Gauge Theoretical Construction

of Non-compact Calabi-Yau Manifolds

A T
RIRARFARF e FEFIFFR JM T ambff 5=

Phys. Lett. B518 (2001) 301, hep-th/0107100
hep-th /0108084 (to appear in Nucl.Phys.B)
hep-th/0110216 (to appear in Ann.of Phys.)

hep-th/0202XXX (to appear in arXiv)

in collaboration with K. Higashijima and M. Nitta



1. Introduction

1-loop #%YIAHFTHFRA SUSY Nonlinear Sigma Model DK
Ricci-flat Kahler Z1%fK (coset construction)
Non-compact Calabi-Yau Z24K% ¥EA%

SNLSM as Gauge Theories (compact Kahler) %z /G

U

Complex Line Bundle ® 1R, 4F(C

Hermitian Symmetric Spaces

_|_

complex line
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2. Compact Kahler manifolds

projective space: CPN~1 = SU(N)/[SU(N — 1) x U(1)]

bdeCN: ¢~ AP, A\ € Cl TR—R
T = (1,¢%), (i =1,2,--- ,N — 1) FEREZ%EIR
[G—fRD T TAZE 4 Kahler potential K:

K = clog &' = clog {1 - |g0i|2} , ¢ = constant

quadric surface: Q™2 = SO(N)/[SO(N — 2) x U(1)]

CPN-' + [¢* = 0]:
qu — (17 (Pi7 _%(901)2)7 (7' — 1727 cc e 7N - 2) @*E%%E?R

.y — ) 1 ) )
K = clog¢'¢ = clog {1+ [¢']* + - (¢")*(¢"7)*}

BISEE: Eg/[SO(10) x U(1)], E;/[Es x U(1)]

CP? + [Ty’ * = 0], CP* 4 [dap,s0°$7¢° = 0]:
I';jx: rank-3 symmetric tensor invariant under FEjg

dagys: rank-4 symmetric tensor invariant under Er

[Eg]: QET — (l,cpa, —%ngach), (a=1,2,-+,16; A =1,2,---,10)
1
K = clog {1+ |¢al” + _|¢Colpl’}
[E7]: ¢ = ( ;s FkaQOjSoka%Fij ‘Pi@j‘Pk>7 (i=1,2,---,27)

K = clog {1+ |¢|* + —|1“mkso P*|? + Glrijkso%ojso"’F}



Grassmannian: Gy, = U(N)/[U(N — M) x U(M)]

®: N x M matrix, ® ~ ®V [V € U(M)] TR—&
1

= " |, (a=1,2,--- ,N-M;a=1,2,---,M) OEFEZR
SOAa

[G—H D T TAZEA Kihler potential K:

K = clogdet ®'® = clog det {1M + cpTgo}

Sp(N)/U(N)

Gann + [ — ¢ = 0]:

1n
P = , (1<a<b< N) ODEEEH

Pab

K = clogdet ®'® = clog det {1N + c,oTcp}

SO(2N)/U(N)

Gann + [ + ¢ = 0]:
1N T 77,
P = , (1<a<b< N) DFEZER
Pab

K = clog det ®'® = clog det {1N + cpTcp}



Hermitian symmetric spaces

type G/H dim¢(G/H) Kahler potential K
AIIL, cphN-1 N—1 clog{1l + |¢*|?}
AIII, GnN.M M(N — M) clogdet{ly; + o'y}
BDI QN2 N —2 clog{l + |¢'|* 4+ 1(¢")*(¢*)*}
B Sp(N) 1
CI —~N(N +1 log det{1 f
U(N) V(N +1) clogdet{ln + ¢'p}
DIII SO(2N) 1N(N 1) log det{1x + @'y}
IEE— — — Cc10 e
U%N) 2 g N T @
6
EIII 16 clog{1 o2 4 LlpColipl|?
S0(10) x U(1) g{1 + |pal” + 5leCoye|*}
Eq i12 | 1 j k|2 1 i G k|2
EVII 27 clog{1l + |¢'|* + 3|Tijep’ ©"|* + 55|Tijnp @’ ™|}

FEg X U(].)




