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Superstring theory: 
candidate of the 
unified theory of all 
forces

Q: Why do dualities 
relate them?

⇒Suppose ∃ a unified 
framework based on a 

larger duality with 
many faces 
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Superstring theory: 
candidate of the 
unified theory of all 
forces

Q: Why related  
through dualities?

Goal: construct a unified 
framework (A-theory)  

guided by U-duality

⇒Suppose ∃ a unified 
framework based on a 

larger duality



T-duality
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Large space,  large R

Momentum modes 
are excited!

Winding modes 
are excited!

Small space,   α’/R

T-duality symmetry 

O(D,D)
𝑔𝑔𝑚𝑚𝑚𝑚,𝐵𝐵𝑚𝑚𝑚𝑚 ∈

O(D,D)
SO(D−1,1)2 Spaces: gpt4o

People: irasutoya



S-duality
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String is 
oscillatingfermion

string

Soliton

D-string

D-string is 
sitting there

Weak coupling, small g         Strong coupling  1/g 

S-duality symmetry

SL(2) τ＝4πi/g2+θ/2π

𝜙𝜙 ,𝝌𝝌 ∈
SL(2)
SO(2)



U-duality
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U-duality symmetry
Exceptional group   ED+1

D Exceptional group U-
duality symmetry

ED+1(D+1)

1 GL(2)
2 SL(3)SL(2)
3 SL(5)
4 SO(5,5)
5 E6(6)

6 E7(7)

7 E8(8)

Hidden symmetry: ’78 Cremmer & Julia, 
de Wit &Nicolai,…
U-duality: '94 Hull& Townsend, ’98 
Obers & Piolin…

String, D-string, D-brane
Momentum modes 

are excited!
Winding modes 

are excited!

String is 
oscillating

D-string is 
sitting there

𝑔𝑔𝑚𝑚𝑚𝑚,𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶𝑅𝑅𝑅𝑅 ∈
ED+1

H



Outline

I    Introduction: string theories & string dualities

Ⅱ   A-theory: A5-brane SL(5) current algebra, 

Virasoro constraints, Hamiltonian & Lagrangian

Ⅲ Sectionings: T-string, M5-brane, SUGRA M2

Ⅳ Conclusions
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Ⅰ Introduction String theories 
String dualities
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String dualities & duality covariant 
theories
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• S & T dualities are unified into U-duality

• ‘95 Witten: What is the strong coupling limit of IIA?  
⇒ M-theory← S-duality→IIA , I ← S-duality→ HO, M ← S-duality→ HE

• ‘96 Vafa: What is the geometric meaning of SL(2) S-duality of IIB?  
⇒ F-theory ← U-duality→ IIB, F M 

• ‘93 Siegel: What is the theory with manifest T-duality? ‘14 : What is the one for U-duality?
⇒ T-theory & A(F)-theory

T ’84 Kikkawa & Yamasaki, ’86 Sakai & Senda, ‘87 Buscher, … 
U ‘78 Cremmer & Julia, de Wit &Nicolai,…'94 Hull& Townsend, ’98 Obers & Pioline …



String dualities & duality covariant 
theories
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• Double Field theory (DFT) has been actively studied. DFT is a low energy effective theory of 0-
modes of string with manifest T-duality, and DFT σ model has been developed.

• Exceptional Field theory (ExFT) has been actively studied. ExFT is a low energy effective theory 
of 0-modes of superstring with manifest U-duality, and ExFT σ model has been developed.

’93 Siegel, ’09～ Hull & Zwiebach, ’10～ Hohm, Kwaw, Jeon, Lee, Park, Thompson, Berman, Aldazabal,Marques, 
Nuñez, Lust, Klimcik, Hassler,Ševera, Sfetsos, Demulder, Sakatani, Watamura, Sasaki, Yata, Mori, Polaceck, M.H. ,... 

’11～ Coimbra, Strickland-Constable, Waldram; ’12～ Berman, Cederwall, Kleinschmidt, Thompson; Godazgar, Godazgar, 
Hohm, Nicolai, Samtleben; ’14～ Musaev, Samtleben,  Henning , Blair, Malek, Baguet, M. Magro, Wang, Bossard, Ciceri,  
Inverso, Kleinschmidt, Abzalov, Bakhmatov, Sakatani, Siegel, Wang,… , Review ’20 Blair,…



String theories & gauge fields
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𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 1 ,𝐶𝐶[3]
F1,NS5,D0,D2,D4,D6,D8

𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 0 ,𝐶𝐶 2 ,𝐶𝐶[4]
F1,NS5,D-1,D1,D3,D5,D7,D9

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
F1, NS5

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝐸𝐸𝐸×𝐸𝐸𝐸]
F1, NS5

𝑔𝑔�𝑚𝑚 �𝑛𝑛,𝐶𝐶 �𝑚𝑚 �𝑛𝑛𝑙𝑙, �𝑚𝑚 = 0, … ,𝐷𝐷
      M2, M5

𝐶𝐶 2 ; 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
D1,D5,D9

Five brane current algebra in type II string theories  
‘21  M.H. Sasaki, Yata

𝑔𝑔𝑚𝑚𝑚𝑚,𝜙𝜙 &
𝑚𝑚 = 0, … ,𝐷𝐷 − 1



String theories & gauge fields
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𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 1 ,𝐶𝐶[3]
F1,NS5,D0,D2,D4,D6,D8

𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 0 ,𝐶𝐶 2 ,𝐶𝐶[4]
F1,NS5,D-1,D1,D3,D5,D7,D9

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
F1, NS5

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝐸𝐸𝐸×𝐸𝐸𝐸]
F1, NS5

𝑔𝑔�𝑚𝑚 �𝑛𝑛,𝐶𝐶 �𝑚𝑚 �𝑛𝑛𝑙𝑙, �𝑚𝑚 = 0, … ,𝐷𝐷
      M2, M5

I (N=1 SUSY)

II (N=2 SUSY)

𝐶𝐶 2 ; 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
D1,D5,D9

𝑔𝑔𝑚𝑚𝑚𝑚,𝜙𝜙 &
𝑚𝑚 = 0, … ,𝐷𝐷 − 1



String theories & gauge fields
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𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 1 ,𝐶𝐶[3]
F1,NS5,D0,D2,D4,D6,D8

𝐵𝐵𝑚𝑚𝑚𝑚,𝐶𝐶 0 ,𝐶𝐶 2 ,𝐶𝐶[4]
F1,NS5,D-1,D1,D3,D5,D7,D9

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
F1, NS5

𝐵𝐵𝑚𝑚𝑚𝑚, 𝐴𝐴𝑚𝑚[𝐸𝐸𝐸×𝐸𝐸𝐸]
F1, NS5

𝐶𝐶 2 ; 𝐴𝐴𝑚𝑚[𝑆𝑆𝑆𝑆(32)]
D1,D5,D9

𝑔𝑔𝑚𝑚𝑚𝑚,𝜙𝜙 &
𝑚𝑚 = 0, … ,𝐷𝐷 − 1

𝑔𝑔�𝑚𝑚 �𝑛𝑛,𝐶𝐶 �𝑚𝑚 �𝑛𝑛𝑙𝑙, �𝑚𝑚 = 0, … ,𝐷𝐷
     M2, M5

M-theory

Strings



Dynkin of duality symmetry groups
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ED+1 U-duality symmetry

1 2 D − 3 D − 2 D − 1   D

D + 1

1 2 D − 3 D − 2 D − 1

D

1 2 D − 3 D − 2 D − 1   D

1 2 D − 3 D − 2 D − 1

O(D,D) T-duality symmetry

GL(D) D-dim. diffeo.

GL(D+1) (D+1)-dim. diffeo.
M-theory

Strings

T-theory

A-theory



Dynkin of duality symmetry groups
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ED+1 U-duality symmetry

1 2 D − 3 D − 2 D − 1   D

D + 1

1 2 D − 3 D − 2 D − 1

D

1 2 D − 3 D − 2 D − 1   D

1 2 D − 3 D − 2 D − 1

O(D,D) T-duality symmetry

GL(D) D-dim. diffeo.

GL(D+1) (D+1)-dim.diffeo.

S-duality

M-theory

Strings

T-theory

A-theory
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T
O(D,D)

M
GL(D+1)

S
GL(D)

A-theory cube & diamond

“Diamond” in F-theory with worldvolime
sectioning,  ‘15 Linch & Siegel

AI

AII

M’

M

TI

TII

SIIA/IIB
Open F-branes  ‘23  M.H. & Siegel                               

A
ED+1

SI/H



Ⅱ A-theory

Strategy
A5-brane with SL(5) U-

duality symmetry 
Current algebra
Virasoro constraints
Hamiltonian 
Lagrangian

JPS : 2024.03.20 18



A-theory: strategy
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Current 
algebra

• Exceptional 
group U-
duality 
symmetry

• Worldvolume 

Hamiltonian

• Virasoro & 
Gauss law 
constraints

Lagrangian

• New duality 
symmetry by 
worldvolume 
covariance!

• Quantization

A-theory

• All string 
modes 
⇒string gas 
cosmology

• Quantum 
gravity

‘93 Siegel: What is the string theory with manifest T-duality symmetry?  ⇒ T-theory
’14 Siegel: What are the brane theories with manifest U-duality symmetry?  ⇒ A-theory

T-theory’13～ Siegel, Polacek, M.H. , Kamimura, …
A-theory’14～ Siegel, Polacek, Linch, D. Wang, Y-T. Wang, Hulik, M.H. … 
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Current 
algebra

