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Introduction
11-dimensional Supergravity:

• 32 Maximal supersymmetry, non-chiral theory

• First construction by Cremmer, Julia and Scherk (1978)

25th Anniversary!

• Various dimensional supergravities appear

Kaluza-Klein mechanism

10-dim. type IIA (non-chiral), type IIB (chiral), etc...

AdS4 × S7 (with cosmological constant)

singularG2 compactification

→ 4-dimensional N = 1 chiral supergravity

• only a classical theory
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Towards Quantum Theory

• Supermembrane theory in 11-dimensions:

Bergshoeff, Sezgin and Townsend (1987)

• Quantum Mechanics of Supermembrane on FLAT background:

de Wit, Hoppe and Nicolai (1988) 15th Anniversary!

• Continuous spectrum, etc. → UNSTABLE as a single object

de Wit, Lüscher and Nicolai (1989)
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Towards Quantum Theory

• Supermembrane on PP-wave background

Nakayama, Sugiyama and Yoshida (2002)

discretized spectrum, supersymmetric, etc.

STABLE as a single object

• Does this theory contain supergravity?

(Zero-mode spectrum should correspond to

that of supergravity on PP-wave background.)

• We construct supergravity on PP-wave background

and check the spectrum of fields.
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Field Contents

eM
A : vielbein

ΨM : gravitino (Majorana spinor)

CMNP : three-form gauge field
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Lagrangian of Eleven-dimensional Supergravity

L = eR−
1

2
eΨM Γ̂MNP DNΨP −

1

48
e FMNP Q F

MNP Q

+
1

192
eΨM Γ̃MNP QRS ΨN FP QRS

+
1

(144)2
εMNP QRSUV W XY FMNP Q FRSUV CW XY

various conventions:

DNΨP = ∂NΨP −
1

4
ωN

ABΓ̂ABΨP

Γ̃NP QR
M = Γ̂NP QR

M − 8δ
[N
M Γ̂

P QR]

Γ̃MNP QRS = Γ̂MNP QRS + 12gM [P Γ̂QRgS]N

ε012···10 = 1 weight +1 invariant tensor density
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Classical Field Equations

0 =
1

2
gMNR−RMN −

1

96
gMN FP QRS F

P QRS +
1

12
FMP QR FN

P QR

0 = Γ̂MNPDNΨP −
1

96
Γ̃MNP QRSΨNFP QRS

0 = ∇Q
{
e FQMNP

}

+
18

(144)2
gMZ gNK gP L ε

ZKLQRSUV W XY FQRSU FV W XY
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Spectrum onAdS4 × S7

〈Fµνρσ〉 ≡ 3mεµνρσ

Φµν···mn···(x, y) =
∑

I

φIµν···(x) · Y I
mn···(y)

d = 11 AdS4 spin S7 (SO(8)) number

gMN(x, y) hµν(x) 2 1 1

V [IJ]
µ (x) 1 K[IJ]

m (y) 28

S[IJKL](x) 0 K
[IJ
(mK

KL]
n) − 1

9
gmnK

[IJ
p KKL]p 35

CMNP (x, y) P [IJKL](x) 0 K
[IJKL]
[mnp] (y) 35

ΨM(x, y) ψIµ(x) 3/2 ηI(y) 8

χ[IJK](x) 1/2 η[IJK]
m + 1

9
Γ̂m /η[IJK] 56

K[IJ]
m (y) : Killing vector ηI(y) : Killing spinor (I = 1, · · · , 8)
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Maximally Supersymmetric Spaces

AdS4 × S7

Kowalski-Glikman Minkowski

AdS7 × S4

Penrose Limit

Penrose Limit

Flat Limit
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Penrose Limit ofAdS4 × S7

