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One of the primary goals is...

Construct a realistic model in (3+41)-dim. spacetime

e matter contents and their interactions
e gauge symmetry and its breaking
e gravity, cosmology

e etc., etc.

An approach from STRING /SUPERGRAVITY THEORIES

assumption: (minimal) SUPERSYMMETRY
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v SUSY & Killing spinor(s):
<3M + (wMAB — HMAB)FAB> E =20

The Killing spinor equation gives an information of (compactified) geometry:

movie gif

on the web “VISUALIZATION” maintained by Jeff Bryant

Let us consider an effective theory from HETEROTIC STRING.
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¥ What is heterotic string theory?

( contains only NS fields : Gy/n, By, P

q includes Yang-Mills gauge symmetry : Fs X Eg or SO(32)

realizes anomaly cancellation in a miraculous way

\
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¥ What is heterotic string theory?

( contains only NS fields : Gy/n, By, P

q includes Yang-Mills gauge symmetry : Fs X Eg or SO(32)

\ realizes anomaly cancellation in a miraculous way

V¥V A good issue to understand string dualities at deeper levels

duality: II/CY3 < HE/[K3 X T?]
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¥ What is heterotic string theory?

( contains only NS fields : Gy/n, By, P

q includes Yang-Mills gauge symmetry : Fs X Eg or SO(32)

\ realizes anomaly cancellation in a miraculous way

V¥V A good issue to understand string dualities at deeper levels

duality: II/CY3 < HE/[K3 X T?]

¥V A new insight on inflation scenario (?)

KKLT model in type II string with fluxes
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Contents

V References

YV G-structure manifold

Vv Heterotic theory on SU (3)-structure manifold
e Vacuum configuration
e Towards low energy effective theory

¥ Summary and Discussions
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movie gif

G-structure Manfolds
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G-structure group on an n-dim. manifold M

“nowhere vanishing tensors X on M

with satisfying D,,(w)X = O:

tensors G-structure
MNab O(n)
Nab  Eayean SO(n)
o Ja” U(m) =1
Naw  Jo° QM SU (m) (2m = n)
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6-dim. SU (3)-structure on manifold

Consider a geometry K with one Killing spinor equation including torsion
Fcomplex Weyl ¢  s.t. VD¢ = 0,  i408%¢ = ¢

This is a definition of geometry with SU (3)-structure.
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6-dim. SU (3)-structure on manifold

Consider a geometry K with one Killing spinor equation including torsion
Fcomplex Weyl ¢  s.t. VD¢ = 0,  i408%¢ = ¢

This is a definition of geometry with SU (3)-structure.

2-form in SO(6) => a real 2-form in SU(3)

¢C2=15 =  1+3+3+8 t Jap = €T Ty €
3-form in SO(6) => an (almost) complex 3-form in SU (3)
6C3=20 =  1+1+3+3+6+6: Qape=~E Tapcé
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Heterotic Theory

The story starts from

A. Strominger, “Superstrings with torsion” [Nucl. Phys. B274 (1986) 253]
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Heterotic theory on SU (3)-structure manifold

Supergravity with anti-hermitian Yang-Mills field

v Bosonic part of the Lagrangian

1 1
¥ = Z\/i e 2® [R(w) — gHMNpHMNP + 4(Vi ®)?
v Bianchi identity [w]

dH = +o/|tr{F A F}]

Chapline and Manton [Phys. Lett. B120 (1983) 105]

(supergravity)
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Heterotic theory on SU (3)-structure manifold

Supergravity with anti-hermitian Yang-Mills field

v Bosonic part of the Lagrangian

1 1
¥ = Z\/i e 2® [R(w) — gHMNpHMNP + 4(Vi ®)?
v Bianchi identity [w]

dH = +a/[tr{F A F} — tr{R(w) A R(w)}]

Green and Schwarz [Phys. Lett. B149 (1984) 117]
(anomaly cancellation)

(worldsheet 1-loop 3-function)
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Heterotic theory on SU (3)-structure manifold

Supergravity with anti-hermitian Yang-Mills field

v Bosonic part of the Lagrangian

1 1
L = Z\/—Ge_zq’ [R(w) — gHMNpHMNP + 4(Vy ®)?

