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We are looking for the origin of 4D physics

- Physical information N

e particle contents and spectra

e (broken) symmetries and interactions

e potential, vacuum and cosmological constant

10D string theories could provide information

via compactifications
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In the present stage, we have not understood yet

a dynamical compactification of the 10D spacetime

However, we can investigate physical data
of low energy effective theories reduced from string theories

under a set of assumptions.

v/ 10=4+46 with 4 = (A)dS or Minkowski, 6 = compact
ex.) /N =1SUSY

v~ no non-trivial background fields
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A typical success:

—— Eg X FEg heterotic string compactified on Calabi-Yau three-fold —
e number of generations = |x(CY3)|/2
o [g gauge symmetry

e zero cosmological constant
N y

P. Candelas, G.T. Horowitz, A. Strominger, E. Witten “Vacuum configurations for superstrings,” Nucl. Phys. B 258 (1985) 46

But, this vacuum is too simple.

There are no ways to truncate many redundant massless fields.
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Relax the assumptions: introduce non-trivial background fields

RR-fluxes, NS-fluxes, fermion condensations, D-branes, etc.

l

warp factor, torsion, and/or cosmological constant are generated

How a suitable matter content and a vacuum are realized?

Study again 4D N = 1 supergravity
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‘ AD N = 1 supergravity

1 1 7
S = /(§R*1—iF“A*Fa—KMNngM/\*quN—V)

7 S 1
Vo= K (KMNDMW DWW — 3|W|2) + 51D
K : Kahler potential
W superpotential Gem = Ve — % Wy, €€

D%: D-term «-—  Ox* =ImFj e +iD%

174

Ve, >0 : de Sitter space
Search of vacua 87:‘/’* =0 V.=20 : Minkowski space

V., <0 : Anti-de Sitter space
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: Power of compactifications in 10D type ITA

Decompose 10D SUSY variations:
e = e1®(any) +ef®(@nl) e = 2@ (bn’)+e50 (bnl)

STA — o < 0Ya, = 0  --»  superpotential WV

SpA = 0 s  Kihler potential K
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: Power of compactifications in 10D type ITA

Decompose 10D SUSY variations:
e = e1®(an}) +ef® (anl) e = 2@ (bn’)+e50 (bnl)

STA — o < 0Ya, = 0  --»  superpotential WV

SpA = 0 s  Kihler potential K

512t = 0 is nothing but the Killing spinor equation on compactified geometry M:

1
5¢,;*; = (8m + 7 Wmab Vab) nf + (3—form fluxes - 77)“4 + (other fluxes - 77)“4 = 0

Calabi-Yau three-fold

Information of !
- _ A SU (3)-structure manifold with torsion
6D SU(3) Killing spinors 77 |

generalized geometry
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Beyond Calabi-Yau

» Calabi-Yau three-fold

» SU(3)-structure manifold

» Generalized geometry
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: Beyond Calabi-Yau

» Calabi-Yau three-fold --+ Fluxes are strongly restricted

( type ITA: No fluxes
type lIB: F3—717H (warped Calabi-Yau)

_/\

\ heterotic: No fluxes

» SU(3)-structure manifold

» Generalized geometry
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Beyond Calabi-Yau

» Calabi-Yau three-fold --+ Fluxes are strongly restricted

type ITA: No fluxes
type lIB: F5—7H (warped Calabi-Yau)

_/\

heterotic: No fluxes

\

» SU(3)-structure manifold --+ Some components of fluxes can be interpreted as torsion

type ITA \

type IIB restricted fluxes are turned on?

heterotic’ )

1: Piljin Yi, TK "Comments on heterotic flux compactifications,” JHEP 0607 (2006) 030, hep-th/0605247
2: TK “Index theorems on torsional geometries,” JHEP 0708 (2007) 048, arXiv:0704.2111

» Generalized geometry
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Beyond Calabi-Yau

» Calabi-Yau three-fold --+ Fluxes are strongly restricted

type ITA: No fluxes
type lIB: F5—7H (warped Calabi-Yau)

_/\

heterotic: No fluxes

\

» SU(3)-structure manifold --+ Some components of fluxes can be interpreted as torsion

type ITA \

type IIB restricted fluxes are turned on?

heterotic’ )

1: Piljin Yi, TK "Comments on heterotic flux compactifications,” JHEP 0607 (2006) 030, hep-th/0605247
2: TK “Index theorems on torsional geometries,” JHEP 0708 (2007) 048, arXiv:0704.2111

» Generalized geometry --+ Any types of fluxes can be included

Definition of almost complex structures is extended
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| A long long way to go

10D type IIA supergravity as a low energy theory of IIA string

\l/ compactifications on a generalized geometry in the presence of fluxes

AD N = 2 supergravity

\l/ SUSY truncation (via orientifold projections)

AD N = 1 supergravity
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® Moduli stabilization

./

SUSY AdS or Minkowski vacua emerge on the attractor points

® Mathematical feature

Attractor points are governed by discriminants of the AV = 1 superpotentials

® Stringy effects
Some o' corrections are included in certain configurations

as the back reactions of fluxes on the compactified geometry
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Generalized geometry

Extend the definition of the almost complex structure
J €TM w/ Spin(6) group -—> JeTMBST*M w/ Spin(6,6) group

Generalized almost complex structures are described by SU(3,3) Weyl spinors ®:

Jins = {(Re®y,Ths Red,) of. Jmn = =20 Yon 04
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Generalized geometry

Extend the definition of the almost complex structure
J €TM w/ Spin(6) group === JeTMBST*M w/ Spin(6,6) group

Generalized almost complex structures are described by SU(3,3) Weyl spinors ®:

Jins = {(Re®y,Ths Red,) of. Jmn = =20 Yon 04

Weyl spinors on TM & T*M  «—  differential even/odd-forms on T*M
¢, «+—  even-forms

b _ — odd-forms

Connect between SU(3) spinors 07 and SU(3,3) spinors ®.:

6
1
_ — 2 . — 2
b = 8ePnlan = F Zﬁ(nbml---mwi) TR
k=0
26 1
E E ¢m1...mk dxml /\ ¢ /\ dxmk
k=0
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Spaces of SU (3, 3) spinors

/The spaces of the SU (3, 3) spinors & are the Hodge-Kahler geometries A

Kahler potentials, prepotentials, projective coordinates

-- Building blocks of 4D N = 2 supergravity
K J

M. Grafia, J. Louis, D. Waldram hep-th /0505264

Ko = —logi [ (2.8,) = ~logi(XAFs - X17))

M
K. = —logi| (®_,9_) = —logi(ZIQI—ZIGI)
M
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Spaces of SU(3, 3) spinors

g The spaces of the SU(3, 3) spinors ® are the Hodge-Kahler geometries A

Kahler potentials, prepotentials, projective coordinates

-- Building blocks of 4D N = 2 supergravity
\ J

M. Grafia, J. Louis, D. Waldram hep-th /0505264

K, = —logi / (8,,3,) = —logi(XAFs — XAF)
M

K. = —logi| (®_,®_) = —logi(Z'G; — Z'G)
M

Expand the even/odd-forms @ by the basis forms:

D, = X ws — Fam?, wa = (1,w,) , & = (", vol(M)) : 0,2,4,6-forms

& = zZ'ay— g8, ar = (ao, a;) | Bl = (3", 8 . 1,3,5-forms
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Geometric flux charges

Basis forms are no longer closed:

dHWA = mAIOz_r—GIAﬁI dH&}A = 0

dga; = ers04 dgB! = ma'o

where NS three-form H deforms the differential operator:
dH = 0, H = H"+dB, H" = myla;—-enp!
dg = d— H"A

9 I I
(dg)* =0 — ma ep—eramp = 0

background charges

NS-flux charges | ero mo’
I

torsion €la Mg
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Nongeometric flux charges

Furthermore, extend to the generalized differential operator D:

dg = d—H'A — D =d—-H'"A-Q -—-R.

I I A TA A Al
Dwag ~ ma' ay—era B, Do™ ~ —qg " ar+p-p

A ~A I IA I ~A
Doy ~ prwateraw™, DB ~ g wat+tma w

Necessary to introduce new fluxes () and R to make a consistent algebra...
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: Nongeometric flux charges

Furthermore, extend to the generalized differential operator D:

dg = d—H'A — D =d—-H'"A-Q -—-R.

I I A TA A Al
Dwag ~ ma' ay—era B, Do™ ~ —qg " ar+p-p

A ~A I TA I ~A
Dar ~ pr-wa+eraw”, DB ~ ¢ wat+my w

Necessary to introduce new fluxes () and R to make a consistent algebra...

But the compactified geometry becomes nongeometric:

&> Oy = Q“b[m10|ab|m2...mk_1] feature of T-fold
(ReC)myeoomy_y = R“bCC’abc?m...mk_3 locally nongeometric background
Structure group contains Diffeo. 4 Duality trsf. --»  Doubled formalism?

3: C. Albertsson, R.A. Reid-Edwards, TK “D-branes and doubled geometry," arXiv:0806.1783
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Ramond-Ramond flux charges

RR-fluxes F'®®" = B (G without localized sources:
G = Go+Ga+Gi+Gs = G'+dyA
Fsven = an—l — H A Cn_3, C = eBA
dHFeven — O

Formal extension of RR-fluxes on generalized geometry:
G = G'+DA, DG =0
G" = V2(mhrwa —erra@?), A = V2(¢ar - & ")

4

G ~ GAlws— G4

~

G4 ~ \@(méR + SI pIA — &1 qIA) 3 éA ~ \@(GRRA — SI era + fNI mAI)
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- Flux charges on generalized geometry: summary

fluxes charges
NS three-form H €10 mo?!
torsion €la My’
nongeometric fluxes | pr4 gt 4
RR-fluxes | erra M,
backgrounds flux charges
Calabi-Yau —
Calabi-Yau with H ero mo’
SU (3)-structure manifold erA moal
Generalized geometry era moal prA o
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All the information of the compactified geometry is translated into
the (non)geometric flux charges and the RR-flux charges.

AD N = 2 theory comes out by the compactification: €1, €5

NEXT STEP
Introduce the flux charges into 4D N = 1 physics via various functionals:

K, W, D¢



Setup in N/ =1 theory




Kahler potential

Functionals are given by two Kahler potentials on two Hodge-Kahler geometries of &

K, = —logi<XA.7:A —XA?A)
K_ = —logi(Z'G; — Z2'G)
—3(10) K_
Introduce the compensator C = v2abe — 4abe 2 %

2 .
—2¢ _ |C| —-K_ _ 1 / d —¢
= e TGao2 Jy, (CO-C0-)
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Killing prepotential

See the SUSY variation of 4D N = 2 gravitinos:

5¢AM = VMEA—SAB’yueB—l—...

