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Introduction




Four-dimensional supergravity theories

» N = 2 supergravity

highly symmetric (controllable), dynamical (non-trivial), connectable to Seiberg-Witten, etc..

governed by holomorphic functionals (prepotentials)

» N =1 supergravity

highly dynamical, less symmetric, connectable to (SUSY) GUTs, etc..

governed by Kahler potential and superpotential

many ways to derive them from ten-dimensional type II and heterotic string theories
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Equations in compactified theory

10-dim. equations of motion (with sources)

0

o EOM for form fields Bianchi identities
SUSY variations + _ - _
(with sources) (with sources)

SUSY variation : compactified geometry
EOM for form fields :  SUSY solutions

Bianchi identities :  no-go theorem (sources as D-branes, orientifold planes)
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Calabi-Yau compactification

MOdUh |n N — 2 SupergraVIty Appendix

vector multiplet hypermultiplet
generic coord. of Hodge-Kahler coord. of quaternionic
ITA on Calabi-Yau Kahler moduli complex moduli + RR
IIB on Calabi-Yau complex moduli Kahler moduli + RR

Duality relations in A/ = 2 theories:

type ITA +«— type IIB T-duality, mirror symmetry
type II/CY3 «— heterotic/[K3 x T?]  S-duality

Reduction to N/ = 1 supergravity is given in terms of orientifold planes
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CYs
K*S = _log (g/ JAJ N
CYs

KCS:—log(i/ Q/\ﬁ)
CYs5

F, = dC, 1— HsANC,_ 5 = PG

Ga = Go+Go+ Gy + Gg G = Gs

J/\J/\J:%Q/\ﬁ JAQ =0 = BAQ
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Question 1: Generic supersymmetric effective theory beyond Calabi-Yau geometry?
® condition on geometry from supersymmetry? --+ SU(3)-structure manifold Appendix
@ identify “light” modes?

® generic form of Kahler potentials and superpotentials?

dsig = e2AgW dz" @ dz” + gs; dy’ @ dy’
1 1 :
0; = (@' + Zwiab ’Yab>77 - ZHijk’Y]kn +... =0
1
oA = —5(1'06 — ZHip )+ ... = 0
(d— HsN) (e %6 F) = 0 (d — HsN\)F = &(source)

d(e4A_2¢ *6 Hg) = IFe4AFn A *6Fn—i—2

dHs = 0
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Question 2: Modification of dualities among string theories by fluxes?
@ T-duality (mirror symmetry) from (non-)Calabi-Yau to what?
® S-duality and U-duality symmetries?

® Find more non-trivial relations?

/\evenjwkj\/[6 /\OddT*M6
e—B—z’J — 0
Ga =Go+ Go+ Gy + Gg Gp = G
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Generically, a Calabi-Yau with non-trivial fluxes does not yield a supersymmetric solution...

How should we derive modified Kahler/superpotentials?

How are string dualities realized?
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Generically, a Calabi-Yau with non-trivial fluxes does not yield a supersymmetric solution...

How should we derive modified Kahler/superpotentials?

How are string dualities realized?

Extend geometrical information of compactified space
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Extensions of geometry

Generalized geometry
JonTMy wonTI* Mg --+» J+ on TMyz D T My,
“Cliff(6) pure spinor " on T Mg
--» “Cliff(6,6) pure spinor " on TMg ® T*Mg

Evaluate spaces of @ to provide Kahler/superpotentials in supergravity

N.J. Hitchin

Doubled formalism
T? with B-field —-» T x T (with B-field)
Regard T-duality transformation as a part of transition function
Go beyond (non)-abelian gauged supergravity with B-field

and its duality transformation
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© Generalized geomety provides...

Kahler potentials and superpotentials in the most generic description

signals of nongeometric fluxes from genuinely stringy effects

© Doubled formalism presents...

extension of Lie algebra of gauge symmetry in four-dimensional physics

concrete expressions of stringy (or nongeometric) backgrounds
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» Generalized geometry
generalized complex structures and pure spinors

Hitchin functional
field decompositions
superpotentials

truncation

» Doubled formalism
extension of Lie algebra

doubled sigma model

example: flat torus, nilmanifold, T-fold and nongeometric space

» Appendix

spinor decompositions
N =1 Minkowski vacua
moduli in Calabi-Yau compactification

geometric objects on a pair of SU(3)-structure manifolds
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Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

ITMyg=T130F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.
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Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TMi9=T130 F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:
Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
161 = (2,4)1 ®(2,4)1 163 =(2,4)2 D (2,4)>
Decomposition of supersymmetry parameters (with a,b € C):
fia = & @ (an}) + &L @ (anl) ep = &4 @ (an}) + &L @ (ant)
{ efa = &5 @ (n?)+ & @ (bn?) { s = £ @ (bn3) + &2 @ (bn?)
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Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TMi9=T130 F
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:

Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16, = (2,4), @ (2,4); 16 = (2,4)2 @ (2,4)s

Decomposition of supersymmetry parameters (with a,b € C):
{ e = & ® (an}) + €L @ (anl) { enp = &4 ® (any) + &L ® (anl)
cfia = £ @ (n2) + &2 @ (bn3) ciig = £ @ (bn3) + &2 @ (bn?)
Set SU(3) invariant spinor n4 s.t. DT)nd =0 (4 =1,2): appenss

a pair of SU(3) on F (n1,n7) «— asingle SUB)on F (1L =ni =)
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Requirement that we have a pair of SU(3) structures means there is a sub-supermanifold

N1,9|4—|—4 C M1,9|16—|—16

( (1,9): bosonic degrees )

4+4: eight Grassmann variables as spinors of Spin(1,3) and singlet of SU(3)s

Equivalence such as

eight SUSY theory reformulation of type II supergravity

0

a pair of SU(3) structures on vector bundle F

0

an SU(3) x SU(3) structure on extended F' & F*
T

Entrance Gate to generalized geometry
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Mathematics: Generalized complex structures

Introduce a generalized almost complex structure J on TMy ® T*M, s.t.

J: TM;T "My — TMgD T My
J? = —lag

: O(d, d) invariant metric L, s.t. J'LT = L

Structure group on TMy P T My:

3L § GL(2d) s O(d, d)
J?= -1y | O(d, d) s U(d/2,d/2)
TTe L UNA[2,d/2) NUs(d)2,d/2) -  U(d/2) x U(d/2)
integrable J7 o U(d/2) x U(d/2) --» SU(d/2) x SU(d/2)
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Integrability is discussed by “(0,1)" part of the complexified TMy ® T*My:

1

ITA = A where A =v+ (is a section of TMy D T My

We call this A i-eigenbundle L 7, whose dimension is dim L 7 = d.

Integrability condition of 7 is

(v +¢),Mw+n)], =0  vweTMg ¢neT Mg

v+ w+nle = [v,w]+ Lyn — LuyC — %d(bvn — 14,C) : Courant bracket
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Two typical examples of generalized almost complex structures:

I 0

J1 = 0 _17T w/ I? = —14: almost complex structure
0o —J! _

J2 = 70 w/ J: almost symplectic form

integrable /1 <« integrable [
integrable /5 < integrable J

On a usual geometry, J;; can be given by an SU(3) invariant (pure) spinor 7 as

Jij = —2inlvimy Y™ =0 g #0

In a similar analogy, we want to find Cliff(6,6) pure spinor(s) ®.

*.') Compared to almost complex structures, (pure) spinors can be easily utilized in supergravity framework.
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| Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:
rv,17y =0 {Fi,Fj} = 5; {I';,I';} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:
rv,17y =0 {Fi,Fj} = 5; {I';,I';} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)

Wey! spinor bundles ST are isomorphic to bundles of forms on T*Mg:
ST on TMgDT* Mg ~  AV"T* Mg
STon TMg®T* Mg ~ N0dd T* Mg

Thus we often regard a Cliff(6,6) spinor as a form on A®ven/odd T*)\(,

A form-valued representation of the algebra

Fi:dﬂji/\ Fj:Lj
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:
rv,17y =0 {Fi,Fj} = 5; {I';,I';} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)

Wey! spinor bundles ST are isomorphic to bundles of forms on T*Mg:
ST on TMgDT* Mg ~  AV"T* Mg
ST on TMg® T Mg ~ N0dd T* Mg

Thus we often regard a Cliff(6,6) spinor as a form on A®ven/odd T*)\(,

A form-valued representation of the algebra

Fi:dZEi/\ PjZLj

IF ® is annihilated by half numbers of the Cliff(6,6) generators:

— ® is called a pure spinor

cf.) SU(3) invariant spinor 74 is a Cliff(6) pure spinor: v™ny =0
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An equivalent definition of a Cliff(6,6) pure spinor is given by “Clifford action”:
(v+¢) - = vg,P+ (dz" AP w/ v: vector (: one-form

Define the annihilator of a spinor as

Ly = {v+(eTMs®T*Mg|(v+()-® =0}

If dim Ly = 6 (maximally isotropic) — @ is a pure spinor
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Correspondence between pure spinors and generalized almost complex structures:

J — P If Lj:Lq) with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®

) rescaling ® does not change its annihilator Lo
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J — P If Lj:ch with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®
') rescaling ® does not change its annihilator Lg

Then, we can rewrite the generalized almost complex structure as

Jins = (Re®i, 'y Redy )

even forms: <\I/_|_,(I)_|_> = U APy — Vs APy + WUy APy — Py A Py

w/ Mukai pairing:
/ P & odd forms: <\Il_,<I>_> =W A0 — W3 A D3+ Wy AP
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J — P If Lj:ch with dim Le = 6

More precisely: J <« a line bundle of pure spinor ®
') rescaling ® does not change its annihilator Lg

