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Introduction
11-dimensional Superg_ravilty:

® 32 Maximal supersymmetry, non-chiral theory

® First construction by Cremmer, Julia and Scherk (1978)
25th Anniversary!

® \Various dimensional supergravities appear
Kaluza-Klein mechanism
10-dim. type 1A (non-chiral), type 11B (chiral), etc...
AdS,4 xS (with cosmological constant)

singular G comgactﬂcation

e e AR

4-dimen_si¢h‘él~]\/5j!-—g‘ T supergravity

.~ p.2/36



Introduction
11-dimensional Superg_ravilty:

® 32 Maximal supersymmetry, non-chiral theory

® First construction by Cremmer, Julia and Scherk (1978)
25th Anniversary!

® \Various dimensional supergravities appear
Kaluza-Klein mechanism
10-dim. type 1A (non-chiral), type 11B (chiral), etc...
AdS,4 xS (with cosmological constant)

singular G comgactﬂcation

e e AR

4-dimen_si¢h‘él-]\?—§ T supergravity

® onlya theory

.~ p.2/36



- 1 '
4

Towards Quantum Theory
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2 Supermembrane thg_ory:m 11-dimensions:
Bergshoeff, Sezgln and Townsend (1987)
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Towards Quantum Theory

e Supermembrane theory:in 11-dimensions:
Bergshoeff; Sezgin and Townsend (1987)

® Quantum Mechanics of Supermembrane on FLAT background:
de Wit, Hoppe and Nicolai (1988) 15th Anniversary!
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Towards Quantum Theory

e Supermembrane theory:in 11-dimensions:
Bergshoeff; Sezgin and Townsend (1987)

® Quantum Mechanics of Supermembrane on FLAT background:
de Wit, Hoppe and Nicolai (1988) 15th Anniversary!

® Continuous spectrum, etc. —
de Wit, LUscher and Nicolai (1989)
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Towards Quantum Theory i

® Supermembrane b__n PP-wave background
Nakayama, Sugiyania and Yoshida (2002)
discretized spectrum, supersymmetric, etc.
STABLE as asingle object
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Towards Quantum Theory

® Supermembrane on PP-wave background
Nakayama, Sugiyania and Yoshida (2002)
discretized spectrum, supersymmetric, etc.
STABLE as asingle object

® Does this theory contain supergravity?
(Zero-mode spectrum should correspond to
that of supergravity on PP-wave background.)
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Towards Quantum Theory

® Supermembrane on PP-wave background
Nakayama, Sugiyania and Yoshida (2002)
discretized spectrum, supersymmetric, etc.
STABLE as asingle object

® Does this theory contain supergravity?
(Zero-mode spectrum should correspond to
that of supergravity on PP-wave background.)

® We construct supe'rgravity on PP-wave background
and check the spectFufn @ffields.
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L agrangian of Eleven-dimensional Supergravity

i — . 1
L = eR — ie\IlMFMNPDN\I’p— 4—8€FMNPQFMNPQ

1 .
4+~ eW, ITMNPQRS g, FPQ@@- .

192
1
(1 12)2° MINIQP@V‘J Frvne Frsuv Cwxy

various conventions:

AN

1
DN\IIP = 8N‘IJP_ZWN r \pr

T NPQR fNPQRM o 5E\J>ITfPQR]

M =
[MNPQRS _ [MNPQRS 129M[PfQRgS]N

012...10 1

€ = weight +1 invariant tensor density
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Classical Field Equations

= R— R — — F F
29MN MN 96QMN PQRS

= 1
MNP g, — — [MNPQRSy,

VQ{e Foumnp}. ,,--—"’/
18—

T (144)2

PQRS

NFpgrs

1
== EFMPQR FNTOR

ZKLQRSUVWXY
"dMZ YNK 9PL € Q Forsu Fvwxy
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e
Spectrum on AdS4 x.S”*

(Fruvpo) =91 €50

."J-f'- |
- 11 AdS, spin =787 (SO(8)) number
- i -‘#—."

gmnN(Z,Y) [ —7 1 1

1T . IJ
VI (x) | K1 (y) 28

IJ KL

SUEE(z) 0 K Kn' —3g,,KI KKLP 35
Cunp(z,y) | PUKH(Z) 0 K gl (¥) 35
(2, y) Y, (x) 3/2 n' (y) 8
X[IJK](:B) 1/2 n?[f;JK] 4+ %fwm,'t'[IJK] 56