. i ( pl_ip2  —p3 )
AB = 3 1 _ p2
2 —P =P =iP" )

The components are also written by ®:

1 p2 o 2=y 1, ip2 o St 5
Pt —iP? = 2e7 (04, DO_), P +iP° = 2e72 (D4, DD_)
M M

P’ = —\%629"/M<<I>+,G>
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incation: N=2-N=1

4D N =1 fermions given by the SUSY truncation from 4D AN = 2 system:

ﬁAaA = a€y —|—552

SUSY parameter : €

ﬁA¢Au — a¢1p+5¢2u

gravitino : 9,

K
gauginos : x4 = —Qe%DbXA(ﬁcechgb)
dilatino : A= 7ty
_ 0 1
where 74 = (a,b), €EAB =
—1 0
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- and D-term

SUSY variations yield the superpotential and the D-term:

oY, = V,,Js—ﬁASABn*Bwec = V,,Je—e%)/\/yuec

ox* = ImF, v e+iD"¢

i, E-_ 1
W= aie” 90/M<<I>+,D1m(ab<b)>+E/M<c1>+,(;>]
= WU WR 4 O
WRR - = _f%[XAeRRA—fAméR]
! — i
W(I@ = ﬁ[XAeIA+prIA}’ Wé _ _rib[XAmAI_F]:AqIA}

DA = 2eK4(K,) DXADXE [7%(02)cPns] (Ph — NpoP™C)

Realization of AdS vacua in attractor mechanism on generalized geometry



' O6 orientifold projection

gravity multiplet v Ag
N =2 multiplets: vector multiplets A7, t* =0+ a=1,.. bt
(t*=X*/X", 2 =27"/2°) hypermultiplets PO i=1,...,b"
tensor multiplet B, ¢, &, o

orientifold projection: O = Qws (—1)fL o

gravity multiplet Juv
vector multiplets Aﬁ a=1,...,0, =b" —ng
_ chiral multiplets t% = b2 + ip? a=1,...,n
N =1 multiplets: s —

Realization of AdS vacua in attractor mechanism on generalized geometry



We are ready to search SUSY vacua in 4D N = 1 supergravity.

Consider three typical situations given by

4 N

® generalized geometry with RR-flux charges

I A TA A
€rA, Ma , Ppr, 4 -, €ERRA, TRR

® generalized geometry without RR-flux charges

I A TA
€ra, Mma -, pr, g

® SU(3)-structure manifold without RR-flux charges

I
€rAa, ™A

= /.

Notice: 4D physics given by Calabi-Yau three-fold with RR-fluxes is forbidden.

RR-fluxes induce the non-zero NS-fluxes as well as torsion classes in SUSY solutions.

D. Lust, D. Tsimpis hep-th /0412250
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Search of SUSY vacua: flux vacua attractors




: AD N = 1 scalar potential

_ . 1 A
Vo= e (KMVDu W DN - 3P + D7
= Vw+ Vb
V., >0 : de Sitter space

Search of vacua (%V]* =0 V.=0 : Minkowski space

V., <0 : Anti-de Sitter space

0 = 9pVyy = eK{K/‘W Dp DA WDV + 8p KMV D WDW — ZWDPW}

0 = a’PVD -— l)?z = O

Consider the SUSY condition DpW = (873 -+ 87:K)W — 0 in various cases.
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Example 1: generalized geometry with RR-flux charges

Xexbxe
1. Set a simple prepotential: F = Dp. ~0
2. Consider the (1,1)-moduli model: t* =¢, Ul =U, U; =0 (Dgpe =D =1)

Derivatives of the Kahler potential are

3 9
oK — ——2_ oK — —— 2
g t—1 v U—TU

The superpotential is reduced to

W = WRLonwe

WRR ng 3 —3 TMRR t2 + errt + €rRO

W@ = p00t3—3p0t2—60t—600
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Consider the SUSY condition DpW = ((’973 -+ (%K)W =0:

DW=0 --» 0 = DWR LU DWW
i
ImU

Note: ImU = 0 to avoid curvature singularity

DuW =0 --» 0 = (WRR+ReUW@)

The discriminant of the superpotential WRR (and W) governs the SUSY solutions.

Realization of AdS vacua in attractor mechanism on generalized geometry



» Discriminant of cubic equation

W(t) = at’+bt>+ct+d
OW(t) = 3at’+2bt+c

Consider a cubic function and its derivative:

Discriminants A(W) and A(OVV) are

AW) = A = —4b3d + b%c? — 4ac® + 18abed — 27a*d?
AOW) = X = 4(b* — 3ac)
W(#) A>0 A=0 A <0

T~

A >0 AN

/

~

A <O

ROR
\
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A(WRR) = ARR =~ () case: always ARR > 0, and exists a zero point: D;WRR = ()

DtWRRl* — 0
(RR 6 (3 ng €RR0 + TRR €RR) 9 v 3 ARR
o ARR ~AITORR
RR 24 ARR 3 0 \2 RR : 0 RR
W, = = ()\RR)S (36 (mRR) + 36 (mRR) E€RRO — S MRRA ~ — 4i mRR\/ST)
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A(WRR) = ARR =~ () case: always ARR > 0, and exists a zero point: D;WRR = ()

DtWRR|* == 0
(RR 6 (3 ng €RR0 + TRR €RR) o; v 3 ARR
o ARR ~AITORR
RR 24 ARR 3 0 \2 RR : 0 RR
W, = = ()\RR)S (36 (mRR) + 36 (mRR) E€RRO — S MRRA — 4i mRR\/ST)

ARR < () case: only ARR < 0 is (physically) allowed, and exists a zero point: WRR =0

W = ng(t*_e)(t*_O‘)(t*_a) = 0, te = o = a1 +iay
)\RR+F2/3 + 12mRRF1/3
a b
! 12, F1/3
1
(2)* = —0(€RR — 6mgr a1 + 3 Mg (041)2)
MRR
1 0
e = ——0<—3mRR+2mRRa1)
MRR
F = 108 (m%)2erro + 12m2:v/ —3ARR + 108 (mgr)® — 9 mgr ARR
DWRRI, = 2imi(e — a"¥)ay

