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Introduction



Four-dimensional supergravity theories

I N = 2 supergravity

highly symmetric (controllable), dynamical (non-trivial), connectable to Seiberg-Witten, etc..

governed by holomorphic functionals (prepotentials)

I N = 1 supergravity

highly dynamical, less symmetric, connectable to (SUSY) GUTs, etc..

governed by Kähler potential and superpotential

many ways to derive them from ten-dimensional type II and heterotic string theories
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Equations in compactified theory

10-dim. equations of motion (with sources)

m
'

&

$

%
SUSY variations +

EOM for form fields
+

Bianchi identities

(with sources) (with sources)

SUSY variation : compactified geometry

EOM for form fields : SUSY solutions

Bianchi identities : no-go theorem (sources as D-branes, orientifold planes)
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Calabi-Yau compactification

Moduli in N = 2 supergravity: Appendix

vector multiplet hypermultiplet

generic coord. of Hodge-Kähler coord. of quaternionic

IIA on Calabi-Yau Kähler moduli complex moduli + RR

IIB on Calabi-Yau complex moduli Kähler moduli + RR

Duality relations in N = 2 theories:

type IIA ←→ type IIB T-duality, mirror symmetry

type II/CY3 ←→ heterotic/[K3× T 2] S-duality

Reduction to N = 1 supergravity is given in terms of orientifold planes
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KKS = − log
(

4
3

∫
CY3

J ∧ J ∧ J
)

KCS = − log
(
i

∫
CY3

Ω ∧ Ω
)

WIIA,RR = i eφ
∫

CY3

GA ∧ e−B−iJ

WIIB,RR = i eφ
∫

CY3

GB ∧ Ω

WH-flux =
∫

CY3

H3 ∧ Ω

Fn = dCn−1 −H3 ∧ Cn−3 ≡ eBG

GA = G0 +G2 +G4 +G6 GB = G3

J ∧ J ∧ J =
3i
4

Ω ∧ Ω J ∧ Ω = 0 = B ∧ Ω
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Questions

Question 1: Generic supersymmetric effective theory beyond Calabi-Yau geometry?

/ condition on geometry from supersymmetry? 99K SU(3)-structure manifold Appendix

/ identify “light” modes?

/ generic form of Kähler potentials and superpotentials?

ds21,9 = e2Agµν dxµ ⊗ dxν + gij dyi ⊗ dyj

δψi =
(
∂i +

1
4
ωiab γ

ab
)
η − 1

4
Hijkγ

jkη + . . . ≡ 0

δλ = −1
4

(
γi∂iφ−

1
6
Hijkγ

ijk
)
η + . . . ≡ 0

(d−H3∧)(e4A ∗6 F ) = 0 (d−H3∧)F = δ(source)

d(e4A−2φ ∗6 H3) = ∓e4AFn ∧ ∗6Fn+2

dH3 = 0
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Questions

Question 2: Modification of dualities among string theories by fluxes?

/ T-duality (mirror symmetry) from (non-)Calabi-Yau to what?

/ S-duality and U-duality symmetries?

/ Find more non-trivial relations?

∧evenT ∗M6 ∧oddT ∗M6

e−B−iJ ←→ Ω

GA = G0 +G2 +G4 +G6 GB = G3
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Generically, a Calabi-Yau with non-trivial fluxes does not yield a supersymmetric solution...

How should we derive modified Kähler/superpotentials?

How are string dualities realized?
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Generically, a Calabi-Yau with non-trivial fluxes does not yield a supersymmetric solution...

How should we derive modified Kähler/superpotentials?

How are string dualities realized?

Extend geometrical information of compactified space
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Extensions of geometry

N.J. Hitchin

Generalized geometry

J on TMd, ω on T ∗Md 99K J± on TMd ⊕ T ∗Md

“Cliff(6) pure spinor η±” on TM6

99K “Cliff(6,6) pure spinor Φ±” on TM6 ⊕ T ∗M6

Evaluate spaces of Φ± to provide Kähler/superpotentials in supergravity

C.M. Hull

Doubled formalism

T d with B-field 99K T d × T d (with B-field)

Regard T-duality transformation as a part of transition function

Go beyond (non)-abelian gauged supergravity with B-field

and its duality transformation
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Benefit

Generalized geomety provides...

Kähler potentials and superpotentials in the most generic description

signals of nongeometric fluxes from genuinely stringy effects

Doubled formalism presents...

extension of Lie algebra of gauge symmetry in four-dimensional physics

concrete expressions of stringy (or nongeometric) backgrounds
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Contents

I Generalized geometry
generalized complex structures and pure spinors

Hitchin functional

field decompositions

superpotentials

truncation

I Doubled formalism
extension of Lie algebra

doubled sigma model

example: flat torus, nilmanifold, T-fold and nongeometric space

I Appendix
spinor decompositions

N = 1 Minkowski vacua

moduli in Calabi-Yau compactification

geometric objects on a pair of SU(3)-structure manifolds
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Generalized geometry



Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TM1,9 = T1,3 ⊕ F{
T1,3 : a real SO(1, 3) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.
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Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TM1,9 = T1,3 ⊕ F{
T1,3 : a real SO(1, 3) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:

Spin(1, 9)→ Spin(1, 3)× Spin(6) = SL(2,C)× SU(4)

161 = (2,4)1 ⊕ (2,4)1 162 = (2,4)2 ⊕ (2,4)2

Decomposition of supersymmetry parameters (with a, b ∈ C):{
ε1IIA = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIA = ξ2+ ⊗ (bη2
−) + ξ2− ⊗ (bη2

+)

{
ε1IIB = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIB = ξ2+ ⊗ (bη2
+) + ξ2− ⊗ (bη2

−)
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Decompositions of spinors in type II supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TM1,9 = T1,3 ⊕ F{
T1,3 : a real SO(1, 3) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:

Spin(1, 9)→ Spin(1, 3)× Spin(6) = SL(2,C)× SU(4)

161 = (2,4)1 ⊕ (2,4)1 162 = (2,4)2 ⊕ (2,4)2

Decomposition of supersymmetry parameters (with a, b ∈ C):{
ε1IIA = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIA = ξ2+ ⊗ (bη2
−) + ξ2− ⊗ (bη2

+)

{
ε1IIB = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIB = ξ2+ ⊗ (bη2
+) + ξ2− ⊗ (bη2

−)

Set SU(3) invariant spinor ηA+ s.t. D(T )ηA+ = 0 (A = 1, 2): Appendix

a pair of SU(3) on F (η1
+, η

2
+) ←→ a single SU(3) on F (η1

+ = η2
+ = η+)
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Requirement that we have a pair of SU(3) structures means there is a sub-supermanifold

N1,9|4+4 ⊂ M1,9|16+16

(
(1,9): bosonic degrees

4+4: eight Grassmann variables as spinors of Spin(1, 3) and singlet of SU(3)s

)

Equivalence such as

eight SUSY theory reformulation of type II supergravity

m
a pair of SU(3) structures on vector bundle F

m
an SU(3)× SU(3) structure on extended F ⊕ F ∗

↑

Entrance Gate to generalized geometry
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Mathematics : Generalized complex structures

Introduce a generalized almost complex structure J on TMd ⊕ T ∗Md s.t.

J : TMd ⊕ T ∗Md −→ TMd ⊕ T ∗Md

J 2 = −12d

∃ O(d, d) invariant metric L, s.t. J TLJ = L

Structure group on TMd ⊕ T ∗Md:

∃L GL(2d) 99K O(d, d)

J 2 = −12d O(d, d) 99K U(d/2, d/2)

J1,J2 U1(d/2, d/2) ∩ U2(d/2, d/2) 99K U(d/2)× U(d/2)

integrable J1,2 U(d/2)× U(d/2) 99K SU(d/2)× SU(d/2)
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I Integrability is discussed by “(0,1)” part of the complexified TMd ⊕ T ∗Md:

Π ≡ 1
2
(12d − iJ )

ΠA = A where A = v + ζ is a section of TMd ⊕ T ∗Md

We call this A i-eigenbundle LJ , whose dimension is dimLJ = d.

Integrability condition of J is

Π
[
Π(v + ζ),Π(w + η)

]
C

= 0 v, w ∈ TMd ζ, η ∈ T ∗Md

[v + ζ, w + η]C = [v, w] + Lvη − Lwζ −
1
2
d(ιvη − ιwζ) : Courant bracket
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I Two typical examples of generalized almost complex structures:

J1 =

(
I 0
0 −IT

)
w/ I2 = −1d: almost complex structure

J2 =

(
0 −J−1

J 0

)
w/ J : almost symplectic form

integrable J1 ↔ integrable I

integrable J2 ↔ integrable J

On a usual geometry, Jij can be given by an SU(3) invariant (pure) spinor η+ as

Jij = −2iη†+γijη+ γmη+ = 0 γnη+ 6= 0

In a similar analogy, we want to find Cliff(6, 6) pure spinor(s) Φ.

∵) Compared to almost complex structures, (pure) spinors can be easily utilized in supergravity framework.
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Cliff(6,6) pure spinors

On TM6 ⊕ T ∗M6, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γi,Γj} = 0 {Γi,Γj} = δij {Γi,Γj} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)
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Cliff(6,6) pure spinors

On TM6 ⊕ T ∗M6, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γi,Γj} = 0 {Γi,Γj} = δij {Γi,Γj} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)

Weyl spinor bundles S± are isomorphic to bundles of forms on T ∗M6:

S+ on TM6 ⊕ T ∗M6 ∼ ∧even T ∗M6

S− on TM6 ⊕ T ∗M6 ∼ ∧odd T ∗M6

Thus we often regard a Cliff(6, 6) spinor as a form on ∧even/odd T ∗M6

A form-valued representation of the algebra

Γi = dxi ∧ Γj = ιj
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Cliff(6,6) pure spinors

On TM6 ⊕ T ∗M6, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γi,Γj} = 0 {Γi,Γj} = δij {Γi,Γj} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)

Weyl spinor bundles S± are isomorphic to bundles of forms on T ∗M6:

S+ on TM6 ⊕ T ∗M6 ∼ ∧even T ∗M6

S− on TM6 ⊕ T ∗M6 ∼ ∧odd T ∗M6

Thus we often regard a Cliff(6, 6) spinor as a form on ∧even/odd T ∗M6

A form-valued representation of the algebra

Γi = dxi ∧ Γj = ιj

IF Φ is annihilated by half numbers of the Cliff(6, 6) generators:

→ Φ is called a pure spinor

cf.) SU(3) invariant spinor η+ is a Cliff(6) pure spinor: γmη+ = 0
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An equivalent definition of a Cliff(6, 6) pure spinor is given by “Clifford action”:

(v + ζ) · Φ = viι∂iΦ + ζi dxi ∧ Φ w/ v: vector ζ: one-form

Define the annihilator of a spinor as

LΦ ≡
{
v + ζ ∈ TM6 ⊕ T ∗M6

∣∣ (v + ζ) · Φ = 0
}

dimLΦ ≤ d

If dimLΦ = 6 (maximally isotropic) → Φ is a pure spinor
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ

Then, we can rewrite the generalized almost complex structure as

J±ΠΣ =
〈
ReΦ±,ΓΠΣ ReΦ±

〉
w/ Mukai pairing:

even forms:
〈
Ψ+,Φ+

〉
= Ψ6 ∧ Φ0 −Ψ4 ∧ Φ2 + Ψ2 ∧ Φ4 −Ψ0 ∧ Φ6

odd forms:
〈
Ψ−,Φ−

〉
= Ψ5 ∧ Φ1 −Ψ3 ∧ Φ3 + Ψ1 ∧ Φ5
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ

Then, we can rewrite the generalized almost complex structure as

J±ΠΣ =
〈
ReΦ±,ΓΠΣ ReΦ±

〉
w/ Mukai pairing:

even forms:
〈
Ψ+,Φ+

〉
= Ψ6 ∧ Φ0 −Ψ4 ∧ Φ2 + Ψ2 ∧ Φ4 −Ψ0 ∧ Φ6

odd forms:
〈
Ψ−,Φ−

〉
= Ψ5 ∧ Φ1 −Ψ3 ∧ Φ3 + Ψ1 ∧ Φ5

J is integrable ←→ ∃ vector v and one-form ζ s.t. dΦ = (vx+ζ∧)Φ

generalized CY ←→ ∃Φ is pure s.t. dΦ = 0

“twisted” GCY ←→ ∃Φ is pure, and H is closed s.t. (d−H∧)Φ = 0
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Clifford map between generalized geometry and SU(3)-structure manifold

