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Introduction

Construct a realistic model of 4-dim. particle physics

Purpose

matter contents and their interactions
gauge symmetry and its breaking
gravity, cosmology

etc., etc.
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Supergravity with fluxes has a long, and interesting story '
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Supergravity with fluxes has a long, and interesting story

¥ Freund-Rubin Ansatz in 11- and 10-dimensional supergravities

F, = |F| X (vol.) generates a cosmological constant in AdS,-space
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Supergravity with fluxes has a long, and interesting story

¥ Freund-Rubin Ansatz in 11- and 10-dimensional supergravities
F, = |F| X (vol.) generates a cosmological constant in AdS,-space
Vv Gauge/Gravity Dualities in type II theories

F,, generates a superpotential in 4-dim. A" =1 SYM (e.g., W=/[ Q /\F3>

CY;

Both solutions have given us new insights in higher-dimensional theories
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¥ Flux can be a torsion on a (compactified) geometry
Oy = <3M + (wan? — HMAB)FAB> §

If Hy A8 # 0, the geometry looks no longer a Kahler manifold.

'

(G-structure manifold
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¥ Flux can be a torsion on a (compactified) geometry
Oy = <3M + (wan? — HMAB)FAB> §

If Hy A8 # 0, the geometry looks no longer a Kahler manifold.

'

(G-structure manifold

¥ How does the flux work in heterotic theory?

anomaly cancellation in a miraculous way
gauge symmetry Eg X Eg or SO(32)
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Contents

V¥ SU (3)-structure manifold

Vv Heterotic theory on SU (3)-structure manifold

e Vacuum configuration

e Towards low energy effective theory: (zero mode eqs., gauge groups)

¥ Summary and Discussions

useful Refs. Becker, Becker, Dasgupta and Green [hep-th/0301161]
Cardoso, Curio, Dall’Agata and Liist [hep-th/0306088]
Becker and Tseng [hep-th/0509131]

etc., etc..
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SU (3)-structure Manifold

— mathematics —



G-structure group I on an n-dim. manifold M

F (M) frame bundle : principal GL(n) bundle
G-structure : principal G sub-bundle of F (M)

< nowhere vanishing tensors on M

tensors G-structure
MNab O(n)
Nab  €aq---an SO(n)
o Ja” U(m) J5 =1
Nap Jo° Q™0 SU (m) (2m = n)
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6-dim. SU (3)-structure on manifold

Consider a geometry Kg with a Killing spinor equation including torsion
¢ st. VIe =0

This is a definition of the geometry with SU (3)-structure.
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6-dim. SU (3)-structure on manifold

Consider a geometry Kg with a Killing spinor equation including torsion
¢ st. VIe =0
This is a definition of the geometry with SU (3)-structure.

Invariant p-forms on the SU (3)-structure manifold:

2-form in SO(6) => a real 2-form in SU(3)
6C2 = 15 1+3+3+8 t Jap = —i€TTap €
3-form in SO(6) => an (almost) complex 3-form in SU (3)

¢C3 = 20 = 14+14+34+34+6+6: Qupe=2~&E Tl
Furthermore
317 _
JAQ = 0, TANINT = —ZQAQ = 31X (vol)x,
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Heterotic Theory

— vacuum, gauge group and zero modes —



Heterotic theory on SU (3)-structure manifold

Supergravity

v Bosonic part of the Lagrangian  (without fermion condensations)

L = i\/—Ge—Z‘I’ [R(w) — %HMNPHMNP + 4(Vy®)?
—Oé/{tI'(FMNFMN>}]
v Bianchi identity [w]
dH = —o'|tr{F A F}]

Chapline and Manton [Phys. Lett. B120 (1983) 105]

(supergravity)
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Heterotic theory on SU (3)-structure manifold I

Supergravity

v Bosonic part of the Lagrangian  (without fermion condensations)

L = %/—G e 2® [R(w) — %HMNPHMNP + 4(Var®)*?
v Bianchi identity [w]
dH = —<d’ {tr{F ANF} —tr{R(w) A R(w)}}

Green and Schwarz [Phys. Lett. B149 (1984) 117]
(anomaly cancellation)

(worldsheet 1-loop 3-function)
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Heterotic theory on SU (3)-structure manifold I

Supergravity

v Bosonic part of the Lagrangian  (without fermion condensations)

1 1
L = Z\/—Ge_zq’ [R(w) — gHm,p1erf‘mp + 4(Vy ®)?