—I—Oé,{tI‘(FMNFMN) — tr(RMN(w+)RMN(w+)) }]
v Bianchi identity (wy = w + H]
dH = +o/|tr{F A F} — tr{R(wy) A R(w;)}]

Hull [Phys. Lett. B178 (1986) 357]
Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]

(worldsheet 2-loop 3-function)
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@ 4-dim. m

v Study vacuum configuration

e SUSY variations — geometry with SU (3)-structure

v Investigate low energy effective theory
e Gauge symmetry
e Evaluations
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Vacuum Configuration

A Ansatz:

= e(®-D)/2 (”uu dz"dz” + gmn dymdy">

M3 maximally symmetric
M3,1(,’,’w/) Kﬁ(gmn) Y
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Vacuum Configuration

Ansatz:

= e(®-D)/? ('rhw dzdz” + gmn dymdy")

M3 maximally symmetric
M3’1(77/u/) Kﬁ(gmn) Y

Spin(9,1) — SL(2,C) x SU(4)

16 = (2,4) +(2,4) : €&+ = N+ Q&+ +1n- Q&

N =1 SUSY
on M?3:1
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Vacuum Configuration

Ansatz:

= e(®-D)/2 ('mw dz"dz” + gmn dymdy")

M3 maximally symmetric
M3’1(77/u/) Kﬁ(gmn) Y

Spin(9,1) — SL(2,C) x SU(4)

16 = (2,4) +(2,4) : €&+ = N+ Q&+ +1n- Q&
N =1 SUSY 1 Killing spinor &
on M?3! on KCg
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Vacuum Configuration

Ansatz:

— o(®-D)/2 ("hw dz¥dx” + gmn dymdy")

M3 maximally symmetric
M3’1(77/u/) Kﬁ(gmn) Y

Spin(9,1) — SL(2,C) x SU(4)

16 = (2,4) +(2,4) : €&+ = N+ Q&+ +1n- Q&
N =1 SUSY 1 Killing spinor & SU (3)-structure
on M?3! on ICgq on KCgq
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v SUSY variations

0 = ¢, = Dp(w-)&+ «— Killing spinor eq. lw_ = w — H] £i£+ =
Jap = 'LEE— I'ab €-|- . Dm(w—)Jab = 0
Qabc — 6}‘_ Fabc £+ . Dm(w—)ﬂabc = 0
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v SUSY variations

0 = 0, = Dy (w_)&r «— Killing spinor eq. lw_ = w — H] £i£+ =1
Jap = 'LEE— I'ab €-|- . Dm(w—)Jab = 0
Qabc — 6}‘_ Fabc £+ . Dm(w—)ﬂabc = 0

Furthermore “0 = §(fermions)” indicates
R® (w_)Jep = 0 : ¢ (R_) vanishes
Nmnp
F20) — p02) — g Jgmn — ( .

|
o

ICe is complex

T _ 1
%(a—a).], dH = —iddJ , % = _J.dJ

—

_ 3
H = H'+ H, J.H’ = 0, Hppp = 5J[anp]qvqcp

1
S AAH) = V3@~ (Va®) 4 (HD,)" [

dH # 0
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Ry(To) ~ ||[Vim(® — D)||?

FronJ™ =0

5¢u=0| 5X=0|

— 0Ym =0 SA =0
Dm(w—)ﬂabc =0 .
—I —ie" (v V2] — ${709, H} )6+ = 0

Dm(w_)Jab =0

Ninp = 0

Rabmn(w—)Jab =0 Nmnp - H'm,npr Hmannp — ZquVq(I)
= —3JimJn" Hyjg;
g
Jm TV |q|Inp)
= —2J1m9J " Hplor
[ n P]q Hmnp — Tr(nlilp
__, —2dP+6=0
d(e—z‘I)Q) -0 _—

—23 _
d(e x*J) =20 H — % x e2®d(e—22])
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Appearing spacetime geometry in flux compactification I

Gy deMdxeN

= e((I)_ﬁ)/2 (77/11/ dm“dwy _l' dmn dymdyn)

Mg’l(nuu) Kﬁ(gmn)

