermal

Zero point Bose-Einstein

10* —————— 10* ———————
3 Replica (N=4) 3 Replica (N=4) =
1“1 ' Classical (N=1) 1“1 [ Classical (N=1)(x5)
107 ¢ thermal (lattice) — 4 10 thermal (lattice) 1
» 100 & +zero point (lattice) ,.E 10! "i.ﬁ, BI}&E—EH?':HEIII AT
= 10° 29050004 10" 1 TR, 32" x4dor 1
el $982929330200000 £ 1|
10 r b T2 v, 10 w’*"‘ﬁﬂ 1
-2 e S -2
10 3 — 10 i,
1“—3 : 327 x4 or 1 > ey 1{1_3 Eeru point auhtrsted\“‘\h"“-w
/=8, m=0, T=0.5, w/ 6m A=8, m=0, T=0.5, w/ ﬁm
10~ — 10~ '
0 05 1 1.5 2 25 3 0 05 1 15 2 25 3
k k
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Rayleigh-Jeans Divergence

# With N >=2, free field energy converges in the replica method.

() = 2NT arcsinh (w/2NT) g 2NT log(w/NT)
>

2NT B
<|¢k|2>ren ~ k‘2 eXp(_Qk;/T) - 2<NT)2N+1k 2(N+1)

]434 <|¢k|2>ren N 2(NT)2N+1]€_2(N_1)
0.4

@ Convergence cond. Replica (N=4)

2(N-1)>1 —>N>1.5 Classical (N=1) +
0.3 | Bose—Einstein (lattice)
B.-E. (large N limit) - - - -

We can remove 02 ¢

divergence of energy
in the replica method
(N>=2)

with mass
counterterm(s).

4 2
k {M}kl }ren

0.1 ¢

A=8, m=0, T=0.5, w/ Sm’

0O o5 1 15 2 25 3
k
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L UDFEREETODERES
s <DZHEOBRES

@ Leading Order (one-loop) Mo =m? + \T?/24.

Kapusta, Gale (textbook)
Parwani ('92, '93)

9

@ Resummed One-Loop , > _ 7" | 3 /A '
@ Two-Loop reswm o 94 TV 24 _bm? N2
) AT? 3 /X A [3 T A
Mict00p =75 {lw 24*_@yo2 21%5(4WM2>+2h¥§<24>%&]} ’
l | | | |
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Time-correlation function

s Time-correlation function of free field (zero momentum)

1
z,y A 2 W= = = - i
1 s 14 ' y . &
T NIL3 2 (re()ry (0) s LU\ L\ (N L.\ [
T,T,Y W I
I L
T s -1 .
—ZﬁcosMnt S L I ¥ gp— Ve - - = -
noo =8, m=0.5, w/ 5m"
(MQ_ 2+4£2.2( /N)) -3 = I I }"-l' 1 —
n — W N 0 10 20 30 40 50

t

# TCF of interacting field .
20 — Replica Evol. -

@ Interaction induces thermal mass RN
. . = 10} ™. _
@ Coupling of different momentum 2 'y A _
mOdes induces damping. -ﬁ- D — ... g X ; ..... " 2,-.:- ....... *a . - ¥ P ]
S -0 Lo -
20 I A=8, m=0, w/ Sm>
0 100 200
t

D)\ = = \?Qs
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= Yal. )

s EFHETEZEDOLHANE (HHIGHER) THD
LI UbRBEEZREUIEZ,

o ERREIEREL I UNIEER (replica index) .
ERBEREATRNS t MO EERT>SvILEHRUE
4 (=3+1) R ZERTDZEDZE DL MK IFHEFE
o HHUSDIHE LEFRHEZHEITDO,
o FFRIC(E HMC O FENHEEED
o LMU— . S—2XFME/EY. 1IN —TEBXHEERAMRERT
s SERDFRE
@ CNETICRESNTVWSIFELDLER

Hard mode effects [Bodeker, McLerran, Smilga ('95), Greiner, B.Muller ('97)], Field-particle

sim. [Dumitru, Nara ('05), Dumitru, Nara, Strickland ('07)], 2PI [Aarts, Berges ('02), Hatta,
Nishiyama ('12)],

o FENXHENLEDBEE
Classical field — Boltzmann eq., A.Muller, Son ('04).
@ IO, IFFHERE (I>bOE—E/M. EFIIFRE). ..

! YGTP * A. Ohnishi @ Osaka U., Oct. 12, 2020 25

as




CiREBHDMRESZETNX U,

AO  Hidefumi Matsuda Toru T. Takahashi
Teiji Kunihiro

arXiv:2008.09556 [hep-lat]
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Damping Rate

s Apparent damping rate in replica evolution is larger than 2-loop
results at small coupling. Why ?

@ Classical results (N=1) better agrees with 2-loop results.
Aarts (‘01)

@ Power spectrum shows wide spread of the mass, but falls oft
quickly. Fragmentation of zero-momentum single particle mode ?

2 5
10 . . .
1“4 Replica —
107 } Ple
1073 ¢ 10°
& 3 10°
—4 = 1
Replica (m=0) & 11]“
5 (m=0.5) & : 1
1 N=1 (m=0) -&- - 10 |
10 . ==Y o 3 L | 32°%x4, m=0,2=0.5
1 10 10 ! ! !
2 0 0.05 0.1 0.15 0.2

[}]

- Qs
- Y
7o)
< €
|
%) m  YUKAWAINSTITUTE FOR
< THEORETICAL PHYSICS -
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Commutator in Classical Dynamics

# (Classical-Quantum Correspondence

(A, B] — ih{A, B}pg + O(h°)

# Unequal-time Poisson bracket Aarts (‘01)

(3len(@).2n ) = (5 (0,20} en

i 0%, (t) 0z, (0 0Zp(t) 0Z,(0
<Z[ (t) (0) (t) ())]>

2

1 1 .
;eg —5 En: E S11 Mnt
@ n=( term reproduces quantum mechanical result in a HO.

@ Unequal-time derivative can be obtained by using the Trotter
formula together with Hessian matrix.
Kunihiro, Muller, AO, Schafer, Takahashi, Yamamoto (‘10)

0%y (to) Opn/ (to)  ODp (to) 0w (to

n,n’

- - \?QS
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Application to Gauge theories and Fermion Systems

s Gauge theory

@ Temporal component of the gauge field is Wick-rotated in the
imaginary time formalism, and replica evolution cannot be applied
as it is, except for the case in the temporal gauge (A ,=0).

# Fermions

@ We do not know (yet) how to handle Grassman number in replica.
@ Time-dependent Hartree-Fock theory may help.

A. Ohnishi @ Osaka U., Oct. 12, 2020 29



Previous Attempts

# Separate soft and hard modes
Soft modes still have classical statistics, cutoff needs to be small.

@ Effective action of soft modes by integrating hard modes

— dissipation and fluctuation from integrated hard modes
D. Bodeker, L. D. McLerran and A. V. Smilga, PRD (‘95)52;
C. Greiner and B. Muller, PRD 55 (‘97)1026.

@ Introducing mass counterterm — Similar results with 2PI
e.g. G. Aarts and J. Smit, PLB 393 (‘97) 395.
# Coupled equation of field and particles
@ Solve coupled equation of field and particles — faster equilibration
A. Dumitru and Y. Nara, PLB 621 (‘05) 89.

@ Two particle irreducible (2PI) effective action approach

— Large numerical cost to simulate 3+1D fields
J. Berges, AIP Conf. Proc. 739(‘04)1; G. Aarts, J. Berges, PRL 88(°02)041603; Y.

Hatta, A. Nishiyama, NPA 873(‘12)47.
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