A Cliff(6, 6) spinor can also be mapped to a bispinor:

C ≡
∑
k

1
k!
C

(k)
i1···ik dxi1 ∧ · · · ∧ dxik ←→ /C ≡

∑
k

1
k!
C

(k)
i1···ik γ

i1···ik
αβ
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Clifford map between generalized geometry and SU(3)-structure manifold

A Cliff(6, 6) spinor can also be mapped to a bispinor:

C ≡
∑
k

1
k!
C

(k)
i1···ik dxi1 ∧ · · · ∧ dxik ←→ /C ≡

∑
k

1
k!
C

(k)
i1···ik γ

i1···ik
αβ

On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:

Φ0+ = η+ ⊗ η
†
+ =

1
4

6∑
k=0

1
k!
η†+γik···i1η+ γ

i1···ik =
1
8
e−iJ

Φ0− = η+ ⊗ η
†
− =

1
4

6∑
k=0

1
k!
η†−γik···i1η+ γ

i1···ik = − i
8
Ω

Check purity: (δ + iI)ij γj η+ ⊗ η
†
± = 0 = η+ ⊗ η

†
± γj(δ ∓ iI)ji

One-to-one correspondence: Φ0− ↔ J1, Φ0+ ↔ J2
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Clifford map between generalized geometry and SU(3)-structure manifold

A Cliff(6, 6) spinor can also be mapped to a bispinor:

C ≡
∑
k

1
k!
C

(k)
i1···ik dxi1 ∧ · · · ∧ dxik ←→ /C ≡

∑
k

1
k!
C

(k)
i1···ik γ

i1···ik
αβ

On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:

Φ0+ = η+ ⊗ η
†
+ =

1
4

6∑
k=0

1
k!
η†+γik···i1η+ γ

i1···ik =
1
8
e−iJ

Φ0− = η+ ⊗ η
†
− =

1
4

6∑
k=0

1
k!
η†−γik···i1η+ γ

i1···ik = − i
8
Ω

Check purity: (δ + iI)ij γj η+ ⊗ η
†
± = 0 = η+ ⊗ η

†
± γj(δ ∓ iI)ji

One-to-one correspondence: Φ0− ↔ J1, Φ0+ ↔ J2

On a generic geometry of a pair of SU(3)-structure defined by (η1
+, η

2
+): Appendix

Φ0+ = η1
+ ⊗ η

2†
+ =

1
8
(
c‖e−ij − ic⊥w

)
∧ e−iv∧v

′

Φ0− = η1
+ ⊗ η

2†
− = −1

8
(
c⊥e−ij + ic‖w

)
∧ (v + iv′)

|c‖|2 + |c⊥|2 = 1

Φ± = e−BΦ0±
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Each Φ± defines an SU(3, 3) structure on E. Common structure is SU(3)× SU(3).

(F is extended to E by including e−B)

Compatibility requires

〈
Φ+, V · Φ−

〉
=
〈
Φ+, V · Φ−

〉
= 0 for ∀V = x+ ξ〈

Φ+,Φ+

〉
=
〈
Φ−,Φ−

〉
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗ : q(χf) < 0

}
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗ : q(χf) < 0

}
Define a Hitchin function

H(χf) ≡
√
−1

3
q(χf) ∈ ∧6F ∗

which gives an integrable complex structure on U
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗ : q(χf) < 0

}
Define a Hitchin function

H(χf) ≡
√
−1

3
q(χf) ∈ ∧6F ∗

which gives an integrable complex structure on U

Then we can get another real form χ̂f and a complex form Φf by Mukai pairing〈
χ̂f , χf

〉
= −dH(χf) i.e., χ̂f = −∂H(χf)

∂χf

99K Φf ≡
1
2
(χf + iχ̂f) H(Φf) = i

〈
Φf ,Φf

〉
Hitchin showed: Φf is a (form corresponding to) pure spinor!

N.J. Hitchin math/0010054 math/0107101 math/0209099
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Consider the space of pure spinors Φ ...

Mukai pairing
〈
∗, ∗
〉
−→ symplectic structure

Hitchin function H(∗) −→ complex structure

⇓

The space of pure spinor is Kähler (or, rather rigid special Kähler)!
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Consider the space of pure spinors Φ ...

Mukai pairing
〈
∗, ∗
〉
−→ symplectic structure

Hitchin function H(∗) −→ complex structure

⇓

The space of pure spinor is Kähler (or, rather rigid special Kähler)!

Quotienting this space by the C∗ action Φ→ λΦ for λC∗

99K The space becomes a local special Kähler geometry with Kähler potential K:

e−K = H(Φ) = i
〈
Φ,Φ

〉
= i

(
ZIFI − ZIFI

)
∈ ∧6F ∗

ZI : holomorphic homogeneous coordinates

FI : derivative of prepotential F, i.e., FI = ∂F/∂ZI

These are nothing but objects which we want to introduce in N = 2 supergravity!
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Space of pure spinors Φ± on F ⊕ F ∗ with SU(3)× SU(3) structure

‖

special Kähler geometry of local type = Hodge-Kähler geometry

e−K± = H(Φ±) = i
〈
Φ±,Φ±

〉
= i

(
ZI±F±I − ZI±F±I

)
∈ ∧6F ∗

For a single SU(3)-structure case:

Φ+ = −1
8
e−B−iJ K+ = − log

(
1
48
J ∧ J ∧ J

)
Φ− = − i

8
e−BΩ K− = − log

(
i

64
Ω ∧ Ω

)
Structure of forms is exactly same as the one in the case of Calabi-Yau compactification!

We should truncate Kaluza-Klein massive modes from these forms to obtain 4-dimensional supergravity.
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Back to Physics : Reduction from “N = 8” to “N = 2”

As introduced, we want to obtain four-dimensional N = 1, 2 supergravity theories

Type IIA/IIB supergravity theories have 32 supercharges with field multiplets

1 gravity multiplet

→ 6 gravitino multiplets ← should be truncated

15 vector multiplets

9 hypermultiplets

1 tensor multiplet

in the language of “N = 2” multiplets
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Back to Physics : Reduction from “N = 8” to “N = 2”

As introduced, we want to obtain four-dimensional N = 1, 2 supergravity theories

Type IIA/IIB supergravity theories have 32 supercharges with field multiplets

1 gravity multiplet

→ 6 gravitino multiplets ← should be truncated

15 vector multiplets

9 hypermultiplets

1 tensor multiplet

in the language of “N = 2” multiplets

Consider truncation of 6 gravitino multiplets in terms of group theoretical descriptions
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Field decompositions in ten dimensions

Let us discuss group-theoretical properties of massless fields

on a generalized tangent bundle T3,1 ⊕ F ⊕ F ∗ with SU(3)× SU(3) structure
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Field decompositions in ten dimensions

Let us discuss group-theoretical properties of massless fields

on a generalized tangent bundle T3,1 ⊕ F ⊕ F ∗ with SU(3)× SU(3) structure

First, consider decomposition of 8S, 8C, 8V of SO(8) (i.e., light-cone gauge)

SO(8) → SO(2)× SO(6) → SO(2)× SU(3)

8S → 41
2
⊕ 4−1

2
→ 11

2
⊕ 1−1

2
⊕ 31

2
⊕ 3−1

2

8C → 4−1
2
⊕ 41

2
→ 11

2
⊕ 1−1

2
⊕ 3−1

2
⊕ 31

2

8V → 11 ⊕ 1−1 ⊕ 60 → 11
2
⊕ 1−1

2
⊕ 30 ⊕ 30

Using this, consider the decompositions of (NS,R), (R,NS), (NS,NS) and (R,R) sectors...

ab denotes a field in the SU(3) repr. a and 4-dimensional helicity b. T denotes an antisymmetric tensor.
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I Fermions: (R,NS) and (NS,R) sectors:

SO(8)L × SO(8)R → SO(2)× SU(3)L × SU(3)R

IIA/IIB (8S,8V) →
(1,1)±3

2,±
1
2
⊕ (3,1)3

2,−
1
2
⊕ (3,1)−3

2,
1
2
⊕ (1,3)±1

2
⊕ (1,3)±1

2

⊕ (3,3)1
2
⊕ (3,3)−1

2
⊕ (3,3)1

2
⊕ (3,3)−1

2

IIB (8V,8S) →
(1,1)±3

2,±
1
2
⊕ (3,1)±1

2
⊕ (3,1)±1

2
⊕ (1,3)3

2,−
1
2
⊕ (1,3)−3

2,
1
2

⊕ (3,3)1
2
⊕ (3,3)1

2
⊕ (3,3)−1

2
⊕ (3,3)−1

2

IIA (8V,8C) →
(1,1)±3

2,±
1
2
⊕ (3,1)±1

2
⊕ (3,1)±1

2
⊕ (1,3)−3

2,
1
2
⊕ (1,3)3

2,−
1
2

⊕ (3,3)−1
2
⊕ (3,3)−1

2
⊕ (3,3)1

2
⊕ (3,3)1

2
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I Fermions: (R,NS) and (NS,R) sectors:

SO(8)L × SO(8)R → SO(2)× SU(3)L × SU(3)R

IIA/IIB (8S,8V) →
(1,1)±3

2,±
1
2
⊕ (3,1)3

2,−
1
2
⊕ (3,1)−3

2,
1
2
⊕ (1,3)±1

2
⊕ (1,3)±1

2

⊕ (3,3)1
2
⊕ (3,3)−1

2
⊕ (3,3)1

2
⊕ (3,3)−1

2

IIB (8V,8S) →
(1,1)±3

2,±
1
2
⊕ (3,1)±1

2
⊕ (3,1)±1

2
⊕ (1,3)3

2,−
1
2
⊕ (1,3)−3

2,
1
2

⊕ (3,3)1
2
⊕ (3,3)1

2
⊕ (3,3)−1

2
⊕ (3,3)−1

2

IIA (8V,8C) →
(1,1)±3

2,±
1
2
⊕ (3,1)±1

2
⊕ (3,1)±1

2
⊕ (1,3)−3

2,
1
2
⊕ (1,3)3

2,−
1
2

⊕ (3,3)−1
2
⊕ (3,3)−1

2
⊕ (3,3)1

2
⊕ (3,3)1

2

(1, 1)±3
2
: 2 gravitinos in gravity multiplet

(3, 1)±3
2

etc.: 6 gravitinos in gravitino multiplets
#

(should not be included in N = 2 theory)
(3, 1)±1

2
etc.: fermions in gravitino multiplets
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I Bosons: (NS,NS) sector:

8V × 8V = 1⊕ 28⊕ 35 = (φ,BMN ,GMN)

SO(8)L × SO(8)R → SO(2)× SU(3)L × SU(3)R

EMN = GMN + BMN →

Eµν (1,1)±2 ⊕ (1,1)T

Eµi (1,3)±1 ⊕ (1,3)±1

Eiν (3,1)±1 ⊕ (3,1)±1

Eij (3,3)0 ⊕ (3,3)0 ⊕ (3,3)0 ⊕ (3,3)0
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I Bosons: (R,R) sector:

SO(8)L × SO(8)R → SO(2)× SU(3)L × SU(3)R

IIA (8S,8C) → (1,1)±1,0 ⊕ (3,3)0 ⊕ (3,3)0 ⊕ (3,3)1 ⊕ (3,3)−1

IIB (8S,8S) → (1,1)±1,0 ⊕ (3,3)1 ⊕ (3,3)−1 ⊕ (3,3)0 ⊕ (3,3)0

Field expressions:

IIA
A−

0 = A(0,1) +A(0,3) +A(0,5) ' (1,1)0 ⊕ (3,3)0 ⊕ (3,3)0

A+
1 = A(1,0) +A(1,2) +A(1,4) +A(1,6) ' (1,1)±1 ⊕ (3,3)1 ⊕ (3,3)−1

IIB
A+

0 = A(0,0) +A(0,2) +A(0,4) +A(0,6) ' (1,1)0 ⊕ (3,3)0 ⊕ (3,3)0

A−
1 = A(1,1) +A(1,3) +A(1,5) ' (1,1)1 ⊕ (3,3)1 ⊕ (3,3)−1

where A(p,q) is a “4-dimensional” p-form and a “6-dimensional” q-form

RR field strength is G± = dA∓
0 , whose gauge potential is C = eBA w/ F = dC −H3 ∧ C = eBG
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I Reduction: effective theory with two gravitinos