... Analysis of W2 is also discussed.
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Three types of solutions:

® SUSY AdS vacuum: attractor point

WRR
i = t2, Rel. = ——%5

oK > 4 [ AR
V* — 3e |W>|<| — [Re(CQO)]2 3
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® SUSY AdS vacuum: attractor point

WRR
i = t2, Rel. = ——%5

o keen . 4 [AG
Ve = 3T = ooV 3

® SUSY Minkowski vacuum: attractor point

Realization of AdS vacua in attractor mechanism on generalized geometry



® SUSY AdS vacuum: attractor point

kw4 [AU
Ve = 3T = ooV 3

® SUSY Minkowski vacuum: attractor point

® SUSY AdS vacua, but moduli ¢ and U are not fixed: non attractor point
DWVRR(1) WRR (¢)

Uv=- DIVO(t) W)

ReU =

Realization of AdS vacua in attractor mechanism on generalized geometry



Example 2: generalized geometry without RR-flux charges

1. Set errg =0 = méR

Xaxbxe
X0

3. Consider the (1,1)-moduli model: ti=¢, Ul =U, U; =0 (Dape=D =1)

2. Set a simple prepotential: F = D,

The SUSY conditions on W = U WX are
DtW —

-
=)
||
S
=

(@)

DyW =0 --» 0 = ReUWY
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Example 2: generalized geometry without RR-flux charges

1. Set errg =0 = méR

Xaxbxe
X0

2. Set a simple prepotential: F = D,
3. Consider the (1,1)-moduli model: ti=¢, Ul =U, U; =0 (Dape = D

The SUSY conditions on W = U WX are
DtW —

S
|
|
v

0 — DtWQ
DyW =0 --» 0 = ReUWY

The solution is given only when A® > 0, and the AdS vacuum emerges:

6 (3 po” V3 AT
tg _ (3po 6)(\)(%—#]9060)_21 — Rel, = 0

kw4 [AU
Ve = 3T =~V 3
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Example 3: SU(3)-structure manifold without RR-flux charges

1. Set errg =0 = méR and p;4 =0 = ¢4
Xexbxe
XO
3. Consider the (1,1)-moduli model: t* =¢, UT=U, U; =0 (Dgpe =D =1)

2. Set a simple prepotential: F = D,
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Example 3: SU(3)-structure manifold without RR-flux charges

1. Set errg =0 = méR and p;4 =0 = ¢4
Xexbxe
XO
3. Consider the (1,1)-moduli model: ti=¢, Ul =U, U; =0 (Dape=D =1)

2. Set a simple prepotential: F = D,

Functions are reduced to

W = UWQ = U(—Goo—eot)

U _ . ReU
DtW == P (60(2t + t) + 3600) , DUW = 1 Tl

WQ

o~
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Example 3: SU(3)-structure manifold without RR-flux charges

1. Set erra = 0 = méR and pIA = 0= qIA

Xaxbxe
X0

3. Consider the (1,1)-moduli model: ti=¢, Ul =U, U; =0 (Dape=D =1)

2. Set a simple prepotential: F = Dy,

Functions are reduced to

W = UWQ = U(—Goo—eot)

U
‘—

_ ReU
% + 1) + 3 ) DyW = i
(60( +t) + 3eqo 4% Yl

DtW — WQ

o~

There are neither SUSY solutions under the conditions DWW = 0 = DWW

nor non-SUSY solutions satisfying 0pV = 0!

Ansatz 2. “Neglecting all o/ corrections on the compactified gemetry” is too strong!

Realization of AdS vacua in attractor mechanism on generalized geometry



(Xt)?) Nn (Xt)n—I—B

2'. Set a deformed prepotential: F = X0 + Z (X0)n i1

Realization of AdS vacua in attractor mechanism on generalized geometry



Xt 3 Xt n—+3
X9 5, 0

n

2'. Set a deformed prepotential: F =

Consider a simple case as Ny # 0, otherwise N,, = O:

3(t—1)? -0, P
oK = - _
i (t—1)3—P
3(t—1)* -0, P
DWW = — = ( t>
tW €oo + (t _ t)g _p €oo + €o
P = —2<N1 t* — Nl - 2N 31 + 2N1 tf3)
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(Xt)n—|—3
(XO)n—}—l

, e (X
2'. Set a deformed prepotential: F = %0 + ZN”

n

Consider a simple case as Ny # 0, otherwise N,, = O:

3(t—1)? -0, P
oK = - _
i (t—1)3—P
3(t—1)* -0, P
DWW = — = ( t)
tW €oo + (t _ t)g _p €oo + €o
P = —2<N1 t* — Nl - 2N 31 + 2N1 tZ3)

SUSY AdS solution appears under the conditions DYV = 0 and Dy W = 0:

2
Q@ — 290 Rey, = 0
€0

W? = €90 , Ile < 0

1 3 (60)4

V. = =312 =
W = ReCGTE 16 (cq)2 I,

Realization of AdS vacua in attractor mechanism on generalized geometry



Summary and Discussions




Summary

® Generalized geometry and nongeometric fluxes
® SUSY AdS vacua compactified on generalized geometry

@ Application to compactification on SU(3)-structure manifold without RR-fluxes

Discussions

® Complete stabilization via nonperturbative corrections
@ Duality transformations
® Understanding the physical interpretation of nongeometric fluxes

@ Connection to doubled formalism



de Sitter vacua?

