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One of the significant purposes for particle theorists is...

Construct a realistic model in (3+1)-dim. spacetime

• matter contents and their interactions

• gauge symmetry and its breaking

• gravity, cosmology

• etc., etc.

An approach from String/Supergravity TheoriesString/Supergravity TheoriesString/Supergravity Theories

assumption: (minimal) SupersymmetrySupersymmetrySupersymmetry
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SUSY ⇔ Killing spinor(s):(
∂M +

(
ωM

AB −HM
AB
)
ΓAB

)
ξ = 0

The Killing spinor equation gives us information of (compactified) geometry:

movie gif

on the web “visualization” maintained by Jeff Bryant

Let us consider an effective theory from Heterotic StringHeterotic StringHeterotic String.
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What is heterotic string theory?





contains only NS fields : GMN , BMN ,Φ

includes Yang-Mills gauge symmetry : E8 × E8 or SO(32)

realizes anomaly cancellation in a miraculous way

A good issue to understand string dualities at deeper levels

duality: II/CY3↔ HE/[K3× T 2]

A new insight on inflation scenario(?)

KKLT model in type II string with fluxes
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References

G-structure manifold

Heterotic theory on SU(3)-structure manifold

• Vacuum configuration

• Towards low energy effective theory

Summary and Discussions
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G-structure group on an n-dim. manifoldM

∃nowhere vanishing tensors X onM

with satisfying Dm(ω)X = 0:

(2m = n)

tensors G-structure

ηab O(n)

ηab Ea1···an SO(n)

ηab Ja
b U(m)

ηab Ja
b Ω(m) SU(m)

J2 = −1

(2m = n)
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6-dim. SU(3)-structure on manifold

Consider a geometry K6 with one Killing spinor equation including torsion

∃complex Weyl ξ s.t. ∇(T )ξ = 0

This is a definition of geometry with SU(3)-structure.

Invariant p-forms on the SU(3)-structure manifold:

2-form in SO(6) a real 2-form in SU(3)

6C2 = 15 = 1 + 3 + 3 + 8 : Jab = iξ† Γab ξ

3-form in SO(6) an (almost) complex 3-form in SU(3)

6C3 = 20 = 1 + 1 + 3 + 3 + 6 + 6 : Ωabc = ξT Γabc ξ

Furthermore

J ∧ Ω = 0 , J ∧ J ∧ J = −
3i

4
Ω ∧ Ω = −3!× (vol.)K6
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movie gif

The story starts from

A. Strominger, “Superstrings with torsion” [Nucl. Phys. B274 (1986) 253]
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Heterotic theory on SU(3)-structure manifold

Supergravity with anti-hermitian Yang-Mills field

Bosonic part of the Lagrangian (without fermion condensations)

L =
1

4

√
−G e−2Φ

[
R(ω)−

1

3
HMNPH

MNP + 4(∇MΦ)2

+α′
{
tr
(
FMNF

MN
)}
]

Bianchi identity [ωmab]

dH = +α′
[
tr
{
F ∧ F

}]

Chapline and Manton [Phys. Lett. B120 (1983) 105]

(supergravity)

(worldsheet 2-loop β-function)
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√
−G e−2Φ

[
R(ω)−

1

3
HMNPH

MNP + 4(∇MΦ)2

+α′
{
tr
(
FMNF

MN
)}
]

Bianchi identity [ωmab]

dH = +α′
[
tr
{
F ∧ F

}
− tr

{
R(ω) ∧R(ω)

}]

Green and Schwarz [Phys. Lett. B149 (1984) 117]

(anomaly cancellation)

(worldsheet 1-loop β-function)
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Heterotic theory on SU(3)-structure manifold

Supergravity with anti-hermitian Yang-Mills field QL

Bosonic part of the Lagrangian (without fermion condensations)

L =
1

4

√
−G e−2Φ

[
R(ω)−

1

3
HMNPH

MNP + 4(∇MΦ)2

+α′
{
tr
(
FMNF

MN
)
− tr

(
RMN(ω+)RMN(ω+)

)}
]

Bianchi identity [ω+mab = ωmab +Hmab]

dH = +α′
[
tr
{
F ∧ F

}
− tr

{
R(ω+) ∧R(ω+)

}]

Hull [Phys. Lett. B178 (1986) 357]

Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]

(worldsheet 2-loop β-function)
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Towards 4-dim. Physics...