0 = R(Mw)
0 = d(e **JAJ)

Furthermore, /Cs can be reduced:

if 0,, =0

if H° =0, 8,® #0 :

mnp

if dH = 0
if Hyppp = O ® = 0

Minkowski & ®(y) = D(y)

conformally balanced

balanced

conformally Kahler

strong Kahler with torsion
Calabi-Yau
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Moduli space of Calabi-Yau manifolds I e

P.Candelas and X.C.dela Ossa [NPB355 (1991) 455]

1
0 0
0 ht-1 0
X 1 R 2:1 B 152 1
0 h?? 0
0 0
1

dim(8g,.,) = h*>': # of complex moduli
dim(8gmm) = h'': % of Kihler moduli
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Moduli space of conformally balanced manifolds

M.Becker, L.-S.Tseng and S.-T.Yau [hep-th/0612290]

There are a number of interesting open questions.

First, in our analysis we have kept for simplicity the complex structure fixed. It is
well known that for Calabi- Yau compactifications the moduli space is a direct product
of complex structure and Kahler structure deformations. For non-Kahler manifolds
with torsion, this likely is not the case and it would be interesting to allow for a

simultaneous variation of the complex structure and the hermitian form.

It would be interesting to analyze the geometry of the moduli space and to determine
if powerful tools such as the well known “special geometry” of Calabi-Yau compacti-
fications can be derived in this case.

Furthermore, counting techniques for moduli fields need to be developed and we
expect that the number of moduli can be characterized in terms of an index or some

topological invariants of the manifold.
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Gauge Symmetry Breaking

'Eg —>E6XSU(3)

248 = (78,1) + (1,8) + (27,3) + (27, 3)

Vv Es — SO(16)
— SO(10) X SO(6)

248 = 12050(16) ad;j. ‘|‘ 12850(16) spinor
= (45,1) 4 (1,15) + (10, 6) + (16,4) + (16, 4)

Each breaking scenario deeply depends on the way

of embedding the holonomy group into the gauge groups.
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w_ : SU(3) holonomy
Embedding A «— { w, : SO(6) holonomy (w+ = w + H]
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(w_ SU (3) holonomy
Embedding A «— { w, : SO(6) holonomy (w+ = w + H]

etc.

\
with following constraints

Rynpg(wy) = Rpgmn(w-) + (dH)pgmn
dH = +a' {tr(F AF) —tr{R(w4) A R(w+)}} ai =0

dH # 0
Rygmn(w-) : type (1,1) w/ indices p, g
F : (1,1)-form
dH : (2, 2)-form, higher order in &’
Ronpg(wy) (1,1)-form w/ indices p, g + higher order in o’
dH = 0 case: A =w, = FEg— SO(10) x SO(6)

dH # 0 case: A =others.. = FEg— GXH
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Minimal embedding: dH =0 [A]

The condition x(J A dH) = 0 denotes
1
_ o2 2 0 2
If there are no boundaries/singularities on /Cg, then

vie® = o | e,
Keg 3 Ko

dH = 0 without any boundaries => H°=0 <> & = const.
=> smooth Kg = CY;

No-go theorem on smooth compactification with fluxes
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Without boundaries/singularities on /Cg:
e all fluxes are trivial H = d® =0
o s = CY3
o w, =w_=uw, Eg — Eg X SU(3)

e # of zero modes — AS index theorem

Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]
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Without boundaries/singularities on /Cg:
e all fluxes are trivial H = d® =0
o s = CY3
o w, =w_=uw, Eg — Eg X SU(3)

e # of zero modes — AS index theorem
Candelas, Horowitz, Strominger and Witten

[Nucl. Phys. B258 (1985) 46]

With boundaries/singularities on /Cg:

e non-trivial fluxes can exist

T am(I) 7é 0, Hfgmp 7& 0
A By — 50(10) x SO(®

® x4, lives in the boundaries

e # of zero modes — APS index theorem

-19/21 -



Non-minimal embedding: dH # 0 (A]

