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Gauge Theoretical Construction

of Non-compact Calabi-Yau Manifolds
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Introduction

1-loop #&YIAHTHPBRA SUSY Nonlinear Sigma Model DR3K
Ricci-flat Kahler Z#%{K (coset construction)
Non-compact Calabi-Yau Z2154K % FEAK

BRI - -
SNLSM as Gauge Theories (compact Kahler) %z /G

U

Complex Line Bundle ® 1R, 4F(C

Hermitian Symmetric Spaces
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target ZZfE (3
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Gauge Theoretical Construction

SUSY Nonlinear Sigma Models as Gauge Theory %[

Grassmann Gy

® : N X M matrix-valued chiral superfield
Lagrangian (U(M)® gauge group):
L= /d40 {tr(CIﬂL(I)eV) —c trV} :
V : vector superfield (non-compact A B HBEEZ gauged away)

—> FEN T B EFEMRTRERY, target Z2fHY Grassmann G

1
gauge-fixing: ® = M ,

¥ Aa
Pa, : (N — M) X M matrix-valued chiral superfield

IC = clog det (1M—|—50T90) =c-¥

_ U(N)
- U(N — M) x U(M)

GnN,Mm

Zixfk & LTlE compact D (Ric) > 0
Ricci-flat 8Kz #Ea L 7z

U
U (1) %% ungauged LT non-compact ZiKICT %



line bundle over Gy s

general U (M) gauge symmetric Lagrangian:
ICo(®, @1, V) = f(tr(®T®e")) — ctrV

f . tI’(‘I)T(I)GV) @'EEIEZ\BS;'&, V — VaTaa Ta c U(M)
c : FI constant — real superfield C (Z#& _ELUF

()
(0L/0C = —trV =01 = UM)® — SU(M)]

Ko=K(X), X =logdet®'®

C ZiEA = U(1)° ZHN % ungauged

ungauged LU 7=

Zifk& U TEZE 1 RITH non-compact AR)ICHETS

U ELER 1 RITDIENAE:

1
D=0 M1, seC = X=M?2log|o|?+ ¥

(PAa

Ricci tensor:

(Ric)u+ = —0,0,+logdet gon«, g+ = 0,0,+IC(X)

Ricci-flat condition:

det g, = (constant) x |F|?
(R’L.C),u,* -0 —s 9u ( ) | |
F' = holomorphic function



determinant:
1 d27C<d7C)M(N—M)
lo|?dX?2\dX

det uvx = - det gij* <3i8j*X = 0,0~V = gm*)

Ricci-flat condition I[FEH HFED
— X I IS AEMT R BE
LHL,

Grassmann Gy, & Einstein-Kahler:

—828]* log det g+ = (f/—{\’l;:)w* =C .aij* =C 8183*\11
— det g;j» = exp(—C0)

C : cosmological constant {8 G M5/RE % (= N)}

Ricci-flat condition:

(constant) = e—in<%)M(N—M)+1
dX \dX
)\ NX 1
ax =~ et o)

A : positive real parameter

b : integration constant, 7E'F [CE %74 parameter
D=M(N - M)+1




K

b# 0 T®H metric: 0 =0 TENSDH curvature [IFFR
M = (o, ¢') [IEEFRR (0 = 0) 2D

p =0 (dp = 0) ZRNZLBH%Ak:

0 b%&;@j*ql <— Gnum D metric ZDED

Gij*| =

ED p # 0 (dp = 0) BAZHUEE Gy THEARSNS

‘ complex line bundle over G s I

b = 0: }E/ﬁ\l:q:%;%/#\

4
‘ b = FERK[E#HD parameter




Hermitian Symmetric Spaces:

T AIR%529: Gan N + Superpotential

Gany + {¢' =0} = il_?((]]\\rf))
SO(2N

T non-Abelian gauge group & U (1) O#&ICT S (M = 1)

GN,l = CpN-1

T CPN-! [CH)5FR%Z:RY: CPYN~! 4 Superpotential

N-1 72 SO(N) — AN-2
CPT {9 =0} = SN oy xo@m = @
26 ik Eg
CPT 4 {Tipng'¢'¢" = 0} = SO(10) x U(1)
E
55 a .3 5 _ 7
CP® + {daprs9° 9 9p7¢° = 0} = B X U (1)

Zh 5D complex line bundle & [EMICHEKTE S



Summary and Discussions

Gauge theory Z Az compact 7% Kahler Z8%4K

U

U (1) ungauged = non-compact Kéahler kD18 H

Einstein-Kahler = [Ricci-flat & = S AFER

FEREZER p ~ o™ = FEIEIFRSEA
FEATER b 4 0 = 1FHFRESHEK
p = 0 ZEALHIK = Tcompact Kahler 2%/