—a'{tr(FMNFMN) — tr(RMN(w+)RMN(w+)) }]
v Bianchi identity (wy = w + H]
dH = —o'|tr{F A F} — tr{R(w}) A R(w})}]

Hull [Phys. Lett. B178 (1986) 357]
Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]

(worldsheet 2-loop 3-function)
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@ 4-dim. m

v Study vacuum configuration

e SUSY variations — geometry with SU (3)-structure

v Investigate low energy effective theory
e Gauge symmetry
e Zero mode equations

e Norm of fields
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Equations of Motion

®: 0 = —R(w) + %HMNPHMNP +4(Vy®)? — 4aV3, P
o [tr(FMNFMN) - tr{RMN(w+)RMN(w+)}]
Gun : 0 = Ryn(w) — HypoHNT? + 2V VD
— %GMN [R(w) — %HPQRHPQR — 4(Vp®)? + 4V§3c1>}

+ % Gran [tr(Pun FM™) — tr{Raun () RM™ ()]

— 2a/ |:tI'(FMpFNP) — tr{RMP(w—l—)RNP(w—I-)}}

— 2a’e?? [2VPV?+){6_2(I)RMPNQ(W+)} — V?+){e_2(I)RMPQR(w+)}HNPR

— ZVP{e_zq)RMPQR(er)HNQR} — 2" **Rypor(wy ) HyPo HOF
- VPV&){G_%RMNPQ(M)} + VP{e_mRMNQR(M)HPQR}]

BMN 3 0 = VM(G_Q(I)HMNP)

3 5 2
P(w—3iH,A)x —T"xVy® + 5FM T'AB(Fap + FuB) <¢M + ng)\)

<
o
|
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Vacuum Configuration

» X GMN d.’BMdmN

— e(q’_f))/2 (77,“, dxz*dx” 4+ gmn dymdy")
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Vacuum Configuration

X GMN diEMdCBN

— o(®-D)/2 (77,“, dz¥dx” 4+ gmn dymdy")

Spin(9,1) — SL(2,C) x SU(4)

16 = (2,4) +(2,4) : €&+ = N+ Q&+ +1n- Q&
N = 1 SUSK 1 Killing spinor & SU (3)-structure
on M3 on ICg on KCg
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v SUSY variations

0 = ¢, = Dp(w-)&+ «— Killing spinor eq. lw_ = w — H]
Jap = _7'53- L'ap £_|- . Dm(w—)Jab =0
Qabc — €_|T_ I“a,bc €_|_ . Dm (w—)Qabc = 0
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v SUSY variations

0 = ¢, = Dp(w-)&+ «— Killing spinor eq. lw_ = w — H]
Jap = _igj—rabﬁ_}- . Dm(w—)Jab =0
Qabc — €_|T_ Fabc€+ . Dm(w—)Qabc = 0
Furthermore “0 = §(fermions)” indicates
0 = R n(w_)Jus :  c1(R_) vanishes
0 = N,,,," : ICg is complex [7]
Hmnp — H’?nnp_l_ Hmnp
—~ 3
HGY — o = HO3 | 0 = H,) J7, H,pp = 5J[anp]qvqcb
F(2’0) — 0 = F(O,Q) : 0 = anJmn
1
*(JAdAH) = —V2® + (V,,,®)? — —(H) )°
m 3 p dH =0
1 ~ ~ & o~ dH # 0
b — —510g|ﬂ|—|—<I>0, Q = e ?%Q, o = 0
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Ry(To) ~ ||[Vim(® — D)||?

FronJ™ =0

5¢u=0| 5X=0|

oA=0
—ie] (v V21 — ${709, B} )€+ = 0

Ninp = 0

Dm(w—)ﬂabc =0 I

Dm(w_)Jab =0

Rab w_ Ja, = O N — H
AR . Hog I — 20,17 8
- [m"<n {iplgr
o
Jm TV g Tnp)
= —2J1,,9d,"H j14rr
[ n plq Hmnp — T,S,?%p
o —2dP+60=0
d(e_z‘I’Q) =0 ——