Then, we can rewrite the generalized almost complex structure as

Jins = (Re®i, 'y Redy )

even forms: <\If_|_,(1)_|_> = U APy — Vs APy + WUy APy — Py A Py

w/ Mukai pairing:
/ P & odd forms: <\I!_,<I>_> =W A0 — W3 A D3+ Wy AP

J is integrable «— 7 vector v and one-form ( s.t. d® = (vL+(A)®

generalized CY «— 7® s pures.t. d® =0
“twisted” GCY «— 3® is pure, and H is closed s.t. (d — HA)® =0
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en generalized geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:
_ (k) i i (k) i
C = Zk'c Azt A Ade Zk,c ix Vg "
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zed geometry and SU(3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:
1 . . 1 -
C = Z—C-(k) dz't A - Ada' — ¢ = ZEC.(’“) L
k

k' ’Ll-.-’ik ’Llooo'ik a/B
k

On a geometry of a single SU(3)-structure, the following two SU (3, 3) spinors:

6
1 1 . 1
Doy =y ®NL = 7D MYy VT = e
k=0
6 .
Do = mpent = =3 Lyt an oyt = Lo
k=0

Check purity: (5+iI)ij7jn+®nL =0 = 77+®77:r|:’}/j<6:|:7:])ji

One-to-one correspondence: ®q_ < J1, Pop — Jo
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geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:
1 . . 1 -
C = Z—C-(k) dz't A - Ada' — ¢ = ZEC.(’“) L
k

k! ’Ll-o-’ik ’Llo--'ik a/B
k

On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:

6
1 1 . 1
Doy =y ®NL = 7D MYy VT = e
k=0
6 .
Do = mpent = =3 Lyt an oyt = Lo
0— — TI—{— n—- = 4 k' 77_’7%--.7,1774_'7 — 8
k=0

Check purity: (5+7:I)ij7j77_|_®77j|: =0 = 77+®77;r|:’}/j(5:|:7:])j7§

One-to-one correspondence: ®q_ < J1, Pop — Jo

On a generic geometry of a pair of SU(3)-structure defined by (9,77 ): aspenci

1 . : /
L 1 21 - —1 — — VAV
(I)()_|_ = ?7_|_®T]+ = g(C”e j—’I,CJ_’lU)/\e ‘C |2+|C ’2 ]
| L=
1 THN :
b, = ni@n?f = —é(cLe_”—l—zc“w) A (v + ')
b, = e_B(I)()j:
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Each & defines an SU(3, 3) structure on E. Common structure is SU(3) x SU(3).

(F is extended to E by including e=%)

Compatibility requires

<(I)_|_,V'(I)_> = <6_|_,V'(I)_> — O fOF\V/V:CU+€

(P4, @1) = (D, D)
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I Hicin uncienal

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying

1

q(xr) = _Z<Xf7FHEXf><Xf7FHEXf> c NF* @ \°F*

U — {Xf e/\even/oddF* : Q(Xf) <O}
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I Hicin uncienal

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying
1 k >k
a(xs) = =500 Prsxr) (e T oxp) € APFR @ A°F

U — {Xf E/\even/oddF* : Q(Xf) <0}

Define a Hitchin function

H(xy) = \/—%Q(Xf) e N°F*

which gives an integrable complex structure on U
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I Hicin uncienal

Start with a real form x; € A®e"/°4d [* (associated with a real Spin(6,6) spinor x,)

Regard x r as a stable form satisfying
1 k >k
a(xs) = =500 Prsxr) (e T oxp) € APFR @ A°F

U — {Xfe/\even/oddF* : Q(Xf) <O}

Define a Hitchin function

H(xy) = \/—%q(Xf) e N°F*

which gives an integrable complex structure on U

Then we can get another real form x ¢ and a complex form ®¢ by Mukai pairing

) . . OH (xf)
| — _J4H ie. = ——=
(XfsXF) 1 (x7f) Xf Ox
——> (I)f = §(Xf+i>%f) H((I)f) — i<q)f’6f>

Hitchin showed: @ is a (form corresponding to) pure spinor!

N.J. Hitchin math/0010054 math/0107101 math/0209099

Tetsuji KIMURA: Generalized /doubled /nongeometric string backgrounds - 37 /150 -


http://xxx.yukawa.kyoto-u.ac.jp/abs/math/0010054
http://xxx.yukawa.kyoto-u.ac.jp/abs/math/0107101
http://xxx.yukawa.kyoto-u.ac.jp/abs/math/0209099

Consider the space of pure spinors ¢ ...

Mukai pairing (x,*) ——  symplectic structure

Hitchin function H(x) ——  complex structure

4

The space of pure spinor is Kahler (or, rather rigid special Kahler)!
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Consider the space of pure spinors ¢ ...

Mukai pairing (x,*) ——  symplectic structure

Hitchin function H(x) ——  complex structure

4

The space of pure spinor is Kahler (or, rather rigid special Kahler)!

Quotienting this space by the C* action & — \® for A\C*

--+ The space becomes a local special Kahler geometry with Kahler potential K':

e = H(®) = i(®,®) = i(2'F—2'F;) € A°F

Z! . holomorphic homogeneous coordinates
F; . derivative of prepotential &, i.e., F; = 6’97/821

These are nothing but objects which we want to introduce in N' = 2 supergravity!
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Space of pure spinors &4 on F' @ F* with SU(3) x SU(3) structure

special Kahler geometry of local type = Hodge-Kahler geometry

e Bt = H((I)j:) = Z'<(I):|:,$i> = i(zfi?ﬂ—zfi?ﬂ) c NOF*

For a single SU(3)-structure case:

1 . 1

@ = — _B_ZJ — —1 e
o = —fe—BQ K = —1lo iQ AQ

I AN

Structure of forms is exactly same as the one in the case of Calabi-Yau compactification!

We should truncate Kaluza-Klein massive modes from these forms to obtain 4-dimensional supergravity.
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Back_ to Physics: Reduction from “AN = 8" to “N = 2"

As introduced, we want to obtain four-dimensional N' = 1,2 supergravity theories

Type ITA /IIB supergravity theories have 32 supercharges with field multiplets

1  gravity multiplet

6 gravitino multiplets

15 vector multiplets

9 hypermultiplets
tensor multiplet

in the language of “N = 2" multiplets
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Back_ to Physics: Reduction from “AN = 8" to “N = 2"

As introduced, we want to obtain four-dimensional N' = 1,2 supergravity theories

Type ITA /IIB supergravity theories have 32 supercharges with field multiplets

1  gravity multiplet
— 6 gravitino multiplets <« should be truncated
15 vector multiplets
O  hypermultiplets
tensor multiplet

in the language of “N = 2" multiplets
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Back_ to Physics: Reduction from “AN = 8" to “N = 2"

As introduced, we want to obtain four-dimensional N' = 1,2 supergravity theories

Type ITA /IIB supergravity theories have 32 supercharges with field multiplets

1  gravity multiplet
— 6 gravitino multiplets <« should be truncated
15 vector multiplets
O  hypermultiplets
tensor multiplet

in the language of “N = 2" multiplets

Consider truncation of 6 gravitino multiplets in terms of group theoretical descriptions
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Field decompositions in ten dimensions

Let us discuss group-theoretical properties of massless fields

on a generalized tangent bundle 75 1 & F' & F* with SU(3) x SU(3) structure
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Field decompositions in ten dimensions

Let us discuss group-theoretical properties of massless fields

on a generalized tangent bundle 75 1 & F' & F* with SU(3) x SU(3) structure

First, consider decomposition of 8g, 8¢, 8y of SO(8) (i.e., light-cone gauge)

SO@B) —  SO(2)xS0(6) — SO(2) x SU(3)
8s — 4, G 4_; — 1191 _143:93 1
2 2 2 2 2 2
8¢ — 4 1D 4, — 1191 193 163
2 2 2 2 2 2

8v — 1,11 D 6¢ — 1%@1_%@30@50

Using this, consider the decompositions of (NS,R), (R,NS), (NS,NS) and (R,R) sectors...

ap, denotes a field in the SU(3) repr. a and 4-dimensional helicity b. T denotes an antisymmetric tensor.
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Fermions: (R,NS) and (NS,R) sectors:

SO8)L, x SO8)r —  SO(2) x SU(3), x SU(3)r

(1,1),3 103, 1)z _1®(3,1) 31®(1,3),14(1,3),1

HA/HB (83,8\7) . +9,+3 2°7 2 22 = T3
D (3,3)% ® (3, 3)_% D (3,5)% S (g,g)_%

(17 1);|:3 +1 D (37 1>j;1 D (37 1);|:l D (17 3)§ 1D (17 3)—§ 1

1IB <8V788) — 2 2 2 2°2
D (3,3)% P (3, 3)% 57 (3,3)_% ¥ (g,g)_%

(1,1),3 ,19(3,1),1®(3,1),1®(1,3)_31D(1,3)s _1

ITA (8v, 8¢) _ +3.+ +3 = 272 273
®(3,3) %GB (3,3) %@ (3,§)% 5> (g,g)%
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Fermions: (R,NS) and (NS,R) sectors:

SO8)L, x SO8)r —  SO(2) x SU(3), x SU(3)r

(1,1) 3 411®(3,1)s _1©(3,1)_3:0(1,3) .10 (1,3).1

ITA /TIB (8s, 8v) R +3,+3 2732 22 +3 +3
D (3,3)% ® (3, 3)_% D (3,5)% S (g,g)_%

B (8y. 84) - (1L,1)13:1@(3,1) 11 @(3,1) 1 ®(1,3)5 _10(1,3) 31
D (3,3)% P (3, 3)% 57 (3,3)_% ¥ (g,g)_%

(1,1),3,19(3,1),1®(3,1),1®(1,3)_31D(1,3)s 1

ITA (8v, 8¢) _ +3.+ +3 ™ 2,2 273
®(3,3) %GB (3,3) %@ (3,5)% 5> (g,g)%

(1,1),3: 2 gravitinos in gravity multiplet
2

(3,1),3 etc.: 6 gravitinos in gravitino multiplets
2 o N _ (should not be included in N' = 2 theory)
(3,1),1 etc.:  fermions in gravitino multiplets
2
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Bosons: (NS,NS) sector:

8v x8y = 1628®35 = (¢,Bun,Gun)

SO(S)L X SO(S)R — 50(2) X SU(S)L X SU(3)R

........................................................................................