Study vacuum configuration

• SUSY variations → geometry with SU(3)-structure

Investigate low energy effective theory

• Gauge symmetry

• Evaluations

• Zero mode equations
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Vacuum configuration

M3,1(ηµν)

×

K6(gmn)

Ansatz:

GMN dxMdxN

= e(Φ−D̂)/2
(
ηµν dxµdxν + gmn dymdyn

)

M3,1: maximally symmetric

Spin(9, 1) → SL(2,C)× SU(4)

16 = (2, 4) + (2, 4) : ǫ+ = η+ ⊗ ξ+ + η− ⊗ ξ−

N = 1 SUSY

onM3,1

1 Killing spinor ξ+

on K6

SU(3)-structure

on K6
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SUSY variations

0 ≡ δψm = Dm(ω−)ξ+ ← Killing spinor eq. [ω−mab = ωmab −Hmab]

Jab = iξ†+ Γab ξ+ : Dm(ω−)Jab = 0

Ωabc = ξT
+ Γabc ξ+ : Dm(ω−)Ωabc = 0

Furthermore “0 ≡ δ(fermions)” indicates

Rab
mn(ω−)Jab = 0 : c1(R−) vanishes

Nmn
p = 0 : K6 is complex T

F (2,0) = F (0,2) = FmnJ
mn = 0 :

H =
i

2
(∂ − ∂)J , dH = −i∂∂J , dΦ =

1

2
J y dJ

H = H0 + Ĥ , J yH0 = 0 , Ĥmnp =
3

2
J[mnJp]

q∇qΦ

∗(J ∧ dH) = ∇2
mΦ− (∇mΦ)2 +

1

3
(H0

mnp)
2 dH = 0

dH 6= 0

- 11/21 -



SUSY variations

0 ≡ δψm = Dm(ω−)ξ+ ← Killing spinor eq. [ω−mab = ωmab −Hmab]

Jab = iξ†+ Γab ξ+ : Dm(ω−)Jab = 0

Ωabc = ξT
+ Γabc ξ+ : Dm(ω−)Ωabc = 0

Furthermore “0 ≡ δ(fermions)” indicates

Rab
mn(ω−)Jab = 0 : c1(R−) vanishes

Nmn
p = 0 : K6 is complex T

F (2,0) = F (0,2) = FmnJ
mn = 0 :

H =
i

2
(∂ − ∂)J , dH = −i∂∂J , dΦ =

1

2
J y dJ
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δψµ = 0
δχ = 0

δψm = 0
δλ = 0

R̂4(Γ̂0) ∼ ||∇̂m(Φ− D̂)||2

FmnJ
mn = 0

Dm(ω−)Jab = 0

Dm(ω−)Ωabc = 0

Rab
mn(ω−)Jab = 0

J[m
q∇|q|Jnp]

= −2J[m
qJn

rHp]qr

Nmnp −Hmnp

= −3J[m
qJn

rHp]qr

Nmnp = 0

HmnpJ
np = 2Jm

q∇qΦ

Hmnp = T (B)
mnp

−2dΦ + θ = 0

H = 1
2
∗ e2Φd(e−2ΦJ)

d(e−2Φ ∗ J) = 0

d(e−2ΦΩ) = 0

−iξ†
+

(
[γ(k), /∇Φ]− 1

6
{γ(k), /H}

)
ξ+ = 0
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Appearing spacetime geometry in Heterotic flux compactification

M3,1(gµν)

×

K6(gmn)

gMN dxMdxN

= e(Φ−D̂)/2
(
gµν dxµdxν + gmn dymdyn

)

0 = R(gµν) M3,1 = Minkowski & Φ(y) = D̂(y)

0 = d
(
e−2ΦJ ∧ J

)
K6 = conformally balanced

Furthermore, K6 can be reduced to...

if ∂mΦ = 0 : J y dJ = 0 balanced

if H0
mnp = 0, ∂mΦ 6= 0 : d

(
e−ΦJ

)
= 0 conformally Kähler

if dH = 0 : strong Kähler with torsion

if Hmnp = ∂mΦ = 0 : Calabi–Yau
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Moduli space of Calabi-Yau manifolds movie gif

P.Candelas and X.C.de la Ossa [NPB355 (1991) 455]

×δgmn δgmn

1

0 0

0 h1,1 0

1 h2,1 h1,2 1

0 h2,2 0

0 0

1

dim(δgmn) = h2,1 : # of complex moduli

dim(δgmn) = h1,1 : # of Kähler moduli
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Moduli space of conformally balanced manifolds

M.Becker, L.-S.Tseng and S.-T.Yau [hep-th/0612290]

There are a number of interesting open questions.

• In our analysis we have kept for simplicity the complex structure fixed.