3. Complex line bundles

line bundle over CPY~!: Proto type

Kéhler IBIE 2RI T ICHE=R 1 RITIENT 2 X6 EELGAA:
T a(l,goi), o € C!
Assumption: Kéahler potential /IC (non-compact manifold)
K=K(X), X= log ' = log lo|? + ¥
X : non-compact direction o X compact ¥ (= K|.—1)

SU(N)

CXSUN — D) x U@

‘ Zifk & UL TEZE 1 RITH non-compact AR)ICHETS

Ricci-flat condition

holomorphic coordinates: ¢* = {o, ¢'}
metric: g« = 0,0,K(X)
Ricci tensor :  (Ric)+ = —08,0,+log det g, -
Ricci-flat condition:
det g, = (constant) x |F|?

(R?:C)w/* =0 —
F = holomorphic function



BHHICE - (o £ 0 SETEAD)

d’KK 00X 90X d2IC X X
Joo" = ax2 90 9o+ ' 9" T dx2 00 9pri
&K 89X 89X dK  9°X
gij* = X2 . 8gai 8(,0*3' -+ e . 890i3g0*j
determinant:
1 d°K K 9’°X
det g, = — . { . | *}
lo|?dX? dX Op'0p*I
1 d?K /dIC\N-1 N .
- |0-|2dX2 (dX) - det gij* (3133*)( = 818]*\11 = gij*)

Ricci-flat condition (I{FH A2
— R (EARAT R BE
LAl
CPY-1 % Einstein-Kahler

—8183* log det gp;x = (I/é\’L/C)zJ* =C gij* =C 8ZBJ*W
— det g;j» ~ exp(—C¥) ~ exp(—CX)

Ricci-flat condition:

e—NX

d (dK
(

N
X d—X> = (constant)



== (AN 4 b)"

A : positive real parameter

b : integration constant, JE'F [CE %74 parameter

HFER
b # 0 T® metric: ( ds? = Joordodo™ + - - - )
1-N
goo* = )\(AGNX + b)TeN\II|O'|2N_2
o = 0 T metric NNEN b < o — 0 1BFRT curvature [IFFR

" = {o, p'} [IEEHFRR (0 = 0) Z1FD

Z DEHIE D metric:

1-N
Gppr = A(XeN* +b) N NV
N

Gpj» = AN (XeNX +b) N NV p* 9,0

1-N
N

1
gij» = AN?(Xe™* +b) V¥ eV¥|p|?0,00;+¥ + (Ae™ X + b) N 5,0+ T
p =0 (dp = 0) ZBRNZHHMAED metric:
1
0 — bNaiaj*\I’

g
CPYN~1! @ Fubini-Study metric ZD&E D




b =0 T® Kihler potential: dK/dX = ANeX
Kly_o = AN = AN|o[2(1 + |¢']?)

' =0, ¢ =op ! ERTE {¢T =0o(1,¢")}

K = )\%QB’TQE’ < flat metric?

p=oc" /N DEZEZLHE
4
Orbifold CV /Zy

L7=h8> T Z D Kihler k1T
ob#0 EWSHESOIEAERY parameter ZF5,
o FFERIL CPN! ZRMATEE S h,
e b = 0 1HFRT Orbifold CV /Zy NNEIRT S

4

complex line bundle over CPN 1! I
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line bundle over QN 2:

line bundle over CPN-1 L [E)fDHE:
7 ol L), occ
line bundle over CPN 1 [@]#%, Kahler potential Z/XD & 5 ITRE:
K=K(X), X=logd'¢=1logl|lo|>+ ¥

¥: Kahler potential of QV~2 (¢ = 1)
dIC

T = elN X g gy

Ricci-flat condition Df#:

b # 0 T® metric: (d32 = goordodo™ + - --)

N -2
S N-1
@t%ﬁ%ﬁ’&%( TC&)@@ ;E’}l‘a@g p ~ 0_N—2
p =0 (dp = 0) FALAR:

,=bV18,0;T <= QN2 metric ZDEHD

9oo* A(Ae(N—2)X + b>_%e(N—2)lIl|0_|2N_6

Gij*| p—

11



N = 3 ## : Eguchi-Hanson gravitational instanton

K(X) = 203X 4 b+ Vilog (Y20 L= VD)

VeX b4+ /b
= 4(Xe* +b), a' = 4b L BEE
2 2 2
_ 2, @ g —a
K = o+ 5 log(92+a2)

