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# Introduction

o LTVHREE

AO, H.Matsuda, T.Kunihiro, T.T.Takahashi, PTEP2021(‘21), 023B09
doi:10.1093/ptep/ptaal 72, arXiv:2008.09556 [hep-lat]

s LIVHhBEBRETODRHNS—I5 (o' B ) DT YkLTE

(Work in progress)

o FrfRIFERERIR. TYURKK

& Summary

o - QS
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BFIBDER CELF AR ?

s BIRILF—EAT EMREOLARME
HHIZN T ENZER (CGC, Glasma) o #F% (Hydro., QGP) ~
— THHLGERBEOPR TOEFIEOSEMAREDRRNANE

Hadron Gas
| —
T=1, Hadron =1, T
ad Cascade

LB SBFREEN

s LOLEFIHZD
HHHEM?

REFRERICIEEINGRFSEED ...
S = N / D (W(t )| exp (iS[6]) | (t:))
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ST HIBDL T HRE

s EFEBEOERREEZHEIZ(OWLY) DFHEET) B TELZLN?
— —DOHDOBE=EFHitEdt Ot RIFE R

Replica evolution of classical fields in 4+1 dimensional spacetime toward real time
dynamics of quantum fields, AO, H.Matsuda, T.Kunihiro, T.T. Takahashi,

PTEP2021(°21), 023B09 [arXiv:2008.09556 [hep-lat]]

o EFFMIXTOER (¢ B) ((=a/a, = NT)
B 2
o1 [ ar fas[L(22)"+ Lewor s o ]

| N1 £2 , 1 s 1 5 5 Ay
Zg Z Z [? (¢7’—|-1,cc — ¢T,m> + 5 (V¢T,w) + §m ¢’T,JB + 2_4¢T,CC]

=0 @x

@ NIILFZT U LS EREE
H=Y"gnte+6Slol. 2r= [ DnDo exp(-#/€) x [ Do expl(-So)

HAZEERET NI, « HRICHEEL- 5 RS (LTUH) D
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ST HIBDL T HRE

ERMEER T,
- EKMtTOD

LZ)h

- D Rt AL %
BRI t TOHRBOKE 10 ' ' ' '
(LFU5, D+ &%) 0 05 1 15 2 25 3
-. B
A | [ ERzEEs SR TS
R = - PO RERHSEMYRITISE
§ " :."‘_-.;E" " ® m BIENMIEEFIR (Bose-
= 04r ‘ m=0 Einstein)
0.2 R % - FEHEREAI o /ONSRE
) S e E(% 1 loop DEERKYE 2 loop
0 2 4 6 8§ 10 DFEERIZELY
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ST HIBDL T HRE

s 1—)YF{ER Slo] ERTUIUvILET HEHH NE
@ Hybrid MC D@3 FEINFEB R EREFRRBRBREALGELHELSRE

o YE{EFETHULSNTLVS Path Integral Molecular Dynamics
(PIMD) 13 B F N £ KEETRAKEDO 71 T7HAALLh TS,

D. Marx+, J. Chem. Phys. 104, 4077 (‘96); M. Shiga, M. Tachikawa, S Miura,
Chem. Phys. Lett. 332, 396 (‘00); R. Welsh+, J. Chem. Phys. 145, 204118 (‘16).

s MYBOREFRE
o THMEMARMNEDEERBTEEDMN?

*» BEBICHHRE TESRTOLLLE (141 RITTO 2P LD HELLE)
Aarts, Berges (‘13)

s RILYRUARADORE
A.H.Miiller, Son (‘04); P. Copinger+ (work in prog.)

o BRI (HHE) LRFHREE (AIF) ANEBICEAETHEMBTE

s BIANY—BAA RO BHE
FhHE-TorOE—&Em-9 YR OO—4£/-RE
Cr I8 CTHD A : Epelbaum, Gelis (‘13); Tsukiji+(‘18); Matsuda+(20); ...
Replica & gradient flow Z V= EM tensor: Kitazawa+
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o' B CO T BIFDL T HFRRELT YRTE

s Replica Hamiltonian

= BEFEERZER TR ILETHAH BN LN =7

55[45]
N-—-1 1 ,
H=) ) {5%

1 2 2 €2
=0 x

(V¢T w) + §m ¢7‘,a3 + ¢’Tm + 9 (¢T+1,w — ¢T,w)2]

H(¢T7 7T7—)
s B EEM (Green-Nakano-Kubo BIRR ) ITLDT VLY

Homor, Jakovac(‘15); Matsuda+(‘20)