It is well known that for Calabi-Yau compactifications the moduli space is a direct

product of complex structure and Kähler structure deformations.

For non-Kähler manifolds with torsion, this likely is not the case and it would be

interesting to allow for a simultaneous variation of the complex structure and the

hermitian form.

• It would be interesting to analyze the geometry of the moduli space and to determine

if powerful tools such as the well known ‘‘special geometry’’ of Calabi-Yau

compactifications can be derived in this case.

• Counting techniques for moduli fields need to be developed and we expect that the

number of moduli can be characterized in terms of an index or some topological

invariants of the manifold.
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Gauge symmetry breaking

E8 → E6 × SU(3)

248 = (78, 1) + (1, 8) + (27, 3) + (27, 3)

E8 → SO(16)

→ SO(10)× SO(6)

248 = 120SO(16) adj. + 128SO(16) spinor

= (45, 1) + (1, 15) + (10, 6) + (16, 4) + (16, 4)

Each breaking scenario deeply depends on the way

of embedding the holonomy group into the gauge groups.
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Embedding A ↔






ω− : SU(3) holonomy

ω+ : SO(6) holonomy

etc.

[ω± = ω ±H]

with following constraints

Rmnpq(ω+) = Rpqmn(ω−) + (dH)pqmn

dH = +α′
[
tr
(
F ∧ F

)
− tr

{
R(ω+) ∧R(ω+)

}]
dH = 0

dH 6= 0

Rpqmn(ω−) : type (1, 1) w/ indices p, q

F : (1, 1)-form

dH : (2, 2)-form, higher order in α′

Rmnpq(ω+) : (1, 1)-form w/ indices p, q + higher order in α′

dH = 0 case: A ≡ ω+ ⇒ E8→ SO(10)× SO(6)

dH 6= 0 case: A = others.. ⇒ E8→ G ×H
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Minimal embedding: dH = 0 SUSY A

The condition ∗(J ∧ dH) = 0 denotes

0 = ∇2
mΦ− (∇mΦ)2 +

1

3
(H0

mnp)
2

If there are no boundaries/singularities on K6, then
∫

K6

∇2
me−Φ =

1

3

∫

K6

e−Φ
∣∣∣∣H0

mnp

∣∣∣∣2

dH = 0 without any boundaries H0 = 0 Φ = const.

smooth K6 = CY3

No-go theorem on smooth compactification with fluxes
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Without boundaries/singularities on K6:

• all fluxes are trivial H = dΦ = 0

• K6 = CY3

• ω+ = ω− = ω, E8 → E6 × SU(3)

• # of zero modes — AS index theorem

Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]
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Without boundaries/singularities on K6:

• all fluxes are trivial H = dΦ = 0

• K6 = CY3

• ω+ = ω− = ω, E8 → E6 × SU(3)

• # of zero modes — AS index theorem

Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]

With boundaries/singularities on K6:

• non-trivial fluxes can exist

∂mΦ 6= 0, H0
mnp 6= 0 T

• E8 → SO(10)× SO(6)

• χ0
H lives in the boundaries

• # of zero modes — APS index theorem
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Non-minimal embedding: dH 6= 0 SUSY A

Combining equations of motion and SUSY conditions, we obtain

0 =
1

2
∇2
me−2Φ −

1

3
e−2Φ(Hmnp)

2 + e−2Φ ∗ (J ∧ dH)

tr
(
RmnR

mn
)
− tr(FmnF

mn) = −2 ∗
[
J ∧

(
tr(R ∧R)− tr(F ∧ F )

)]
+O(α′)

Then, within the linear order in α′, we find

∇2
me−2Φ = e−2Φ

[
2

3

∣∣∣∣Hmnp

∣∣∣∣2 + α′
(
tr
∣∣∣∣Fmn

∣∣∣∣2 − tr
∣∣∣∣Rmn

∣∣∣∣2)
]

Integral on a smooth manifold K6:∫

K6

e−2Φ

[
2

3

∣∣∣∣Hmnp

∣∣∣∣2 + α′tr
∣∣∣∣Fmn

∣∣∣∣2
]

=

∫

K6

e−2Φ
[
α′tr

∣∣∣∣Rmn

∣∣∣∣2
]

with tr
∣∣∣∣Fmn

∣∣∣∣2 6= tr
∣∣∣∣Rmn

∣∣∣∣2

Smooth compactification scenario is possible!
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Summary and Discussions

Vacuum configuration of the flux compactifications in heterotic theory

No-go theorem on smooth manifolds with H 6= 0 and dH = 0

Possibility of smooth compactifications with H 6= 0 and dH 6= 0
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No-go theorem on smooth manifolds with H 6= 0 and dH = 0