K(y) : Killing vector n’(y) : Killingspinor (I =1,:.-,8)
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Maximally Supersymmetric Spaces

<Ad54 9 S7> Penrose Limit

e Limit
< Kowalski-Gli < Minkowski >
(AdS7 X 54}’4//

Penrose Limit _ — ———

g

e
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Penrose Limit of AdS, X S*

AdS, x S7 coordinates:
ds? = RZ{ — cosh? p - dt? + dp? +sinh? p - dﬂg}
-+ Rg. cos? 0 - dp* d62 + sin? 0 - dﬂ’52}
We choose a null geodesics of AdSgx-ST as

Rs = 2R 4 t = 2¢p p =606 =20
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Along thisnull direction wetake 7, — oo

9

ds® = —2dztdz™ + G4y (dzT)® + ) (dz’)?
=
3
LG+ (B @2
Gt = )%:"3 +(6) /z_:(w)}
1=, I'=4
= F+123 # 0
where
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Fluctuation Fields

guMN — gunN + hun

Cune — Cyuyne +Cunp

gunN - Ppp-wave background

4014 C123 = Fi123 = p

.—p.12/36



Field Equations for Fluctuations

From classical equation for gas N

1
0 = —EgMN{hPQ Rpq — VPV? hpg + VPVp hg?}

1
— E{VPVM hnp + VEVNhyp — VM VN hpt —VEVp hMN}

1
N QQMN{QFPQRS 0pCqors — Frqrs Fu®'™> hPU}

1 1
il gFMPQR ONCpqgRr] + EFNPQR O nmCPQR]
- ZFMPQR Fny®RBRPY

(A-1)
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Field Equations for Fluctuations

From classical equation for W,

0 — TMNP D oy %“fwMN—|—123wN
e %H{QM—I—(fwlZgSN i f2391N i f31gzN)
_ gM1 (f23g+N 4 [3+g2N 4 f+2gsN)
. gMz(f3+glN 4+ TH1g3N 4 f13g+N)
W ng(f+1gzN 4 f12g+N i fw2—|—glN)}¢N

(A-2)
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Field Equations for Fluctuations

From classical equation for Cpasnp:

. = 4gQR{BR<‘9[QC MNP] — I‘ng 81sCrmnp) — Dans 01oCsN P
—Thn 9aCusp) — Trp 3[QCMNS]}

= ngR{FSMNP(VR hq® + Vohr® — V° hrg)

2
+ Fosnp(Vrhy® + Varhr® — VS hrar)
+ Fomsp(VrhN® + VNhr® — V® hgy)

-+ FQMNS(VR hPS + Vp hRS ., VS hRP)}

1
+ ——gmz 9Nk gprp 2B ERRSUVWXY Bo pstr OvCw xy

144
(A-3)

.—p.15/36



»

Gauge-fixing Conditions
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Hamiltonian

We will encounter Klein-Gordon type equations of motion and have to
evaluate its energy spectrum:

(D — auia_)¢(w+,az_,mI) ==40)

o : arbitrary constant T : evolution parameter

We express the Hamiltonian H = 10 :

]_ T8 F ]_ / / ]_
HI = guZEIaI—I—EuZEIaI —|—§,u(2—a)
I I’

Last term = zero-point energy FEq of the system (eigenvalue of H):

1
Eo = Snéo(9) Eo(P) = 2 -«
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Bosonic Fields
® (——) component of (A-1):

0 = hjy =— traceless condition
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Bosonic Fields
® (——) component of (A-1):

0 = hjy =— traceless condition

® Substitute this into (— 1) component of (A-1):

1
hry = B—BJhIJ — non-dynamical
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Bosonic Fields
® (——) component of (A-1):

0 = hjy =— traceless condition

® Substitute this into (— 1) component of (A-1):
1 :
hry = B—BJhIJ — non-dynamical

® (—1IJ) component of (A-3):

C_|_IJ = a—aKCIJK — non-dynamical
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Bosonic Fields
(——) component of (A-1):

0 = hjy =— traceless condition

Substitute this into (— 1) component of (A-1):

1
hI_|_ — 8—8thJ —

(—IJ) component of (A-3):