• Spacetime: ⊳𝐴𝐴
• Worldvolume: 𝜕𝜕𝑎𝑎

Hamiltonian

• Virasoro: 𝒮𝒮𝑎𝑎, ℐ
• Gauss law: 𝒰𝒰𝐵𝐵

𝑎𝑎

Lagrangian

• Spacetime 𝑋𝑋𝒩𝒩

• Background 
𝐺𝐺ℳ𝒩𝒩

• Current: 𝐹𝐹ℳ
• Lagrangian: ℒ

A-theory

• Sectionings: 
To string: 
𝜕𝜕𝑎𝑎 ⟶ 𝜕𝜕𝜎𝜎   
𝑋𝑋ℳ ⟶ 𝑥𝑥𝑚𝑚

⊳𝐴𝐴 𝜎𝜎 ,⊳𝐵𝐵 𝜎𝜎′

= 𝑖𝑖𝑓𝑓𝐴𝐴𝐴𝐴𝐶𝐶 ⊳𝐶𝐶 𝛿𝛿 𝜎𝜎 − 𝜎𝜎′

+𝑖𝑖𝜂𝜂𝐴𝐴𝐴𝐴𝐴𝐴𝜕𝜕𝑐𝑐𝛿𝛿 𝜎𝜎 − 𝜎𝜎′

𝒮𝒮𝑎𝑎 =⊳𝐵𝐵 𝜂𝜂𝐵𝐵𝐵𝐵𝐵𝐵 ⊳𝐶𝐶
ℐ =⊳𝐵𝐵 �𝜂𝜂𝐵𝐵𝐵𝐵 ⊳𝐶𝐶
𝒰𝒰𝐵𝐵
𝑎𝑎 =⊳𝐴𝐴 𝑈𝑈𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴𝜕𝜕𝑏𝑏

𝑈𝑈𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 = 𝛿𝛿𝐵𝐵𝐴𝐴𝛿𝛿𝑏𝑏𝑎𝑎 − 𝜂𝜂𝐶𝐶𝐵𝐵𝑏𝑏𝜂𝜂
𝐶𝐶𝐶𝐶𝐶𝐶

𝐹𝐹ℳ = 𝜂𝜂ℳ𝒩𝒩𝑝𝑝𝜕𝜕𝑝𝑝𝑋𝑋𝒩𝒩

ℒ = 𝐹𝐹ℳ𝐺𝐺ℳ𝒩𝒩𝐹𝐹𝒩𝒩

Nachos
 Translation 𝑝𝑝𝑚𝑚 = 𝜕𝜕

𝑖𝑖𝜕𝜕𝑥𝑥𝑚𝑚
 → covariant derivative ∇𝑚𝑚→ stringy covariant derivative ⊳𝑀𝑀

A-theory: strategy



A5-brane with SL(5) U-duality symmetry
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A5-brane  in 10-dim. spacetime 
• Spacetime :     10       𝑋𝑋𝑚𝑚𝑚𝑚 , 𝑚𝑚 = 1,⋯5
• Worldvolume: 5+1    𝜎𝜎𝑚𝑚, 𝜏𝜏

SL(5) A5 current algebra

⊳𝑚𝑚𝑚𝑚 𝜎𝜎 ,⊳𝑙𝑙𝑙𝑙 𝜎𝜎′ = 2𝑖𝑖 𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝜕𝜕𝑝𝑝𝛿𝛿(5) (𝜎𝜎 − 𝜎𝜎′)

⊳𝑚𝑚𝑚𝑚= 𝑃𝑃𝑚𝑚𝑚𝑚+ 1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙 𝜕𝜕𝑙𝑙 𝑋𝑋𝑘𝑘𝑝𝑝

SL(5) inv. tensor :  𝜖𝜖𝑚𝑚1⋯𝑚𝑚5

D=3 A-theory ’14 Polacek & Siegel, ’15 Linch , Siegel, D.Wang, ’23 M.H., Hulek,Linch, Siegel, D.Wang, Y-P. Wang

★ Both spacetime & worldvolume are 
representations of SL(5)

⇒ Current algebra is SL(5) covariant! 



A5 Virasoro & Gauss law constraints
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A5-brane  in 10-dim. spacetime 

Virasoro : 𝒮𝒮𝑚𝑚 = 1
16

⊳𝑛𝑛𝑙𝑙 𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ⊳𝑘𝑘𝑘𝑘= 0 Worldvolume σ-diffeo.

𝒥𝒥 = 1
16
⊳𝑚𝑚𝑚𝑚 𝛿𝛿𝑚𝑚𝑚𝑚;𝑙𝑙𝑙𝑙 ⊳𝑙𝑙𝑙𝑙= 0 Worldvolume τ-diffeo.

Gauss law:          𝒰𝒰𝑚𝑚 = 𝜕𝜕𝑛𝑛 ⊳𝑚𝑚𝑚𝑚= 0 Gauge transf. of 𝑋𝑋𝑚𝑚𝑚𝑚

• SO(5) inv. tensor :𝛿𝛿𝑚𝑚𝑚𝑚;𝑙𝑙𝑙𝑙

• In curved background: SL(5)
SO(5) ∋ 𝐸𝐸𝑎𝑎

𝑚𝑚 , 𝐸𝐸𝑎𝑎𝑚𝑚𝐸𝐸𝑏𝑏𝑛𝑛 𝛿𝛿𝑎𝑎𝑎𝑎𝛿𝛿𝑏𝑏𝑏𝑏𝐸𝐸𝑐𝑐𝑙𝑙𝐸𝐸𝑑𝑑𝑘𝑘 = 𝐺𝐺𝑚𝑚𝑚𝑚;𝑙𝑙𝑙𝑙,    ⊳𝑎𝑎𝑎𝑎= 𝐸𝐸𝑎𝑎𝑚𝑚𝐸𝐸𝑏𝑏𝑛𝑛 ⊳𝑚𝑚𝑛𝑛

𝒮𝒮𝑎𝑎 inert ⇒ section condition ,  𝒥𝒥 = 1
16
⊳𝑚𝑚𝑚𝑚 𝐺𝐺𝑚𝑚𝑚𝑚;𝑙𝑙𝑙𝑙 ⊳𝑙𝑙𝑙𝑙 ⇒ kinetic term in curved b.g.