→ all repr. of the form (3,1), (3,1), (1,3), (1,3) (6 gravitino multiplets) are projected out!

type IIA multiplet SU(3)× SU(3) repr. bosonic field content

gravity multiplet (1,1) gµν A+
1

tensor multiplet (1,1) Bµν φ A−
0

vector multiplet (3,3) A+
1 δΦ+

hypermultiplet (3,3) δΦ− A−
0

type IIB multiplet SU(3)× SU(3) repr. bosonic field content

gravity multiplet (1,1) gµν A−
1

tensor multiplet (1,1) Bµν φ A+
0

vector multiplet (3,3) A−
1 δΦ−

hypermultiplet (3,3) δΦ+ A+
0

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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In case of a tangent bundle T3,1 ⊕ F ⊕ F ∗ w/ a single SU(3)-structure (i.e., η1
+ = η2

+):

Ten-dimensional fields are decomposed as

GMN

gµν 1±2

Gµi (3 + 3)±1

Gij 10 + (6 + 6)0 + 80

BMN

Bµν 1T

Bµi (3 + 3)±1

Bij 10 + (3 + 3)0 + 80

φ φ 10

ΨM

Ψµ 1±3
2
+ 3±3

2

Ψi 1±1
2
+ 3±1

2
+ 2× 3±1

2
+ 6±1

2
+ 8±1

2

λ λ 1±1
2
+ 3±1

2

CM
Cµ 1±1

Ci (3 + 3)0

CMNP

Cµνk (3 + 3)T
Cµjk 1T + (3 + 3)±1 + 8±1

Cijk (1 + 1)0 + (3 + 3)±1 + (6 + 6)0
C0 C0 10

CMN

Cµν 1T

Cµi (3 + 3)±1

Cij 10 + (3 + 3)0 + 80

CMNPQ

Cµjkl 1
2[(1 + 1)±1 + (3 + 3)±1 + (6 + 6)±1]

Cijkl/Cµνkl 10 + (3 + 3)0 + 80
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Standard four-dimensional N = 2 supergravity = “absence of 6 gravitino multiplets”

IIA multiplets SU(3) repr. field contents

gravity multiplet 1 gµν Cµ Ψµ

tensor multiplet 1 Bµν φ Cijk λ

vector multiplet 8 + 1 Cµjk Gij Bij Ψi

hypermultiplet 6 Gij Cijk Ψi

IIB multiplets SU(3) repr. field contents

gravity multiplet 1 gµν Cµjkl Ψµ

tensor multiplet 1 Bµν Cµν φ C0 λ

vector multiplet 6 Cµjkl Gij Ψi

hypermultiplet 8 + 1 Gij Bij Cij Cijkl Ψi

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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Four-dimensional N = 2 and N = 1 superpotentials

Analyze potential (interaction) terms:

given in the supersymmetry transformation of 4-dimensional N = 2 gravitinos ψAµ

Ψ̂A
µ ≡ ΨA

µ +
1
2
γµ
iΨA

i = ψAµ+ ⊗ ηA± + ψAµ− ⊗ ηA∓ + . . .

δψAµ = DµξA + iγµ SAB ξ
B A = 1, 2

SAB =
i

2
e

1
2KV σxAB Px σxAB =

(
δx1 − iδx2 −δx3

−δx3 −δx1 − iδx2

)
x = 1, 2, 3

Px: N = 2 Killing prepotentials, which yield N = 1 superpotentials

M. Graña, J. Louis, D. Waldram hep-th/0612237
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To get SAB, project the SUSY transformation δΨ̂µ onto SU(3)-singlet parts from

δΨM = DMε−
1

96
e
−φ
“

γM
PQRHPQR − 9γ

PQHMPQ

”

P ε

−
X

n

1

64n!
e

5−n
4 φ
h

(n− 1)γM
N1···Nn − n(9 − n)δM

N1γ
N2···Nn

i

FN1···NnPn ε
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To get SAB, project the SUSY transformation δΨ̂µ onto SU(3)-singlet parts from

δΨM = DMε−
1

96
e
−φ
“

γM
PQRHPQR − 9γ

PQHMPQ

”

P ε

−
X

n

1

64n!
e

5−n
4 φ
h

(n− 1)γM
N1···Nn − n(9 − n)δM

N1γ
N2···Nn

i

FN1···NnPn ε

In type IIB case (w/ F− = F1 + F3 + F5, σ(F−) = −F1 + F3 −F5):

0

@

δψ1
µ+

δψ2
µ+

1

A =

0

@

Dµξ
1
+

Dµξ
2
+

1

A−
1

2

0

@

γµξ
1
− η

1
−γ

iDiη
1
+

γµξ
2
− η

2
−γ

iDiη
2
+

1

A+
1

48

0

@

γµξ
1
− Hijk η

1
−γ

ijkη1
+

−γµξ2
− Hijk η

2
−γ

ijkη2
+

1

A

−
1

8

0

@

−γµξ2
− eφ 1

n!F
−
i1···in

η1
−γ

i1···inη2
+

γµξ
1
− eφ 1

n!σ(F−)i1···in η
2
−γ

i1···inη1
+

1

A
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Then we obtain

S11 =
i

2
η1
−γ

iDiη
1
+ −

i

48
Hijk η1

−γ
ijkη1

+ = −1
8
〈
Φ−,dΦ+

〉
S22 =

i

2
η2
−γ

iDiη
2
+ +

i

48
Hijk η2

−γ
ijkη2

+ =
1
8
〈
Φ−,dΦ+

〉
S12 =

i

8n!
eφF−

i1···in η
1
−γ

i1···inη2
+ =

1
8
〈
Φ−,G−

〉
S21 =

i

8n!
eφσ(F)−i1···inη

2
−γ

i1···inη1
+ =

1
8
〈
Φ−,G−

〉
F = dC −H3 ∧ C = eBG C = eBA G± = dA∓

0
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Then we obtain

S11 =
i

2
η1
−γ

iDiη
1
+ −

i

48
Hijk η1

−γ
ijkη1

+ = −1
8
〈
Φ−,dΦ+

〉
S22 =

i

2
η2
−γ

iDiη
2
+ +

i

48
Hijk η2

−γ
ijkη2

+ =
1
8
〈
Φ−,dΦ+

〉
S12 =

i

8n!
eφF−

i1···in η
1
−γ

i1···inη2
+ =

1
8
〈
Φ−,G−

〉
S21 =

i

8n!
eφσ(F)−i1···inη

2
−γ

i1···inη1
+ =

1
8
〈
Φ−,G−

〉
F = dC −H3 ∧ C = eBG C = eBA G± = dA∓

0

Summarizing information, we obtain (also for type IIA)

S
(4)
AB(IIB) =

1
8
e

1
2K−

(
−e

1
2K++φ(4)〈

Φ−,dΦ+

〉
−e2φ(4)〈

Φ−,G−
〉

−e2φ(4)〈
Φ−,G−

〉
e

1
2K++φ(4)〈

Φ−,dΦ+

〉 )

S
(4)
AB(IIA) =

1
8
e

1
2K+

(
e

1
2K−+φ(4)〈

Φ+,dΦ−
〉

e2φ(4)〈
Φ+,G+

〉
e2φ(4)〈

Φ+,G+
〉

−e
1
2K−+φ(4)〈

Φ+,dΦ−
〉 )

g(4)
µν = e−2φ(4)

gµν φ(4) = φ− 1
4

log detGij
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N = 1 superpotentials and Kähler potentials can be read as

δψµ = Dµξ + ieK/2W γµξ
c K = K+ +K− + 2φ(4)
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N = 1 superpotentials and Kähler potentials can be read as

δψµ = Dµξ + ieK/2W γµξ
c K = K+ +K− + 2φ(4)

Most generic form of N = 1 superpotentials on SU(3)× SU(3) structure:

WIIA = cos
2
α e

iβ˙
Φ+, dΦ−

¸

− sin
2
α e

−iβ˙
Φ+, dΦ−

¸

+ sin 2α e
φ˙

Φ+,G+¸

WIIB = − cos
2
α e

iβ˙
Φ−, dΦ+

¸

+ sin
2
α e

−iβ˙
Φ−, dΦ+

¸

− sin 2α e
φ˙

Φ−,G−¸

G+
= G0 + G2 + G4 + G6 G−

= G1 + G3 + G5

G±
= dA∓

0 C = e
BA F = dC − H3 ∧ C = e

BG

Reducing to single SU(3)-structure by η1
+ = η2

+ ≡ η+, we obtain well-known forms:

2α = −β =
π

2
in WIIB WGVW = −ieφ

〈
F3 − τH3,Ω

〉
α =

π

4
, dΦ− = 0 in WIIA WIIA,RR = eφ

〈
e−B−iJ ,G+

〉
β =

π

2
, G+ = 0 in WIIA Whalf-flat = i

〈
e−B−iJ ,d(ReΩ)

〉
a = cosαe−iβ/2, b = sinα eiβ/2, τ = C0 + ie−φ
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N = 1 superpotentials and Kähler potentials can be read as

δψµ = Dµξ + ieK/2W γµξ
c K = K+ +K− + 2φ(4)

Most generic form of N = 1 superpotentials on SU(3)× SU(3) structure:

WIIA = cos
2
α e

iβ˙
Φ+, dΦ−

¸

− sin
2
α e

−iβ˙
Φ+, dΦ−

¸

+ sin 2α e
φ˙

Φ+,G+¸

WIIB = − cos
2
α e

iβ˙
Φ−, dΦ+

¸

+ sin
2
α e

−iβ˙
Φ−, dΦ+

¸

− sin 2α e
φ˙

Φ−,G−¸

G+
= G0 + G2 + G4 + G6 G−

= G1 + G3 + G5

G±
= dA∓

0 C = e
BA F = dC − H3 ∧ C = e

BG

Reducing to single SU(3)-structure by η1
+ = η2

+ ≡ η+, we obtain well-known forms:

2α = −β =
π

2
in WIIB WGVW = −ieφ

〈
F3 − τH3,Ω

〉
α =

π

4
, dΦ− = 0 in WIIA WIIA,RR = eφ

〈
e−B−iJ ,G+

〉
β =

π

2
, G+ = 0 in WIIA Whalf-flat = i

〈
e−B−iJ ,d(ReΩ)

〉
a = cosαe−iβ/2, b = sinα eiβ/2, τ = C0 + ie−φ

Tetsuji KIMURA: Generalized/doubled/nongeometric string backgrounds - 61 / 150 -



Truncation from 10 to 4

We have obtained Kähler potentials and superpotentials

which should appear in four-dimensional N = 1, 2 supergravity theories

in the language of ten-dimensional fields:

e−K± = i
〈
Φ±,Φ±

〉
= i

(
ZI±F±I − ZI±F±I

)
WIIA/IIB = ± cos2α eiβ

〈
Φ±,dΦ∓

〉
∓ sin2α e−iβ

〈
Φ±,dΦ∓

〉
± sin 2α eφ

〈
Φ±,G±

〉
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Truncation from 10 to 4

We have obtained Kähler potentials and superpotentials

which should appear in four-dimensional N = 1, 2 supergravity theories

in the language of ten-dimensional fields:

e−K± = i
〈
Φ±,Φ±

〉
= i

(
ZI±F±I − ZI±F±I

)
WIIA/IIB = ± cos2α eiβ

〈
Φ±,dΦ∓

〉
∓ sin2α e−iβ

〈
Φ±,dΦ∓

〉
± sin 2α eφ

〈
Φ±,G±

〉

Next task is to find a suitable truncation of massive modes

by decomposition M1,9 = M1,3 ×W M6 with T1,3 ≡ TM1,3 and F ≡ TM6
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M1,9 = M1,3 ×W M6 is not straightforward!
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M1,9 = M1,3 ×W M6 is not straightforward!

� If M6 is a Calabi-Yau

All the field deformations give massless modes in four-dimensional viewpoint

‖
Corresponding fields on M6 are harmonic and are finite in number
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M1,9 = M1,3 ×W M6 is not straightforward!

� If M6 is a Calabi-Yau

All the field deformations give massless modes in four-dimensional viewpoint

‖
Corresponding fields on M6 are harmonic and are finite in number

� If M6 is a generic geometry (w/ torsion)

Existence of finite number of harmonic forms are not guaranteed..