AdS4 × S7 coordinates:

ds2 = R2
A

{
− cosh2 ρ · dt2 + dρ2 + sinh2 ρ · dΩ2

2

}

+R2
S

{
cos2 θ · dϕ2 + dθ2 + sin2 θ · dΩ′5

2
}

We choose a null geodesics ofAdS4 × S7 as

RS = 2RA t = 2ϕ ρ = θ = 0
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Along this null direction we takeRA → ∞:

ds2 = −2dx+dx− +G++(dx+)2 +
9∑

I=1

(dxI)2

G++ = −
[(µ

3

)2
3∑

eI=1

(x
eI)2 +

(µ
6

)2
9∑

I′=4

(xI′

)2
]

µ = F+123 6= 0

where

x = RAρ y = 2RAθ

x+ =
1

2
(t+ 2ϕ) ·

3

µ
x− = R2

A
(t− 2ϕ) ·

µ

3
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Fluctuation Fields

gMN → gMN + hMN

ΨM → 0 + ψM

CMNP → CMNP + CMNP

gMN : pp-wave background

4∂[+C123] = F+123 = µ
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Field Equations for Fluctuations
From classical equation for gMN :

0 = −
1

2
gMN

{
hPQRPQ − ∇P∇Q hPQ + ∇P∇P hQ

Q
}

−
1

2

{
∇P∇M hNP + ∇P∇N hMP − ∇M∇N hP

P − ∇P∇P hMN

}

−
1

24
gMN

{
2FPQRS ∂PCQRS − FPQRS FU

QRS hPU
}

+
1

3
FM

PQR ∂[NCPQR] +
1

3
FN

PQR ∂[MCPQR]

−
1

4
FMPQR FNU

QR hPU

(A-1)
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Field Equations for Fluctuations
From classical equation for ΨM :

0 = Γ̂MNP DNψP −
1

4
µ Γ̂MN+123ψN

−
1

4
µ
{
gM+(Γ̂12g3N + Γ̂23g1N + Γ̂31g2N)

− gM1(Γ̂23g+N + Γ̂3+g2N + Γ̂+2g3N)

+ gM2(Γ̂3+g1N + Γ̂+1g3N + Γ̂13g+N)

− gM3(Γ̂+1g2N + Γ̂12g+N + Γ̂2+g1N)
}
ψN

(A-2)
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Field Equations for Fluctuations
From classical equation for CMNP :

0 = 4gQR
{
∂R∂[QCMNP ] − ΓS

RQ ∂[SCMNP ] − ΓS
RM ∂[QCSNP ]

− ΓS
RN ∂[QCMSP ] − ΓS

RP ∂[QCMNS]

}

−
1

2
gQR

{
FSMNP (∇R hQ

S + ∇Q hR
S − ∇S hRQ)

+ FQSNP (∇R hM
S + ∇M hR

S − ∇S hRM)

+ FQMSP (∇R hN
S + ∇N hR

S − ∇S hRN)

+ FQMNS(∇R hP
S + ∇P hR

S − ∇S hRP )
}

+
1

144
gMZ gNK gP L ε

ZKLQRSUV W XY FQRSU ∂V CW XY

(A-3)
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Gauge-fixing Conditions

h−M = h+N = 0

ψ− = 0

C−NP = 0



 light-cone gauge-fixing
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Hamiltonian
We will encounter Klein-Gordon type equations of motion and have to

evaluate its energy spectrum:

(
¤− αµ i∂−

)
φ(x+, x−, xI) = 0

α : arbitrary constant x+ : evolution parameter

We express the HamiltonianH = i∂+:

H =
1

3
µ
∑

eI

a
eIa

eI +
1

6
µ
∑

I′

aI′
aI′

+
1

2
µ (2 − α)

Last term = zero-point energy E0 of the system (eigenvalue ofH):

E0 =
1

2
µ E0(φ) E0(φ) = 2 − α
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Bosonic Fields
• (−−) component of (A-1):

0 = hII =⇒ traceless condition

• Substitute this into (−I) component of (A-1):

hI+ =
1

∂−
∂JhIJ =⇒ non-dynamical

• (−IJ) component of (A-3):