A5 Hamiltonian
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A5-brane  in 10-dim. spacetime 

Hamiltonian

𝐻𝐻 = 𝑔𝑔𝒥𝒥 + 𝑠𝑠𝑚𝑚𝒮𝒮𝑚𝑚 + �𝑔𝑔𝒥̃𝒥 + 𝑠̃𝑠𝑚𝑚𝒮̃𝒮𝑚𝑚 + 𝑌𝑌𝑚𝑚𝒰𝒰𝑚𝑚

𝒥𝒥,𝒮𝒮𝑚𝑚: Bilinears of selfdual currents ⊳𝑚𝑚𝑚𝑚= 𝑃𝑃𝑚𝑚𝑚𝑚+ 1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙 𝜕𝜕𝑙𝑙 𝑋𝑋𝑘𝑘𝑝𝑝 physical

𝒥̃𝒥, 𝒮̃𝒮𝑚𝑚: Bilinears of anti-selfdual currents  �⊳𝑚𝑚𝑚𝑚= 𝑃𝑃𝑚𝑚𝑚𝑚 −
1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝜕𝜕𝑙𝑙 𝑋𝑋𝑘𝑘𝑘𝑘 unphysical

with ⊳𝑚𝑚𝑚𝑚 𝜎𝜎 , �⊳𝑙𝑙𝑙𝑙 𝜎𝜎′ = 0

• Anti-selfdual parts are needed for the worldvolume covariance

auxiliary coordinate for the Gauss law

�⊳𝑚𝑚𝑚𝑚= 0 Selfduality condition !



A5 Lagrangian
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A5-brane  in 15-dim. spacetime 
• Spacetime:      10+5    𝑋𝑋𝑚𝑚𝑚𝑚 , 𝑌𝑌𝑚𝑚, 𝑚𝑚 = 1,⋯ 5

• Worldvolume:   5+1      𝜎𝜎𝑚𝑚, 𝜏𝜏

• Field strength: 10+10’   𝐹𝐹𝜏𝜏 𝑚𝑚𝑚𝑚 = 𝑋̇𝑋𝑚𝑚𝑚𝑚 − 𝜕𝜕[𝑚𝑚𝑌𝑌𝑛𝑛] , 𝐹𝐹𝜎𝜎𝑚𝑚𝑚𝑚 = 1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝜕𝜕𝑙𝑙𝑋𝑋𝑘𝑘𝑘𝑘; 𝐹𝐹𝑆𝑆𝑆𝑆/𝑆𝑆𝑆𝑆 = 𝐹𝐹𝜏𝜏 ± 𝐹𝐹𝜎𝜎

• Gauge parameter: 5+1   𝜅𝜅𝑚𝑚 , 𝜅𝜅
Hamiltonian form action ⇒SL(5) A5 action

𝐼𝐼 = �𝑑𝑑𝜏𝜏𝑑𝑑5𝜎𝜎 𝜑𝜑𝐹𝐹𝑆𝑆𝑆𝑆𝐹𝐹𝑆𝑆𝑆𝑆 + 𝜙𝜙𝐹𝐹𝑆𝑆𝑆𝑆
2 + 𝜙𝜙1𝑚𝑚𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐹𝐹𝑆𝑆𝑆𝑆

𝑛𝑛𝑛𝑛𝐹𝐹𝑆𝑆𝑆𝑆
𝑘𝑘𝑘𝑘 + 𝜙𝜙𝑚𝑚𝑚𝑚𝐹𝐹𝑆𝑆𝑆𝑆

𝑚𝑚𝑙𝑙𝐹𝐹𝑆𝑆𝑆𝑆 𝑙𝑙
𝑛𝑛

in conformal gauge

𝐼𝐼 = �𝑑𝑑𝜏𝜏𝑑𝑑5𝜎𝜎
1
2

(𝑋̇𝑋𝑚𝑚𝑚𝑚 − 𝜕𝜕[𝑚𝑚𝑌𝑌𝑛𝑛])2 −
1
12

(𝜕𝜕[𝑚𝑚𝑋𝑋𝑛𝑛𝑛𝑛])2

Free kinetic term

★ Using auxiliary anti-selfdual currents for conformal wv
‘84 Siegel, ’18～ M.H. & Siegel, ‘22 M.H., Mori, Sasaki & Yata

selfduality constraints



A5 Lagrangian  with new symmetry SL(6) 

JPS : 2024.03.20 25

A5-brane  in 15-dim. spacetime 
• Spacetime:         15      𝑋𝑋 �𝑚𝑚 �𝑛𝑛 , �𝑚𝑚 = 0,1,⋯ , 5