Combining equations of motion and SUSY conditions, we obtain
1 1
0 = 5Vg,be—z‘l’ — ge—Z‘I’(Hmm,)2 + e 2% % (J AdH)

tr (R R™") — tr(Fpn F™™) = —2 % {J A (tr(R A R) — tr(F A F))} + O(d)
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Non-minimal embedding: dH # 0 (A]

Combining equations of motion and SUSY conditions, we obtain
0 = %V;e—Z@ — ée—z‘l’(ﬂmw)2 +e 2% % (JANdH)
tr (R R™™) — tr(Fpn F™) = —2 % {J A (tr(R A R) — tr(F A F))} + O(a’)
Then, within the linear order in o/, we find
Vie ™ = ¢ | 2 Hy|” + o (0] o] — tr| R ||

Integral on a smooth manifold /Cg:
2
[ [t + el F?] = [ e [l
Ke 3 Ke
with  tr|Fn|” # tr|Rin|

Smooth compactification scenario is possible!
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Summary and Discussions



Summary and Discussions

¥ Vacuum configuration of the flux compactifications in heterotic theory
¥ No-go theorem on smooth manifolds with H # 0 and dH = 0

¥ Possibility of smooth compactifications with H # 0 and dH # 0
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Summary and Discussions

¥ Vacuum configuration of the flux compactifications in heterotic theory
¥ No-go theorem on smooth manifolds with H # 0 and dH = 0

¥ Possibility of smooth compactifications with H # 0 and dH # 0

¥ Moduli space of conformally balanced manifolds
V # of zero modes under the condition dH # 0

modification of the Atiyah-(Patodi)-Singer index theorem
YV compactifications on non-complex geometries

Frey and Lippert [hep-th/0507202]
Manousselis, Prezas and Zoupanos [hep-th/0511122]
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Appendix



Appendix: Quartic effective Lagrangian Zrotal = Lo(R) + ZL3(F?) + Zo(R?)

1

2
2K7,

g()(R) vV —G e_2¢. [R(W) — %HMNPHMNP + 4(VM(I))2 — EMFMNPDN(QJ)’QDP + 16 Xw(W)A

+ 8AITMY Dy (W)Y + 8P TNTMA (VN ®) — 290, TMyn (VN ®)

1 _ _ _
+ 1 HPQR{¢MF[MFPQRFN]¢N + 8 YT ™Mpor\ — 16 AFPQR)\}

1 _ _ 1 __ 1__
- e ¢MFABC¢M{2>\FABC)\ + AT apcT NN — 7 YT AN — = ¢NFNFABCFP¢P}]

1 )
L3(F?) = — 120 vV—Ge?® [ — tr(FunF"Y) — 2tr{xP(w, A)x} + & tr(xI'*P“x) H apc
1 ) 2 1 _
— 5 tr{XOVT4P (Fap + Fag)) (sz + gFMA) — 5 rOTAPCX) Pas (4T apcT™ + BTV T apc) A

1 ~ B, _
+ o5 r(XTAPO)AT apeA — o tr(XTAPOX) tr(XT apox)

1 K2 — 1 .
Zo(R?) = o2 29120 V—Ge [ — Rapun (W) RPN (wy) — 2928 D(w(e, ), wy)Pas + E¢ABFMNP¢ABHMNP
10 10

1 N 2
+ §¢ABPMFNP{RABNP(w+) + R*Pnp(wi)} <¢M + gPM)\)

1 _
= YapTP Y ap - Y (40 cpeT™ + 3TMTepp) A

1_ — o _
-+ E‘PABFCDEipAB (ATcpEA) — %¢ABFFGH¢AB (¢CDFFGH¢CD)]



(SOBMA

S0t
doBun
oA
0P

00 Ans

05 m
03By N
552
datm
daBrN
OaA

1
§EPA¢M

1 _ _
(3M + ZW—MABFAB>€ + {€(¢M>\) — P (EN) + FA)\(thI‘AG)}
el pYn
—1 DPe+ iI‘ABCE <IEI — EXI‘ A)
7 N aBc — 7 Alapc

—€A
1_I‘
56 MX
1 R
— T4 Fap + {e(xA) — x(eA) + T*A(XT 4¢) |
B

93 IBCT yre tr(XT aBcX)

i FABC
384

Q _
@FCDEFM€ YAPTcppan

AB AB
—awim dow

« _
N TCPET e p*PTcppiban

etr(xTaBcX)