Eguchi—Hanson ? Kahler potential D& D
5':5/\\\ (}?/\\\) [»j: Ql — SO(S)/U(]-) = S2 T@j&

N = 4 £ : Q? Resolved Conifold

IFREEEE Q% ~ §% x 8% (FA¥R) TIThhb

deformation (S°%) T% small resolution (S?) —C“E@L\I
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exceptional groups:

line bundle over CP?% + [T';;,¢’ ¥ = 0]
—> line bundle over Eg/[SO(10) x U(1)]
line bundle over CP% + [dng,60° 97 ¢° = 0]
—> line bundle over E;/[Eg X U(1)]

Ricci-flat condition DR & FEIEZT.

dIiC i
= e D), p=0"/n
line bundle | C | D | n
Eg
C X 12 17 12
SO(10) x U(1)
Er
C x 18 28 18
FEg X U(]_)
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4. Gauge Theoretical Construction

line bundle over CPN! [ DI&AE & 5 HS,
Z CTlEIBrFETHDOEA (Gauge Theory) ZFH1\5

— Supersymmetric Nonlinear Sigma Models %[5

Grassmannian Gy, ns:

d : N X M matrix-valued chiral superfield
U(N) x U(M) B$IC & BEH:
® — & =gLPgr, (gr,9r) € (U(N),U(M)) .
U (M) gauge transformation:
P — P =de N, &V eV = eiheVeiAT
U(N) x U(M) AZ7 Lagrangian:
L= /d49 {tr(CI)Tq)eV) —c trV} .

V : @8N5, vector superfield (U(M)® gauge group)
— FENT B L IEBARRL, target Z2ffIAY Grassmannian Gy

1
gauge-fixing: ® = M ,

¥ Aa
Pa, s (N — M) X M matrix-valued chiral superfield

I = clogdet (lM -+ gngo)

_ U(N)
- U(N — M) x U(M)

GnN,M

14



Gan, N + F-term constraints:

Gan,n Lagrangian + Superpotential term: W = tr(®o®1J'®)

P, : N X N matrix-valued auxiliary superfield

0 1
J = N , € = *1
€1N 0
L = /d40 K(®, 2T, V) + (/d29 W (®g, @) + c.c.)
fHEhH V, ®¢ =i LU R
IC = clogdet {1N + goTcp}

Sp(N)
U(N)

SO(2N)
U(N)

(6:_1790T_90:0)9 (€=‘|‘19§0T‘|‘90:0)

15



line bundle over Gy s

U(M) gauge symmetric Lagrangian:
ICo(®, ®T,V) = f(tr(®T®@e")) — ctrV
f:tr(®T®eY) OEEBER, V = VT, T, € UM)

c : FI constant — vector superfield C [T ELF

equation of motion for V and C:

OL/OV = f' - dT®eY —C - 13, =0
dL/dC = —trV =0
trV =0 OH &, FH1AD trace, determinant % & %:
f otr(@i®eVY=M-C, (fHYM -detd'® =CM
C & HZE: tr(®T®e") = M| det q)T@]ﬁ
Y
0L/8C =0 (U(M) — SU(M) gauge group) DL ET

Ko = f(M][det ®'®]3) = IC(log det &)

|l
X

C #E A = gauge E¥D 55 U(1) k% ungauged I

line bundle Z18AT 5O RBEL 1 KITIENAE:

1
<I>:a< M),UECl — X = M?loglo|*+ ¥
@

LI O fENTHEE line bundle over CPN1 L [G L

16



Ricci-flat condition DAR & EEZ A,

diC 1
=X L) p=om/m
line bundle | C | D | n
C X GN.m N 1+ M(N — M) MN
Sp(N) 1
C N +1 1+ -N(N+1 N(N +1
TN - +ONN+1) | N(N+1)
SO(2N) 1
cx—="" | N—-1 | 1+4-N(N—-1) | N(N-1)
U(N) 2

IRTHERIIZTNEFND compact 7RSS HAAT[E#

17



Isomorphism and duality:

base manifold (Z& % [GEVMEDY line bundle ICHFET S

Eguchi-Hanson space (complex two-dimensions)

. S0(4) _spl) ., SO@3)
= Te Tvo T T oo

Complex line bundle over CP? (complex four-dimensions)