—2® —
e S H = —% * e2®d(e22J)
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Gauge Symmetry Breaking

gauge algebra G = F P F, , FL=HQ, [H,F] =0
with F,,,, taking a value in F
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Gauge Symmetry Breaking

gauge algebra G = F P F, , FL=HQ, [H,F] =0

with F,,,, taking a value in F

'ES —>E6XSU(3) (g:Eg, f:SU(g), H:EG)
248 = (78,1) + (1,8) + (27,3) + (27, 3)

Vv Es — SO(16)
— S0O(10) x SO(6) : (G = Es, F = S0O(6), H = S0(10))

248 = 12050(16) adj. ‘|‘ 12850(16) spinor
= (45,1) + (1,15) + (10,6) + (16,4) + (16,4)

Each breaking scenario deeply depends on the way

of embedding the holonomy group into the gauge groups.
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Candidates:

w_ : SU(3) holonomy
A < { w, : SO(6) holonomy Wi = w + H]
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Candidates:

(w_ SU (3) holonomy

A < ¢ w; : SO(6) holonomy (wy = w £+ H|
etc.

\
with following constraints

Rinpg(w+) = Rpgmn(w-) + (dH )pgmn

dH = —o' [tr(F AF) — tr{R(wy) A R(w+)}} o
Rygmn(w_) : type (1,1) w/ indices p, g
F : (1,1)-form
dH : (2, 2)-form, higher order in o’
Rynpg(wy) : (1,1)-form w/ indices p, g + higher order in o’

Mainly we consider Eg — SO(10) X SO(6) breaking: A = w,
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Zero mode equations

f ] d of zero modes
# of massless modes +
on M1

on Cq

Zero mode eq. for gaugino:
0 1 mn 0

= P(@, A)x" (@ = w—3H]
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Zero mode equations

on Cq

on M>3:1

f ] d of zero modes
# of massless modes } { +

|

Zero mode eq. for gaugino:
0 1 mn 0

= P(@, A)x" (@ = w—3H]

Decompose X into

0 = P@)xY and 0 = P(@,Ag)XY,

which correspond to the neutral and charged matter fermions, respectively.

[# of zero mode x,,] = lim Tr I‘(Gﬂ)e_ﬁAH = index (o)

B—0
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Evaluate the square of the Dirac operators with @ = w — %H:

Ax = —[P(@))*
= Dp(w)ID™(w_)+V

Ao = —[P(@,AQ)P |
— Dy (w )ID™w )+ V + %Fn%nrmn
V . ]- R 1H Hmnp ]' dH anpq dH =0
- Z (UJ) o g mnp —l_ E( )mnpq dH # 0

The “potential” V plays a crucial role in

e the zero mode equations of Klein-Gordon type
e the Atiyah-(Patodi)-Singer index density

e etc.
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Minimal embedding: dH = 0 [a] [v]

Zero mode equation tells us vV = %(Hgmp)z]

Dy () D™ (w) + ()|

1
0 = [ [1Dmt bl + 5, P
Ke

0

H° =0 or

U — 0 => no massless modes

If no boundaries/singularities => {
XH —
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Minimal embedding: dH = 0 [a] [v]

Zero mode equation tells us vV = 3( m,np) ]
0 = | Doy D) + —(H&np)2] X
0 2 0 |2
0 = [ Do X8 +
ICe
L .. H° =10 or
If no boundaries/singularities =>
X% = 0 => no massless modes
The condition *(J AdH) =0 denotes
1
_nge—‘l) — _(I)( m'n,p)2

If there are no boundaries/singularities on KCg, then

1
—<I> 2 -
g/ € ‘ mnp / V = 0
KCe

Thismeans H° =0 => ® =const. = Kz;=CY;

- 17/27) -



Without boundaries/singularities on /Cg:
e all fluxes are trivial H = d® =0
o s = CY3
o w, =w_=uw, Eg — Eg X SU(3)

e # of zero modes — AS index theorem

Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]
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Without boundaries/singularities on /Cg:
e all fluxes are trivial H = d® =0
o s = CY3
o w, =w_=uw, Eg — Eg X SU(3)

e # of zero modes — AS index theorem

Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]

With boundaries/singularities on /Cg:
e non-trivial fluxes can exist

0m® = 0, H® = 0: conformally balanced

mnp

R o Ey — SO(10) x SO(6)

® x4, lives in the boundaries

e # of zero modes — APS index theorem
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Non-minimal embedding: dH # 0 I 'susv] [a] [v]