Emvn =9unN +Bun -, A Al A -.
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Bosons: (NS,NS) sector:

8v x8y = 1628®35 = (¢,Bun,Gun)

SO(S)L X SO(S)R — SO(2> X SU(S)L X SU(3)R

........................................................................................

Emvn =9unN +Bun -, A Al A -.
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Bosons: (R,R) sector:

SOB)L, x SO8)r —  SO(2) x SU(3), x SU(3)r

A Ay = A1)+ Aw,3) + Ao, ~ (1,1)0®(3,3)0® (3,3)0
AT = Apoy+Ap + Ay +Aae ~ (1,1)116(3,3)1 @ (3,3) 4

1B AT = Ao +Ap2 + Aoy +Aoe =~ (1,1)0®(3,3)0@ (3,3)0
AT = A+ A + Aws) ~ (1,1):® (3,310 (3,3)_1

where Amq) is a “4-dimensional” p-form and a “6-dimensional” g-form

RR field strength is G = d.AJ, whose gauge potential is C = e A w/ F =dC — H3 AC = e”G
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Reduction: effective theory with two gravitinos

— all repr. of the form (3,1),(3,1),(1,3),(1,3) (6 gravitino multiplets) are projected out!

type ITA multiplet | SU(3) x SU(3) repr. bosonic field content

gravity multiplet (1,1) G AT
tensor multiplet (1,1) B. ¢ A
vector multiplet (3,3) AT 607
hypermultiplet (3,3) 00~ Ay

type IIB multiplet | SU(3) x SU(3) repr. bosonic field content
gravity multiplet (1,1) Iu AL
tensor multiplet (1,1) B. ¢ Af
vector multiplet (3,3) AT 0@
hypermultiplet (3,3) 60T AS

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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In case of a tangent bundle 751 & F & F* w/ a single SU(3)-structure (ie., 5l = 7%):

Ten-dimensional fields are decomposed as

Juv 1o
Gun | Gui 1 (34 3)11 .
N TR R T GO0 St T AR It Rt
By i Az Vil leg T3y 425, 0uy 48y
Bun | Bui i (34 3)41 AN 1,1+3,1
| By 1ot (343t 8 I
¢ ¢ 510
e, | G 14
_____________ G ((B+38)o
Covk (34 3)rp
Cvnp | Cujk 1p+ (34 3)11 + 841
Cijk (1+1)g+ (3+3)11+ (6+6)g
Co Co 4 1o
Cpv 1
Cun Cui (3+3)11
_________________ Cij _ilot(B+3)+8
Cornra Cpujkl (1 +1)e1+(3+3) 41+ (6 +6)1q]
Cijkt/Cpuvki Lo + (34+3)0+ 8o
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Standard four-dimensional A/ = 2 supergravity = “absence of 6 gravitino multiplets”

ITA multiplets SU(3) repr. field contents
gravity multiplet 1 9w Cu ¥y,
tensor multiplet 1 B, ¢ Cijr A
vector multiplet 8+ 1 Cujk  Gi; Bij ¥,

hypermultiplet 6 Gij  Cijr ¥,

IIB multiplets SU(3) repr. field contents
gravity multiplet 1 9w Cujrr Yy,
tensor multiplet 1 B, Cun ¢ Co A
vector multiplet 6 Cujri Giz Y

hypermultiplet 8+1 Gij Bij Cij  Cijur Y

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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Four-dimensional A/ = 2 and A/ = 1 superpotentials

Analyze potential (interaction) terms:

given in the supersymmetry transformation of 4-dimensional N’ = 2 gravitinos wlfj‘

. 1
Wi = UL o0 U = Y ® UL+ Yau- Ong +
Va, = Duba+iy,Sagt® A=1,2
. 5:1:1_2-5332 _53:3
SAB — EG%KVUEZBPCE O-le — :L'=1,2,3

2 _5903 _5x1 - 25902

P*. N = 2 Killing prepotentials, which yield N/ = 1 superpotentials

M. Grafa, J. Louis, D. Waldram hep-th /0612237
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To get S4B, project the SUSY transformation (5@M onto SU(3)-singlet parts from

1 _
oWy = Dpye— 96° ¢(7MPQRHPQR — 9'7PQHMPQ)T €

1 5—n
_ Z i 'eT¢ |:(,n . 1)'7MN1Nn o n(9 . n)éMNl,yNQNn] :'T:NlmNn:Pn €
n.
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To get S4B, project the SUSY transformation (5@M onto SU(3)-singlet parts from

1 _
oWy = Dpye— 96° ¢(7MPQRHPQR — 9'7PQHMPQ>T €

1 5—n
_ Z i 'eT¢ |:(,n . 1)'7MN1Nn o n(9 . n)(sMNl,yNQNn] :'T:NlmNn:Pn €
n.

In type IIB case (W/ F- =F+Fs+Fs5 o(F )= —F1+f3—f5):

e\ _ [ Duh | 1 €l 7iy'Din} L Vu€l Hige oy 0y
Sy, D&% 2\ & 7 y'Din? 48 \ =782 Hipe 2y 0
1 _'Yu€2— e(b%}_@'_l...m ﬁl_')’ilmmni

8\ Vbl i (F )igein M1
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Then we obtain

S11 = %ﬁl_’YiDini—Z—égHijkﬁl_’yijkni = —%<<I>_,d<b+>
Sog = %ﬁQ_ViDmi—FZ—SHijkﬁQ_’yijkni = %<<I>_,d5+>
S12 = éegbfi},,inﬁl_’yilmi”ni = é<®_,g_>
So1 = # ¢U(.7:)i_1,,.inﬁ2_’yi1"'i”77i = %<<I>_,g_>
F =dC—-HsNC = PG C = eBA Gt = dAJ
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Then we obtain

S11 = %ﬁl_’YiDm_lF—Z—égHijkﬁl_’yijkni = —%<<I>_,d<b+>
Sog = %ﬁQ_ViDmi—FZ—SHijkﬁQ_vijkni = %<<I>_,d5+>
S12 = éegbfi},,inﬁl_’yilmi”ni = %<<I>_,g_>
So1 = # ¢J(‘7:)i_1,,.inﬁ2_7i1"'i"77i = %<<I>_,g_>
F =dC—H3AC = PG C = eBA Gt = dAJ

Summarizing information, we obtain (also for type ITA)

S IB) = = !
ap(1B) e —e2¢(4)<<13_,g_> e%K++¢(4)<<I>_,d<I>+>

11, < —elK++¢(4)<(I)_,d(I)_|_> —62¢(4)<(I)_,g_> >
8

SWIIA) = —ebks (B A0 ) e (4,GY)
= —e —
AB 8 e2¢(4)<(1)_|_, g_|_> —G%K_+¢(4)<(I)_|_, d(I)_>
D PACY 1
g = e gu ¢ = ¢ JlogdetGy

- 58 /150 -
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N = 1 superpotentials and Kahler potentials can be read as

0, = Duf+ieK/2nyu§C K = K+_|_K__|_2¢(4)
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N = 1 superpotentials and Kahler potentials can be read as
0, = D&+ ief/2TW £ K = K, +K_+2p%
Most generic form of A/ = 1 superpotentials on SU(3) x SU(3) structure:

Wia = COSQOzew<<I>+, dd_) — sin” ae_w<®+, d$_> + sin 2c e¢<<I>+, Q+>

Wig = — cos” ozew<<1>_, d<I>+> + sin” ae_w<<1>_, d6+> — sin 2« e¢<<1>_, Q_>
G" = Go+ Ga+ Gs+ Go G = Gi+G3+0Gs
Gt = dAT C=e"A F=dC—-—HsAC = G
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N = 1 superpotentials and Kahler potentials can be read as
0, = D&+ ief/2TW £ K = K, +K_+2p%
Most generic form of A/ = 1 superpotentials on SU(3) x SU(3) structure:

Wia = COSQOzew<<I>+, dd_) — sin” ae_w<®+, d$_> + sin 2c e¢<<I>+, Q+>

Wig = — cos” ozew<<1>_, d<I>+> + sin” ae_w<<1>_, d6+> — sin 2« e¢<<1>_, Q_>
G" = Go+ Ga+ Gs+ Go G = Gi+G3+0Gs
Gt = dAT C=e"A F=dC—-—HsAC = G

Reducing to single SU(3)-structure by ni = n7 = 7., we obtain well-known forms:

200 = —6 = i In WIIB WGVW = —ie¢<f3 — TH3, Q>

2
o= % d®_ =0in Wia + Wiarr = e¢<e_6_uvg+>
7 . E ./ —B—3
8= o1 Gt =0inWua | Whatsar = i(e """/, d(ReQ))

a=cosae P2 bh=gsinaeP’2, + =Cy+ie?
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Truncation from 10 to 4

We have obtained Kahler potentials and superpotentials
which should appear in four-dimensional N/ = 1, 2 supergravity theories

in the language of ten-dimensional fields:

et = (&, Py) = i(2LFir— 2L F 4y

Wha/ms = + cos? aew<<I>i, dCIDqE> T sin? ae_w<<bi, d5¢> + sin 2« e¢<<I>i, Qi>
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Truncation from 10 to 4

We have obtained Kahler potentials and superpotentials
which should appear in four-dimensional N/ = 1, 2 supergravity theories

in the language of ten-dimensional fields:

et = (&, Py) = i(2LFir— 2L F 4y

Wha/ms = + cos? aew<<I>i, dCIDqE> T sin? oae_w<<1>i, d5¢> + sin 2« e¢<<I>i, gi>

Next task is to find a suitable truncation of massive modes

by decomposition M; g = M; 3 Xxw Mg  with T1 3 =TM; 3 and F=TMg
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M; g = My 3 Xy Mg is not straightforward!
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M; g = My 3 Xy Mg is not straightforward!