C+IJ =
1

∂−
∂KCIJK =⇒ non-dynamical

• Trace of (A-1) under the above conditions:

h++ =
1

(∂−)2
∂I∂JhIJ −

1

3∂−
µ C123 =⇒ non-dynamical
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Non-trivial Equations

(ĨJ̃) of (A-1) : 0 = ¤heI eJ
+

2

3
µ δeI eJ

∂−C (1-a)

(ĨJ ′) of (A-1) : 0 = ¤heIJ′ + µ∂−C eIJ′ (1-b)

(I′J ′) of (A-1) : 0 = ¤hI′J′ −
1

3
µ δI′J′∂−C (1-c)

(ĨJ̃K̃) of (A-3) : 0 = ¤ C − 2µ∂−heI eI
(1-d)

(ĨJ̃K′) of (A-3) : 0 = ¤ C eIJ′ − µ∂−heIJ′ (1-e)

(ĨJ ′K′) of (A-3) : 0 = ¤ C eIJ′K′ (1-f)

(I′J ′K′) of (A-3) : 0 = ¤ CI′J′K′ −
1

6
µ εI

′J′K′W ′X′Y ′

∂−CW ′X′Y ′

(1-g)

C eIJ′ ≡
1

2
εeIfK eL

CfK eLJ′
C ≡ 2C123
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(1-f): 0 = ¤CĨJ̃K′

We find the zero-mode energy E0(C eIJ ′K′) and degrees of freedom

D(C eIJ ′K′):

E0(C eIJ ′K′) = 2 D(C eIJ ′K′) = 45
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(1-b), (1-e): 0 = ¤hĨJ ′ + µ∂−CĨJ ′ = ¤CĨJ ′ − µ∂−hĨJ ′

Diagonalize heIJ ′ and C eIJ ′:

HeIJ ′ = heIJ ′ + iC eIJ ′ H eIJ ′ = heIJ ′ − iC eIJ ′

Thus modified(1-b) and (1-e) are

0 =
(
¤− µ i∂−

)
HeIJ ′ 0 =

(
¤+ µ i∂−

)
H eIJ ′

=⇒ E0(HeIJ ′) = 1 E0(H eIJ ′) = 3

D(HeIJ ′) = D(H eIJ ′) = 18
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(1-a), (1-c), (1-d):

Apply similar consideration to (1-a), (1-c) and (1-d):

h⊥eI eJ
≡ heI eJ

−
1

3
δeI eJ

hfK fK
h⊥I′J ′ ≡ hI′J ′ −

1

6
δI′J ′ hK′K′

h ≡ heI eI
+ iC h ≡ heI eI

− iC

Then we find

E0(h
⊥
eI eJ

) = E0(h
⊥
I′J ′) = 2 D(h⊥eI eJ

) = 5 D(h⊥I′J ′) = 20

E0(h) = 0 E0(h) = 4 D(h) = D(h) = 1
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(1-g):

Decomposing into self-dual part C⊕I′J ′K′ and anti-self-dual part
CªI′J ′K′:

C⊕I′J ′K′ ≡
i

3!
εI′J ′K′W ′X′Y ′

C⊕W ′X′Y ′

CªI′J ′K′ ≡ −
i

3!
εI′J ′K′W ′X′Y ′

CªW ′X′Y ′

They satisfy the following equations:
(
¤+ µ i∂−

)
C⊕I′J ′K′ = 0

(
¤− µ i∂−

)
CªI′J ′K′ = 0

=⇒ E0(C
⊕
I′J ′K′) = 3 E0(C

ª
I′J ′K′) = 1

D(C⊕I′J ′K′) = D(CªI′J ′K′) = 10
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Results
We have fully solved the field equations for bosonic fluctuations and

have derived the spectrum of graviton hMN and three-form gauge

field CMNP . The resulting spectrum is splitting with a certain energy

difference in contrast to the flat case.