Instead, we assume existence of a certain finite-dimensional subspace of ∧∗T ∗M6

If there exists harmonic forms on M6, we can evaluate the dimensions of the forms via Index theorem: T. Kimura arXiv:0704.2111
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Assumption the existence of finite-dimensional subset of p-forms:

∧pfinite ⊂ ∧
pT ∗M6 Ufinite = U ∩ ∧∗finite

Note: the truncation should not break supersymmetry

99K special Kähler geometry on U should give special Kähler geometry on Ufinite

i.e., we require

{
Mukai pairing

〈
∗, ∗
〉

is non-degenerate on ∧pfinite

if χ ∈ Ufinite, then χ̂ ∈ Ufinite
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First we introduce a set of basis forms (w/ Mukai pairing as symplectic structure):

even forms : Σ+ =
{
ωA, ω̃

B
}
,

∫
M6

〈
ωA, ω̃

B
〉

= δA
B, A,B = 0, . . . , b+

odd forms : Σ− =
{
αK, β

L
}
,

∫
M6

〈
αK, β

L
〉

= δK
L, K, L = 0, . . . , b−

Using this, the pure spinors Φ± are expanded

Φ+ = e−BΦ0+ = XAωA − GAω̃
A

Φ− = e−BΦ0− = ZKαK − FKβ
K

The compatibility is read as (w/ using ∀V = x+ ξ ∈ E)〈
ωA, V · αK

〉
=
〈
ωA, V · βK

〉
=
〈
ω̃A, V · αK

〉
=
〈
ω̃A, V · βK

〉
= 0
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The truncated Kähler potentials by
∫

M6

〈
ωA, ω̃

B
〉

= δA
B and

∫
M6

〈
αK, β

L
〉

= δK
L are

e−K+ = i

∫
M6

〈
Φ+,Φ+

〉
= i

(
XAGA − XAGA

)
e−K− = i

∫
M6

〈
Φ−,Φ−

〉
= i

(
ZKFK − ZKFK

)
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The truncated Kähler potentials by
∫

M6

〈
ωA, ω̃

B
〉

= δA
B and

∫
M6

〈
αK, β

L
〉

= δK
L are

e−K+ = i

∫
M6

〈
Φ+,Φ+

〉
= i

(
XAGA − XAGA

)
e−K− = i

∫
M6

〈
Φ−,Φ−

〉
= i

(
ZKFK − ZKFK

)
RR fields are also expanded as

type IIA:

{
A−

0 = ξK αK + ξ̃L β
L

A+
1 = AA1 ωA + Ã1B ω̃

B
w/

ξK, ξ̃L : scalars

AA1 , Ã1B : vectors

type IIB:

{
A+

0 = ξA ωA + ξ̃B ω̃
B

A−
1 = AK1 αK + Ã1L β

L
w/

ξA, ξ̃B : scalars

AK1 , Ã1L : vectors
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The truncated Kähler potentials by
∫

M6

〈
ωA, ω̃

B
〉

= δA
B and

∫
M6

〈
αK, β

L
〉

= δK
L are

e−K+ = i

∫
M6

〈
Φ+,Φ+

〉
= i

(
XAGA − XAGA

)
e−K− = i

∫
M6

〈
Φ−,Φ−

〉
= i

(
ZKFK − ZKFK

)
RR fields are also expanded as

type IIA:

{
A−

0 = ξK αK + ξ̃L β
L

A+
1 = AA1 ωA + Ã1B ω̃

B
w/

ξK, ξ̃L : scalars

AA1 , Ã1B : vectors

type IIB:

{
A+

0 = ξA ωA + ξ̃B ω̃
B

A−
1 = AK1 αK + Ã1L β

L
w/

ξA, ξ̃B : scalars

AK1 , Ã1L : vectors

Convenient to define dual antisymmetric tensor fields of A−
0 and A+

0 :

A−
0 ↔ A−

2 ≡ C̃K2 αK + C2L β
L A+

0 ↔ A+
2 ≡ C̃A2 ωA + C2B ω̃

B

ξK ↔ C2K ξ̃K ↔ C̃K2 ξA ↔ C2A ξ̃A ↔ C̃A2
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The most general differential conditions which can be imposed on basis forms are

dαK ∼ pK
A ωA + eKA ω̃

A dβK ∼ qKA ωA +mK
A ω̃

A

dωA ∼ mK
AαK − eKA βK dω̃A ∼ −qKAαK + pK

A βK

pK
A, qKA, eKA and mK

A are (b+ + 1)× (b− + 1)-dimensional constant matrices

Not necessary to be closed as in Calabi-Yau
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The most general differential conditions which can be imposed on basis forms are

dαK ∼ pK
A ωA + eKA ω̃

A dβK ∼ qKA ωA +mK
A ω̃

A

dωA ∼ mK
AαK − eKA βK dω̃A ∼ −qKAαK + pK

A βK

pK
A, qKA, eKA and mK

A are (b+ + 1)× (b− + 1)-dimensional constant matrices

Not necessary to be closed as in Calabi-Yau

Introduce a notation Σ+ =
(
ωA
ω̃B

)
, Σ− =

(
αK
βL

)
and Q =

(
pK

A eKB
qLA mL

B

)
.

In terms of them the above differential condition is

dΣ− ∼ QΣ+ dΣ+ ∼ S+QT (S−)−1Σ−

S±: the symplectic structures on U±

Imposing d2 = 0 on the charged matrix as QS+QT = 0 = QT (S−)−1Q, we obtain

qKAmA
L −mK

Aq
AL = 0 pK

AeAL − eKApAL = 0 pK
AmA

L − eKAqAL = 0

qAKpK
B − pAKqKB = 0 mA

KeKB − eAKmK
B = 0 mA

KpK
B − eAKqKB = 0
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Generation of mass terms

Kinetic terms |Gn|2 generate mass terms via truncation of fields:

I Type IIA:

G2p = dA2p−1 ∼ d6A−
2 + d4A+

1 ≡ DA
2 ωA + D̃2A ω̃

A

DA
2 = d4A

A
1 + C̃K2 pK

A + C2K q
AK

D̃2A = d4Ã
A
1 + C̃K2 eAK + C2Km

K
A

I Type IIB:

G2p+1 = dA2p ∼ d6A+
2 + d4A−

1 ≡ DK
2 αK + D̃2K β

K

DK
2 = d4A

K
1 − C̃A2 mK

A + C2A q
AK

D̃2K = d4Ã
K
1 + C̃A2 eAK − C2A pK

A

Then charge matrices give massive modes of RR fields:

eAK mK
A pK

A qKA

IIA massive AAµ massive AAµ massive C̃K2 massive C2K

IIB massive AKµ massive C̃A2 massive AKµ massive C2A
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Puzzle: nongeometric information beyond conventional geometric fluxes

M. Graña, J. Louis, D. Waldram hep-th/0612237

Recall that Φ± are expanded in terms of truncation bases Σ+ and Σ−.

Whenever c‖ 6= 0, the structure Φ+ contains a scalar. This implies that at least one of the forms in

the basis Σ+ contains a scalar. Let us call this element Σ1
+, and take the simple case where the only

non-zero elements of Q are those of the form QÎ
1 (where Î = 1, . . . , 2b− + 2).

Thus d(Σ−)Î = QÎ
1Σ1

+ and so if QÎ
1 6= 0 then (dΣ−)Î contains a scalar.

But this is not possible if d is an honest exterior derivative, acting as d : Λp → Λp+1.

The same is true if c‖ is zero. In this case, there may be no scalars in any of the even forms Σ−, and

for an “honest” d operator, there should be then no one-forms in dΣ−. But we again see from that

Φ− contains a one-form, and as a consequence so do some of the elements in Σ−.
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One way to generate a completely general charge matrix Q in this picture is to consider a modified

operator d which is now a generic map d : U+ → U− which satisfies d2 = 0 but does not transform

the degree of a form properly.

#

"

 

!
In particular, the operator d can map a p-form to a (p− 1)-form.

Of course, this d does not act this way in conventional geometrical compactifications.

One is thus led to conjecture that to obtain a generic Q we must consider non-geometrical

compactifications. One can still use the structures

dΣ− ∼ QΣ+ , dΣ+ ∼ S+QT
(S−)

−1
Σ−

to derive sensible effective actions, expanding in bases Σ+ and Σ− with a generalised d operator,

but there is of course now no interpretation in terms of differential forms and the exterior derivative.

99K introduce generalized fluxes

(not only geometrical H- and f -fluxes, but also Q- and R-fluxes)
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For a geometrical background it is natural to consider forms of the type

ω = e−Bωm1...mp e
m1 ∧ · · · ∧ emp w/ ωm1...mp constant

Acting with d on ω we find

dω = −H ∧ ω + f · ω , (f · ω)m1...mp+1 = fa[m1m2|ωa|m3...mp+1]

The natural nongeometrical extension is then to an operator D such that

Dω := −H ∧ ω + f · ω +Q · ω +R xω,

(Q · ω)m1...mp−1 = Qab[m1
ω|ab|m2...mp−1]

, (R xω)m1...mp−3 = Rabcωabcm1...mp−3

Requiring D2 = 0 implies that same conditions on fluxes as arose from the Jacobi identities

for the extended Lie algebra

[Za, Zb] = fab
cZc +HabcX

c

[Xa, Xb] = QabcX
c +RabcZc

[Xa, Zb] = fabcX
c −QacbZc

We can see nongeometrical information in Q as contribution from Q and R.
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Four-dimensional potentials in type IIA

I Type IIA Killing prepotentials Px in SAB w/ G+ = dA−
0 +GA(RR)ωA + G̃(RR)Aω̃

A:

P1
+ iP2

= −2e
1
2K−+φ(4)

Z

M6

˙

Φ+, dΦ−
¸

= 2e
1
2K−+φ(4)“

− X
A
eAKZ

K
+ X

A
mA

K
FK − GAp

A
KZ

K
+ GAq

AK
FK

”

P3
= e

2φ(4)
Z

M6

˙

Φ+,G+¸

= e
2φ(4)h

X
A`
eG(RR)A + eAKξ

K
+mA

K
eξK
´

+ GA
`

G
A
(RR) + p

A
Kξ

K
+ q

AK
eξK
´

i

N = 1 superpotential WIIA is given by

WIIA = cos2α eiβ
∫

M6

〈
Φ+,dΦ−

〉
− sin2α e−iβ

∫
M6

〈
Φ+,dΦ−

〉
+ sin 2α eφ

(4)
∫

M6

〈
Φ+,G+

〉
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Four-dimensional potentials in type IIB

I Type IIB Killing prepotentials Px in SAB w/ G− = dA+
0 +GK(RR)αK + G̃(RR)Lβ

L:

P1 − iP2
= −2e

1
2K++φ(4)

Z

M6

˙

Φ−, dΦ+

¸

= 2e
1
2K++φ(4)“

− Z
K
eKAX

A − Z
K
pK

A
GA + FKm

K
AX

A
+ FKq

KA
GA

”

P3
= −e

2φ(4)
Z

M6

˙

Φ−,G−¸

= −e
2φ(4)h

Z
K`
eG(RR)K − eKAξ

A
+ pK

A
eξA
´

+ FK
`

G
K
(RR) +m

K
Aξ

A − q
KA
eξA
´

i

N = 1 superpotential WIIB is given by

WIIB = − cos2α eiβ
∫

M6

〈
Φ−,dΦ+

〉
+ sin2α e−iβ

∫
M6

〈
Φ−,dΦ+

〉
− sin 2α eφ

(4)
∫

M6

〈
Φ−,G−

〉
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An application

Generically, scalar potential V in four-dimensional theory is

V = eK
(
gabDaW DbW − 3|W |2

)
gab = ∂a∂b

(
K+ +K− + 2φ(4)

)
DaW =

(
∂a + ∂aK

)
W

Expanded the scalar potential V by “scalar fields” {XA, ξA, ξ̃A,ZK, ξK, ξ̃K},

we would obtain non-trivial mass terms in N = 1 theory

99K so-called moduli stabilization

S.B. Giddings, S. Kachru, J. Polchinski hep-th/0105097 S. Kachru, M.B. Schulz, S. Trivedi hep-th/0201028

R. Kallosh hep-th/0510024 S. Bellucci, S. Ferrara, R. Kallosh, A. Marrani arXiv:0711.4547 L. Anguelova arXiv:0806.3820

and references therein (more than hundreds papers!)
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Summary of generalized geometry

I Introduce a pair of SU(3) structures on F ∼ SU(3)× SU(3) structure on F ⊕ F ∗

I Define generalized complex structures Ji
I Construct Spin(6, 6) pure spinors Φ±

I Evaluate the space of pure spinors, and define Hitchin functional H(Φ±)

I Derive Kähler potentials K± and superpotentials WIIA/IIB

I Truncation of ten-dimensional fields

Remaining problem of flux compactification in type IIA/IIB is...

to find concrete dimensions b± of (non-)harmonic forms on compactified geometry M6!