Cirg = 8—3KCIJK —

Trace of (A-1) under the above conditions:

T )

1
0r07hrg — —uC
10Nt g 3a_u 123

non-dynamical

non-dynamical

—> non-dynamical

.—p.18/36



Non-trivial Equations

_ 2
(IJ)of (A-1): 0 = Hhz7+ E,LL 0;70_C (1-a)
(IJ")of (A-1): 0 = Oh;z,, +pnd_Ciy (1-b)

1
(I’J’) of (A-l) : 0 = Uhypy — g/,l, 07 g:0_C (1-C)
(IJK)of (A3): 0 = OC —2ud_h;; (1-d)
(IJK')of (A-3): 0 = OC;,, — nd_hz,, (1-€)
(IJ'K") of (A-3): 0 = OCj, g (1-)
]_ 4 / 4 / 14 14

(I’J,K’) of (A-3) : A— DCI/J/K/ — E,Ll,eI ol ia 72 a_CW/X/Y/

(1-9)
1
Cir = 5€ikiCRL C = 2Ci23

p
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(1-F): 0 = OCs 74

We find the zero-mode energy & (C+
D(C

7 7 1) and degrees of freedom

k)

Eo(Cipp) = 2  DCipp) = 45

I1J'K’

.- p.20/36



(1-b), (1-e): 0 = Dh’IVJ, -+ p,a_CfJ, — DCfJ, — p,a_hfj,

Diagonalize h;,, and C; ,:

H3; = hip +1Cxp Hz; = hip —1Csy

Thus modified(1-b) and (1-e) are

0 = (00— pid_)Hjz,, 0

(O + pio_)Hg,,

— gO(HINJ’) = | 80(ﬁ~ ) = 3

1J’
D(H;,;) = D(H = 18

TJ') —
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(1-a), (1-c), (1-d):

Apply similar consideration to (1-a), (1-c) and (1-d):

h=. = h7% 15~~h~~ hs, =N or 5 h
I7J — ‘1™ g IJ ""KK rgy = rJ — g Iy Nk’
h = h~~—|—’LC h = h’IWIV—’l:C
Then we find

Eo(hz ) = Eo(hpp) = 2 D(h%—j = 5 D(hI'J') = 20
Eo(h) = 0 &o(h) = 4 D(h) = D(h) =

.~ p.22/36



(1-9):
Decomposing into self-dual part C$ ,, ., and anti-self-dual part

CI@'J'K'-

1

@ - I'IK'W'X'Y! »®
Crog = 31° Cw xry
cO — _ ' I'TEWXY 6

VK = gy W' XY

They satisfy the following equations:

(D—I—I,Lia_)C%J/K/ = 0 (D_Hia_)C%J/K/ =0

— Eo(Chypr) = 3 EolCopg) = 1
D(CI’J’K’) — D(CI’J’K’) = 10

.- p.23/36



Results

We have fully solved the field equations for bosonic fluctuations and
have derived raviton h s and three-form gauge

field CMNP 1h rum is splitting with a certain energy
differencei @c . case.
energy bosonic fields degrees of freedom
3 | Hez=—Co 18 + 10
e i

2 | Cipx hy; hi 45 + 5 + 20

=1 ._Hrr rT"_GI’J;K’ 18 + 10

0 h 1
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Fermionic Fields

® M = — component of (A-2):

r? vp = 0 —> Lorentz-type gauge-fixing condition
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Fermionic Fields

® M = — component of (A-2):
r? vp = 0 —> Lorentz-type gauge-fixing condition

®* M = + component of (A-2):

1
oFvp =0 — Yo = 6—811,01 —  non-dynamical

.- p.25/36



M=1 component of (A-2):

We decompose

]./\ o ]_/\
S _ = o _ —
Py = —51‘ B )5 Ps = —§I‘+I‘ =

Then we obtain

1 -~
Yy = — T T

- k- kYT —  non-dynamical

1 - .
w?—gur (6,, —T'.T,)0_o%

=
|
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we shall introduce the following fields:

1 - - P
¢jqa¢ = (5 — §F r )zpf? I'-transverse mode
?” =T ¢? f-parallel mode
ActingT/ or (§,-,—iT .T)):