In order to build (stable) de Sitter vacua perturbatively in type 11A,
in addition to the usual RR and NSNS fluxes and O6/D6 sources,

one must minimally have geometric fluxes and non-zero Romans’ mass parameter.

S.S. Haque, G. Shiu, B. Underwood, T. Van Riet arXiv:0810.5328

Romans’ mass parameter ~ (G

@ Search a (meta)stable de Sitter vacuum in this formulation
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Appendix: compactifications in type II strings



AD N = 2 supergravity

Moduli spaces in N' = 2 supergravity are

vector multiplets: Hodge-Kahler geometry

hypermultiplets: quaternionic geometry

We look for the origin of the moduli spaces in 10D string theories
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Decompositions of spinors in 10D type II supergravity

Decomposition of vector bundle on 10D spacetime:

TMl,g = T1,3 D F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10D spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Realization of AdS vacua in attractor mechanism on generalized geometry



Decompositions of spinors in 10D type II supergravity

Decomposition of vector bundle on 10D spacetime:

TMi9=T130 F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10D spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:
Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16 =(2,4)® (2,4 16=(2,4) 3 (2,4)
Decomposition of supersymmetry parameters (with a,b € C):

{ eia = €1 ® (ant) +ef @ (ant) { ey = €1® (any) +&§ ® (anl)
efia = €20 (n?) +e5® (bn3) efg = 2@ (bn7) + €5 @ (bn?)
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Decompositions of spinors in 10D type II supergravity

Decomposition of vector bundle on 10D spacetime:

TMi9=T130 F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10D spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:
Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16 =(2,4)® (2,4 16=(2,4) 3 (2,4)
Decomposition of supersymmetry parameters (with a,b € C):

{ eia = €1 ® (ant) +ef @ (ant) { ey = €1® (any) +&§ ® (anl)
efia = €20 (n?) +e5® (bn3) efg = 2@ (bn7) + €5 @ (bn?)

Set SU(3) invariant spinor n s.t. VWt =0 (4=1,2)

a pair of SU(3) on F (n1,n7) «— asingle SUB)on F (1L =ni =)
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Requirement that we have a pair of SU(3) structures means there is a sub-supermanifold

1,9/4+4 1,9/16+16
N C M

( (1,9) :  bosonic degrees )

4+ 4: eight Grassmann variables as spinors of Spin(1,3) and singlet of SU(3)s

Equivalence such as

eight SUSY theory reformulation of type II supergravity

0

a pair of SU(3) structures on vector bundle F

0

an SU(3) x SU(3) structure on extended F' & F*
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6D compactified space

10D spinors in type IIA in Einstein frame

1
FUA = v, A = %e_¢(FmPQRHpQ = 9FPQHme>F(11)eA
1 —n
. Z %e%qﬁ [(n )0, NN (g — n)éleer...Nn] FN1-~Nn(F(11))n/2(01€)A
n=0,2,...,8 )

e = a®(any)+ei® @) € = e )+ (n])

0 = S = Vi + (NS-fluxes - ) + (RR-fluxes - )"

Calabi-Yau three-fold

Information of !
. _ A SU (3)-structure manifold with torsion
6D SU(3) Killing spinors 77 |

generalized geometry

Realization of AdS vacua in attractor mechanism on generalized geometry



Geometric objects

a real two-form Jmn = F21 nl Vo T
on a single SU(3): -------mmmmmmmm
a complex three-form | ,,,,, = —2i nT_ Vmnp M

two real vectors | (v —iv")™ = nﬂvm n?

Ji=j4+vAv Ql=wA (v+iv)

on a pair of SU(3):
(J4,04) Ji=j—vAv Q°=wA(v—iv)

(j,w): local SU(2)-invariant forms

If n% = n3 globally, a pair of SU(3) is reduced to global single SU(2) w/ (j, w,v, ')
If n = n3 globally, a pair of SU(3) is reduced to a single global SU(3) w/ (J,)

n: = oy +ei(v+ i) ymnl, ley)? + len]? =1

a pair of SU(3) on TM ~ an SU(3) x SU(3) on TM & T*M
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Appendix: Calabi-Yau compactifications




Moduli spaces

One can embed 4D N = 2 theory into 10D type II theory

compactified on Calabi-Yau three-fold

vector multiplets hypermultiplets
generic coord. of Hodge-Kahler coord. of quaternionic
ITA on Calabi-Yau Kahler moduli complex moduli + RR
IIB on Calabi-Yau complex moduli Kahler moduli + RR
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Field decompositions

NS-NS fields in ten-dimensional spacetime are expanded as

oa.9) = o -
Gmﬁ(xay) — iva(x)(wa)mﬁ(y)a Gmn(xay) — izk(x) ((Xk)ﬁ;)?? n) (y)

Bsy(z,y) = Ba(z) + b"(z)wa(y)
RR fields in type ITA are
Ci(z,y) = CP(x)
Cs(w,y) = Cf(z)waly) + &5 (2)ax(y) — Ex ()85 (y)
RR fields in type IIB are

cohomology class basis

H®D Wq a=1,... LD
HO @ LD wa = (1,w,) A=0,1,..., 40D
H(2:2) w0? a=1,..., 0D
H®D Xk k=1,...,h3D
H®) (ax, BE) K =0,1,...,h&D
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4D type ITA N = 2 ungauged supergravity action of bosonic fields is
S = <—1R*1+1Ref\f FANFP 4 SNy pFA A +F5
ITA — A 9 9 AB 9 AB
1,3