Vv If Mg is a Calabi-Yau

All the field deformations give massless modes in four-dimensional viewpoint

Corresponding fields on Mg are harmonic and are finite in number
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M; g = My 3 Xy Mg is not straightforward!

Vv If Mg is a Calabi-Yau

All the field deformations give massless modes in four-dimensional viewpoint

Corresponding fields on Mg are harmonic and are finite in number

v If Mg is a generic geometry (w/ torsion)
Existence of finite number of harmonic forms are not guaranteed..

Instead, we assume existence of a certain finite-dimensional subspace of A*T™*Mg

If there exists harmonic forms on Mg, we can evaluate the dimensions of the forms via Index theorem: T. Kimura arXiv:0704.2111
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Assumption the existence of finite-dimensional subset of p-forms:

AP APT*Mg U™ = U N Af e

finite

Note: the truncation should not break supersymmetry

--» special Kahler geometry on U should give special Kahler geometry on Ufnite

p

Mukai pairing (*,*) is non-degenerate on AL .

l.e., we require ¢ . .
if % c Uﬁmte, then >A< c Uflnlte
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First we introduce a set of basis forms (w/ Mukai pairing as symplectic structure):
even forms: X, = {wA,ZDB}, / <wA,cNuB> = 648, AB =0,...,b"
Mg

odd forms: ¥_ = {ak, "}, / (ak,8")y = 6", K,L = 0,...,b"
Mg

Using this, the pure spinors @ are expanded

(I)_|_ = € B(I)0_|_ = xACUA—gA(IJA

d_ = e_B(I)Q_ = ZKOéK—SjKﬁK

The compatibility is read as (w/ usingVV = z+ £ € E)
<wA,V-aK> = <wA,V-BK> = <C&A,V-oq<> = <c~uA,V-BK> = 0
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The truncated Kahler potentials by / (wa,w") =84" and (ag,B") = 6" are
Mg Mg

o~ K+ i (Dy, Dy ) i(TAgA—xAgA)

e N =i | (0B ) = i(ZFFk - 25T
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The truncated Kahler potentials by / (wa,w") =84" and (ag,B") = 6" are
Mg Mg

CDI
X
_|_
I
P
KA
+
o
T
I

(

i(TASA — xA§A>

e N =i | (0B ) = i(ZFFk - 25T

RR fields are also expanded as

A- = K ap + £, BE K ¢, scalars
type ITA:  { 77° S ax é{:ﬁN w/ €N€L
A]L = A{‘wAJrAleB A{‘,AlB: vectors

Al = £Awa + Eg P ¢4 £ scalars

type I1IB: < ~ w/
AT = Af ag + AL 8"

AKX Aip: vectors
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The truncated Kahler potentials by / (wa,w") =84" and (ag,B") = 6" are
Mg Mg

o~ K+ i (Dy, Dy ) i(TAgA—xAgA)

e N =i | (0B ) = i(ZFFk - 25T

RR fields are also expanded as

AT = K qp + &80 K ¢, . scalars

ype IIA: 4“0 = & oK gfﬁN w/ oée
\ A]L = A{‘wAJrAleB A{‘,AlB: vectors
(AT = Awa+ERDB A ¢p: scalars

type IIB:  { 7° gKA 23 . w/ IffB
AT = Al ag + AL 0 A, AL o vectors

Convenient to define dual antisymmetric tensor fields of Ay and Ajg":
Ay = A = CEKag+ Cyp pr AY > Af = Clwa+ CopdB

fK — Chg gK — (sz fA — Cagp gA — 5§4
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The most general differential conditions which can be imposed on basis forms are

A ~A K KA K ~A
dag ~ P wa+egaw dg™ ~ g wa+maw

K K ~A KA A AK
dwg ~ mPpag —exafl dwo” ~ —q¢ " axg+pr” 0

pr?, ¢®4, exa and m® 4 are (b 4+ 1) x (b~ + 1)-dimensional constant matrices

Not necessary to be closed as in Calabi-Yau
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The most general differential conditions which can be imposed on basis forms are

A ~A K KA K ~A
dag ~ P wa+egaw dg™ ~ g wa+maw

K K ~A KA A AK
dwg ~ mPpag —exafl dwo” ~ —q¢ " axg+pr” 0

pr?, ¢®4, exa and m® 4 are (b 4+ 1) x (b~ + 1)-dimensional constant matrices

Not necessary to be closed as in Calabi-Yau

A
Introduce a notation ¥, = ( gé ) > = ( %If ) and Q = ( ]ZJIL{A ;ﬁi )

In terms of them the above differential condition is
d¥_ ~ 0¥, d¥, ~ 8,078 )" 1x_

S.i: the symplectic structures on U=

Imposing d” = 0 on the charged matrix as 9S, Q0! = 0 = Q1 (S_)"1Q, we obtain

KA L K AL _
qg*ma” —m* 4q” =0

¢ pr? = ptrgtP =0

A A AL AL _
prear —exgap’ L =0  prTma” —exaq”” =0

B

K K K KB
maexp —eaxkm p=0 ma prg” —eaxq " =0
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Generation of mass terms

Kinetic terms |G,,|* generate mass terms via truncation of fields:

Type IIA:

ggp = d.Agp_l ~ dGAQ_ + d4¢41|_ = Df‘ waA + EQA oA
D = d4Af + Cf pr? + Cak g5
Doy = dyAd + CF e + Cogm® 4
Type IIB:
Gopr1 = dAsy ~ deAF +dyA] = DE ag + Do 5%
DE = d AKX — O mE 4+ Cou g%
Dox = d4AF +Cfeax — Conpr?
Then charge matrices give massive modes of RR fields:

K A KA
EAK m A PK q

ITA | massive A;‘L‘ massive A;:‘ massive C’ZK massive Cox

IIB | massive A% massive C24 massive AKX massive Cy4
I 2 2
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Puzzle: nongeometric information beyond conventional geometric fluxes

M. Grana, J. Louis, D. Waldram hep-th /0612237

Recall that ®_ are expanded in terms of truncation bases >, and > _.

Whenever C|| # 0, the structure ®, contains a scalar. This implies that at least one of the forms in
the basis ¥ contains a scalar. Let us call this element ., and take the simple case where the only

non-zero elements of Q are those of the form Q;' (where I=1,...,2b +2).

Thusd(X_); = leZi and so if Q;' # 0 then (dX_); contains a scalar.

But this is not possible if d is an honest exterior derivative, acting as d : A’ — AP

The same is true if ¢ is zero. In this case, there may be no scalars in any of the even forms X, and
for an “honest” d operator, there should be then no one-forms in d3¥_. But we again see from that

® _ contains a one-form, and as a consequence so do some of the elements in 3. _.
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One way to generate a completely general charge matrix Q in this picture is to consider a modified
operator d which is now a generic map d : UT — U~ which satisfies d> = 0 but does not transform

the degree of a form properly.

In particular, the operator d can map a p-form to a (p — 1)-form.

Of course, this d does not act this way in conventional geometrical compactifications.

One is thus led to conjecture that to obtain a generic © we must consider non-geometrical

compactifications. One can still use the structures
d¥_ ~ 9O%,, d¥; ~ S,07(s8.) 'm_

to derive sensible effective actions, expanding in bases 3., and >._ with a generalised d operator,

but there is of course now no interpretation in terms of differential forms and the exterior derivative.

--+ introduce generalized fluxes
(not only geometrical H- and f-fluxes, but also Q- and R-fluxes)
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For a geometrical background it is natural to consider forms of the type

w = e_mel,_,mp e ANeP W/ Wi, ...m, constant

Acting with d on w we find
dw = —HAw+ f tW, (f ) w)ml...mp+1 — fa[m1m2|wa|m3...mp_|_1]

The natural nongeometrical extension is then to an operator D such that

Dv = —-HNw+f w+Q w+ RLw,

b b
(Q 'w)ml...mp_l — Qa [m1w|ab|m2...mp_1]7 (R '—w)ml...mp_g = R Cwabcml...mp_g

Requiring D? = 0 implies that same conditions on fluxes as arose from the Jacobi identities
for the extended Lie algebra
[ Zas Zb] = fav® Ze+ Hape X©
[Xa’,Xb: — Qabc Xe Rabe Z.
(X Zy] = f%e X — Q% Z,

We can see nongeometrical information in @ as contribution from () and R.

- 78 /150 -
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ype 1A

Type ITA Killing prepotentials P in Sap w/ G" = dA; + Gligwa + Grpyan ™
4
P +iP? = —Qe%K+¢()/ (P4, dD_)
Mg
1 444 A K A K A oK AK
= 2e?2 (—DC eaxZ + X" ma Fx — Gap K + Gaq 9}()
4
,P3 — 62¢( )/ <®+,g+>
Mg

(4) ~ g £
— % [DCA(G(RR)A +ear€” +ma"€x) + 5a(Girry + " K€" + qAKgK)]

N =1 superpotential Wiy4 is given by

Wia = Cos2ozew/ <<I>+,d<1>_>—sin2oze_w/

y y <<I>+,d5_>—|—sin2oze¢(4)/ (®4,G7)
6 6

Mg
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Type IIB Killing prepotentials P* in Sap w/ ¢~ =dA; +G{§R)aK+CN}(RR)LﬁLZ
1 .2 lK AC)
P —iP° = —2e2°F <<I> ,ddy)
o K e K A LK. A K oA KA
— 92e27 T (—Z, eKADC — 7 PK 9A‘|‘3'~Km Ax ‘|‘3'~Kq 9A)
3 _e2¢(4)/ (®_,G7)
Mg

(4) ~ = 3
= —e* [ZK(G(RR)K — exal” + PKA‘SA) + Ik (G{ER) +mag” - qKAgA)]

N =1 superpotential Wyig is given by

Wns = —cos2aew/ <<I>_,d<I>+>—I—Sin2ae_i5/
Mg M

(®_,ddy) —sin2ae¢(4)/ (P_,G7)

Mg
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Generically, scalar potential V' in four-dimensional theory is

Vo= X (gGEDaW DyW — 3|W|2)

95 = 0.05(K4+ K_ +2¢W) DW = (8a+ 0. K)W

Expanded the scalar potential V' by “scalar fields” {DCA,gA,gA, ZK,fK,gK},
we would obtain non-trivial mass terms in N/ = 1 theory

--3 so-called moduli stabilization

S.B. Giddings, S. Kachru, J. Polchinski hep-th /0105097 S. Kachru, M.B. Schulz, S. Trivedi hep-th/0201028
R. Kallosh hep-th /0510024 S. Bellucci, S. Ferrara, R. Kallosh, A. Marrani arXiv:0711.4547 L. Anguelova arXiv:0806.3820

and references therein (more than hundreds papers!)
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Summary of generalized geometry

» Introduce a pair of SU(3) structures on F' ~ SU(3) x SU(3) structure on F' @ F*
» Define generalized complex structures J;

» Construct Spin(6,6) pure spinors @

» Evaluate the space of pure spinors, and define Hitchin functional H(®4.)