J

Complex line bundle over compact Kahler manifolds'

4

Non-compact Calabi-Yau manifolds l

ERER:

ZARAE D KIBH) 1815 / FEFRIR DB 1S

D Kihler ZHENDIE

5T E im DB

Supergravity /Superstring, D-branes ~®DJ[A




Compact Kahler manifolds

projective space: CPN~1 = SU(N)/[SU(N — 1) x U(1)]

bdeCN: ¢~ AP, A\ € Cl TR—R
T = (1,¢%), (i =1,2,--- ,N — 1) FEREZ%EIR
[G—#RD T TAZE % Kahler potential W:

U = clogp'dp = clog {1 -+ |g0i|2} , ¢ = constant

quadric surface: Q™2 = SO(N)/[SO(N — 2) x U(1)]

CPN-' + [¢* = 0]:
qu — (17 (Pi7 _%(901)2)7 (7' — 1727 cc e 7N - 2) @*E%%E?R

.y — ) 1 ) )
¥ = clog ¢’ = clog {1+ |¢'|* + _(¢)*(#7)*}

BISEE: Eg/[SO(10) x U(1)], E;/[Es x U(1)]

CP? + [Ty’ * = 0], CP* 4 [dap,s0°$7¢° = 0]:
I';jx: rank-3 symmetric tensor invariant under FEjg

dagys: rank-4 symmetric tensor invariant under Er

[Eg]: QET — (l,cpa, —%ngach), (a=1,2,-+,16; A =1,2,---,10)
1
¥ =clog {1+ [oal® + §|90C'0'3L450|2}
[E7]: ¢ = ( ;s FkaQOjSoka%Fij ‘Pi@j‘Pk>7 (i=1,2,---,27)

¥ = clog {1+ |¢'|* + —|1“mkso P*| + 6|Pijksoisojso’“|2}
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Ricci-flat solution and coordinate transformation:

Hermitian symmetric spaces:

diC
dX

= (Ae®* + b)% , p=0o"/n.

type Cx G/H D C n
AIII, Cx CPN-1 1+ (N —1) N N
AIII, Cx Gy 1+ M(N — M) N MN
BDI C x QN2 1+ (N —2) N —2 N —2
CI C x Sp(N)/U(N) 1+sN(N+1) | N+1 | N(N+1)
DIII Cx SO(2N)/U(N) 1+iN(N—-1) | N—1 | N(N—1)
EIIl | C x Eg/[SO(10) x U(1)] 1416 12 12
EVII Cx E;/[Es x U(1)] 1+ 27 18 18
D =dim¢(Cx G/H), C= %CZ(G)
Q' ~ CP' ~ S0O(4)/U(2) Sp(1)/U(1) CP? ~ S0(6)/U(3)
Q? ~ CP!' x CP! Q' ~ Gyp
Q° ~ Sp(2)/U(2) Gnm ~ GNN-M



Grassmann: Gy = U(N)/[U(N — M) x U(M)]

®: N x M matrix, ® ~ ®V [V € U(M)] TR—&
1 & 7,
b = ,(A=1,2,--- ,N—M;a=1,2,--- ,M) DEZEZH
SOAa
[G—HR D T TAZEL Kihler potential W:

U = clogdet ®'® = clog det {1M + goTc,o}

Sp(N)/U(N)

Gann + [ — ¢ = 0]:

1n
P = , (1<a<b< N) ODEEEH

Pab

¥ = clogdet ®'® = clog det {1N + c,oTcp}

SO(2N)/U(N)

Gann + [ + ¢ = 0]:

1
= " |,(1<a<b<N) ODEESR

Pab

¥ = clogdet ®'® = clog det {1N + cpTcp}

11



Hermitian symmetric spaces

type G/H dim¢c(G/H) Kahler potential ¥
AIIL, cphN-1 N—1 clog{1l + |¢*|?}
AIII, GnN.M M(N — M) clogdet{ly; + o'y}
BDI QN2 N —2 clog{1 + |¢'|* + 3(¥")*(¥*)*}
Sp(IN) 1
CI ~N(N +1 log det{1 f
UN) V(N +1) clogdet{ln + ¢'p}
DIII SO(2N) 1N(N 1) log det{1n + @i}
e ——— — — Cl10 e
U%N) 2 g NT@eE
6
EIII 16 clog{1 o2 4 LlpColipl|?
S0(10) x U(1) g{1 + |pal” + 5leCoyp|°}
EVII i 27 clog{1 + |2 + LT 0|2 + L |Tynpiepl k|2
g{1 + |&']" + ;ITine? ©"° + 551 Tijee @’ " [}

FEg X U(].)