Bergshoeff and de Roo [Nucl. Phys. B328 (1989) 439]



Equations of Motion

1
®: 0 = —R(w)+ gIjr]w\,plqﬂ‘“”’ +4(Vy®)? —4aV2 @
o [tr(FMNFMN) _ tr{RMN(er)RMN(wJF)}}

GMN : 0 = RMN(QJ) — HMPQHNPQ —|— ZVMVN(I)

1 1
— SGun [R(w) — SHporH"" — 4(Vp®)” + 4V§,<I>}
/

(81
— - Gun [tr(Fan FMY) — tr{Ra (wi) RMN (w4}
t2a/ [tr(FMPFNP) - tr{RMp(w+)RNP(w+)}}
+ 2a/e*® [ZVPV?+){G_2(I)RMPNQ(W+)} — V?+){e_2¢RMPQR(w+)}HNPR
= 2VP{G_2(I)RMPQR(W+)HNQR} s 26_2(I)RMPQR(CO+)HNPSHSQR
— VPV?+){6_2(I)RMNPQ(W+)} -+ VP{G_Z(I)RMNQR(QJ+)HPQR}]

BMN 3 0 = VM(e_2(I)HMNP)

3 N 2
P(w—3H,A)x —TYXxVy® + EI‘MI‘AB(FAB + FaB) (¢M + gI‘MA)

<
o
|



Appendix: Intrinsic torsion

Chiossi and Salamon [math.DG/0202282]

Let « be a contorsion in V() with acting on the SU (3) Killing spinor &:

0

vD¢ = (V4 k% + k%)¢

where we decomposed k = k? + k9 in such a way as kK% £ = 0 (where g = su(3)):

K9

Iy
|
*‘ooo

* % x |0 0 00 |
_ ¥ x x |0 0o _ 0 0 0 |=x
p— K p—

* % x |0 0 0 0 |=x%

0O 0 0|0 k % k| %k

Then, under the same structure group GG we find

(V(T1)_V(T2))€ x K% = 0O

So, from the group-theoretical viewpoint, <" carries an intrinsic part of the

contorsion when we consider the classification of the SU (3)-structure manifolds!



Torsion T,,,, = T?,,,,dx? = KP|y,)dx? is given in the various representations:

TS = K%, ~ su(3), T° = k% ~ s0(6)/su(3) = su(3)"

mn)|

(TP, € A @ su(3)"  on K

A' ~ 333, sul3) ~ 8, su(3) = s0(6)/5u(3) ~ 1H3P3
Thus the intrinsic torsion T° can be decomposed

(T, € A'@su(3)t = BP3)RA1 D3P 3)
= 11D B8DR)D(6D6)D(3D3)D (3 3)
W1 W2 W3 W4 W5

where W, : complex scalar in (1 1)
W5 : complex primitive 2-form in (8 & 8)
W5 : real primitive (2,1) @ (1, 2)-form in (6 @ 6)
W, : real 1-form in (3 @ 3)
W5 : complex (1,0)-form in (3 @ 3)’



v complex manifolds [susy][a# = o] [aa # o

W), =W,=0

Wi =Wy, =W;=0

Wi =We=W;,=W;5=0

Wi =We=W;=W,;=0

Wi =Wy =W5=W;,=W;5;=0
Wi =Wy =W3 =3W,4+2W; =0

v non-complex manifolds [summary

Wy=W;=W,=0
Wo=W;=W;=W;=0
Wi=W;=W;=W;=0
W5 =W, =W;=0
W,=W;5;=0

W, =W, =Wy=Ws; =0

T € W3 W, & W;
T € W5 @ Ws
T € W3

T € W;

T° =0

T €¢ W, @ W;

T € W, ® W5
T € W,
T° € W,
T € W1 & W,

T € W1 & Wy d W3
T € Wit @ W, & W3

hermitian
balanced
special-hermitian
Kahler
Calabi-Yau

conformally Calabi-Yau

symplectic
nearly-Kahler
almost-Kahler
quasi-Kahler
semi-Kahler
half-flat