» Derive Kahler potentials K1 and superpotentials Wi /11

» Truncation of ten-dimensional fields

Remaining problem of flux compactification in type ITA /IIB is...

to find concrete dimensions b* of (non-)harmonic forms on compactified geometry Mg!

— a (mathematical) future problem
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Supergravity on (twisted) torus with B-field

Start from low energy effective field theory for ten-dimensional string theory including

1
S = / 40z —ge—Q@{R + 4(V®)? — EHMNPHMNP}

H = dB

Consider the field theory compactified on (twisted) torus in the presence of B-field.

motivation
{ duality relations among flux vacua }

N. Kaloper, R.C. Myers hep-th/9901045
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Physical fields compactified on d-torus

Decomposition of fields by Kaluza-Klein compactification on a flat d-torus

d82 — g,ul/(x7 y)dxﬂ ® dQZV + gij(x’ y) (dyz + Viu(xa y)dxu) X (dyj + le/(x7 y)dxy)

1 -1 . .
B = 58/“/(33, y)dz" AN dz” + Bi(x, y)dz" A dy" + iBij(a}, y)dy" A dy’

with Ansatz (truncation of massive Kaluza-Klein modes)

G (z,y) = gu(z), Gij(z,y) = gi;(z), Vi(zy) = Vi)

Bw(z,y) = Bu(z),  Bu(z,y) = Bul(z), Bij(z,y) = Bij(z)

B(z,y) = gb(a:)—l—ilog]det 9i;(2)|

Reduced degrees of freedom to demonstrate manifest gauge invariance:

= Bij, Bui = Bui+ BV,

B, = Bu + VB, — BV, V7,

Tetsuji KIMURA: Generalized/doubled /nongeometric string backgrounds -85 /150 -



Reduced D-dim. action compactified on a flat d-torus (1D = 10 — d):
S = /dD:U\/—g e_2¢{R + 4(V)® — %HWPHWP

1 1
-+ gL[JvuMJK LKLVMMLI — ZFJVL]JMJKLKLFLMV

This theory has [/ (1)?? gauge symmetry and a manifest global O(d, d) symmetry with

ii — Bir 9" Bij B g™ O(d, d
My = i .kk g kg : moduli, taking values in (d, d)
—g"" By, g O(d) x O(d)
%4 3
I I I 7 I J
F — dA y A’u — ) H,Lbl/p — 3 a[MBVp] -_— — A[,u L|IJ| pr]
B, 2
[ 04 1y4 O(d, d) invariant metric s.t.
-\ 1a 04 VM € O(d,d), MLM" = L
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Non-abelian gauge symmetry from a 2d-dimensional subgroup G of O(d, d):
Fundamental repr. of O(d, d) becomes adjoint repr. of G under embedding
K 1o K
17,75 = tr;" T, 17 = 561 myK

Ty : generators of G with structure constant t; ;%

{ myx: generators of O(d,d)

©;7% . embedding tensor
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Then, D-dimensional theory with gauge symmetry G is
S = /de\/jge_2¢{R + 4(Ve)® — 1—12HWPH“”P

+ éLUDMM‘]KLKLD“MM — %FJVMJKLKLFLW— gQW(./\/l)}
with covariantized form (via Scherk-Schwarz reduction with t;;x = t;7;"Lir)

DM = 9 M — gt AT MY — gt T AT M
F = dA+gANAA

1 9
0 = dB—gtr(A/\F—k?gA/\A/\A)

1 / / / 1 / / /
W(M) = BMII MJJ MKK trog bty g — ZMII L’ e tror tpr g g

A. Dabholkar, C.M. Hull hep-th /0512005
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T are (non-)abelian generators for gauge fields A/{L = (Viu, BW;)T:

Z;: generators for V', | ] fig" Zk ik
I35 4 XL X9 =0
X" : generators for B,; o i i
[X 7Zj_ — f ij

/

fl?l’[ifjk:]i =0 Jacobi id.
hiiifrgt =0 dH3 =0
fiij =0 invariance of \/—g

fijk © structure constant of twisted torus
hijk: (minus) VEV of three-form H,y

Twisted torus is introduced by vielbein dy* — e* = e%;(y) dy":

9i;(x) — Gy(z,y) = gan(z) e (y) €’5(y)

gij(x) (dyi + Viudx“) (dyj + Vj,/d:c”) —  gaw(z)(e"(y) + V*, dz") (eb(y) + bedx”)

We often switch off 4-dim. fluctuations: gu,(x) — dap, Bapr(x) — 0, Gii(x,y) — Gij(y).
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Extension of the Lie algebra

[Zaa Zb — fabc Zc + habc X€
(X4, X% =0
[Xa’ Zb — fachc
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Extension of the Lie algebra

[chZb: — fabCZc+hachC
(X4, X% =0
[Xaazb: — fachc

Y

[Zaa Zb — fabc Zc + habc X°
[Xa,Xb: — Qabc Xc¢ e Rabc Zc
[Xaa Zb — fabc X — Qacb Zc

Why should we study additional structure constants Q“°. and R**“?
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Extension of the Lie algebra

[Zaazb: — fabCZc+hachC
(X4, X% =0
[Xaazb: — fachc

Y

[Zaa Zb — fabc Zc + habc X°
a b1 __ ab c abc
X X% = Q. X+ R"Z,
[Xaa Zb — fabc X — Qacb Zc

Why should we study additional structure constants (Q%°. and R*<?

l

Because they are related via T-duality transformations

They also appear in generalized geometry

J. Shelton, W. Taylor, B. Wecht hep-th/0508133 A. Dabholkar, C.M. Hull hep-th /0512005
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Rabc

etries generated by T-duality transformations: an example

T-duality transformation

T-duality transformation

T-duality transformation
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Rabc

netries generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation

T-duality transformation

T-duality transformation
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Rabc

ries generated by T-duality transformations: an example

Flat torus with three-form flux
T-duality transformation

Twisted torus with non-trivial isometry group

T-duality transformation

T-duality transformation
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Rabc

generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation

Twisted torus with non-trivial isometry group
T-duality transformation

T-fold globally nongeometric, locally geometric: stringy

T-duality transformation

Tetsuji KIMURA: Generalized/doubled /nongeometric string backgrounds

- 96 /150 -




Rabc

generated by T-duality transformations: an example

Flat torus with three-form flux

T-duality transformation

Twisted torus with non-trivial isometry group

T-duality transformation

T-fold globally nongeometric, locally geometric: stringy

T-duality transformation

Nongeometric background even locally: stringy

Tetsuji KIMURA: Generalized/doubled /nongeometric string backgrounds
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nerated by T-duality transformations: an example

hape | Flat torus with three-form flux
! T-duality transformation
f%e | Twisted torus with non-trivial isometry group
l T-duality transformation
Q2. | T-fold globally nongeometric, locally geometric: stringy

l T-duality transformation

R%c | Nongeometric background even locally: stringy

In order to include the above information,
we double the compactified geometry from N, to Moy = My X J\NId

and study an extended sigma model on it. --+ Doubled Formalism

C.M. Hull hep-th/0406102 hep-th/0605149  C.M. Hull, R.A. Reid-Edwards hep-th/0503114 arXiv:0711.4818
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Doubled formalism

Glue two local patches of a conventional string background with transition function by

diffeomorphism
and

duality transformations
Let Y be fields in sigma model corresponding to coordinates y* on a space M.