Possibility of smooth compactifications with H 6= 0 and dH 6= 0

Moduli space of conformally balanced manifolds

# of zero modes under the condition dH 6= 0

modification of the Atiyah-(Patodi)-Singer index theorem

compactifications on non-complex geometries SUSY

Frey and Lippert [hep-th/0507202]

Manousselis, Prezas and Zoupanos [hep-th/0511122]
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Appendix: Quartic effective Lagrangian Ltotal = L0(R) + Lβ(F
2) + Lα(R

2) L

L0(R) =
1

2κ2
10

√
−G e−2Φ

[
R(ω)−

1

3
HMNPH

MNP + 4(∇MΦ)2 − ψMΓMNPDN(ω)ψP + 16λ /D(ω)λ

+ 8λΓMNDM(ω)ψN + 8ψMΓNΓMλ (∇NΦ)− 2ψMΓMψN (∇NΦ)

+
1

12
HPQR

{
ψMΓ[MΓPQRΓN ]ψN + 8ψMΓMPQRλ− 16λΓPQRλ

}

+
1

48
ψMΓABCψM

{
2λΓABCλ+ λΓABCΓNψN −

1

4
ψNΓABCψN −

1

8
ψNΓNΓABCΓPψP

}]

Lβ(F
2) = −

1

2κ2
10

κ2
10

2g2
10

√
−G e−2Φ

[
− tr(FMNF

MN)− 2 tr
{
χ /D(ω,A)χ

}
+

1

6
tr
(
χΓABCχ

)
ĤABC

−
1

2
tr
{
χΓMΓAB(FAB + F̂AB)

}(
ψM +

2

3
ΓMλ

)
−

1

48
tr(χΓABCχ)ψM

(
4ΓABCΓM + 3ΓMΓABC

)
λ

+
1

12
tr(χΓABCχ)λΓABCλ−

β

96
tr(χΓABCχ) tr(χΓABCχ)

]

Lα(R
2) = −

1

2κ2
10

κ2
10

2g2
10

√
−G e−2Φ

[
−RABMN(ω+)RABMN(ω+)− 2ψAB /D(ω(e, ψ), ω+)ψAB +

1

6
ψABΓMNPψABĤMNP

+
1

2
ψABΓMΓNP

{
RAB

NP (ω+) + R̂AB
NP (ω+)

}(
ψM +

2

3
ΓMλ

)

−
1

48
ψABΓCDEψAB · ψM

(
4ΓCDEΓM + 3ΓMΓCDE

)
λ

+
1

12
ψABΓCDEψAB

(
λΓCDEλ

)
−
α

96
ψABΓFGHψAB

(
ψCDΓFGHψCD

)
]



δ0eM
A =

1

2
ǫΓAψM

δ0ψM =
(
∂M +

1

4
ω−M

ABΓAB

)
ǫ+

{
ǫ
(
ψMλ

)
− ψM

(
ǫλ
)
+ ΓAλ

(
ψMΓAǫ

)}

δ0BMN = ǫΓ[MψN ]

δ0λ = −
1

4
/DΦ ǫ+

1

24
ΓABCǫ

(
ĤABC −

1

4
λΓABCλ

)

δ0Φ = −ǫλ

δ0AM =
1

2
ǫΓMχ

δ0χ = −
1

4
ΓABǫ F̂AB +

{
ǫ
(
χλ
)
− χ

(
ǫλ
)
+ ΓAλ

(
χΓAǫ

)}

δβψM =
β

192
ΓABCΓMǫ tr

(
χΓABCχ

)

δβBMN = −β tr
{
A[Mδ0AN ]

}

δβλ =
β

384
ΓABCǫ tr

(
χΓABCχ

)

δαψM =
α

192
ΓCDEΓMǫ ψ

ABΓCDEψAB

δαBMN = −αω+[M
AB δ0ω+N ]

AB

δαλ =
α

384
ΓCDEΓMǫ ψ

ABΓCDEψAB

Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]



Equations of Motion

Φ : 0 = −R(ω) +
1

3
HMNPH

MNP + 4(∇MΦ)2 − 4∇2
MΦ

− α′
[
tr(FMNF

MN)− tr{RMN(ω+)RMN(ω+)}
]

GMN : 0 = RMN(ω)−HMPQHN
PQ + 2∇M∇NΦ

−
1

2
GMN

[
R(ω)−

1

3
HPQRH

PQR − 4(∇PΦ)2 + 4∇2
PΦ
]