In this case we should notice the o’-ordering in the Lagrangian with keeping
/

o' : :
3 < 1 L = linear size of KCq4
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Non-minimal embedding: dH # 0 [a] [v]

In this case we should notice the o’-ordering in the Lagrangian with keeping
/

52 <L 1 L = linear size of g
Notice that the scaling orders of variables:
o~ B ~
(Vin®)? ~ dH ~ (Hpnp)? ~ z—;

RP ymn(wy) = RPymn(w) + 2V i H? g + 2HP [, H (g
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Non-minimal embedding: dH # 0 [a] [v]

In this case we should notice the o’-ordering in the Lagrangian with keeping
/

52 <L 1 L = linear size of g
Notice that the scaling orders of variables:
o~ B ~
(Vin®)? ~ dH ~ (Hpnp)? ~ z—;

RP ymn(wy) = RPymn(w) + 2V i H? g + 2HP [, H (g

Then, in the leading order in o/,

we replace Rgpmn(wy) to Repmn(w) in the Lagrangian and the Bianchi identity

— dH = —d [tr(F A F) — tl‘{R(w) A R("")}}
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Combining equations of motion and SUSY conditions, we obtain

tr (R R™™) — tr(Fpn F™) = —2 {J A (tr(R AN R) —tr(F A F)ﬂ + O(a)
1 1
0 = 5V3ne_2q’ — 5e—z‘l’(H,,mp)2 —e % (JAdH) + O(a’?)

Then, within the linear order in o/, we find

Vrzne—ch _ 20 [;Hmnplz + a’(tr|an]2 — tr{Rmnf)]

Integral on a smooth manifold /Cg:

/e_M)[g‘Hmnpf—l—a'tr}an‘z] - /e_z@[a'tr‘Rmn‘z}
Keg 3 ICe

with  tr|Ep|” # tr| R

Smooth compactification scenario is possible!
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Summary and Discussions



Summary and Discussions

¥ Vacuum configuration of the flux compactifications in heterotic theory
¥ No-go theorem on smooth manifolds with H # 0 and dH = 0

¥ Possibility of smooth compactifications with H # 0 and dH # 0
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Summary and Discussions

¥ Vacuum configuration of the flux compactifications in heterotic theory
¥ No-go theorem on smooth manifolds with H # 0 and dH = 0

¥ Possibility of smooth compactifications with H # 0 and dH # 0

V? + of zero modes under the condition dH # 0

modification of the Atiyah-(Patodi)-Singer index theorem
YV other possibilities of gauge symmetry breaking
YV compactifications on non-complex geometries

Frey and Lippert [hep-th/0507202]
Manousselis, Prezas and Zoupanos [hep-th/0511122]
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Appendix



Appendix: Quartic effective Lagrangian Zrotal = Lo(R) + ZL3(F?) + Zo(R?)

Zo(R)

L3(F?)

Zn(R?)

1

2
2K9,

\ -G 6_2.1) [R(w) — %HMNPHMNP + 4(VMq))2 — EMFMNPDN(w)ZbP + 16 XlD(w))\

+ 8ATMV Dy (w)pn + 8 Yy TVNTMA (VN ®) — 29, TMyn (VYD)

1 _ _ _
+ D HPQR{¢MF[MFPQRFN]¢N + 8 YT ™Mpor) — 16 AI‘PQR)\}

1 _ _ 1__ 1__
+ R ¢MFABC¢M{2)\FABC>\ + AT apcT NN — 7 PYNT AcYN — 3 ¢NFNFABCFP¢P}]

1 o
5 120 V—Ge?*| —tr(FynFMN) — 2tr{xP(w, A)x} + = tr(xT"*?“x) H a5c
2K10 2910 6

1 A 2 1 _
=3 tr{xXTMT 48 (Fap + Fag)} (¢M + gFMA> ~ tr(XT*PCx) Yar (4T apcT™ + 3TMT 4pc) A

| ~ B, _
+ 35 T(RTAPO)AT apoA — oo tr(XTPOX) tr(XT apox)

2

LT J—Ge2®

2"3%0 29%0

_ 1 A
— Rapmn(wi) RPN (wy) — 294P P(w(e, ), wi)Pan + E¢ABI‘MNP¢ABHMNP
1 MpNP[pAB 5AB 2
+ §¢ABF I'"{R*” np(wi) + R np(wy)} <¢M + EFMA)
1 _
— — YapTP Y ap - Yr (40 cpeT™ + 3TMTopp) A