In formulating CFT on Mgy,

extra d coordinates Y; on a dual space M, are needed
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Doubled sigma model with Wess-Zumino term

Start with a sigma model on a space M4 with metric G;;(Y) and B-field B;;(Y):

1 . . . .
Sc — 5/ ( G@'j dYZ A\ *dYJ -+ Bij dYZ N dYJ>
b))
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Ied sigma model with Wess-Zumino term

Start with a sigma model on a space M4 with metric G;;(Y) and B-field B;;(Y):

1 . . . .
Sc — 5/ ( G’ij dY* A\ >l<de‘7 -+ Bz'j dYZ N dY‘7>
b))

Extend to the action with the Wess-Zumino term on a doubled space Msy (= G/T)

1 1
S = —/MABPA/\*PB+—/tABcPAAPB/\PC
s 12 J,,

string worldsheet (without boundary)
an extension of X s.t. 9V =X

2d-dim. (non-)compact Lie group with [T'4,T5] = ta5“ Tc

= QM

a discrete subgroup of GG chosen s.t. My, is compact
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: . 1 1
Constituents of the action S = 1/ Mag PAA«PE 4+ E/ tapc PAAPEAPC
> 1%
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. . 1 1
Constituents of the action S = 1/ Mag PAA«PE 4+ E/ tapc PAAPEAPC
5 1%

v Scalar fields of doubled coordinates and doubled vielbeins:

Y P =g 'dg = P (rTa)dY' with g€ G C O(d,d)
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. . 1 1
Constituents of the action S = 1/ Mag PAA«PE 4+ ﬁ/ tapc PAAPEAPC
5 1%

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y P =g 'dg = P (rTa)dY' with g€ G C O(d,d)

/" Bianchi identity (Maurer-Cartan eq.):

dP* = —Ztpc PP A PC
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. . 1 1
Constituents of the action S = 1/ Mag PAA«PE 4+ E/ tapc PAAPEAPC
5 1%

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y P =g 'dg = P (rTa)dY' with g€ G C O(d,d)

/" Bianchi identity (Maurer-Cartan eq.):

dP* = —Ztpc PP A PC

/" Doubled metric from doubled vielbeins:

O(d, d
Mag =Pal M;;P 5, M takes values in a coset (d, d)

O(d) x O(d)
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. . 1 1
Constituents of the action S = 1/ Mag PAA«PE 4+ E/ tapc PAAPEAPC
5 1%

/" Scalar fields of doubled coordinates and doubled vielbeins:
Y P =g 'dg = P (rTa)dY' with g€ G C O(d,d)

/" Bianchi identity (Maurer-Cartan eq.):

dP* = —Ztpc PP A PC

/" Doubled metric from doubled vielbeins:

O(d, d)

Mag =Pal M;;P 5, M takes values in a coset O{d) x O(d)

/" Self-duality constraint (to go back to conventional system):

PA = LAB Mpc * PC
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npose doubled space into physical/dual spaces

Generators of the Lie algebra T4 given by 2d x 2d matrix projectors 1145, 4 5:
%0 = Mo, T0°%0 = 0, Tp+1'p = 65

1T ~ 0
145 = B : 145 = ~
0 I, 5

~

N5 LAPTs, Z, = U,z LPTx

g
I

Then the doubled coordinates, metric and vielbeins are polarized as

Y? ~ ~ 0
Yi = 11,Y/ = Y =1y = | -
0 Y;

Gij — Bix G*' B Bix GV
My, = g )
G By, G
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- Global/local symmetry in doubled formalism

O(d, d)
O(d) x O(d)

M takes values in a coset

This sigma model on the doubled space M5, has
O(d, d) global symmetry by p € O(d,d) with pAcLCP ppP = LAB:
YI _ Y/I _ pijJ
PA](Y) N P/AI(Y/) _ pAB PBJ(Y,) ,OJI

Mps(Y) — Mp;(Y) = pr™ Mgr(Y)p",

Basis vector is kept invariant under the transformation: so-called “active transformation”

O(d) x O(d) local symmetry: PA(Y) — P'41(Y) = h5(Y) PE(Y)
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O(d, d) transformation including T-duality

peO(d,d); Y' — Y'=p,¥Y, PYY) - P4Y)=ptsP?;(Y)p’;
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O(d, d) transformation including T-duality

p€O(d,d); Y — Y'=p; ¥ PAY) - PAY)=ptsP?;(Y)p’s
—— A realization of fractional transformation of M;; = G;; + B;; ——
A B

— . M— (DM+0)(BM+ A)""
o o b (DM+ ©)(BM+ A)

© : gauge transformation of B-field B — B+ ©
{ D, A : diffeomorphism
B : duality transformation with mixing Y and Y;
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1, d) transformation including T-duality

peO(d,d); Y' — Y'=p,¥Y, PYY) - P4Y)=ptsP?;(Y)p’;
—— A realization of fractional transformation of M;; = G;; + B;; ——
A B

— . M— (DM+0)(BM+ A)""
o o b (DM+ ©)(BM+ A)

© : gauge transformation of B-field B — B+ ©
{ D,A: diffeomorphism
B : duality transformation with mixing Y and Y;

N J
T-duality transformation (ex. d = 3 case):

13 —T; T;
T, 13— 1T,

This action exchanges physical coordinates Y* with dual coordinates 17@
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Role of L in doubled space

Reduction of (co)tangent bundle of doubled space My,

LAB _ <PA,PB> _ <(Ifd (:I]:;d)’ LIJ — <dYI,dYJ> _ PIALABPBJ
d d

This implies T" Moy = TMy D T*My s.t.

LY, i v d
(Y,dY;) = 6 — Y = o
pA _ PAI ay! — Neaz' dy™” _ e, dY"
e, (dY; — B;; dY7) ea’ (gy7 — Bij dY7)

a connection to Generalized Geometry
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Self-duality constraint

Using the worldsheet coordinates o, we see the self-duality constraint as
P4 = LY Mpc+P¢  «—— Y = LMk «dY"™

afl — di . _|_7 o
(0aY" = V=iea® LY My 95¥5 ) do® = 0w/ { : g 1 1ag€ 1(0 )
01 pr— pr—

Taking the polarization, we obtain a set of non-trivial equations:

(80 + 81)172 = (BZJ(Y, i}) + Gij(Y, )7)) (80 + 81)Yj

Then the dual coordinates Y; are related to the physical coordinates Y.
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Start from a flat three-torus T with a three-form flux H given by the following forms:

ds?> = (dz)’+ (dy)* + (d2)®,  H = dB = mdz Ady Adz

with a symmetric gauge B = k(a:dy/\dz+ydz/\da:+zdx/\dy), k:%
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Start from a flat three-torus T with a three-form flux H given by the following forms:

ds?> = (dz)’+ (dy)* + (d2)®,  H = dB = mdz Ady Adz

with a symmetric gauge B = k(zﬂdyAdz+ydz/\dx+sz;Ady), k:%

Doubled vielbein P4} and doubled metric M;; = P25 45PP s are given as

[ 1 0 0 10 0 0
0 1 0 '0 0 O
pA, ( i 0 ) _ |00 10 0 0
—ea’ Bj;  eq' 0 —kz ky | 1 0 O
kz 0 —kx.:0 1 0
\ ~ky kz 0 10 0 1 )
/1—i—k2y2—|—k222 kzxy — k%22 : 0 kz —ky\
—kQ:Uy 1—|—k2x2—|—k2z2 —k:2yz L —kz 0 kx
My = | —klzx —Kyz L+ k% + K%y 0 ky  —kx 0
0 —kz ky | 0 0
kz 0 —kx .0 1 0
\ —ky kx 0 0 0 1)
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a

Bianchi identity of doubled vielbein P4 = ( > ) gives a structure constant t 45"
dP' = o, dP® = 0, dP® = 0
~ 2m 3 ~ 2m 4 1 ~ 2m 3
dpl — ?P /\73 s dPQ — —7) /\7) 3 dPg — ?P /\7’—)
a ~ r b c
dP* = 0, dP, = —twcP AP
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a

Bianchi identity of doubled vielbein P4 = ( > ) gives a structure constant t4p
dP' = o, dP® = 0, dP® = 0
~ 2m 3 ~ 2m 4 1 ~ 2m 3
dpl — ?P /\73 s dPQ — —7) /\7) 3 dPg — ?P /\7’—)
a - r b c
dP* = 0, dP, = —twcP AP

Then we can read the structure constant ¢,;,. = h.p Of the Lie algebra as
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Periodicity of physical coordinates Y* and dual coordinates 17@

(z,9,2) ~ (x+ 1,7+ kz,z — ky) o~ T4
(y,2,%) ~ (y+ 1,2+ ka, T — kz) 7o~ 41
(z,%,79) ~ (z+1,Z + ky,y — kx) T~ 341

This does not change the metric G;; and the B-field B;;.
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Periodicity of physical coordinates Y* and dual coordinates ﬁ

(y,2,%) ~ (y+ 1,2+ ka, T — kz) 7o~ 41
(2,%,9) ~ (z+ 1, + ky,y — kx) T~ 341

This does not change the metric G;; and the B-field B;;.

Self-duality constraint: Y’ = (z,y,2), Y, = (2,7,2) and o= =o' + o'

{ 0+Y; = (Bi;(Y) F ;) 5’in}

We can completely take the projection onto the physical space

--+» geometric background

Tetsuji KIMURA: Generalized /doubled /nongeometric string backgrounds

- 119 /150 -



Doubled vielbein by T-duality along z-direction:

( 1 0 0:0 0 0 \
0 1 0:'0 O O
A A B J —ky kx 1!:0 O 0
(Pf) I — (Pz) BP J(Pz) I — "'(')""'_'k'z'"(')':"l"'(')""k'y"'
kz 0 0.0 1 —kax
0:0 O

(Mf)IJ - (PZ)[K MKTL (Pz)LJ

“Metric” Gy and “B-field” By can be read from the doubled metric as

1+ k2y2 —k233y —ky 0 kz O
(Gp)ij = —k2zy 14 Kk%2%  kax , (Bpij = —kZ 0 0
—ky kx 1 0 0 0
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a

Bianchi identity of doubled vielbein P4 = ( 72 ) gives a structure constant t4p

Pa
2
aP' = o, apP? = 0, d7>3:?m7>1m>2
~ 2m 5 ~ ~ 2m ~ 1 ~
dplz?'P N Ps, szz?Pg/\P, dP; = 0
a 1 a b c -~ 1 c b ~
dP* = —— WP AP, dP, = ——tu P AP

Then we can read the structure constant ¢,,“ = f,,© as

[Za,Zb] — fa,b6267 [XCL’Zb] — fabCXca f123 — —m
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Periodicity of physical coordinates Y* and dual coordinates 17@

(x,y,2z) ~ (x+ 1,y + kz,z — ky) T ~ T4+1
(y,2,2) ~ (y+1,z+ kx,z — kz) g o~ g+1

ds? = (dz)’ + (dy)” + (dz — kydz + kazdy)®, B = kzdzAdy

The metric is invariant and the B-field is shifted via this periodic shift.
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Periodicity of physical coordinates Y* and dual coordinates 17@

(x,y,2z) ~ (x+ 1,y + kz,z — ky) T ~ T4+1
(y,2,2) ~ (y+1,z+ kx,z — kz) g o~ g+1

ds? = (dz)’ + (dy)” + (dz — kydz + kazdy)®, B = kzdzAdy

The metric is invariant and the B-field is shifted via this periodic shift.