−→ a (mathematical) future problem
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Doubled formalism



Supergravity on (twisted) torus with B-field

Start from low energy effective field theory for ten-dimensional string theory including

S =
∫

d10x
√
−G e−2Φ

{
R+ 4(∇Φ)2 − 1

12
HMNPHMNP

}
H = dB

Consider the field theory compactified on (twisted) torus in the presence of B-field.

motivation� �
duality relations among flux vacua� �

N. Kaloper, R.C. Myers hep-th/9901045
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Physical fields compactified on d-torus

Decomposition of fields by Kaluza-Klein compactification on a flat d-torus

ds
2

= Gµν(x, y)dxµ ⊗ dx
ν
+ Gij(x, y)

`

dy
i
+ Vi

µ(x, y)dx
µ´⊗

`

dy
j
+ Vj

ν(x, y)dx
ν´

B =
1

2
Bµν(x, y)dxµ ∧ dx

ν
+ Bµi(x, y)dxµ ∧ dy

i
+

1

2
Bij(x, y)dyi ∧ dy

j

with Ansatz (truncation of massive Kaluza-Klein modes)

Gµν(x, y) = gµν(x) , Gij(x, y) = gij(x) , Viµ(x, y) = V iµ(x)

Bµν(x, y) = Bµν(x) , Bµi(x, y) = Bµi(x) , Bij(x, y) = Bij(x)

Φ(x, y) = φ(x) +
1
4

log
∣∣ det gij(x)

∣∣
Reduced degrees of freedom to demonstrate manifest gauge invariance:

Bij = Bij , Bµi = Bµi + BijV
j
µ

Bµν = Bµν + V
i
[µBν]i − BijV

i
µV

j
ν
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Reduced D-dim. action compactified on a flat d-torus (D = 10− d):

S =

Z

d
D
x
p

−g e
−2φ
n

R + 4(∇φ)
2 −

1

12
HµνρH

µνρ

+
1

8
LIJ∇µMJK

LKL∇µMLI −
1

4
F
I
µνLIJM

JK
LKLF

Lµν
o

This theory has U(1)2d gauge symmetry and a manifest global O(d, d) symmetry with

MIJ =

0

@

gij − Bik g
klBlj Bik g

kj

−gikBkj gij

1

A : moduli, taking values in
O(d, d)

O(d) ×O(d)

F
I

= dA
I
, A

I
µ =

0

@

V i
µ

Bµi

1

A , Hµνρ = 3 ∂[µBνρ] −
3

2
A
I
[µL|IJ| F

J
νρ]

L
IJ ≡

0

@

0d 1d

1d 0d

1

A :
O(d, d) invariant metric s.t.

∀M ∈ O(d, d), MLMT = L
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Non-abelian gauge symmetry from a 2d-dimensional subgroup G of O(d, d):

Fundamental repr. of O(d, d) becomes adjoint repr. of G under embedding

[TI, TJ ] = tIJ
K TK , TI =

1
2
ΘI

JK mJK
TI : generators of G with structure constant tIJ

K

mJK : generators of O(d, d)

ΘI
JK : embedding tensor
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Then, D-dimensional theory with gauge symmetry G is

S =

Z

d
D
x
p

−g e
−2φ
n

R + 4(∇φ)
2 −

1

12
HµνρH

µνρ

+
1

8
LIJDµMJK

LKLDµMLI −
1

4
F
I
µνM

JK
LKLF

Lµν−g2
W (M)

o

with covariantized form (via Scherk-Schwarz reduction with tIJK = tIJ
LLKL)

DµMIJ
= ∂µMIJ − gtKL

I
A
K
µ M

LJ − gtKL
J
A
K
µ M

IL

F = dA+ gA ∧ A

H = dB −
1

2
tr
“

A ∧ F +
2g

3
A ∧ A ∧ A

”

W (M) =
1

12
MII′MJJ′MKK′

tIJK tI′J′K′ −
1

4
MII′

L
JJ′
L
KK′

tIJK tI′J′K′

A. Dabholkar, C.M. Hull hep-th/0512005
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TI are (non-)abelian generators for gauge fields AIµ =
(
V iµ, Bµi

)T
:

TI 3

{
Zi : generators for V iµ

Xi : generators for Bµi
99K

[Zi, Zj] = fij
k Zk + hijkX

k

[Xi, Xj] = 0

[Xi, Zj] = f ijkX
k

'

&

$

%

fij
k : structure constant of twisted torus

hijk : (minus) VEV of three-form Hijk

f li′[ifjk]
i′ = 0 Jacobi id.

hi′[ijfkl]
i′ = 0 dH3 = 0

f iij = 0 invariance of
√
−g

I Twisted torus is introduced by vielbein dyi → ea = eai(y) dyi:

gij(x) → Gij(x, y) = gab(x) ei
a
(y) e

b
j(y)

gij(x)
`

dy
i
+ V

i
µdx

µ´`
dy

j
+ V

j
νdx

ν´ → gab(x)
`

e
a
(y) + V

a
µdx

µ´`
e
b
(y) + V

b
νdx

ν´

We often switch off 4-dim. fluctuations: gab(x) → δab, Bab(x) → 0, Gij(x, y) → Gij(y).
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Extension of the Lie algebra

[Za, Zb] = fab
cZc + habcX

c

[Xa, Xb] = 0

[Xa, Zb] = fabcX
c
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Extension of the Lie algebra

[Za, Zb] = fab
cZc + habcX

c

[Xa, Xb] = 0

[Xa, Zb] = fabcX
c

⇓

[Za, Zb] = fab
cZc + habcX

c

[Xa, Xb] = QabcX
c +RabcZc

[Xa, Zb] = fabcX
c −QacbZc

Why should we study additional structure constants Qabc and Rabc?
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Extension of the Lie algebra

[Za, Zb] = fab
cZc + habcX

c

[Xa, Xb] = 0

[Xa, Zb] = fabcX
c

⇓

[Za, Zb] = fab
cZc + habcX

c

[Xa, Xb] = QabcX
c +RabcZc

[Xa, Zb] = fabcX
c −QacbZc

Why should we study additional structure constants Qabc and Rabc?

↓

Because they are related via T-duality transformations

They also appear in generalized geometry

J. Shelton, W. Taylor, B. Wecht hep-th/0508133 A. Dabholkar, C.M. Hull hep-th/0512005
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Geometries generated by T-duality transformations: an example

habc

↓ T-duality transformation

fabc

↓ T-duality transformation

Qabc

↓ T-duality transformation

Rabc

Tetsuji KIMURA: Generalized/doubled/nongeometric string backgrounds - 93 / 150 -



Geometries generated by T-duality transformations: an example

habc Flat torus with three-form flux

↓ T-duality transformation

fabc

↓ T-duality transformation

Qabc

↓ T-duality transformation

Rabc
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Geometries generated by T-duality transformations: an example

habc Flat torus with three-form flux

↓ T-duality transformation

fabc Twisted torus with non-trivial isometry group

↓ T-duality transformation

Qabc

↓ T-duality transformation

Rabc
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Geometries generated by T-duality transformations: an example

habc Flat torus with three-form flux

↓ T-duality transformation

fabc Twisted torus with non-trivial isometry group

↓ T-duality transformation

Qabc T-fold globally nongeometric, locally geometric: stringy

↓ T-duality transformation

Rabc
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Geometries generated by T-duality transformations: an example

habc Flat torus with three-form flux

↓ T-duality transformation

fabc Twisted torus with non-trivial isometry group

↓ T-duality transformation

Qabc T-fold globally nongeometric, locally geometric: stringy

↓ T-duality transformation

Rabc Nongeometric background even locally: stringy
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Geometries generated by T-duality transformations: an example

habc Flat torus with three-form flux

↓ T-duality transformation

fabc Twisted torus with non-trivial isometry group

↓ T-duality transformation

Qabc T-fold globally nongeometric, locally geometric: stringy

↓ T-duality transformation

Rabc Nongeometric background even locally: stringy

In order to include the above information,

we double the compactified geometry from Md to M2d = Md × M̃d

and study an extended sigma model on it. 99K Doubled Formalism

C.M. Hull hep-th/0406102 hep-th/0605149 C.M. Hull, R.A. Reid-Edwards hep-th/0503114 arXiv:0711.4818
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Doubled formalism

Glue two local patches of a conventional string background with transition function by

diffeomorphism

and

duality transformations

Let Y i be fields in sigma model corresponding to coordinates yi on a space Md.

In formulating CFT on Md,

extra d coordinates Ỹi on a dual space M̃d are needed
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Doubled sigma model with Wess-Zumino term

Start with a sigma model on a space Md with metric Gij(Y ) and B-field Bij(Y ):

Sc =
1
2

∫
Σ

(
Gij dY i ∧ ∗dY j + Bij dY i ∧ dY j

)
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Doubled sigma model with Wess-Zumino term

Start with a sigma model on a space Md with metric Gij(Y ) and B-field Bij(Y ):

Sc =
1
2

∫
Σ

(
Gij dY i ∧ ∗dY j + Bij dY i ∧ dY j

)
Extend to the action with the Wess-Zumino term on a doubled space M2d (= G/Γ)

S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

Σ: string worldsheet (without boundary)

V : an extension of Σ s.t. ∂V = Σ

G: 2d-dim. (non-)compact Lie group with [TA, TB] = tAB
C TC

Γ: a discrete subgroup of G chosen s.t. M2d is compact
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Constituents of the action S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

� Scalar fields of doubled coordinates and doubled vielbeins:

YI ; P = g−1dg = PAI
(
r TA

)
dYI with g ∈ G

� Bianchi identity (Maurer-Cartan eq.):

dPA = −r
2
tBC

APB ∧ PC

� Doubled metric from doubled vielbeins:

MAB = PAIMIJ PJB, MIJ takes values in a coset
O(d, d)

O(d)×O(d)

� Self-duality constraint (to go back to conventional system):

PA = LABMBC ∗ PC
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Constituents of the action S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

� Scalar fields of doubled coordinates and doubled vielbeins:

YI ; P = g−1dg = PAI
(
r TA

)
dYI with g ∈ G ⊂ O(d, d)

� Bianchi identity (Maurer-Cartan eq.):

dPA = −r
2
tBC

APB ∧ PC

� Doubled metric from doubled vielbeins:

MAB = PAIMIJ PJB, MIJ takes values in a coset
O(d, d)

O(d)×O(d)

� Self-duality constraint (to go back to conventional system):

PA = LABMBC ∗ PC
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Constituents of the action S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

� Scalar fields of doubled coordinates and doubled vielbeins:

YI ; P = g−1dg = PAI
(
r TA

)
dYI with g ∈ G ⊂ O(d, d)

� Bianchi identity (Maurer-Cartan eq.):

dPA = −r
2
tBC

APB ∧ PC

� Doubled metric from doubled vielbeins:

MAB = PAIMIJ PJB, MIJ takes values in a coset
O(d, d)

O(d)×O(d)

� Self-duality constraint (to go back to conventional system):

PA = LABMBC ∗ PC
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Constituents of the action S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

� Scalar fields of doubled coordinates and doubled vielbeins:

YI ; P = g−1dg = PAI
(
r TA

)
dYI with g ∈ G ⊂ O(d, d)

� Bianchi identity (Maurer-Cartan eq.):

dPA = −r
2
tBC

APB ∧ PC

� Doubled metric from doubled vielbeins:

MAB = PAIMIJ PJB, MIJ takes values in a coset
O(d, d)

O(d)×O(d)

� Self-duality constraint (to go back to conventional system):

PA = LABMBC ∗ PC
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Constituents of the action S =
1
4

∫
Σ

MAB PA ∧ ∗PB +
1
12

∫
V

tABC PA ∧ PB ∧ PC

� Scalar fields of doubled coordinates and doubled vielbeins:

YI ; P = g−1dg = PAI
(
r TA

)
dYI with g ∈ G ⊂ O(d, d)

� Bianchi identity (Maurer-Cartan eq.):

dPA = −r
2
tBC

APB ∧ PC

� Doubled metric from doubled vielbeins:

MAB = PAIMIJ PJB, MIJ takes values in a coset
O(d, d)

O(d)×O(d)

� Self-duality constraint (to go back to conventional system):

PA = LABMBC ∗ PC
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Polarization to decompose doubled space into physical/dual spaces

Generators of the Lie algebra TA given by 2d× 2d matrix projectors ΠA
B, Π̃A

B:

ΠA
BΠB

C = ΠA
C , ΠA

BΠ̃B
C = 0 , ΠA

B + Π̃A
B = δAB

ΠA
B ≡

(
Πa

B

0

)
, Π̃A

B ≡

(
0

Π̃aB

)
Xa = Πa

B L
ABTB , Za = Π̃aB L

ABTB

Then the doubled coordinates, metric and vielbeins are polarized as

Y I ≡ ΠI
JYJ =

(
Y i

0

)
, Ỹ I ≡ Π̃I

JYJ =

(
0

Ỹi

)

MIJ =

(
Gij − Bik GklBlj Bik Gkj

−Gik Bkj Gij

)

PAI =

(
eai 0

−ea
jBji ea

i

)
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Global/local symmetry in doubled formalism

MIJ takes values in a coset
O(d, d)

O(d)×O(d)

This sigma model on the doubled space M2d has

I O(d, d) global symmetry by ρ ∈ O(d, d) with ρACL
CD ρD

B = LAB:

YI → Y′I = ρIJYJ

PAI(Y) → P ′A
I(Y′) = ρAB PBJ(Y′) ρJI

MIJ(Y) → M′
IJ(Y′) = ρI

KMKL(Y′)ρLJ

Basis vector is kept invariant under the transformation: so-called “active transformation”

I O(d)×O(d) local symmetry: PAI(Y)→ P ′A
I(Y) = hAB(Y)PBI(Y)
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O(d, d) transformation including T-duality

ρ ∈ O(d, d); YI → Y′I = ρIJYJ , PAI(Y) → P ′A
I(Y′) = ρAB PBJ(Y′) ρJI
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O(d, d) transformation including T-duality

ρ ∈ O(d, d); YI → Y′I = ρIJYJ , PAI(Y) → P ′A
I(Y′) = ρAB PBJ(Y′) ρJI

A realization of fractional transformation of Mij = Gij + Bij� �

ρ =

0

@

A β

Θ D

1

A : M →
`

DM + Θ
´`

βM + A
´−1

8

>

>

<

>

>

:

Θ : gauge transformation of B-field B → B + Θ

D,A : diffeomorphism

β : duality transformation with mixing Y i and eYi

� �
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O(d, d) transformation including T-duality

ρ ∈ O(d, d); YI → Y′I = ρIJYJ , PAI(Y) → P ′A
I(Y′) = ρAB PBJ(Y′) ρJI

A realization of fractional transformation of Mij = Gij + Bij� �

ρ =

0

@

A β

Θ D

1

A : M →
`

DM + Θ
´`

βM + A
´−1

8

>

>

<

>

>

:

Θ : gauge transformation of B-field B → B + Θ

D,A : diffeomorphism

β : duality transformation with mixing Y i and eYi

� �
T-duality transformation (ex. d = 3 case):

ρi =

(
13 − Ti Ti

Ti 13 − Ti

)
∈ O(3, 3; Z)

T1 =

 1
0

0

 , T2 =

 0
1

0

 , T3 =

 0
0

1


This action exchanges physical coordinates Y i with dual coordinates Ỹi
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Role of L in doubled space

Reduction of (co)tangent bundle of doubled space M2d

LAB =
〈
PA,PB

〉
=

(
0d 1d

1d 0d

)
, LIJ ≡

〈
dYI,dYJ

〉
= PIALAB PBJ

This implies T ∗M2d = TMd ⊕ T ∗Md s.t.

〈
dY i,dỸj

〉
= δij → dỸi =

∂

∂Y i

PA = PAI dYI =

(
eai dY i

ea
i
(
dỸi − Bij dY j

) ) =

(
eai dY i

ea
i
(
∂
∂Y i
− Bij dY j

) )

a connection to Generalized Geometry
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Self-duality constraint

Using the worldsheet coordinates σα, we see the self-duality constraint as

PA = LABMBC ∗ PC ←→ dYI = LIJMJK ∗ dYK

∴
(
∂αYI −

√
−η εαβ LIJMJK ∂βYK

)
dσα = 0 w/

{
ηαβ = diag.(+,−)

ε01 = 1 = ε10

Taking the polarization, we obtain a set of non-trivial equations:

(∂0 ± ∂1)Ỹi =
(
Bij(Y, Ỹ )∓ Gij(Y, Ỹ )

)
(∂0 ± ∂1)Y j

Then the dual coordinates Ỹi are related to the physical coordinates Y i.
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A simple example: a flat torus with flux

Start from a flat three-torus T 3 with a three-form flux H given by the following forms:

ds2 =
(
dx
)2 +

(
dy
)2 +

(
dz
)2
, H = dB = mdx ∧ dy ∧ dz

with a symmetric gauge B = k
(
xdy ∧ dz + y dz ∧ dx+ z dx ∧ dy

)
, k =

m

3

Doubled vielbein PAI and doubled metricMIJ = PIAδABPBJ are given as

PAI =

 

eai 0

−ea
j Bji ea

i

!

=

0

B

B

B

B

B

B

@

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

0 −kz ky 1 0 0
kz 0 −kx 0 1 0
−ky kx 0 0 0 1

1

C

C

C

C

C

C

A

MIJ =

0

B

B

B

B

B

B

B

@

1 + k2y2 + k2z2 −k2xy −k2zx 0 kz −ky
−k2xy 1 + k2x2 + k2z2 −k2yz −kz 0 kx

−k2zx −k2yz 1 + k2x2 + k2y2 ky −kx 0

0 −kz ky 1 0 0
kz 0 −kx 0 1 0
−ky kx 0 0 0 1

1

C

C

C

C

C

C

C

A
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A simple example: a flat torus with flux

Start from a flat three-torus T 3 with a three-form flux H given by the following forms:

ds2 =
(
dx
)2 +

(
dy
)2 +

(
dz
)2
, H = dB = mdx ∧ dy ∧ dz

with a symmetric gauge B = k
(
xdy ∧ dz + y dz ∧ dx+ z dx ∧ dy

)
, k =

m

3

Doubled vielbein PAI and doubled metricMIJ = PIAδABPBJ are given as

PAI =

 

eai 0

−ea
j Bji ea

i

!

=

0

B

B

B

B

B

B

@

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

0 −kz ky 1 0 0
kz 0 −kx 0 1 0
−ky kx 0 0 0 1

1

C

C

C

C

C

C

A

MIJ =

0

B

B

B

B

B

B

B

@

1 + k2y2 + k2z2 −k2xy −k2zx 0 kz −ky
−k2xy 1 + k2x2 + k2z2 −k2yz −kz 0 kx

−k2zx −k2yz 1 + k2x2 + k2y2 ky −kx 0

0 −kz ky 1 0 0
kz 0 −kx 0 1 0
−ky kx 0 0 0 1

1

C

C

C

C

C

C

C

A
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I Bianchi identity of doubled vielbein PA =

(
Pa

P̃a

)
gives a structure constant tAB

C:

dP1
= 0 , dP2

= 0 , dP3
= 0

d eP1 =
2m

3
P2 ∧ P3

, d eP2 =
2m

3
P3 ∧ P1

, d eP3 =
2m

3
P2 ∧ P3

∴ dPa
= 0 , d ePa = −

r

2
tabcPb ∧ Pc
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I Bianchi identity of doubled vielbein PA =

(
Pa

P̃a

)
gives a structure constant tAB

C:

dP1
= 0 , dP2

= 0 , dP3
= 0

d eP1 =
2m

3
P2 ∧ P3

, d eP2 =
2m

3
P3 ∧ P1

, d eP3 =
2m

3
P2 ∧ P3

∴ dPa
= 0 , d ePa = −

r

2
tabcPb ∧ Pc

Then we can read the structure constant tabc ≡ habc of the Lie algebra as

[Za, Zb] = habcX
c , h123 = −2m

3r
≡ −H123

We can also fix the scaling factor in the Bianchi identity:

r =
2
3
, dPA = −1

3
tBC

APB ∧ PC
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I Periodicity of physical coordinates Y i and dual coordinates Ỹi:

(x, ey, ez) ∼ (x+ 1, ey + kz, ez − ky) ex ∼ ex+ 1

(y, ez, ex) ∼ (y + 1, ez + kx, ex− kz) ey ∼ ey + 1

(z, ex, ey) ∼ (z + 1, ex+ ky, ey − kx) ez ∼ ez + 1

This does not change the metric Gij and the B-field Bij.
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I Periodicity of physical coordinates Y i and dual coordinates Ỹi:

(x, ey, ez) ∼ (x+ 1, ey + kz, ez − ky) ex ∼ ex+ 1

(y, ez, ex) ∼ (y + 1, ez + kx, ex− kz) ey ∼ ey + 1

(z, ex, ey) ∼ (z + 1, ex+ ky, ey − kx) ez ∼ ez + 1

This does not change the metric Gij and the B-field Bij.

I Self-duality constraint: Y i = (x, y, z), eYi = (ex, ey, ez) and σ± ≡ σ0 ± σ1

�

�

�

�
∂±Ỹi =

(
Bij(Y )∓ δij

)
∂±Y

j

We can completely take the projection onto the physical space

99K geometric background
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Nilmanifold as a twisted torus

I Doubled vielbein by T-duality along z-direction:

`

Pf
´A

I =
`

ρz
´A

B PBJ
`

ρz
´J
I =

0

B

B

B

B

B

B

@

1 0 0 0 0 0
0 1 0 0 0 0

−ky kx 1 0 0 0

0 −kez 0 1 0 ky
kez 0 0 0 1 −kx
0 0 0 0 0 1

1

C

C

C

C

C

C

A

`

Mf
´

IJ =
`

ρz
´

I
K MKL

`

ρz
´L
J ≡

0

B

@

Gf − BfG−1
f

Bf BfG−1
f

−G−1
f

Bf G−1
f

1

C

A

“Metric” Gf and “B-field” Bf can be read from the doubled metric as

(Gf)ij =

0

B

B

@

1 + k2y2 −k2xy −ky
−k2xy 1 + k2x2 kx

−ky kx 1

1

C

C

A

, (Bf)ij =

0

B

B

@

0 k ez 0

−k ez 0 0

0 0 0

1

C

C

A
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I Bianchi identity of doubled vielbein PA =

(
Pa

P̃a

)
gives a structure constant tAB

C:

dP1
= 0 , dP2

= 0 , dP3
=

2m

3
P1 ∧ P2

d eP1 =
2m

3
P2 ∧ eP3 , d eP2 =

2m

3
eP3 ∧ P1

, d eP3 = 0

∴ dPa
= −

1

3
t
a
bcPb ∧ Pc

, d ePa = −
1

3
tab

cPb ∧ ePc

Then we can read the structure constant tab
c ≡ fabc as

[Za, Zb] = fab
cZc , [Xa, Zb] = fabcX

c , f1
23 = −m
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I Periodicity of physical coordinates Y i and dual coordinates Ỹi:

(x, ey, z) ∼ (x+ 1, ey + kz, z − ky) ex ∼ ex+ 1

(y, z, ex) ∼ (y + 1, z + kx, ex− kz) ey ∼ ey + 1

z ∼ z + 1 (ez, ex, ey) ∼ (ez + 1, ex+ key, ey − kex)

ds2 =
(
dx
)2 +

(
dy
)2 +

(
dz − ky dx+ kxdy

)2
, B = kz̃ dx ∧ dy

The metric is invariant and the B-field is shifted via this periodic shift.
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I Periodicity of physical coordinates Y i and dual coordinates Ỹi:

(x, ey, z) ∼ (x+ 1, ey + kz, z − ky) ex ∼ ex+ 1

(y, z, ex) ∼ (y + 1, z + kx, ex− kz) ey ∼ ey + 1

z ∼ z + 1 (ez, ex, ey) ∼ (ez + 1, ex+ key, ey − kex)

ds2 =
(
dx
)2 +

(
dy
)2 +

(
dz − ky dx+ kxdy

)2
, B = kz̃ dx ∧ dy

The metric is invariant and the B-field is shifted via this periodic shift.