1 [ V
— f/o Ci2(t)dt, Cra(t) = ~ Z<712’T(t) T12,+(0)), T12,7(¢ ZTm (x,7,1)

T

8 Setup (almost the same as 40+(“21))
@ Lattice size = L3 x N, (L,N)=(32,1), (32.4), (32.8), (40,8)
T=0.5 ((=NT=2); m=0; 2=0.5,1,2,4,6,8, 10

l\Dlr—\

-

@ One loop mass renormalization (ignored in CF), Init. Cond. from Langevin eq.
@ Solve replica EOM until t=500 with the time step of At=0.025.
-

Number of replica configurations =(1000-2000)
WYITP g A. Ohnishi et al. @ JPS2021.03, Mar.12, 2021 8
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ERE 5 ERF R 55 B %X

o SEEIES (/ST—RARINIV),  dB/dk = Kullo(k)

o dE/dk [ L,N AAKEVEE GEHRBRRISELY) I5S.
Bose-Einstein %370 b‘b%ﬁﬁéhéﬁ?ﬁ &ﬁ%E

T=05,1=2.0  N=1 —— T=0.5,A=8.0  N=1 (AO+(°21) l/?:l:')—d)?'is
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0 r ! ' 408 - | BHREELTLE. )
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2 S L
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L=32,Im=0, w/ Bmz, Zero | oint su
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(BEFRoFE) M,
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BEEEIEL o o SR
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0= [ Culit=ip

s WRIBICHART AT
EBICKELEDH,

HIEHEYEDLIL,

— FYRERITIER

5

9 Yl

s Green-Nakano-Kubo B{R =

0.003

0.0028 |
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(=1 LEE(UHJ%"?J%I#

INSLTELY)
Aarts, Smit (‘97); Matsuda,
AO, Kunihiro, Takahashi,
PTEP2020 (‘20), 053D03.
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s BEFHAHEZL OTRBERTHAIL TVHRREZANT
%*ﬂﬂ*zd) REFA.

0| [ERADS—IFBRBICHITHST YHEDEFHEHENREZSE
gr'f"éufil’\f‘:o

o FFEIFEBERES Cou(t) (B BIBRIIZR DT HRA DEY TD
REEZTRT, (HRIBDIGEALRRR)

o Ci(t) DIRIE (A) (FEFHEFHEICLYTERIFE (N=1) DIFEICH
RTKREDGD, BEHEABBLDORBTE ) HRELLGS=0D
TURME N~ A/ TT [TIEFHEHEZEALTEREKEIL L

LYo (preliminary)

o EERLLERTHE/NSTTYRENRNS, BETURMEDL ?
Jeon(‘95), Jeon, Yaffe (‘96), Asakawa,Bass, Muller (‘06,°06), Matsuda, Kunihiro,
AO, Takahashi (‘20)

s SHOBE
INSTHRF I DER, TR F—EHERTU L ORYZH, P
SVAERA~OER, BEREOLR. RLYTUHEAOET,
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Thank you for your attention !

AO Teiji Kunihiro
Hidefumi Matsuda Toru T. Takahashi

“Replica evolution of classical field in 4+1 dimensional spacetime toward real time
dynamics of quantum field”, A. Ohnishi, H. Matsuda, T. Kunihiro, T. T. Takahashi,

PTEP2021(‘21), 023B09 arXiv:2008.09556 [hep-lat].
Shear Viscosity, work in progress.
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Replica Evolution (Quantum Mechanics)

s Replica Equation of Motion

de, OH dpr  OH = OU(zr) 9
dt  Op; P g T Ox, 0x T @ 4 Ty 7 2)
# Replica index average Force. fro.m
| ) T-derivative term
xEN;£7’7 pEN;pT
dz dp 1 —0U(z,) ¥ OU®) )
a P it~ N2 or, V0T ag TOWOT)
Ehrenfest’s
theorem

Replica index average obeys
classical EOM

(when flucuations are small).

LAY A= QS |
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Harmonic Oscillator

s Replica Hamiltonian = N free HO Hamiltonian
2

2 2,.2 —2 272
N (P wEr e 2N | Py MaT
[ G eo] - [

n

T-deriv. term

M? = w? + 4€2 sin®(7n/N) Fourier transf.
s E tati lue of x* in Repli
Xxpectation vafue of x= In Replica Matsubara freq. sum
1 1 ) 1 £ coth (2/2T)
CEQ — £C2 = — 332 — ro
(%) NZ} v NZ} n) Nzn:M,,% 2w4/1 + w? /482
zero point () = 2€arcsinh (w/2¢)
E( N =1, Classical) /thermal
_coth(w/2T) 11 1
/ — - [2 4+ 7 1] (N — oo, Quantum)

Equal time observables of x are reproduced at N —

A. Ohnishi et al. @ JPS2021.03, Mar.12, 2021 14



Time Correlation Function in HO

C(t) = (z(t)=(0))

Classical

Quantum
Replica (N=4) ———
(N=32)
| Cro(0) =

0 0.5 1 1.5
T/m

Equal time observables
— Exact at N — o

2

C(t)

Unequal time corr. fn.