−
α′

2
GMN

[
tr(FMNF

MN)− tr{RMN(ω+)RMN(ω+)}
]

+ 2α′
[
tr(FMPFN

P )− tr{RMP (ω+)RN
P (ω+)}

]

+ 2α′e2Φ
[
2∇P∇Q

(+)

{
e−2ΦRMPNQ(ω+)

}
−∇Q

(+)

{
e−2ΦRMPQR(ω+)

}
HN

PR

− 2∇P
{
e−2ΦRMPQR(ω+)HN

QR
}
− 2e−2ΦRMPQR(ω+)HN

PSHS
QR

−∇P∇Q
(+)

{
e−2ΦRMNPQ(ω+)

}
+∇P

{
e−2ΦRMNQR(ω+)HP

QR
}]

BMN : 0 = ∇M(e−2ΦHMNP )

χ : 0 = /D(ω − 1
3
H,A)χ− ΓMχ∇MΦ +

3

2
ΓMΓAB(FAB + F̂AB)

(
ψM +

2

3
ΓMλ

)



Appendix: Intrinsic torsion Chiossi and Salamon [math.DG/0202282]

Let κ be a contorsion in ∇(T ) with acting on the SU(3) Killing spinor ξ:

0 = ∇(T )ξ = (∇+ κ0 + κg)ξ

where we decomposed κ ≡ κ0 + κg in such a way as κg ξ = 0 (where g = su(3)):

ξ =




0

0

0

∗




κg ≡




∗ ∗ ∗ 0

∗ ∗ ∗ 0

∗ ∗ ∗ 0

0 0 0 0




κ0 ≡




0 0 0 ∗

0 0 0 ∗

0 0 0 ∗

∗ ∗ ∗ ∗




Then, under the same structure group G we find

(∇(T1) −∇(T2))ξ ∝ κgξ = 0

So, from the group-theoretical viewpoint, κ0 carries an intrinsic part of the

contorsion when we consider the classification of the SU(3)-structure manifolds!



Torsion Tmn ≡ T pmndxp = κp[mn]dx
p is given in the various representations:

T g

mn = κg
[mn] ∼ su(3) , T 0

mn = κ0
[mn] ∼ so(6)/su(3) ≡ su(3)⊥

∴ (T 0)pmn ∈ Λ1 ⊗ su(3)⊥ on K6

Λ1 ∼ 3⊕ 3 , su(3) ∼ 8 , su(3)⊥ = so(6)/su(3) ∼ 1⊕ 3⊕ 3

Thus the intrinsic torsion T 0 can be decomposed

(T 0)pmn ∈ Λ1 ⊗ su(3)⊥ = (3⊕ 3)⊗ (1⊕ 3⊕ 3)

= (1⊕ 1)⊕ (8⊕ 8)⊕ (6⊕ 6)⊕ (3⊕ 3)⊕ (3⊕ 3)′

W1 W2 W3 W4 W5

where W1 : complex scalar in (1⊕ 1)

W2 : complex primitive 2-form in (8⊕ 8)

W3 : real primitive (2, 1)⊕ (1, 2)-form in (6⊕ 6)

W4 : real 1-form in (3⊕ 3)

W5 : complex (1, 0)-form in (3⊕ 3)′



complex manifolds SUSY dH = 0 dH 6= 0

W1 = W2 = 0 T 0 ∈W3 ⊕W4 ⊕W5 hermitian

W1 = W2 = W4 = 0 T 0 ∈W3 ⊕W5 balanced

W1 = W2 = W4 = W5 = 0 T 0 ∈W3 special-hermitian

W1 = W2 = W3 = W4 = 0 T 0 ∈W5 Kähler

W1 = W2 = W3 = W4 = W5 = 0 T 0 = 0 Calabi-Yau

W1 = W2 = W3 = 3W4 + 2W5 = 0 T 0 ∈W4 ⊕W5 conformally Calabi-Yau

non-complex manifolds Summary

W1 = W3 = W4 = 0 T 0 ∈W2 ⊕W5 symplectic

W2 = W3 = W4 = W5 = 0 T 0 ∈W1 nearly-Kähler

W1 = W3 = W4 = W5 = 0 T 0 ∈W2 almost-Kähler

W3 = W4 = W5 = 0 T 0 ∈W1 ⊕W2 quasi-Kähler

W4 = W5 = 0 T 0 ∈W1 ⊕W2 ⊕W3 semi-Kähler

W−
1 = W−

2 = W4 = W5 = 0 T 0 ∈W+
1 ⊕W

+
2 ⊕W3 half-flat