I Self-duality constraint is ∂±Ỹi =
(
Bij(Ỹ )∓ Gij(Y )

)
∂±Y

j

We can completely take the projection on the physical space

99K geometric background
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T-fold

I Doubled vielbein by T-duality along (y, z)-directions:

`

PQ
´A

I =
`

ρyρz
´A

B PBJ
`

ρzρy
´J
I =

0

B

B

B

B

B

B

@

1 0 0 0 0 0
kez 1 0 0 0 −kx
−key 0 1 0 kx 0

0 0 0 1 −kez key
0 0 0 0 1 0
0 0 0 0 0 1

1

C

C

C

C

C

C

A

`

MQ
´

IJ =
`

ρyρz
´

I
K MKL

`

ρzρy
´L
J ≡

0

B

@

GQ − BQG−1
Q

BQ BQG−1
Q

−G−1
Q

BQ G−1
Q

1

C

A

The “metric” GQ and “B-field” BQ are

(GQ)ij =
1

1 + k2x2

0

B

B

@

1 + k2(x2 + ey2 + ez2) kez −key
kez 1 0

−key 0 1

1

C

C

A

(BQ)ij =
1

1 + k2x2

0

B

B

@

0 −k2xey −k2xez

k2xey 0 −kx
k2xez kx 0

1

C

C

A
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local O(3)×O(3) transformation to describe correct form of doubled vielbein

`

P ′
Q

´A
I = h

A
B
`

PQ
´B

I ≡
 

(eQ)ai 03

−(eQ)a
j(BQ)ji (eQ)a

i

!

=

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0

kez√
1+k2x2

1√
1+k2x2

0 0 0 0

− key√
1+k2x2

0 1√
1+k2x2

0 0 0

0 0 0 1 −kez key

− k2xey√
1+k2x2

0 kx√
1+k2x2

0
p

1 + k2x2 0

− k2xez√
1+k2x2

− kx√
1+k2x2

0 0 0
p

1 + k2x2

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

h
A
B =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 0 0 0 0 0

0 1√
1+k2x2

0 0 0 kx√
1+k2x2

0 0 1√
1+k2x2

0 − kx√
1+k2x2

0

0 0 0 1 0 0

0 0 kx√
1+k2x2

0 1√
1+k2x2

0

0 − kx√
1+k2x2

0 0 0 1√
1+k2x2

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A
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I Bianchi identity of doubled vielbein PA =

(
Pa

P̃a

)
gives a structure constant tAB

C:

dP1
= 0 , dP2

=
2m

3
eP3 ∧ P1

, dP3
=

2m

3
P1 ∧ eP2

d eP1 =
2m

3
eP2 ∧ eP3 , d eP2 = 0 , d eP3 = 0

∴ dPa
= −

1

3
t
ab
c
ePb ∧ Pc

, d ePa = −
1

3
ta
bc
ePb ∧ ePc

Then we can read the structure constant tabc ≡ Qabc as

[Xa, Xb] = QabcX
c , [Za, Xb] = Qa

bcZc , Q12
3 = −m
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I Periodicity of physical coordinates Y i and dual ones Ỹi:

(x, y, z) ∼ (x+ 1, y + kez, z − key) ex ∼ ex+ 1

y ∼ y + 1 (ey, z, ex) ∼ (ey + 1, z + kx, ex− kez)

z ∼ z + 1 (ez, ex, y) ∼ (ez + 1, ex+ key, y − kx)

ds2 =
(
dx
)2 +

1
1 + k2x2

[(
dy + kz̃ dx

)2 +
(
dz − kỹ dx

)2]
This periodic shift yields a β-trsf: duality trsf. 99K globally nongeometric
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I Periodicity of physical coordinates Y i and dual ones Ỹi:

(x, y, z) ∼ (x+ 1, y + kez, z − key) ex ∼ ex+ 1

y ∼ y + 1 (ey, z, ex) ∼ (ey + 1, z + kx, ex− kez)

z ∼ z + 1 (ez, ex, y) ∼ (ez + 1, ex+ key, y − kx)

ds2 =
(
dx
)2 +

1
1 + k2x2

[(
dy + kz̃ dx

)2 +
(
dz − kỹ dx

)2]
This periodic shift yields a β-trsf: duality trsf. 99K globally nongeometric

However, imposing the self-duality constraint,

we see that this duality transformation is interpreted as T-duality on fibred T 2

in terms of only the physical coordinate objects 99K locally geometric
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Nongeometric background

I Doubled vielbein by T-duality along (x, y, z)-directions:

`

PR
´A

I =
`

ρxρyρz
´A

B PBJ
`

ρzρyρx
´J
I =

0

B

B

B

B

B

B

B

B

@

1 0 0 0 −kez key

0 1 0 kez 0 −kex
0 0 1 −key kex 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1

C

C

C

C

C

C

C

C

A

`

MR
´

IJ =
`

ρxρyρz
´

I
K MKL

`

ρzρyρx
´L
J ≡

0

B

@

GR − BRG−1
R

BR BRG−1
R

−G−1
R

BR G−1
R

1

C

A

The “metric” GR and “B-field” BR can be read from the doubled metric as

(GR)ij = χ

0

B

B

@

1 + k2
ex2 k2

exey k2
ezex

k2
exey 1 + k2

ey2 k2
eyez

k2
ezex k2

eyez 1 + k2
ez2

1

C

C

A

, (BR)ij = χ

0

B

B

@

0 −kez key

kez 0 −kex
−key kex 0

1

C

C

A

χ =
1

1 + k2
ex2 + k2

ey2 + k2
ez2
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local O(3)×O(3) transformation to describe correct form of doubled vielbein

`

P′
R
´A
I = h

A
B
`

PR
´B
I ≡

 

(eR)ai 03
−(eR)a

j(BR)ji (eR)a
i

!

=

0

B

B

B

B

B

B

B

B

B

B

B

B

@

χ(1 + k2ex2) χ(k2exey + kez) χ(k2ezex− key) 0 0 0

χ(k2exey − kez) χ(1 + k2ey2) χ(k2eyez + kex) 0 0 0

χ(k2ezex+ key) χ(k2eyez − kex) χ(1 + k2ez2) 0 0 0

−k2χ(ey2 + ez2) χ(k2exey + kez) χ(k2ezex− key) 1 kez −key

χ(k2exey − kez) −k2χ(ex2 + ez2) χ(k2eyez + kex) −kez 1 kex

χ(k2ezex+ key) χ(k2eyez − kex) −k2χ(ex2 + ey2) key −kex 1

1

C

C

C

C

C

C

C

C

C

C

C

C

A

h
A
B = χ

0

B

B

B

B

B

B

B

B

B

B

B

B

@

1 + k2ex2 k2exey + kez k2ezex− key −k2(ey2 + ez2) k2exey + kez k2ezex− key

k2exey − kez 1 + k2ey2 k2eyez + kex k2exey − kez −k2(ez2 + ex2) k2eyez + kex

k2ezex+ key k2eyez − kex 1 + k2ez2 k2ezex+ key k2eyez − kex −k2(ex2 + ey2)

−k2(ey2 + ez2) k2exey + kez k2ezex− key 1 + k2ex2 k2exey + kez k2ezex− key

k2exey − kez −k2(ez2 + ex2) k2eyez + kex k2exey − kez 1 + k2ey2 k2eyez + kex

k2ezex+ key k2eyez − kex −k2(ex2 + ey2) k2ezex+ key k2eyez − kex 1 + k2ez2

1

C

C

C

C

C

C

C

C

C

C

C

C

A
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I Bianchi identity of doubled vielbein PA =

(
Pa

P̃a

)
gives a structure constant tAB

C:

dP1
=

2m

3
eP2 ∧ eP3 , dP2

=
2m

3
eP3 ∧ eP1 , dP3

=
2m

3
eP1 ∧ eP2

d eP1 = 0 , d eP2 = 0 , d eP3 = 0

∴ dPa
= −

m

3
t
abc
ePb ∧ ePc , d ePa = 0

Then we can read the structure constant tabc ≡ Rabc as

[Xa, Xb] = RabcZc , R123 = −m
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I Periodicity of physical coordinates Y i and dual coordinates Ỹi:

x ∼ x+ 1 (ex, y, z) ∼ (ex+ 1, y + kez, z − key)

y ∼ y + 1 (ey, z, x) ∼ (ey + 1, z + kex, x− kez)

z ∼ z + 1 (ez, x, y) ∼ (ez + 1, x+ key, y − kex)

ds2 =
1

1 + k2x̃2 + k2ỹ2 + k2z̃2

[
(dx)2 + (dy)2 + (dz)2 + k2(x̃dx+ ỹ dy + z̃ dz)2

]
This periodic shift yields a β-trsf: duality trsf. 99K globally nongeometric

The self-duality constraint does not yield a well-defined projection

99K locally nongeometric

Tetsuji KIMURA: Generalized/doubled/nongeometric string backgrounds - 132 / 150 -



Summary of example

T-dual−−−−−→ T-dual−−−−−→ T-dual−−−−−→

habc fabc Qabc Rabc

flat-torus nilmanifold T-fold nongeometric

stringy stringy

T-duality in the presence of B-field generates geometric/nongeometric backgrounds.

They also have to be investigated as low energy stringy geometries.

Extended formalism can proceed the analysis.

Generalized geometry would also know the existence of Q- and R-fluxes.

M. Graña, J. Louis, D. Waldram hep-th/0612237 M. Graña, R. Minasian, M. Petrini, D. Waldram arXiv:0807.4527
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Summary of doubled geometry

I Start from scalar moduli matrix in supergravity on Md

I Introduce doubled space M2d induced by B-field

I Perform T-duality transformations

I Evaluate Lie algebra and geometries

Extend to U-fold endowed with U-duality transformation (hidden symmetry)

? Supersymmetry on doubled geometry ?

? Investigate quantum aspects of the doubled sigma model ?
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Summary and Discussions



Summary and Discussions

Here we have studied two typical extensions of compactified geometry:

generalized geometry and doubled formalism

Generalized geometry provides the most general descriptions of the Kähler potentials and

the superpotentials.

Doubled formalism indicates the origin of nongeometric backgrounds which appears via

T-duality transformations

Next we should...

I Find a way to analyze dimensions of moduli spaces

I Find relations between generalized geometry and doubled formalism

I Find application to moduli stabilization, landscape of flux vacua, etc.

I Include D-branes (and orientifold planes) into generalized/doubled geometries

C. Albertsson, TK, R.A. Reid-Edwards “D-branes and doubled geometry,” arXiv:0806.1783
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Appendix



Appendix: Search for supersymmetric backgrounds

Compactification Ansatz for the ten-dimensional spacetime:

M1,9 = M1,3 ×W M6

ds21,9 = GMN dxM dxN = e2Agµν dxµ dxν + Gij dyi dyj

Maximal symmetry of M1,3 → 〈fermions〉 = 0

Supersymmetric vacuum ↔ 〈δ(fermions)〉 = 0

δ

0

@

Ψ1
M

Ψ2
M

1

A = DM

0

@

ε1

ε2

1

A−
1

96
e
−φ
“

γM
PQRHPQR − 9γ

PQHMPQ

”

P

0

@

ε1

ε2

1

A

−
X

n

1

64n!
e

5−n
4 φ
h

(n− 1)γM
N1···Nn − n(9 − n)δM

N1γ
N2···Nn

i

FN1···NnPn

0

@

ε1

ε2

1

A

n P Pn

IIA 0, 2, 4, 6, 8 γ11 (γ11)
n/2σ1

IIB
1, 5, 9

−σ3
iσ2

3, 7 σ1

question: Pn in IIA

(γ11)
n/2? (γ11)

n/2σ1?

hep-th/0103233 hep-th/0505264

hep-th/0602241 hep-th/0509003

... ...
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Decomposition of Lorentz symmetry:

Spin(1, 9)→ Spin(1, 3)× Spin(6) = SL(2,C)× SU(4)

161 = (2,4)1 ⊕ (2,4)1, 162 = (2,4)2 ⊕ (2,4)2

Decomposition of supersymmetry parameters (with a, b ∈ C):{
ε1IIA = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIA = ξ2+ ⊗ (bη2
−) + ξ2− ⊗ (bη2

+)

{
ε1IIB = ξ1+ ⊗ (aη1

+) + ξ1− ⊗ (aη1
−)

ε2IIB = ξ2+ ⊗ (bη2
+) + ξ2− ⊗ (bη2

−)

Set SU(3) invariant spinor ηA+ s.t. D(T )ηA+ = 0 (A = 1, 2):

spacetime M1,3

N = 2: (ξ1+, ξ
2
+)