— Not exact,
but good for T/® > 0.5

Qudntum '
RE[I]]L.:I {‘4—4} —
| Quantum '
L5 | Replica (N=4) — 1
(N=21%) -«
Ly LRﬂ{t} -

J =
T/w=0.5, =1

1.5 2 25

‘ Sounds nice. How about field theory ? I

__"Y TP
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Application to Scalar Field Theory I

=mys QS |
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From Classical Field to Replica Evolution

# (Classical Statistical Simulation

@ Classical Field equation of motion Classical
has O(1?) precision 0S5 =0

@ Instability/Chaoticity
@ O(h) effect is included in init. cond.

i O(R) Q effects

@ Classical equilibrium

# Imaginary Time Formalism
. Imag. Time Formalism
@ Enlarged “Classical” field configs. 5 /T period

3D — 4(=3+1)D

@ Quantum stat. equilibrium

# Replica evolution

@ Real time evolution of Replica Evol.

enlarged 4D “Classical” field configs. Imag. T.F.
+Classical EOM
@ (Classical feature + Quant. Stat. Equil. + fluc. In Init. Cond.

N LAL 905-
- Y TP ‘;m# A. Ohnishi et al. @ JPS2021.03, Mar.12, 2021 17




Replica Evolution

Replicas
of classical Neld

~ Interaction ({&'Tml:tj:-?'_ﬂ'm (t))
biw Replicas

H=Y Ho + Y Vora = 5 Son2, 6510

Zr = /’IJ:-.- Db exp(—H/E) x Jﬂ¢ exp(—S|¢])

Replica Evolution
= Classical Dynamics
with Quantum Statistics in Equilibrium

A. Ohnishi et al. @ JPS2021.03, Mar.12, 2021 18



Damping Rate

8 Apparent damping rate in replica evolution is larger than 2-loop
results at small coupling. Why ?

@ Classical results (N=1) better agrees with 2-loop results.
Aarts (‘01)

@ Power spectrum shows wide spread of the mass, but falls off
quickly. Fragmentation of zero-momentum single particle mode ?

_2 5
10 — .
w/ Sm 1“4 Replica —
10* | Proy
107 ¢ 10°
X 2
= C —
N = ) 1“1
10" F Two loop —— = 107 ¢
} Replica (m=0) mn
5 (m=0.5) & ] 1
2§ N=1 (m=0) -&- 4 10 ¢
10 . _N=LmEh) O L, | 32°x4, m=0, 1=0.5
1 10 10 ! ! !
% 0 0.05 0.1 0.15 0.2

1))

] Y-TP *\QQS#

nnnnnnnnnnnnnnnnn
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Commutator in Classical Dynamics

# (Classical-Quantum Correspondence

(A, B] — ih{A, B}pg + O(h°)

# Unequal-time Poisson bracket Aarts (‘01)
(3len (@) 2n0)) = (5 (a(0),2(0)}en
i 0T, (t) 07,(0)  0Zn(l) 07,(0)
N 2%; [(%n/ (to) Opns (to)  Opnr(to) OT (to)]>

) 1 .
;eg —§;MslﬂMnt

@ n=0 term reproduces quantum mechanical result in a HO.

@ Unequal-time derivative can be obtained by using the Trotter
formula together with Hessian matrix.
Kunihiro, Muller, AO, Schafer, Takahashi, Yamamoto (‘10)

| YITF Kyolo 45,5

AV QS |
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Real-time evolution of Classical Yang-Mills field

s (Classical Statistical Simulation T N S S S

McLerran, Venugopalan ('94), Romatschke,
Venugopalan ('06), Lappi, McLerran ('06),
Berges, Scheffler, Sexty ('08), Fukushima ('11),
Fukushima, Gelis ('12), Epelbaum, Gelis ('13)

| o r 7] _| pr/e [N
0.8\ Lappi, McLerran ("04)__ p * i
: 1 Lo -
— 0.6 R
oo 01 10 10.0 20.0 300 100
wﬂ-ﬁ Qe
= [fmyfc]
Nm 0.4 0.01 01 1 2 3 4
[]E L +1
vz
0 I}
0 0