energy bosonic fields degrees of freedom

4 h 1

3 H eIJ ′ C⊕I′J ′K′ 18 + 10

2 C eIJ ′K′ h⊥
eI eJ

h⊥I′J ′ 45 + 5 + 20

1 HeIJ ′ CªI′J ′K′ 18 + 10

0 h 1

. – p.24/36



Fermionic Fields

• M = − component of (A-2):

Γ̂PψP = 0 =⇒ Lorentz-type gauge-fixing condition

• M = + component of (A-2):

∂PψP = 0 → ψ+ =
1

∂−
∂IψI =⇒ non-dynamical
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M = Ĩ component of (A-2):

0 =
{
Γ̂+

(
∂+ +

1

2
G++∂−

)
+ Γ̂−∂− + Γ̂K∂K

}
ψeI

−
1

4
µΓ̂+123

(
δeI eJ − Γ̂eIΓ̂ eJ

)
ψ eJ

We decompose

ψ⊕
eI

= −
1

2
Γ̂−Γ̂+ψeI ψª

eI
= −

1

2
Γ̂+Γ̂−ψeI

Then we obtain

ψª
eI

=
1

2∂−
Γ̂+Γ̂K∂Kψ

⊕
eI

=⇒ non-dynamical

0 = ¤ψ⊕
eI

−
1

2
µΓ̂123

(
δeI eJ − Γ̂eIΓ̂ eJ

)
∂−ψ

⊕
eJ
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we shall introduce the following fields:

ψ⊕⊥
eI

≡
(
δeI eJ

−
1

3
Γ̂eI

Γ̂ eJ

)
ψ⊕

eJ
Γ̂-transverse mode

ψ
⊕‖
1 ≡ Γ̂

eIψ⊕
eI

Γ̂-parallel mode

Acting Γ̂
eI or (δfK eI

−1
3
Γ̂fK

Γ̂eI
):

0 = ¤ψ
⊕‖
1 − µΓ̂123∂−ψ

⊕‖
1 0 = ¤ψ⊕⊥

fK
−

1

2
µΓ̂123∂−ψ

⊕⊥
fK

Decompose ψ⊕⊥
eI

and ψ⊕‖1 according to the chirality:

ψ⊕⊥
eIR

≡
1 + iΓ̂123

2
ψ⊕⊥

eI
ψ⊕⊥

eIL
≡

1 − iΓ̂123

2
ψ⊕⊥

eI

ψ
⊕‖
1R ≡

1 + iΓ̂123

2
ψ
⊕‖
1 ψ

⊕‖
1L ≡

1 − iΓ̂123

2
ψ
⊕‖
1
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Multiplying chiral projection operator 1
2
(1 ± iΓ̂123):

0 =
(
¤+ µ i∂−

)
ψ
⊕‖
1R 0 =

(
¤− µ i∂−

)
ψ
⊕‖
1L

0 =
(
¤+

1

2
µ i∂−

)
ψ⊕⊥

eIR
0 =

(
¤−

1

2
µ i∂−

)
ψ⊕⊥

eIL

Zero-mode energies and degrees of freedom of ψ⊕⊥
eIR

and ψ⊕⊥
eIL

:

E0(ψ
⊕⊥
eIR

) =
5

2
E0(ψ

⊕⊥
eIL

) =
3

2

D(ψ⊕⊥
eIR

) = D(ψ⊕⊥
eIL

) = 8 × (3 − 1) = 16
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M = I ′ component of (A-2):