A 1 -~
0 = Oy —pl' " o_g?! 0 = Oyt — —ul o_y2

Decompose ¢?L and @b?” according to the chirality:
IR — 2 I L 2 I
o _ 1+d 7 g o _ 1—°8 el
— 1 —

1R 2 1L 2 1

.~ p.27/36



Multiplying chiral projection operator %(1 + T~
0 = (D+ma_) el g — (D—ma_) ol

0 = (D—I—%uia_)zb?;‘ 0= (D— %,ui(‘?_)w?f‘

Zero-mode energies and degrees of freedom of ¢/~ and 4>

3 3
Eo(¥rn) = 5 Eol¥f) = o

D(S") = DY) = 8x(3—-1) = 16
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M = I' component of (A-2):
O — {f (8+ —|— 1C;_|__|_8_) —I— f 8_ —I— f 8K}¢I’
2

—I—luf‘ (5 — T/ )wJ,

The I'-transver se mode and f‘-parallel mode are defi ned as

@ ]_/\ AN
wI’ — ——F F ¢I’
2
GBJ__l_I_iF oL @J__l—zI‘ oL
I'R — I’ ' — I’
2 2
o 1+ g o  L1—al el
2R 2 2 2L — 2 2
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Equationsfor the f‘-parallel mode and I'-tr ansver se mode:

0 = (D—guia_) Sﬂl 0 = (D+§ui8_> SBL“
0 = (D—%uz@) S 0= (D—I- l“/a) L

We fi nd that the zer o-mode energiesand degrees of freedom:

3 5)

80(¢I’R = 5 8O(¢I’L — 5

D(¢I’R = D(¢I'L) = 8X(6—-1) =
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Linear combination of f‘-parallel modes:

ol — 2 &l ol ol _ _wesll_ ol
R = E; 1R 2R L

We can easlly seethat there-defi ned fermions satisfy:

0 = (D—gma_) Sl (DJF;”-@_) =l

—  E@WEH) = = g@dl =

D (el

||
S
s
i
|
Qo
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Results

We have solv
of pp-wave bacl

IS splittingﬁﬁ
the spectrum o

e spectrum of gravitino 1, in the case
sult, we have found that the spectrum
y difference in the same manner with

degrees of freedom

8
16 4 40
16 4 40

8
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energy || fermions D.O.F.

EBII 8
3 A Cy yrxcr 28

5/2 _ 1??; S 56
235 C:‘""“ h‘LL 57 '*"QJ_J’ - L

=t ; — %= of

% e bL DL

3/2 | eE R 56

== B 28

1/2 |} YR —_—

0 | h e e
-r'-*: i _‘:'TT:I._ S
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Towards Quantum Theory, revisited

* Supermembrane as a matrix model:
Nakayama,; Sugiyama and Yoshida (2002), etc.
discrete spectrum, STABLE as a single object
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Towards Quantum Theory, revisited

e Supermembrane as a matrix model:
Nakayama,; Sugiyama and Yoshida (2002), etc.
discrete spectrum, STABLE as a single object

® Zero-mode spectrum corresponds to that of Supergravity

=

e T
e TR g
Ty g:'j}
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Towards Quantum Theory, revisited

e Supermembrane as a matrix model:
Nakayama,; Sugiyama and Yoshida (2002), etc.
discrete spectrum, STABLE as a single object

® Zero-mode spectrum corresponds to that of Supergravity

=

e T
e TR g
Ty g:'j}
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Conclusion

11-dim. Supergravity KK Zero-mode(?) M2-brane in M-theory |
on — - on

| AasaxsT PP-wave

~ Penrose Limit

» Y v B
:_e e:- ¥ .-.l= =
- ~ L. - |

—

m.-Supergravity = —— - M5-branein M-theory |- —
on— = o ; on E——

~  PP-wave

J

- T ~

T

.- p.35/36




Discussions, Future Problems

e Comparison with KK zero-modes and algebras
of AdSy7) x S™W
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Discussions, Future Problems Q
e Comparison with KK zero-modes and algeoras
of AdSy7 x ST™

e Propagators and energy-momentum tenso
hMN, CMNP and 1PM %
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Discussions, Future Problems Q

 Comparison with KK zero-modes and algebras
of AdSyr) X S7(4)

e Propagators and energy-momentum tenso;
Ryn-Cunp and ¥

» Dimensional reduction to su_p
(only 24 supercharges)
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