0.1 1.0 10.0 20.0 30.0 40.0

- |@Eelbaumz Gelis ('13 !|

=mys QS |
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Approaches using 2PI effective action

VOLUME 88, NUMBER 4 PHYSICAL REVIEW LETTERS 28 JANUARY 2002

Classical Aspects of Quantum Fields Far from Equilibrium

Gert Aarts and Jiirgen Berges

Institut fiir Theoretische Physik, Philosophenweyg 16, 69120 Heidelberg, Germany
(Received 16 July 2001; published 15 January 2002)

We consider the time evolution of nonequilibrium quantum scalar fields in the Q(N) model, using
the next-to-leading order 1/N expansion of the two-particle irreducible effective action. A compari-
son with exact numerical simulations in 1 + 1 dimensions in the classical limit shows that the 1/N
expansion gives quantitatively precise results already for moderate values of N. For sufficiently high

initial occupation numbers the time evolution of guantum fields is shown to _be accurately described by

and quantum thermal equilibrium.

0.6

—— NLO classical
——— MC

03

Time-correlation function is
reasonably described by classical
field, but statistics in equilibrium
is problematic.

F(1,0;p=0) M
L=}

0 5 10 15 20

AV QS |
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Isn’t it enough to use perturbative and lattice field theory

s Hydrodynamics with EOS and transport coeff.

from pQCD and/or LQCD
R. Baier, A.H. Mueller, D. Schiff, D.T. Son (‘01, pQCD, ), P.Arnold, D.G.Moore, L.G.Yaffe

(‘03, pOCD, n); A. Nakamura, S. Sakai (‘05, LOCD, n); A. Bazavov et al. [HotQCD] ('14, LQCD,
EOS); S. Borsanyi et al. ('14, LOCD, EOS)

@ Not enough: early thermalization puzzle, large n (pQCD), large
uncertainty in n (LQCD)

s Why ? Background field effect ?

@ Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller (‘06)

Under disordered background field, momentum transfer is
promoted more than perturbation predicts — Small n

@ Classical field evolution also predict small n
H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (‘20)

n o (g*log(1/g)) ™ (PQCD) — n o g~*/*(ABM, CYM)

We need evolution of quantum field under inhomogeneous
And non-equilibrium background field.




Shear Viscosity of Classical Yang-Mills field

# Green-Kubo formula

1 [ V
=7 /O 1), Ct)=~ ;Tij(t)nj(())
@ Numerical integration of the time-correlation function of the
energy-momentum tensor of classical field.

@ This should be simulating n of IP-glasma model.

1.5 ) 0.75 g=0.5(g°T=0.288) ——
g=0.5(g°T=0.288),Data 16) ——
] 68)
10 1(1.16),Data
o | S
= 2(4.68),Data
{i 0.5 | Fit =eeeee--
:‘25‘3 i L=32
00 |} Sttt
W
_0_5 . ;
0 1 2 3 4 5
° (] (ﬂ [
t H. Matsuda, T. Kunihiro, AO, T.T.Takahashi,

| arXiv:2007.06886 [hep-ph]
-m - QQS
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Anomalous Shear Viscosity

s Anomalous viscosity under strong disordered field
M. Asakawa, S. A. Bass, B. Miiller, PRL96 (‘06)252301; PTP116 (‘07) 725.

Disordered background field promotes momentum transfer.

4 —1
e (z(_m‘lﬂ-’ _ 1];_;,L{4}1'T) 2 g / n o (g”log(1/g))” " (pPQCD)

29 IIJ[] _-"'.,-'( . i'.-":;_.. L, I:E }

# (Classical Field simulation supports this idea.
H. Matsuda, T. Kunihiro, AO, T.T.Takahashi (arXiv:2007.06886)

3

L=32 —=—

—H72
vl

_ &2
_I_ ..:I |'I-I

a =009 £ 007,17 = 1.49 £ 0.39,
4 =0.33 £ 0.06, & =0.35 £ 0.07.

x=g*T

AV QS |
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Application to Gauge theories and Fermion Systems

s Gauge theory

@ Temporal component of the gauge field is Wick-rotated in the
imaginary time formalism, and replica evolution cannot be applied
as it is, except for the case in the temporal gauge (Ao=0).

# Fermions

@ We do not know (yet) how to handle Grassman number in replica.

@ Time-dependent Hartree-Fock theory may help.

A. Ohnishi et al. @ JPS2021.03, Mar.12, 2021 26
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