↓
N = 1: (ξ1+ = ξ2+ = ξ+)

compactified space M6

a pair of SU(3) (η1
+, η

2
+)

↓
a single SU(3) (η1

+ = η2
+ = η+)

back to spinor decompositions
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Appendix: Calabi-Yau compactifications of type II theories

NS-NS fields in ten-dimensional spacetime are expanded as

φ(x, y) = ϕ(x)

Gmn(x, y) = iva(x)(ωa)mn(y), Gmn(x, y) = izk(x)
(

(χk)mpqΩpqn
||Ω||2

)
(y)

B2(x, y) = B2(x) + ba(x)ωa(y)

R-R fields in type IIA are

C1(x, y) = C0
1(x)

C3(x, y) = Ca1 (x)ωa(y) + ξK(x)αK(y)− ξ̃K(x)βK(y)

R-R fields in type IIB are

C0(x, y) = C0(x)

C2(x, y) = C2(x) + ca(x)ωa(y)

C4(x, y) = V K1 (x)αK(y) + ρa(x)ω̃a(y)

cohomology class basis

H(1,1) ωa a = 1, . . . , h(1,1)

H(0) ⊕H(1,1) ωA = (1, ωa) A = 0, 1, . . . , h(1,1)

H(2,2) ω̃a a = 1, . . . , h(1,1)

H(2,1) χk k = 1, . . . , h(2,1)

H(3) (αK, βK) K = 0, 1, . . . , h(2,1)
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Four-dimensional type IIA N = 2 ungauged supergravity action of bosonic fields is

S
(4)
IIA =

∫
M1,3

(
− 1

2
R ∗ 1 +

1
2

ReNABFA ∧ FB +
1
2

ImNABFA ∧ ∗FB

−Gab dt
a ∧ ∗dtb − huv dqu ∧ ∗dqv

)
gravity multiplet (gµν, C0

1) 1

vector multiplet (Ca1 , v
a, ba) a = 1, . . . , h(1,1)

hypermultiplet (zk, ξk, ξ̃k) k = 1, . . . , h(2,1)

tensor multiplet (B2, ϕ, ξ
0, ξ̃0) 1

Various functions in the actions:

B + iJ = (ba + iva)ωa = taωa KKS = − log
(

4
3

∫
M6

J ∧ J ∧ J
)

Kabc =
∫

M6

ωa ∧ ωb ∧ ωc Kab =
∫

M6

ωa ∧ ωb ∧ J = Kabcvc

Ka =
∫

M6

ωa ∧ J ∧ J = Kabcvbvc K =
∫

M6

J ∧ J ∧ J = Kabcvavbvc

ReNAB =

(
−1

3Kabcb
abbbc 1

2Kabcb
bbc

1
2Kabcb

bbc −Kabcbc

)
ImNAB = −K

6

(
1 + 4Gabbabb −4Gabbb

−4Gabbb 4Gab

)

Gab =
3
2

∫
ωa ∧ ∗ωb∫
J ∧ J ∧ J

= ∂ta∂tbK
KS
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Four-dimensional type IIB N = 2 ungauged supergravity action of bosonic fields is

S
(4)
IIB =

∫
M1,3

(
− 1

2
R ∗ 1 +

1
2

ReMKLF
K ∧ FL +

1
2

ImMKLF
K ∧ ∗FL

−Gkl dz
k ∧ ∗dzl − hpq dq̃p ∧ ∗dq̃q

)
gravity multiplet (gµν, V 0

1 ) 1

vector multiplet (V k1 , z
k) k = 1, . . . , h(2,1)

hypermultiplet (va, ba, ca, ρa) a = 1, . . . , h(1,1)

tensor multiplet (B2, C2, ϕ, C0) 1

Various functions in the actions:

Ω = ZKαK − FKβ
K zk = ZK/Z0 FKL = ∂LFK

KCS = − log
(
i

∫
M6

Ω ∧ Ω
)

Gkl = −

∫
χk ∧ χl∫
Ω ∧ Ω

= ∂zk∂zlK
CS

MKL = FKL + 2i
(ImF)KMZM(ImF)LNZN

ZN(ImF)NMZM

back to CY Moduli
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Appendix: SU(3)-structure manifold with torsion

i Information from Killing spinor eqs. with torsion D(T )η± = 0 (∃complex Weyl η±)

I Invariant p-forms on SU(3)-structure manifold:

a real two-form Jij = ∓2i η†± γij η±
a holomorphic three-form Ωijk = −2i η†− γijk η+

dJ =
3
2

Im(W1Ω) +W4 ∧ J +W3 dΩ = W1J ∧ J +W2 ∧ J +W5 ∧ Ω

I Five classes of (intrinsic) torsion are given as

component interpretation SU(3)-representation

W1 J ∧ dΩ or Ω ∧ dJ 1⊕ 1

W2 (dΩ)2,20 8⊕ 8

W3 (dJ)2,10 + (dJ)1,20 6⊕ 6

W4 J ∧ dJ 3⊕ 3

W5 (dΩ)3,1 3⊕ 3

In case of heterotic string, see, for instance, K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng, S.-T. Yau hep-th/0604137

T. Kimura, P. Yi hep-th/0605247 etc.
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I Vanishing torsion classes in special SU(3)-structure manifolds:

complex

hermitian W1 =W2 = 0

balanced W1 =W2 =W4 = 0

special hermitian W1 =W2 =W4 =W5 = 0

Kähler W1 =W2 =W3 =W4 = 0

Calabi-Yau W1 =W2 =W3 =W4 =W5 = 0

conformally Calabi-Yau W1 =W2 =W3 = 3W4 + 2W5 = 0

almost complex

symplectic W1 =W3 =W4 = 0

nearly Kähler W2 =W3 =W4 =W5 = 0

almost Kähler W1 =W3 =W4 =W5 = 0

quasi Kähler W3 =W4 =W5 = 0

semi Kähler W4 =W5 = 0

half-flat ImW1 = ImW2 =W4 =W5 = 0
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Four-dimensional N = 1 Minkowski vacua in type IIA hep-th/0509003

IIA a = 0 or b = 0 (type A) a = beiβ (type BC)

1
W1 = H

(1)
3 = 0

F
(1)
0 = ∓F (1)

2 = F
(1)
4 = ∓F (1)

6 F
(1)
2n = 0

8 W2 = F
(8)
2 = F

(8)
4 = 0

generic β β = 0

ReW2 = eφF (8)
2

ImW2 = 0

ReW2 = eφF (8)
2 + eφF (8)

4

ImW2 = 0

6 W3 = ∓ ∗6 H(6)
3 W3 = H

(6)
3

3
W5 = 2W4 = ∓2iH(3)

3 = ∂φ

∂A = ∂a = 0

F
(3)
2 = 2iW5 = −2i∂A = 2i

3 ∂φ

W4 = 0

type A
NS-flux only (common to IIA, IIB, heterotic)

W1 =W2 = 0, W3 6= 0: complex

type BC
RR-flux only

W1 = ImW2 =W3 =W4 = 0, ReW2 6= 0, W5 6= 0: symplectic

For N = 1 AdS4 vacua: hep-th/0403049 hep-th/0407263 hep-th/0412250 hep-th/0502154 hep-th/0609124 , etc..
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Four-dimensional N = 1 Minkowski vacua in type IIB hep-th/0509003 back to Questions

IIB a = 0 or b = 0 (type A) a = ±ib (type B) a = ±b (type C) (type ABC)

1 W1 = F
(1)
3 = H

(1)
3 = 0

8 W2 = 0

6
F

(6)
3 = 0

W3 = ± ∗H(6)
3

W3 = 0

eφF (6)
3 = ∓ ∗H(6)

3

H
(6)
3 = 0

W3 = ±eφ ∗ F (6)
3

(∗ ∗ ∗)

3
W5 = 2W4 = ∓2iH(3)

3 = 2∂φ

∂A = ∂a = 0

eφF (3)
5 = 2i

3W5 = iW4

= −2i∂A = −4i∂ log a

∂φ = 0
eφF (3)

3 = 2iW5 = −2i∂A

= −4i∂ log a = −i∂φ
(∗ ∗ ∗)

F
eφF (3)

1 = 2eφF (3)
5

= iW5 = iW4 = i∂φ

type A

NS-flux only (common to IIA, IIB, heterotic)

dJ ± iH3 is (2,1)-primitive

W1 =W2 = 0: complex

type B

both NS- and RR-flux

G3 = F3 − ie−φH3 = −i ∗6 G3 is (2,1)-primitive

W1 =W2 =W3 =W4 = 0, 2W5 = 3W4 = −6∂A: conformally CY

type C
RR-flux only (S-dual of type A)

d(e−φJ)± iF3 is (2,1)-primitive

W1 =W2 = 0: complex

type ABC (skip detail...)
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Appendix: Geometric objects on (a pair of) SU(3)-structure manifolds

I on a single SU(3):
a real two-form Jij = ∓2i η†± γij η±

a complex three-form Ωijk = −2i η†− γijk η+

I on a pair of SU(3):

two real vectors (v − iv′)i = η1†
+ γ

i η2
−

(JA,ΩA)
J1 = j + v ∧ v′ Ω1 = w ∧ (v + iv′)

J2 = j − v ∧ v′ Ω2 = w ∧ (v − iv′)
(j, w): local SU(2)-invariant forms

If η1
+ 6= η2

+ globally, a pair of SU(3) is reduced to global single SU(2) w/ (j, w, v, v′)

If η1
+ = η2

+ globally, a pair of SU(3) is reduced to a single global SU(3) w/ (J,Ω)

η2
+ = c‖η

1
+ + c⊥(v + iv′)i γi η1

− |c‖|2 + |c⊥|2 = 1

cf.) a pair of SU(3) on TM6 ∼ an SU(3)× SU(3) on TM6 ⊕ T ∗M6

back to pure spinors
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A simple example: half-flat manifold

A configuration of six-torus T 6 in the presence of H-flux in five-brane solution:

→


ds2 = ds2R1,2 + (dx1)2 + (dx2)2 + (dy3)2 + V

{
dξ2 + (dx3)2 + (dy1)2 + (dy2)2

}
H3 = ∗4dV = λ dy1 ∧ dy2 ∧ dx3

e2φ = V = λξ
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A simple example: half-flat manifold

A configuration of six-torus T 6 in the presence of H-flux in five-brane solution:

→


ds2 = ds2R1,2 + (dx1)2 + (dx2)2 + (dy3)2 + V

{
dξ2 + (dx3)2 + (dy1)2 + (dy2)2

}
H3 = ∗4dV = λ dy1 ∧ dy2 ∧ dx3

e2φ = V = λξ

Perform T-duality along all xi-directions with respect to the Buscher’s rule:

ds2 = ds2R1,2 + (dx̃1)2 + (dx̃2)2 + (dy3)2 + V −1(dx̃3 − λy1dy2)2 + V
{

dξ2 + (dy1)2 + (dy2)2
}

H̃3 = 0 e2eφ = 1
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A simple example: half-flat manifold

A configuration of six-torus T 6 in the presence of H-flux in five-brane solution:

→


ds2 = ds2R1,2 + (dx1)2 + (dx2)2 + (dy3)2 + V

{
dξ2 + (dx3)2 + (dy1)2 + (dy2)2

}
H3 = ∗4dV = λ dy1 ∧ dy2 ∧ dx3

e2φ = V = λξ

Perform T-duality along all xi-directions with respect to the Buscher’s rule:

ds2 = ds2R1,2 + (dx̃1)2 + (dx̃2)2 + (dy3)2 + V −1(dx̃3 − λy1dy2)2 + V
{

dξ2 + (dy1)2 + (dy2)2
}

H̃3 = 0 e2eφ = 1

Choose e1 = dx̃1 + i
√
V dy1 e2 = dx̃2 + i

√
V dy2 e3 =

1√
V

(dx̃3 − λy1dy2) + idy3

Two- and three-forms: J = −iδmn em ∧ en and Ω ≡ e1 ∧ e2 ∧ e3 with

dJ = − 2λ√
V

dy1 ∧ dy2 ∧ dy3 6= 0 and J ∧ dJ = 0

dΩ = − λ√
V

dx̃1 ∧ dx̃2 ∧ dy1 ∧ dy2 i.e., RedΩ 6= 0 and ImdΩ = 0

This is a (torsionful) half-flat manifold and Entrance Gate to doubled formalism
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