48

1 _ — o — _
+ E¢ABFCDE¢AB(AFCDEA) — %¢ABFFGH¢AB (¢CDI‘FGH¢CD)]
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(SOBMA

S0t
doBun
oA
0P

00 Ans

05 m
03By N
552
datm
daBrN
OaA

1
§EPA¢M

1 _ _
(3M + ZW—MABFAB>€ + {€(¢M>\) — P (EN) + FA)\(thI‘AG)}
el pYn
—1 DPe+ iI‘ABCE <IEI — EXI‘ A)
7 N aBc — 7 Alapc

—€A
1_I‘
56 MX
1 R
— T4 Fap + {e(xA) — x(eA) + T*A(XT 4¢) |
B

93 IBCT yre tr(XT aBcX)

i FABC
384

Q _
@FCDEFM€ YAPTcppan

AB AB
—awim dow

« _
N TCPET e p*PTcppiban

etr(xTaBcX)

Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]
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Heterotic theory on SU (3)-structure manifold

Supergravity

v Bosonic part of the Lagrangian  (without fermion condensations)

1 1
og/ﬂ = ZV —G e_zq) [R(w) — gHMNpHMNP —I— 4(VM(I))2

—a{tr(Faw PV - tr(RMN@)RMN(&))}]

v Bianchi identity (wy = w+ H— W]

dH = —d {tr{F ANF} —tr{R(®) A R(‘z)}}

Hull [Phys. Lett. B167 (1986) 51]

(worldsheet 2-loop 3-function)
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Appendix: Intrinsic torsion Chiossi and Salamon [math.DG/0202282]

Let < be a contorsion in V() with acting on the SU(3) Killing spinor &:
0 = VD¢ = (V4 K+ k)¢

where we decomposed k = k? + k9 in such a way as kK% £ = 0 (where g = su(3)):

0 * % x |0 0 0 0 |=x%

0 * % x |0 0 0 0 |=x%
§ = k? = K =

0 * % x |0 0 0 O |=%

* 0O 0 0|0 % % ok | %k

Then, under the same structure group GG we find

(V(Tl)—V(T2))€ x K% = 0O

So, from the group-theoretical viewpoint, <" carries an intrinsic part of the

contorsion when we consider the classification of the SU (3)-structure manifolds!
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Torsion T,,,, = T?,,,,dx? = KP|y,)dx? is given in the various representations:

TS = K%, ~ su(3), T° = k% ~ s0(6)/su(3) = su(3)"

mn)|

(TP, € A @ su(3)"  on K

A' ~ 333, sul3) ~ 8, su(3) = s0(6)/5u(3) ~ 1H3P3
Thus the intrinsic torsion T° can be decomposed

(T, € A'@su(3)t = BP3)RA1 D3P 3)
= 11D B8DR)D(6D6)D(3D3)D (3 3)
W1 W2 W3 W4 W5

where W, : complex scalar in (1 1)
W5 : complex primitive 2-form in (8 & 8)
W5 : real primitive (2,1) @ (1, 2)-form in (6 @ 6)
W, : real 1-form in (3 @ 3)
W5 : complex (1,0)-form in (3 @ 3)’
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v complex manifolds [susy][a# = o] [aa # o

W) =W,=0

Wi =Wy, =W,;=0

Wi =We=W;=W;=0

Wi =We=W5=W,;=0

Wi =Wo=W35=W;,=W;=0
Wi =Wy =W;3 =3W,+4+2W; =0

v non-complex manifolds [summary

Wi=W;=W;=0
Wy=Ws=W;=W;=0
Wi=Ws;=W,=W;=0
W;=W,=W;=0
W,=W;=0

W, =W, =W,=W; =0

T° € W30 W, & W;
T € W5 @ W;
T € W

T € W;

T° =0

T° €¢ W, @ W;

T € Wy @ Ws
T €¢ W,

T° € W,

T € W1 & W,

T° € W1 @ W) @ W3
T e W, o W,” @ W

hermitian
balanced
special-hermitian
Kahler
Calabi-Yau

conformally Calabi-Yau

symplectic
nearly-Kahler
almost-Kahler
qguasi-Kahler
semi-Kahler
half-flat
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