G dt® A dl” — hyy dg* A dg”)

gravity multiplet Guv s CY 1
vector multiplet Ce v, b® a=1,...,hALY
hypermultiplet AL gk k=1,... A3
tensor multiplet By, ¢, &0, & 1
Various functions in the actions:
BriJ =04+ w, = t%w, KK5:—1og(§/ J/\J/\J>
M
Kape = / Wy N\ wp A\ W Kap = / Wa AN wp A J = Kupot°
Mg Mg
K, = / Wa ANIANT = Koype'?v© K = / IANIANT = Kypev®vov©
Mg Mg

_%Kabcbabbbc %Kabcbbbc

K 1+ 4Gabba’bb —4Gabbb
RGNAB ==
%Kabcbbbc _’Cabcbc

6 —4G b 4G 4p

——
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4D type IIB N = 2 ungauged supergravity action of bosonic fields is

2

1 1 1
S = /‘ (——R*L+5&M@QFKAFL+§mm4meA*FL
My 3 B
Gzt A «dz! = Ry AP A <)

gravity multiplet Guws VY 1
vector multiplet VE, 2F k=1,... A3
hypermultiplet ve, b, ¢, pa a=1,..., ALY
tensor multiplet By, Csy, ¢, Cy 1
Various functions in the actions:
QO = ZBag — Gt = ZK )70 Okt = 00k
B /Xk: N X7 _
K® = —log (i / QAQ) G = — — = 0404K®
Me /QAQ
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Appendix: SU (3)-structure manifold with torsion




SU (3)-structure manifold

‘1] Information from Killing spinor egs. with torsion D). = 0 (Fcomplex Weyl 1)

Invariant p-forms on SU (3)-structure manifold:

a real two-form J,,,, = F2i 77:Tt Ymn N+

a holomorphic three-form €,,,,, = —2i nT_ Ymnp N4

dJ = glm(wlﬂ)+w4/\J+W3 dQ = WiJAJ+WaAJ+WsAQ

Five classes of (intrinsic) torsion are given as

components interpretations SU (3)-representations
W, JANAQ or QAdJS 1$1
Ws (dﬂ)g’2 8D 8
W, (A2t + (dJ)g? 6D 6
Wy JNdJ 3®3
Ws (d€2)3:1 3®3
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Vanishing torsion classes in SU (3)-structure manifolds:

hermitian Wi =Wy =0

balanced Wi =Wy =W, =0

special hermitian Wi =Wy =W, =Ws=0
complex

Kahler W1 :W2 :Wg :W4:O

Calabi-Yau W1 = W2 = Wg = W4 = W5 =0

conformally Calabi-Yau W; =Wy =W3 =3W, +2W5 =0

symplectic Wi =Ws =W, =
nearly Kahler Wy =W3 =W, =Wy =0
almost Kahler Wi =Ws =W, =Wy =
almost complex
quasi Kahler W3 =W, = W5 =
semi Kahler W4 = W5 =0
half-flat ImW; =ImWy =W, = W5 =0
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Appendix: generalized geometry



‘ Generalized almost complex structures

Introduce a generalized almost complex structure J on TMy & T*My s.t.

J: TM;T "My — TMgD T My
J? = —lyg

3 0(d, d) invariant metric L, st. J'LJ = L

Structure group on TMy D T*My:

3L § GL(2d) s O(d, d)
J?= -1y | O(d, d) o U(d/2,d/2)
T To L UWNd)2,d)2) NUs(d)2,d/2) --»  U(d)2) x U(d/2)
integrable J; o U(d/2) x U(d/2) --» SU(d/2) x SU(d/2)
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Integrability is discussed by “(0,1)" part of the complexified TMy ® T*My:

1

ITA = A where A =v+ (is a section of TMy D T My

We call this A i-eigenbundle L 7, whose dimension is dim L 7 = d.

Integrability condition of 7 is

II[IL(v + ¢), (w4 )], = 0 v,w € TMy  (,n €T My

v+ w+nle = [v,w] + Ly — LwC — %d(avn — 1,C) : Courant bracket
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Two typical examples of generalized almost complex structures:

J = 0 T w/ J? = —14: almost complex structure
0 —w! :
Jo = 0 w/ w: almost symplectic form
W
integrable /1 <« integrable J
integrable /5 <« integrable w
On a usual geometry, Jy,n = JmPgpn is given by an SU(3) invariant (pure) spinor 74 as

T = =200 Ymany Y =0 4y £0

In a similar analogy, we want to find Cliff(6,6) pure spinor(s) ®.

*.") Compared to almost complex structures, (pure) spinors can be easily utilized in supergravity framework.
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:

{T™ "} =0 {r™ T,} = 6™ {T)n,Tn} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:

{T™ "} =0 {r™ T,} = 6™ {T)n,Tn} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)

Wey! spinor bundles ST are isomorphic to bundles of forms on T*Mg:
ST on TMgDT* Mg ~  AV"T* Mg
STon TMg®T* Mg ~ N0dd T* Mg

Thus we often regard a Cliff(6,6) spinor as a form on A®e"/edd T\(,

A form-valued representation of the algebra

[' =daz™A, r',, =,
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:
{T™ "} =0 {r™ I,} = om {T)n,Tn} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)

Wey! spinor bundles ST are isomorphic to bundles of forms on T*Mg:
ST on TMgDT* Mg ~  AV"T* Mg
STon TMg®T* Mg ~ N0dd T* Mg

Thus we often regard a Cliff(6,6) spinor as a form on A®e"/edd T\(,

A form-valued representation of the algebra

[' =daz™A, r',, =,

IF ® is annihilated by half numbers of the Cliff(6,6) generators:

— ® is called a pure spinor

cf.) SU(3) invariant spinor 14 is a Cliff(6) pure spinor: v'n, =0
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An equivalent definition of a Cliff(6,6) pure spinor is given by “Clifford action”:
(v+C)- P = vy, P+ (dx™ A D w/ v: vector (: one-form