Self-duality constraint is 8il7i = (Bw(f/) T Gij(Y)) 0LY7
We can completely take the projection on the physical space

--+ geometric background

z
-
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Doubled vielbein by T-duality along (y, z)-directions:

( 1 0 0:0 0 0 \
k2 1 0:'0 0 —kz
A A B J —ky 0 1'0 kax 0
(PQ) I = (Pypz) BP J(Pzpy) I = 000 V1T SRE TRy
O 0 0.0 1 0
\ 0 0 0i0 O 1)

(MQ)IJ - (pypZ)IKMKL<,OZPy)LJ = Q

The “metric” Gg and “B-field” Bg are
1+ k222 + 5724+ 2%) kZ —ky

1 _
(CQis = 72,2 kz L0
kY 0 1
) 0 —k2x§ — k2%
_ 2~
(BQ>z'j = 11 k222 k“xy 0 —kx
k’xz kx 0
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local O(3) x O(3) transformation to describe correct form of doubled vielbein

p’A:hAPBZ( (e0)" 03.)
(PQ) "1 5(PQ) "1 —(e@)a? (BQ)ji  (eQ)a

( 1 0 0 10 0 0 \
kZ 1 :
0 . 0 0 0
1—|—k2x2 1—|—k2x2 !
kY 1 :
0 ' 0 0 0
B R B et . V5 14+k222 1 o __.
0 0 0 ' —kZ kg
2 :
K2 0 ke o /T ka2 0
14-k22 14+Ek242 :
2 .
k“xz kx 2,2
— 0 0 0 v 1+ k4x
K V1+k222 V1+k222 ! )

(1 0 0 éo 0 0o\
0 1+1k2x2 0 i 0 0 ﬁ%z
R T v Al v
0 0 0 i1 0 0
0 0 14??%2 i 0 1—|—1k23c2 0
v e re- S v A
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a

Bianchi identity of doubled vielbein P4 = ( 5 ) gives a structure constant t4p
1 2 2m ~ 1 3 2m 1
dp — O, dp — ?733/\73 s dP — ?73 /\7)2
~ 2m ~ ~ ~ ~
dPl — ? 7)2 A\ 7)3 3 dPQ =0 3 dPg =0
a 1 ab 1~ c ~ 1 bc ~ ~
dP* = —t" Py AP, APy = —Ct P AP

Then we can read the structure constant t*°. = Q. as

[XaaXb] — Qachca [ZaaXb] — Qabczca Q123 = —m
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Periodicity of physical coordinates Y* and dual ones 172

y o~ y+1 (7,2,8) ~ (F+1,2+ ks, 7 — k3)
z ~ z+1 (z,z,y) ~ (z+ 1,2+ ky,y — kx)

1
A5 = (de)’ + 15 (dy + k2 da)” + (dz — kyda)’]

This periodic shift yields a G-trsf: duality trsf. --» globally nongeometric

- 127 /150 -
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Periodicity of physical coordinates Y* and dual ones 17@

y o~ y+1 (7,2,8) ~ (F+1,2+ ks, 7 — k3)
z ~ z+1 (z,z,y) ~ (z+ 1,2+ ky,y — kx)

1
A5 = (de)’ + 15 (dy + k2 da)” + (dz — kyda)’]

This periodic shift yields a (3-trsf: duality trsf.

However, imposing the self-duality constraint,

--+ globally nongeometric

we see that this duality transformation is interpreted as T-duality on fibred 72

in terms of only the physical coordinate objects --+ locally geometric

- 128 /150 -
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Doubled vielbein by T-duality along (x, ¥, z)-directions:

(1 0 0! 0 —k¥ ki
0 1 0. kz 0 —kz
A A 0 0 1' —ky kT 0
(PR) I — (Pxpypz) BPBJ(PzPny)JI = "d"b'"o"i"'l'q""g """ 6"'
0 0 0' 0 1 0
\ 0 0 01 0 0 1 )

(MR);; = (papyp:),™ Mt (papypz) ™y =

The “metric” Ggr and “B-field” Bgr can be read from the doubled metric as

1+ k232 k’Zy k’z% 0 —kz ky
(GR)ij = X KTy 1+ KR KR , (Br)ij = x| kz 0 —kZ
k’z% K25z 1+ k232 —ky  kx 0
1
X =

1+ k222 + k292 + k222
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local O(3) x O(3) transformation to describe correct form of doubled vielbein

/ ep)%; 0
(Pr)*1 = 1 p(PR) P = ( _(e}i)f}(émﬂ (eR?))ai )
[ x+k%7) x(WZEg+kz) (k2T -kp) |0 0 0
(K257 — k%) x(1 + k252) X(k2GZ + k) 10 0 0
B X(szx + ky) X(k2§z — kx) x(1+ k:2z2) L0 0 0
T TERAEE YD) gk x(F—kp L 1 kE kg
(2T — k3 —kPx@E2 432 x(KPE4RD) 0 —kF 1 kT
\ x(k?2T + ky)  x(K27E - kT)  —k*x@2+7%) 0k —kT 1)
[ 14 k232 K257 + kZ K257 — kg ' k232432 K2ag 4 kE K237 — b
K257 — kZ 1+ k252 Kz kw0 k2Eg - k3 k232 +72) K25 4+ k3
WAy =y | WEokE I L KRk KPR R
K202 122 K2ip+ kE K22 —ky ' 14 k2% k257 + k2 K25F — kG
K255 — k% KE2 472 KR+ kE 0 KREg— k2 1+ k252 K297 + k3
k237 4+ kg k257 — k& k2@ 4+ 5% K2 T+ kY k297 — k& 1+ k232
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a

Bianchi identity of doubled vielbein P4 = ( 72 ) gives a structure constant t4p

Pa
1 2m~ ~ 2 2m~ ~ 3 2m~ —~
dp — ?PQ/\P?,, dP — ?P:g/\?jl, dP — ?7;&/\732
dP, = 0, dP, = 0, dP; = 0
a ™M abe ~ ~
dP” = —Et Py N Pe, dP, = 0

Then we can read the structure constant %°¢ = R%b¢ 3¢

[Xa,Xb] — RCLbCZC) R123 — —m

Tetsuji KIMURA: Generalized /doubled /nongeometric string backgrounds
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Periodicity of physical coordinates Y* and dual coordinates ﬁ

r ~ x+1 (z,y,2) ~ (x+1,y+kz,z — ky)

y ~ y+1 (y,z,x) ~ (y+1,z+ kx,x — kZ2)

z ~ z+4+1 (z,z,y) ~ (Z+ 1,z + ky,y — k)
1

ds® =

[ LR e [(dx)2 + (dy)? + (d2)? + K*(Tde + g dy + zdz)ﬂ

This periodic shift yields a g-trsf: duality trsf. --» globally nongeometric

The self-duality constraint does not yield a well-defined projection

--+ locally nongeometric

Tetsuji KIMURA: Generalized /doubled /nongeometric string backgrounds
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ary of example

T-dual T-dual
——— —_—
habc fabc Rabc
flat-torus nilmanifold T-fold nongeometric
stringy stringy

T-duality in the presence of B-field generates geometric/nongeometric backgrounds.
They also have to be investigated as low energy stringy geometries.
Extended formalism can proceed the analysis.

Generalized geometry would also know the existence of ()- and R-fluxes.

M. Grafia, J. Louis, D. Waldram hep-th /0612237 M. Grana, R. Minasian, M. Petrini, D. Waldram arXiv:0807.4527
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Summary of doubled geometry

» Start from scalar moduli matrix in supergravity on My
» Introduce doubled space M5, induced by B-field
» Perform T-duality transformations

» Evaluate Lie algebra and geometries

Extend to U-fold endowed with U-duality transformation (hidden symmetry)
7 Supersymmetry on doubled geometry 7

? Investigate quantum aspects of the doubled sigma model 7
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ey Summary and Discussions




Summary and Discussions

Here we have studied two typical extensions of compactified geometry:

generalized geometry and  doubled formalism

© Generalized geometry provides the most general descriptions of the Kahler potentials and

the superpotentials.

© Doubled formalism indicates the origin of nongeometric backgrounds which appears via

T-duality transformations

Next we should...
» Find a way to analyze dimensions of moduli spaces
» Find relations between generalized geometry and doubled formalism
» Find application to moduli stabilization, landscape of flux vacua, etc.
» Include D-branes (and orientifold planes) into generalized/doubled geometries

C. Albertsson, TK, R.A. Reid-Edwards “D-branes and doubled geometry,” arXiv:0806.1783
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Appendix: Search for supersymmetric backgrounds

Compactification Ansatz for the ten-dimensional spacetime:
Mio = My 3 xwMs
013%,9 = GyundzMdzN = 62‘49“;/ dx# dz” + G;; dy* dy?
Maximal symmetry of M; 3 — (fermions) = 0

Supersymmetric vacuum « (§(fermions)) = 0

\Ifl 61 1 €1
s| M) = pu| | - oo (n" ¥ Hran — 99" Hare) P |
vy, € 96 .
1 5gm, N N &
- Z 64ml [(n — Dym —n(9 —n)oy 1y ]J:Nl...anPn ,
n ) €
n ' P ' P question: P, in ITA
: : n/2? n/20_1?
A | 0,2,4,6,8 | ~1 | (yi1)"%0} (711) (711)
_________________________ E_________E________________ hep-th/0103233 hep-th /0505264
1I1B 1’ 5’ 9 E 3 E ,I:O-2 hep-th /0602241 hep-th/0509003
1 _O- 1
37 7 : : 0'1
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Decomposition of Lorentz symmetry:

Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16, = (2,4)1 @ (2,4)1, 16, = (2,4), @ (2,4),

Decomposition of supersymmetry parameters (with a,b € C):

{ efa = & @ (ani) + &L ® (anl) { e = &L @ (an}) + &L @ (ant)
efia = & @ (n?)+£ @ () etip = £ ® () + &2 @ (bn?)