• Worldvolume:     6      𝜎𝜎 �𝑚𝑚

• Field strength:    20   𝐹𝐹 �𝑚𝑚 �𝑛𝑛𝑙𝑙 = 𝜕𝜕[ �𝑚𝑚 𝑋𝑋 �𝑛𝑛𝑙𝑙]

• Gauge parameter: 6   𝜅𝜅 �𝑚𝑚

SL(6) A5 action
𝐼𝐼 = �𝑑𝑑6𝜎𝜎 𝜑𝜑(𝐹𝐹 �𝑚𝑚 �𝑛𝑛𝑙𝑙)2 + 𝜙𝜙 �𝑚𝑚 �𝑛𝑛𝐹𝐹 𝑙𝑙�𝑘𝑘

�𝑚𝑚 𝐹𝐹 �𝑛𝑛𝑙𝑙�𝑘𝑘 + 𝜙𝜙 �𝑚𝑚 �𝑛𝑛𝜖𝜖 �𝑚𝑚𝑙𝑙�𝑘𝑘 �𝑝𝑝 �𝑞𝑞𝑟̂𝑟𝐹𝐹𝑙𝑙
�𝑘𝑘 �𝑝𝑝𝐹𝐹 �𝑛𝑛

�𝑞𝑞𝑟̂𝑟

in conformal gauge

𝐼𝐼 = �𝑑𝑑6𝜎𝜎
1
12 (𝜕𝜕[ �𝑚𝑚𝑋𝑋 �𝑛𝑛𝑙𝑙])2

New U-duality symmetry SL(6)

Free kinetic term + selfduality constraints



Ⅲ Sectionings

Consistent reduction
T-string
M5-brane
SUGRA M2-brane 

JPS : 2024.03.20 26



Dynkin of D=3 theories

JPS : 2024.03.20 27

1 2 3

4

1 2

3

1 2         3

1 2

E4 = SL(5) U-duality symmetry
A-theory

GL(4) 4-dim.diffeo.
M-theory

O(3,3) T-duality symmetry
T-theory

1 2

GL(3) 3-dim. diffeo.
Strings



Reducing spacetime & worldvolume

JPS : 2024.03.20 28

E4 = SL(5) U-duality symmetry
A-theory

GL(4) 4-dim.diffeo.
M-theory

O(3,3) T-duality symmetry
T-theory

GL(3) D=3-dim. diffeo.
Strings

st sectioning by Virasoro
𝒮𝒮𝑚𝑚 = 0

st sectioning by Virasoro
𝒮𝒮𝑚𝑚 = 0

wv sectioning by Gauss law
𝒰𝒰𝑚𝑚 = 0

wv sectioning by Gauss law
𝒰𝒰𝑚𝑚 = 0

Space 
time 10 𝑿𝑿𝒎𝒎𝒎𝒎

World 
volume 5+1 𝝈𝝈𝒎𝒎, 𝝉𝝉

Space 
time 6 𝑿𝑿𝒎𝒎𝒎𝒎 = (𝒙𝒙𝒎𝒎,𝒚𝒚𝒎𝒎)

World 
volume 1+1 𝝈𝝈, 𝝉𝝉

Space 
time 3 𝑿𝑿𝟒𝟒𝒎𝒎=𝒙𝒙𝒎𝒎

World 
volume 1+1 𝝈𝝈, 𝝉𝝉

Space 
time 4 𝑿𝑿𝟓𝟓𝒎𝒎

World 
volume

4(5)+1
2+1

𝝈𝝈𝒎𝒎, 𝝉𝝉
𝝈𝝈𝒊𝒊, 𝝉𝝉



Reducing worldvolume by Gauss law

JPS : 2024.03.20 29

E4 = SL(5) U-duality symmetry
A-theory

O(3,3) T-duality symmetry
T-theory

wv sectioning by Gauss law
𝒰𝒰𝑚𝑚 = 0

Space 
time 10 𝑿𝑿𝒎𝒎𝒎𝒎

World 
volume 5+1 𝝈𝝈𝒎𝒎, 𝝉𝝉

Space 
time 6 𝑿𝑿𝒎𝒎𝒎𝒎 = (𝒙𝒙𝒎𝒎,𝒚𝒚𝒎𝒎)

World 
volume 1+1 𝝈𝝈, 𝝉𝝉

Reduce WV by Gauss law: 𝒰𝒰𝑚𝑚|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜕𝜕𝑛𝑛𝑃𝑃𝑚𝑚𝑚𝑚 = 0 , 𝑚𝑚 = 1～5,𝑚𝑚 = 1～4

𝒰𝒰𝑚𝑚|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜕𝜕𝑛𝑛𝑃𝑃𝑚𝑚𝑛𝑛 + 𝜕𝜕5𝑃𝑃𝑚𝑚5 = 0 ,𝒰𝒰5|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜕𝜕𝑚𝑚𝑃𝑃5𝑚𝑚 = 0

⇒ 𝜕𝜕𝑚𝑚= 0, 𝜕𝜕5≠ 0 = 𝜕𝜕𝜎𝜎 string

 𝑃𝑃5𝑚𝑚 = 0, 𝑃𝑃𝑚𝑚𝑚𝑚≠ 0  6-dim. space: 𝑋𝑋𝑚𝑚𝑚𝑚 = (𝑥𝑥𝑚𝑚,𝑦𝑦𝑚𝑚) , 𝑚𝑚 = 1,2,3

Survived Virasoro:

𝒮𝒮5= 1
16
𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑃𝑃𝑚𝑚𝑚𝑚 + 1

2
𝜖𝜖𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝜕𝜕5𝑋𝑋

𝑝𝑝𝑝𝑝) (𝑃𝑃𝑙𝑙𝑙𝑙 + 1
2
𝜖𝜖𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠𝜕𝜕5𝑥𝑥𝑠𝑠𝑠𝑠) T-string



O(3,3) T-string current algebra

JPS : 2024.03.20 30

T-string in 6-dim. spacetime

• Spacetime:      3+3      𝑋𝑋4𝑚𝑚 = 𝑥𝑥𝑚𝑚, 𝑋𝑋𝑛𝑛𝑛𝑛 = −𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑦𝑦𝑚𝑚, 𝑚𝑚 = 1,2,3

• Worldvolume: 1+1      𝜎𝜎5 = 𝜎𝜎, 𝜏𝜏
O(3,3) current algebra

⊳𝑚𝑚 𝜎𝜎 ,⊳𝑛𝑛 𝜎𝜎′ = 2𝑖𝑖 𝛿𝛿𝑚𝑚
𝑛𝑛 𝜕𝜕𝜎𝜎𝛿𝛿(𝜎𝜎 − 𝜎𝜎′)

★ O(3,3) invariant metric: 𝜂𝜂 =
0 𝛿𝛿𝑚𝑚

𝑛𝑛

𝛿𝛿𝑛𝑛
𝑚𝑚 0

⊳𝑚𝑚≡⊳4𝑚𝑚= 𝑝𝑝𝑚𝑚 + 𝜕𝜕𝜎𝜎𝑦𝑦𝑚𝑚 ,    ⊳𝑚𝑚≡ −1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚 ⊳𝑛𝑛𝑛𝑛= �𝑝𝑝𝑚𝑚 + 𝜕𝜕𝜎𝜎𝑥𝑥𝑚𝑚



O(3,3) T-string background

JPS : 2024.03.20 31

T-string in 6-dim. spacetime 
• Spacetime:       6      𝑋𝑋𝑚𝑚𝑚𝑚,   𝑚𝑚 = 1,⋯ , 4

• Worldvolume:  2      𝜎𝜎5 = 𝜎𝜎,  𝜎𝜎0 = 𝜏𝜏
T-string currents:    𝐹𝐹0𝑚𝑚𝑚𝑚 = 𝜕𝜕𝜏𝜏𝑋𝑋𝑚𝑚𝑚𝑚 ,𝐹𝐹5𝑚𝑚𝑚𝑚 = 𝜕𝜕𝜎𝜎𝑋𝑋𝑚𝑚𝑚𝑚 , others=0   

Curved background in SL(6) vielbein: 𝐸𝐸�𝑚𝑚
�𝑎𝑎𝐸𝐸�𝑛𝑛

�𝑏𝑏𝐸𝐸𝑙𝑙
̂𝑐𝑐𝐹𝐹 �𝑚𝑚 �𝑛𝑛𝑙𝑙, �𝑚𝑚 = 0,1～5,  𝐸𝐸𝑚𝑚

𝑎𝑎 ∋ 𝑔𝑔𝑚𝑚𝑚𝑚 ,𝐵𝐵𝑚𝑚𝑚𝑚
SL(6) vielbein for T-string: Worldsheet zweibein!

Spacetime vielbein

★  Spacetime & 
worldsheet mixing!



Reducing spacetime by Virasoro 

JPS : 2024.03.20 32KEK Journal Club 2025.02.28 32

GL(4) 4-dim.diffeo.
M-theory

st sectioning by Virasoro
𝒮𝒮𝑚𝑚 = 0

Space 
time 10 𝑿𝑿𝒎𝒎𝒎𝒎

World 
volume 5+1 𝝈𝝈𝒎𝒎, 𝝉𝝉

Space 
time 4 𝑿𝑿𝟓𝟓𝒎𝒎

World 
volume

4(5)+1
2+1

𝝈𝝈𝒎𝒎, 𝝉𝝉
𝝈𝝈𝒊𝒊, 𝝉𝝉

Reduce ST by Virasoro: 𝒮𝒮𝑚𝑚|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 1
16
𝑃𝑃𝑛𝑛𝑛𝑛𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑃𝑃𝑘𝑘𝑘𝑘 = 0 , 𝑚𝑚 = 1～4

𝒮𝒮𝑚𝑚|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 1
4
𝑃𝑃5𝑛𝑛𝜖𝜖𝑚𝑚5𝑛𝑛𝑛𝑛𝑛𝑛𝑃𝑃𝑙𝑙𝑙𝑙 = 0, 𝒮𝒮5|0−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 1