0 =
{
Γ̂+

(
∂+ +

1

2
G++∂−

)
+ Γ̂−∂− + Γ̂K∂K

}
ψI′

+
1

4
µΓ̂+123

(
δI′J ′ − Γ̂I′Γ̂J ′

)
ψJ ′

The Γ̂-transverse mode and Γ̂-parallel mode are defined as

ψ⊕I′ = −
1

2
Γ̂−Γ̂+ψI′

ψ⊕⊥I′R =
1 + iΓ̂123

2
ψ⊕⊥I′ ψ⊕⊥I′L =

1 − iΓ̂123

2
ψ⊕⊥I′

ψ
⊕‖
2R =

1 + iΓ̂123

2
ψ
⊕‖
2 ψ

⊕‖
2L =

1 − iΓ̂123

2
ψ
⊕‖
2
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Equations for the Γ̂-parallel mode and Γ̂-transverse mode:

0 =
(
¤−

5

2
µ i∂−

)
ψ
⊕‖
2R 0 =

(
¤+

5

2
µ i∂−

)
ψ
⊕‖
2L

0 =
(
¤−

1

2
µ i∂−

)
ψ⊕⊥I′R 0 =

(
¤+

1

2
µ i∂−

)
ψ⊕⊥I′L

We find that the zero-mode energiesand degrees of freedom:

E0(ψ
⊕⊥
I′R) =

3

2
E0(ψ

⊕⊥
I′L ) =

5

2

D(ψ⊕⊥I′R) = D(ψ⊕⊥I′L ) = 8 × (6 − 1) = 40
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Linear combination of Γ̂-parallel modes:

ψ
⊕‖
R ≡

2

5
ψ
⊕‖
1R − ψ

⊕‖
2R ψ

⊕‖
L ≡

2

5
ψ
⊕‖
1L − ψ

⊕‖
2L

We can easily see that the re-defined fermions satisfy:

0 =
(
¤−

3

2
µ i∂−

)
ψ
⊕‖
R 0 =

(
¤+

3

2
µ i∂−

)
ψ
⊕‖
L

=⇒ E0(ψ
⊕‖
R ) =

1

2
E0(ψ

⊕‖
L ) =

7

2

D(ψ
⊕‖
R ) = D(ψ

⊕‖
L ) = 8
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Results

We have solved and derived the spectrum of gravitino ψM in the case

of pp-wave background. As a result, we have found that the spectrum

is splitting with a certain energy difference in the same manner with

the spectrum of bosons.

energy fermionic fields degrees of freedom

7/2 ψ
⊕‖
L 8

5/2 ψ⊕⊥
eIR

ψ⊕⊥I′L 16 + 40

3/2 ψ⊕⊥
eIL

ψ⊕⊥I′R 16 + 40

1/2 ψ
⊕‖
R 8
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Results
energy bosons fermions D.O.F.

4 h 1

7/2 ψ
⊕‖
L 8

3 H eIJ′ C⊕I′J′K′ 28

5/2 ψ⊕⊥
eIR

ψ⊕⊥I′L 56

2 C eIJ′K′ h⊥
eI eJ

h⊥I′J′ 70

3/2 ψ⊕⊥
eIL

ψ⊕⊥I′R 56

1 HeIJ′ CªI′J′K′ 28

1/2 ψ
⊕‖
R 8

0 h 1
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Towards Quantum Theory, revisited

• Supermembrane as a matrix model:

Nakayama, Sugiyama and Yoshida (2002), etc.

discrete spectrum, STABLE as a single object

• Zero-mode spectrum corresponds to that of Supergravity

• WE SHOWED HERE!
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Conclusion

11-dim. Supergravity
on

AdS4×S
7

M2-brane in M-theory
on

PP-wave

11-dim. Supergravity
on

PP-wave

11-dim. Supergravity
on

AdS7×S
4

M5-brane in M-theory
on

PP-wave

KK Zero-mode(?)

KK Zero-mode(??)

Penrose Limit

Penrose Limit

Zero-Mode
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Discussions, Future Problems
• Comparison with KK zero-modes and algebras

ofAdS4(7) × S7(4)

• Propagators and energy-momentum tensors of
hMN , CMNP and ψM

• Dimensional reduction to type IIA supergravity
(only 24 supercharges)
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