Set SU(3) invariant spinor n? s.t. D(T)nf =0 (4=1,2):

spacetime M, 3 compactified space Mg
N =2 (€1, a pair of SU(3) (1}, n%)
l l
N=1 (L= =¢) a single SU(3) (n}. = n% = n4)

back to spinor decompositions
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Appendix: Calabi-Yau compactifications of type II theories

NS-NS fields in ten-dimensional spacetime are expanded as
o(z,y) = ¢(z) -
Gon(9) = (@) hnw): Gor) = 124 (T )
Ba(z,y) = Ba(z)+ b"(z)wa(y)
R-R fields in type ITA are
Ci(z,y) = CP(x) N
Ca(x,y) = CH(@)waly) + 8 (2)ar(y) — Ex(2) 8" (y)
R-R fields in type IIB are

cohomology class basis

H®D Wa a=1,... LD
HO g g1 wa = (1,w,) A=0,1,....p0LY
H(2:2) w0? a=1,..., 0D
H@D Yk k=1,...,h(&D
H (ax, B5) K =01,... A%Y
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Four-dimensional type ITA N = 2 ungauged supergravity action of bosonic fields is

1 1 1
Sﬁi{:/ <—§R*1—|—§ReNABFA/\FB+§ImNABFA/\*FB
Miy,3

G dt® A dl” — hyy dg* A dg”)

gravity multiplet (9 CY) 1
vector multiplet (C¢,v®, b%) a=1,...,hALY
hypermultiplet (2F, €k, gk) k=1,...,h&D
tensor multiplet (Ba, ¢, £, &) 1
Various functions in the actions:
B4id = (b +iv)w, = t%wq KKS:—log(%/ J/\J/\J)
M
Kape = / Wy N\ wp A\ W Kap = / Wa AN wp A J = Kupot°
Mg Mg
K, = / Wa ANIANT = Koype'?v© K = / IANIANT = Kypev®vov©
Mg M
1 apbre 1 byc apb b
— 20?070 2IC41:0"D K[ 14+4G 109" —4G b
ReNap = i ’ 27ab ImN g = —— b b
§Kabcbbbc _’Cabcbc 6 _4Gabbb 4Gab
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Four-dimensional type IIB N = 2 ungauged supergravity action of bosonic fields is

2

1 1 1
S = /3 (——R*L+5&M@QFKAFL+§mmAmJKA*FL
My 3 B
Gzt A «dz! = Ry AP A <)

gravity multiplet (G V) 1
vector multiplet (Vi 2F) k=1,...,h3D
hypermultiplet (0%, 0%, c%, pa) a=1,... AL
tensor multiplet (Bs, Ca, ¢, Cp) 1
Various functions in the actions:
O =2Far — FpE P =25 /20 Frr = 0.Fk
B /Xk NX7 B
K® = —log (z / QA Q) Gu=— = 0,107K®
Me /QAQ
,(Im?)KMZM(Im?)LNZN

= F 2
MKL KL+ 2 Z,N(Im?)NMZM
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Appendix: SU(3)-structure manifold with torsion

‘1] Information from Killing spinor egs. with torsion D). = 0 (Fcomplex Weyl 1)

Invariant p-forms on SU (3)-structure manifold:

a real two-form J;; = T2inl ~;; 1.

a holomorphic three-form 2, = —21 ' YVijk My

3 — _
dJ = §Im(W19)—|—W4/\J—I—W3 dQ2 = WiJAJ+WoANJ+Ws5AQ

Five classes of (intrinsic) torsion are given as

component interpretation SU (3)-representation
Wy JANAQ or QAdJ 191
Wo (dQ)* 8® 8
Wi (A2t + (dJ)g? 606
Wy JndJ 3¢3
Ws (d€2)>! 3d®3

In case of heterotic string, see, for instance, K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng, S.-T. Yau hep-th /0604137
T. Kimura, P. Yi hep-th /0605247 etc.
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Vanishing torsion classes in special SU (3)-structure manifolds:

hermitian Wi =Wy =0

balanced Wi=Wo=W;=0

special hermitian Wi=Wo=Wy=Ws=0

complex

Kahler Wl :WQ :Wg :W4:O

Calabi-Yau Wl WQ Wg W4 == W5 =0

conformally Calabi-Yau W; =Wy =W;5 =3W,4+2W5 =10

symplectic Wi=W3=W,=0

nearly Kahler Wo=Ws =W, =W;5=0

almost Kahler Wi=Ws=Ws=W5=0
almost complex

quasi Kahler Ws =W, =W:s=0

semi Kahler Wiy=Ws=0

half-flat ImW; =ImWs =W, = W5 =0
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Four-dimensional A/ = 1 Minkowski vacua in type ITA hep-th/0509003

ITA a=0orb=0 (type A) a = be'? (type BC)
. Wy = HY =0
o B =FR =BT =FRY G B0
generic 3 B =
8 Wy = F2(8) = F4(8) =0 . ReW, = ed’FQ(S) . ReW, = e¢F2(8) + e‘bFZfS)
L ImW,y = | ImW, =
6 Ws = F 6 H§6) - W—H?EG) _______________________________________
3 Ws = 2W, = 72iH®) = 9¢ | Y = 2iW5 = —2i0A = 2d¢
(‘3A = ECL =0 E W4 =0
NS-flux only (common to IIA, IIB, heterotic)
type A
Wi =Wy =0, W3 # 0: complex
RR-flux only
type BC .
Wi =ImW,y = W3 =W, =0, ReW, # 0, W5 # 0: symplectic

For N =1 AdS, vacua: hep-th/0403049 hep-th/0407263 hep-th/0412250 hep-th /0502154 hep-th/0609124 , etc..
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Four-dimensional A/ = 1 Minkowski vacua in type IIB hep-th/0509003 back to Questions

IIB a=0orb=0 (type A) a = £ib (type B) a = £b (type C) ' (type ABC)
1 wy =FY =H Y =0
8 Wy =
"""""""""""""""""""""" (6) T T e ey e
Fy7 = = H)’ =
6 ) (©) (61;\}3 (6) o (6) (ex)
Ws =+ x Hy e?F. = T Hy Ws = +e? % F

e = 2iW5 = —2i0A
=4 = | 0p = | = — 0 (k)
0A=0a=0 e B 27t Wttt : = —4i0loga = —10¢

NS-flux only (common to IIA, IIB, heterotic)
type A | dJ £ iHjs is (2,1)-primitive
Wi = Wy = 0: complex

both NS- and RR-flux
type B G3 = F3 —ie ?Hz = —i x5 G3 is (2,1)-primitive
Wi =Wy =Ws =W, =0, 2Ws = 3W4 = —60A: conformally CY
 RR-flux only (S-dual of type A)
d(e=?®J) £ iFs is (2,1)-primitive
Wi = Ws = 0: complex

type ABC | (skip detail...)
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Appendix: Geometric objects on (a pair of) SU(3)-structure manifolds

_ a real two-form | J;; = F21¢ nl Yij N+
on a single SU(3): ------------------- P P
a complex three-form | €2,z 20m° Yije g

two real vectors | (v — )" = n_ljfyi n?

] St=jtund Q=wAw+i)
(JA2AN | PP=j—ovAd P2 =wA(v—1i)

(j,w): local SU(2)-invariant forms

on a pair of SU(3):

If n1 # 07 globally, a pair of SU(3) is reduced to global single SU(2) w/ (j, w, v,v’)
If n} = n7 globally, a pair of SU(3) is reduced to a single global SU(3) w/ (J,)

e = cmi +ci(v+i) ynk o2+ leuf? =1

cf.) a pair of SU(3) on TMg ~ an SU(3) x SU(3) on TMg @ T*Mg

back to pure spinors
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half-flat manifold

A configuration of six-torus 7° in the presence of H-flux in | five-brane | solution:
g p

— 4

p

\

ds? =

dsziz + (dzh)? + (dz?)? + (dy°)?

Hy = +,4dV = Xdy* A dy? A da?
e?? =V =\

+ V{dg? + (dz®)? + (dy")? + (dy?)?]
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A configuration of six-torus 7° in the presence of H-flux in | five-brane | solution:
g P

p

ds® = | dsgi2 + (dz')? + (dz®)* + (dy®)® |+ V{d€2 + (dz?)? + (dy')? + (dy2)2}
= Hs = #,dV = \dy' A dy? A da®
e? =V =\

\

Perform T-duality along all 2’-directions with respect to the Buscher's rule:

ds? = ds2,, + (dFY)2 + (d32)% + (dy®)2 + V- 1(d7® — Myldy?)? + v{ag? +(dyt)? + (dy2)2}
f]g =0 €2¢ =1
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A configuration of six-torus 7° in the presence of H-flux in | five-brane | solution:
g P

p

ds® = | dsgi2 + (dz')? + (dz®)* + (dy®)® |+ V{d€2 + (dz?)? + (dy')? + <dy2)2}
=\ Hy = #4dV = Adyt A dy? A daB
e? =V =\

\

Perform T-duality along all 2’-directions with respect to the Buscher's rule:

ds? = ds2,, + (dFY)2 + (d32)% + (dy®)2 + V- 1(d7® — Myldy?)? + v{ag? +(dyt)? + (dy2)2}
f]g =0 €2¢ =1

1
Choose ¢! =dz! +ivVVdy! e? = dz2 + iV Vdy? ed = W(dx?’ — \ytdy?) +idy?®
Two- and three-forms: J = —if,,ze™ Ae” and Q =e! Ae? A e? with
2\
dJ = ——=dy* Ady> Ady®> 420 and JAdJT =0
X N y- Ndy” Ady” #
dQ = ———=dz! A dZ? A dyt A dy? ie., RedQ2+#0 and ImdQ =0
N Y Yy -

This is a (torsionful) half-flat manifold and Entrance Gate to doubled formalism
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