16
𝑃𝑃𝑚𝑚𝑚𝑚𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑃𝑃𝑙𝑙𝑙𝑙 = 0

⇒ 𝑃𝑃𝑚𝑚𝑚𝑚 = 0,𝑃𝑃5𝑚𝑚 ≠ 0 4-dim. space: 𝑋𝑋5𝑚𝑚 = 𝑥𝑥𝑚𝑚

Survived constraints 

Virasoro: 𝒮𝒮𝑚𝑚= 1
2
𝑝𝑝𝑛𝑛𝜕𝜕[𝑚𝑚𝑥𝑥𝑛𝑛], 𝒮𝒮5 = 1

4
𝜖𝜖𝑚𝑚𝑚𝑚𝑙𝑙𝑙𝑙(𝜕𝜕𝑚𝑚𝑥𝑥𝑛𝑛)(𝜕𝜕𝑙𝑙𝑥𝑥𝑘𝑘) M5-brane

Gauss law: 𝒰𝒰5 = 𝜕𝜕𝑚𝑚 𝑝𝑝𝑚𝑚 , 𝒰𝒰𝑚𝑚 = 𝜕𝜕5𝑝𝑝𝑚𝑚

E4 = SL(5) U-duality symmetry
A-theory



GL(4) M5-brane

JPS : 2024.03.20 33

M5-brane  in 4-dim. spacetime 
• Spacetime:          4       𝑋𝑋5𝑚𝑚 = 𝑥𝑥𝑚𝑚, ( 𝑋𝑋05 = 𝑌𝑌), 𝑚𝑚 = 1,⋯ , 4

• Worldvolume:     6      𝜎𝜎 �𝑚𝑚

• Field strength:    10   𝐹𝐹5 �𝑚𝑚 �𝑛𝑛 = 𝜕𝜕[ �𝑚𝑚 𝑋𝑋 �𝑛𝑛]5 ,  �𝑚𝑚 = 0,1, … ,4
• Gauge parameter:  5   𝜅𝜅 �𝑚𝑚

M5 Lagrangian in 4-dim. SUGRA b.g.

𝐿𝐿0 =
e
2

𝑥̇𝑥𝑚𝑚 + 𝜕𝜕𝑚𝑚𝑌𝑌 + 𝑠𝑠𝑙𝑙𝜕𝜕[𝑚𝑚𝑥𝑥𝑙𝑙] 𝑔𝑔𝑚𝑚𝑛𝑛 𝑥̇𝑥𝑛𝑛 + 𝜕𝜕𝑛𝑛𝑌𝑌 + 𝑠𝑠𝑘𝑘𝜕𝜕[𝑛𝑛𝑥𝑥𝑘𝑘] −
1
2
𝜕𝜕[𝑚𝑚𝑥𝑥𝑙𝑙]𝑔𝑔𝑚𝑚𝑚𝑚𝑔𝑔𝑘𝑘𝑘𝑘𝜕𝜕[𝑛𝑛𝑥𝑥𝑘𝑘]

𝐿𝐿𝑊𝑊𝑊𝑊 = 𝑥̇𝑥𝑚𝑚 + 𝜕𝜕𝑚𝑚𝑌𝑌 𝐶𝐶𝑚𝑚𝑚𝑚𝑙𝑙𝜕𝜕𝑛𝑛𝑥𝑥𝑙𝑙 +
1
6
𝜕𝜕𝑚𝑚𝑥𝑥𝑛𝑛𝑠𝑠[𝑚𝑚𝐶𝐶𝑛𝑛𝑙𝑙𝑘𝑘]𝜕𝜕𝑙𝑙𝑥𝑥𝑘𝑘



GL(4) M5-brane background

JPS : 2024.03.20 34

Worldvolume vielbein

Spacetime vielbein

SL(6) vielbein: 𝑚𝑚 = 1,⋯ ,5

3-form gauge 
fields

M5-brane  in 4-dim. spacetime 



SUGRA M2-brane

JPS : 2024.03.20 35

• Action for a M2 in SUGRA :   𝐼𝐼 = ∫𝑑𝑑3 𝜎𝜎 (𝐿𝐿0 + 𝐿𝐿𝑊𝑊𝑊𝑊) ,   𝜇𝜇 = 0,1,2, 𝑖𝑖 = 1,2

𝐿𝐿𝑁𝑁𝑁𝑁 = −𝑇𝑇 −𝑑𝑑𝑑𝑑𝑑𝑑 𝜕𝜕𝜇𝜇𝑥𝑥𝑚𝑚 𝜕𝜕𝜈𝜈𝑥𝑥𝑛𝑛 𝑔𝑔𝑚𝑚𝑚𝑚 ,     𝐿𝐿𝑊𝑊𝑊𝑊 = 𝑇𝑇
3!
𝜖𝜖𝜇𝜇𝜇𝜇𝜇𝜇 𝜕𝜕𝜇𝜇𝑥𝑥𝑚𝑚 𝜕𝜕𝜈𝜈𝑥𝑥𝑛𝑛 𝜕𝜕𝜌𝜌𝑥𝑥𝑙𝑙 𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚

U-duality symmetry of 4+7=11 dim. is SL(5) ⇒ Focus 4-dim. part 𝑥𝑥𝑚𝑚 ,𝑚𝑚 = 1,⋯ 4

• Currents: ’12 M.H. & Kamimura

⊳𝑚𝑚= 𝑝𝑝𝑚𝑚 Momentum ,       ⊳𝑚𝑚𝑚𝑚= 1
2
𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝜖𝜖𝑖𝑖𝑖𝑖𝜕𝜕𝑖𝑖𝑥𝑥𝑙𝑙 𝜕𝜕𝑗𝑗𝑥𝑥𝑘𝑘 M2-brane volume