Define the annihilator of a spinor as

Ly = {v+(eTMs®T*Mg|(v+()-® =0}

If dim Ly = 6 (maximally isotropic) — @ is a pure spinor
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Correspondence between pure spinors and generalized almost complex structures:

J — d If Lj:ch with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®

") rescaling ® does not change its annihilator Lg
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Correspondence between pure spinors and generalized almost complex structures:

J — P If Lj:ch with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®
) rescaling ® does not change its annihilator Lo

Then, we can rewrite the generalized almost complex structure as

Jins = (Re®i, 'y Redy )

even forms: <\If_|_,(1)_|_> = U APy — Vs APy + WUy APy — Py A Py

w/ Mukai pairing:
/ P & odd forms: <\Il_,<I>_> =W A0 — W3 A D3+ Wy AP

Realization of AdS vacua in attractor mechanism on generalized geometry



Correspondence between pure spinors and generalized almost complex structures:
J — P If Lj:ch with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®

) rescaling ® does not change its annihilator Lo

Then, we can rewrite the generalized almost complex structure as

Jins = (Re®i, 'y Redy )

even forms: <\If_|_,(1)_|_> = U APy — Vs APy + WUy APy — Py A Py

w/ Mukai pairing:
/ P & odd forms: <\Il_,<I>_> =W A0 — W3 A D3+ Wy AP

J is integrable «— 7 vector v and one-form ( s.t. d® = (vL+(A)P
generalized CY «— 3®is pures.t. d® =0
“twisted” GCY «— & is pure, and H is closed s.t. (d — HA)® =0
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between generalized geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:

_ (k) mia L m (k) i
O = k'c AT AR s @ = Zk,C g Yo
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generalized geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:

B I m m k mi---m
O = k.|C7§'?1) mkdx LA« Adax™k —> ¢ Zk" (1) my, Y aﬁl )

On a geometry of a single SU(3)-structure, the following two SU (3, 3) spinors:

I
Dop = @nf = 7D Y1y Y = e
k=0
1
Qg = 77+®77T— — ZZH”T_/Ymk---mln—F’yml T = _gﬁ
k=0

Check purity: (5+i,])m“%,,n+®77j,E =0 = n+®nl’yn((5$i«])nm

One-to-one correspondence: ®q_ < J1, Pop — Jo
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ralized geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:

k' mi--—-my mi--—-my aﬁ

C = C(k) dx™ A Ada™k — ¢ = Z o (k) AT

On a geometry of a single SU(3)-structure, the following two SU (3, 3) spinors:

I
Dop = @nf = 7D Y1y Y = e
k=0
1
Qg = 77—|-®77T— — ZZH??T_mG--.merle T = —gﬁ
k=0

Check purity: ((S—H,])m“vnnjL@nj,E =0 = n+®nl’yn((5$i«])nm

One-to-one correspondence: ®q_ < J1, Pop — Jo

On a generic geometry of a pair of SU(3)-structure defined by (nl,n?)

1 .. . /
2 - —i —— —ivAv
(I)O—l— :')7+®77T = g(C”e j—lCJ_U))/\e 4 |C |2+‘c |2
| L=
1 SR :
O = ntont = —§<CJ_€_1‘7—I—IC||’LU)/\(U—|—1’U/>

(I):t = e_B(I)()j:
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Each & defines an SU(3, 3) structure on E. Common structure is SU(3) x SU(3).

(F is extended to E by including e~5)

Compatibility requires

<(I)_|_,V'(I)_> = <6+,V'(I)_> — 0 fOF\V/V:ZU+€
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I Hihin functonal

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying

1

q(xr) = _Z<XfaFHEXf><Xf7FHEXf> c NF* @ \°F*

U — {Xf e/\even/oddF* : Q(Xf) <O}
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IR Hichin ool

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying
1 k >k
a(xs) = =500 Prsxr) (e T oxp) € APFR @ A°F

U — {Xf e/\even/oddF* : Q(Xf) <O}

Define a Hitchin function

1

H(xy) = \/ —§Q(Xf) e N°F*

which gives an integrable complex structure on U
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IR Hicin uncienal

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying
1 k >k
a(xs) = =500 Prsxr) (e T oxp) € APFR @ A°F

U — {Xf E/\even/oddF* : Q(Xf) <O}

Define a Hitchin function

H(xy) = \/—§Q(Xf) e N°F*

which gives an integrable complex structure on U

Then we can get another real form x ¢ and a complex form ®¢ by Mukai pairing

) . ) OH (xf)
| — _J4H e = L

(XX 1) 1 (x7f) X f Oy s

> Oy = Sy tixy) H(®p) = (2, D)

Hitchin showed: @ is a (form corresponding to) pure spinor!

N.J. Hitchin math/0010054, math/0107101, math/0209099
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Consider the space of pure spinors ¢ ...

Mukai pairing (x,*) ——  symplectic structure
Hitchin function H(x) ——  complex structure
J

The space of pure spinor is Kahler
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Consider the space of pure spinors ¢ ...