_50(6)
U@

3

Another four-dimensional manifolds

Sp(2) ., SO(5)
U(2) ~ ° SO(3) xU(®1)

Line bundle over the Klein quadric (complex five-dimensions)

SO(6)

~ 4 __
Giz= Q= SO(4) x U(1)

Grassmannian, line bundle £(Z/X®D duality NFET %

Duality between Grassmannians

Ghnym = GNN_M

18



61

Ricci-flat solution and coordinate transformation:

diC
dX
Hermitian symmetric spaces:

= (Ae®* + b)% , p=0o"/n.

type Cx G/H C D n
AIII, Cx CPN—! N 14+ (N —1) N
AIII, Cx Gy N 14+ M(N — M) MN
BDI C x QN2 N —2 1+ (N —2) N —2
CI C x Sp(N)/U(N) N+1| 1+3N(N+1) | N(N+1)
DIII Cx SO(2N)/U(N) N—-1| 14iN(N—-1) | N(N—1)
EIIl | C x Eg/[SO(10) x U(1)] 12 1416 12
EVII Cx E;/[Es x U(1)] 18 1427 18
D =dim¢(Cx G/H), C= %CZ(G)
Q' ~ CP' ~ S0O(4)/U(2) ~ Sp(1)/U(1) CP?® ~ S0(6)/U(3)
Q? ~ CP!' x CP! Q' ~ Gyp
Q° ~ Sp(2)/U(2) Gnm ~ GNN-M



5. (Generalizations

(to appear in hep-th/0202XXX)

Kahler coset G/H |Cl& Einstein STEN AN 65N b

U
Kahler G/H % base IZ L7z line bundle MEF5h %

Non-symmetric Spaces

SUX+m+n)
SU) x U(m) x U(n)]
T BEEEBEN 2 EEEET S

(ex.) C x

Direct Product

(ex.) Cx {CPN"t' x cPM1}

T ENEhOFRIFEETIERND (VN M)

20



6. Summary and Discussions

Gauge theory Z Az compact 7% Kahler Z8%4K

U

U (1) ungauged = non-compact Kéahler kD18 H

Einstein-Kahler = [Ricci-flat & = S AFER

FEREZER p ~ o™ = FEIEIFRSEA
FEATER b 4 0 = 1FHFRESHEK
p =0 BRALAE = Tcompact Kahler 474K

J

Complex line bundle over compact Kahler manifolds'

4

Non-compact Calabi-Yau manifolds l

EREA:

ZIxARDARIFH) S AE1E / FERIR DIBIE

HHEI5IE R DIEAK

Supergravity /Superstring, D-branes, M-branes ~®DJH

21



BE=:

NLSM = Non-Linear Sigma Model

R DIRNZ ST (ex. D = 4)
Riemann Z#%1K, coset space (M = G/H)

L = gu(p)dup(x)8"p"(x)
o BFZRORE
¢® : Nambu-Goldstone 1, Riemann Zi%{k D EEE
gar(p) : Riemann ZEDEE

SNLSM and Kahler Potential

SNLSM = Supersymmetric NLSM
Kéahler 284K (D =4, N = 1)

_ 1 _,
L = gab*(‘?,,,goaa“go*b + igab*wb(ﬁw)a + ZRab*cd*¢a¢c¢b¢d
= /d49 K(®, d)

P = % + V209 + OOF® : chiral superfield
IC(®, &) : Kihler potential

T2, HhZE(X Kahler potential TRIRI N %

Gabr = 0.0pIC, (8a = 8/690a)

22



Kahler potential ®O—fixf & FEN R F:

d 1
= (e o)

1

K(X) = %[(Aecx -+ b)% + b7 - I(b™D (XX + b)7; D)}

vy dt 1 1+ (—1)P
D)= [ 5t = [losly—1) - log(y + 1)
L=, 5
+ — Z cosﬂlog (y2 — 2ycos£—|— 1)
D = D D

254

2 2 2 D) —
+ — Z sin o arctan [COS.( rr/D) y]
D D sin(2rw /D)

r=1
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Deformation, Small resolution

Six-dimensional manifold:

4 4
Z(wA)Z —0 , Z |,wA|2 — ,’,,2
A=1 A=1
\

R x S% x §3
52 SS
small def "
res%létlon e 03_111;1 ion

f 3
52 S 52 52
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