• SUGRA M2-brane current algebra:   

⊳𝑚𝑚 𝜎𝜎 ,⊳𝑛𝑛 𝜎𝜎′ = 0

⊳𝑚𝑚 𝜎𝜎 ,⊳𝑛𝑛𝑛𝑛 𝜎𝜎′ = 2𝑖𝑖𝜖𝜖𝑚𝑚𝑛𝑛𝑛𝑛𝑘𝑘𝜖𝜖𝑖𝑖𝑖𝑖𝜕𝜕𝑖𝑖𝑥𝑥𝑙𝑙 𝜕𝜕𝑗𝑗 𝛿𝛿2(𝜎𝜎 − 𝜎𝜎′)

⊳𝑚𝑚𝑚𝑚 𝜎𝜎 ,⊳𝑙𝑙𝑙𝑙 𝜎𝜎′ = 0

Non-perturbative 



SUGRA M2-brane from M5

JPS : 2024.03.20 36

• M5 Lagrangian: 

𝐿𝐿 = (𝐹𝐹05𝑎𝑎)2 − (𝐹𝐹5𝑎𝑎𝑎𝑎)2 + 𝜖𝜖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 [𝜕𝜕𝜏𝜏 𝑥𝑥𝑚𝑚 𝜕𝜕𝑛𝑛𝑦𝑦𝑙𝑙𝑙𝑙 − 𝜕𝜕𝑛𝑛(𝑥𝑥𝑚𝑚 𝜕𝜕𝜏𝜏𝑦𝑦𝑙𝑙𝑙𝑙)] + ⋯

• Spacetime:         4   𝑋𝑋5𝑚𝑚 = 𝑥𝑥𝑚𝑚,𝑋𝑋𝑚𝑚𝑛𝑛 = 𝑦𝑦𝑚𝑚𝑛𝑛,𝑋𝑋0𝑚𝑚 = 𝑌𝑌𝑚𝑚 ,𝑚𝑚 = 1,⋯ ,4 

• Worldvolume:    2+1   𝜕𝜕𝑚𝑚 = 𝜖𝜖𝑖𝑖𝑖𝑖𝜕𝜕𝑖𝑖𝑥𝑥𝑚𝑚𝜕𝜕𝑗𝑗, 𝜕𝜕0= 𝜏𝜏, 𝜕𝜕5 = 0 ,  𝑖𝑖 = 1,2 

• Field strengths: 10 𝐹𝐹05𝑚𝑚 = 𝜕𝜕𝜏𝜏𝑥𝑥𝑚𝑚 ,𝐹𝐹5𝑚𝑚𝑚𝑚 = 𝜕𝜕[𝑛𝑛𝑥𝑥𝑚𝑚] ,𝐹𝐹0𝑚𝑚𝑛𝑛 = 𝜕𝜕𝜏𝜏𝑦𝑦𝑚𝑚𝑛𝑛 ,𝐹𝐹𝑚𝑚𝑚𝑚𝑙𝑙 = 𝜕𝜕[𝑚𝑚𝑦𝑦𝑛𝑛𝑛𝑛]

2

• Curved background: 𝐸𝐸�𝑚𝑚
�𝑎𝑎𝐸𝐸�𝑛𝑛

�𝑏𝑏𝐸𝐸𝑙𝑙
̂𝑐𝑐𝐹𝐹 �𝑚𝑚 �𝑛𝑛𝑙𝑙

• 6-bein gauge fixing            

𝑠𝑠𝑚𝑚𝜖𝜖𝑖𝑖𝑖𝑖𝜕𝜕𝑗𝑗𝑥𝑥𝑚𝑚 = − ℎ0𝑖𝑖

ℎ00
,𝑔𝑔2 = −1

ℎ(ℎ00)2
, 𝑠𝑠5 = 0,ℎ𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑖𝑖𝑥𝑥𝑚𝑚 𝑔𝑔𝑚𝑚𝑚𝑚𝜕𝜕𝑗𝑗𝑥𝑥𝑛𝑛 ,𝜙𝜙 = − −ℎℎ00

2
,ℎ = detℎ𝜇𝜇𝜇𝜇

⇒ Non-perturbative SUGRA M2 Lagrangian !

’24 M. H.,  Hulik, Linch, Siegel, D. Wang, Y-P. Wang 
Non-perturbative projection

Perturbative  
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Conclusion & future topics
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• SL(5) U-duality symmetry is realized by the A5-brane current algebras and 
actions.

• The worldvolume Lorentz covariance requires SL(5) to SL(6) which is new 
duality symmetry!

• We showed how perturbative A5-brane with SL(5) reduces to T-string with 
O(3,3) , string with GL(3) & non-perturbative M2-brane in SUGRA. 

Future topics
• Higher dimensional generalization, quantization, scattering amplitude, 

constructing gravity theory, application to plank scale gravity theory,…
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