Mukai pairing (x,*) ——  symplectic structure

Hitchin function H(x) ——  complex structure

4

The space of pure spinor is Kahler

Quotienting this space by the C* action & — \® for A\C*

--+ The space becomes a local special Kahler geometry with Kahler potential K':

e = H(®) = i(®,®) = i(X*Fa—X"Fa) € NOF

X4 : holomorphic projective coordinates
Fa : derivative of prepotential F, i.e., Fa = 8.7:/(9)(‘4

These are nothing but objects which we want to introduce in N' = 2 supergravity!
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Spaces of pure spinors &4 on F' @ F* with SU(3) x SU(3) structure

special Kahler geometries of local type = Hodge-Kahler geometries

For a single SU(3)-structure case:

1 _ 5. 1

by = —e B=iJ K, = —log<4—8J/\J/\J)
i i _

d_ = ——e PQ K_ = —log| —=QAQ
8e og(64 A )

Structure of forms is exactly same as the one in the case of Calabi-Yau compactification!

We should truncate Kaluza-Klein massive modes from these forms to obtain 4D supergravity.
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Appendix: puzzle on conventional differential forms




Puzzle: nongeometric information beyond conventional geometric fluxes

M. Grana, J. Louis, D. Waldram hep-th /0612237

Recall that ®_ are expanded in terms of truncation bases >, and > _.

Whenever C|| # 0, the structure ®, contains a scalar. This implies that at least one of the forms in
the basis ¥ contains a scalar. Let us call this element %, and take the simple case where the only

non-zero elements of Q are those of the form Q;' (where I=1,...,2b~ +2).

Thusd(X_); = QflEi and so if Q;' # 0 then (dX_); contains a scalar.

But this is not possible if d is an honest exterior derivative, acting as d : A’ — APTEL

The same is true if ¢ is zero. In this case, there may be no scalars in any of the even forms X, and
for an “honest” d operator, there should be then no one-forms in d3¥_. But we again see from that

® _ contains a one-form, and as a consequence so do some of the elements in 3. _.
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One way to generate a completely general charge matrix QQ in this picture is to consider a modified
operator d which is now a generic map d : UT — U~ which satisfies d> = 0 but does not transform

the degree of a form properly.

In particular, the operator d can map a p-form to a (p — 1)-form.

Of course, this d does not act this way in conventional geometrical compactifications.

One is thus led to conjecture that to obtain a generic Q we must consider non-geometrical

compactifications. One can still use the structures
d¥_ ~ Q%,, d¥; ~ 8.Q"(s.) =

to derive sensible effective actions, expanding in bases >.1 and >._ with a generalised d operator,

but there is of course now no interpretation in terms of differential forms and the exterior derivative.

--+ introduce generalized fluxes
(not only geometrical H- and f-fluxes, but also Q- and R-fluxes)
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For a geometrical background it is natural to consider forms of the type
w = e_mel...mp e N NeTP W/ Wi, ...m,, constant
Action of d on w is

dw = _Hﬂ Nw + f "W, (f ) w)m1"°mp+1 — fa[m1m2|wa|m3“'mp+1]

The natural nongeometrical extension is then to an operator D such that

D :=d—H"A—f-—Q-—RL

b b
(Q 'w)ml---mp_l — Qa [m1w|ab|m2---mp_1]7 (R Lw)ml---mp_g = R Cwabcml---mp_g

Requiring D? = 0 implies that same conditions on fluxes as arose from the Jacobi identities
for the extended Lie algebra
[ Zas Zb] = fav® Ze+ Hape X©
[Xa’,Xb: — Qabc Xe Rabe Z.
(X Zy] = fT%e X — Q% Z,

We can see nongeometrical information in Q as contribution from () and R.
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Appendix: N = 1 Minkowski vacua




4D N = 1 Minkowski vacua in type ITA

M. Grafia, R. Minasian, M. Petrini, A. Tomasiello hep-th /0407249 M. Grafia hep-th/0509003

ITA a=0orb=0 (type A) . a = be’ (type BC)
) Wy =H{" =0
FO 2R szl) +FM : Fz(rl? 0
generic 3 ! 3=
8 Wy =¥ =F® =0 . ReWsy = c?F¥ | ReWs, = e¢F) + e¢F®)
E ImWy =0 ! ImWsy =0
6 W, s B e ,
] Ws = 2W, = F2iH = 9¢ 5 Y = 2i{W; = —2i0A = 29¢
A =da =0 | W, =0
NS-flux only (common to ITA, IIB, heterotic)
type A
Wl = W2 = O, W3 # 0: complex
RR-flux only
type BC :
W1 = ImWy = W3 =W, =0, ReWsy # 0, W5 # 0: symplectic

For N =1 AdS, vacua: hep-th/0403049, hep-th/0407263, hep-th /0412250, hep-th/0502154, hep-th/0609124, etc.
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4D N = 1 Minkowski vacua in type IIB

1B a=0orb=0 (type A) a = +ib (type B) a = +b (type C) ' (type ABC)

1 W, =F"Y=H" =0

8 Wy =

% =0 Wy =0 al® =o
6 (©) 5 (6) (©) 6, p(© (4% %)
W3 = £ * Hy e?Fy = F * Hy W3 = +e? x F.
e¢Fé3) = %W = iWy
— 7 = = —2i0A = —4i01 3 — —

o | s = 2w =2 — 2 - . OIS @R = 21W; = 2104 -
_ _ I = 1 _ _ k %k ok
JA=da=0 g _ _4idloga = —id

: e¢F1(3) = 2e¢’F5<3) & ¢

NS-flux only (common to ITA, IIB, heterotic)
type A | dJ £ iH3 is (2,1)-primitive

W1 =Wy = 0: complex
both NS- and RR-flux
type B G3 = F3 —ie”?Hs = —i ¢ G3 is (2,1)-primitive

Wi =Wy =W3 =W, =0, 2W5 = 3W, = —60A: conformally CY
RR-flux only (S-dual of type A)
type C | d(e=®J) £iF3 is (2,1)-primitive

W1 =Wy = 0: complex

type ABC | (skip detail...)
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