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Introduction

Charged Black Hole Solutions in 4D N = 2 Gauged SUGRA

b WHY N = 2 (8-SUSY charges)?

��� Scalar fields living in highly symmetric spaces

��� Flux compactification scenarios in string theories

b WHY Charged Black Holes?

��� Attractive: 4D N = 2 SUGRA ⊂ Einstein-Yang–Mills-Matters

��� Non-trivial: if there exists the cosmological constant with matter fields
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Introduction

Flux Compactifications beyond Calabi-Yau

Why flux compactifications beyond CY in 10D Strings?

1. CY → 4D ungauged SUGRA

→ Fluxes break 10D Eqs. of Motion

2. non-CY with fluxes → 4D gauged SUGRA

non-CY: SU(3)-structure with torsion, generalized geometry, etc.

gauge coupling constants, mass parameters...

Tetsuji KIMURA : AdS Black Holes in 4D N=2 Gauged SUGRA - 3 -



Introduction

In 4D N = 2 ungauged SUGRA −→ No scalar potential.

(Extremal) charged Black holes in asymptotic flat has been investigated.

Charges = D-branes wrapped on CY: “D0-D4”, “D2-D6”, “D0-D2-D6”, etc.

(Hypermultiplets are decoupled from the system.)

In 4D N = 2 gauged SUGRA −→ Scalar potential is turned on.

The cosmological constant Λ is given as VEV of the scalar potential V .

(“mass deformations” of gravitini)
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Introduction

Anti-de Sitter Black Holes

Remark: Naked Singularity appeared in SUSY charged AdS BH solutions.� �
Z Pure AdS SUGRA (only gravitational multiplet):

L.J. Romans [hep-th/9203018], M.M. Caldarelli and D. Klemm [hep-th/9808097], etc.

There exists a SUSY solution of rotating AdS black hole with regular horizon.

Z Gauged SUGRA with vector multiplets (without hyper-sector):

W.A. Sabra, et.al. (electric charges [hep-th/9903143], magnetic/dyonic charges [hep-th/0003213]), etc.

Z Found SUSY AdS-BHs with vector multiplets (without hyper-sector):

[arXiv:0911.4926], [arXiv:1011.2202], [arXiv:1012.3756], [arXiv:1012.4314], etc.� �
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Introduction

Question� �
How can we obtain charged BH solutions with hypermultiplets

in asymptotically (non)-flat spacetime?� �

— Setup and Result —

10D type IIA string on non-CY with SU(3)-structure

4D N = 2 gauged SUGRA with VMs and UHM

Impose covariantly constant condition on matter fields

Regular solutions!?

(U)HM: (universal) hypermultiplet

VM: vector multiplet
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From now on, you meet a tremendous number of equations..

Ready?



4D N = 2 SUGRA

Supersymmetric multiplets in 4D N = 2 SUGRA:

1 gravitational multiplet: {gµν, A
0
µ, ψAµ}

µ = 0, 1, 2, 3 (4D, curved)
A = 1, 2 (SU(2) R-symmetry)

nV vector multiplets: {Aa
µ, t

a, λaA} a = 1, . . . , nV

ta in special Kähler geometry (SKG): SM

nH + 1 hypermultiplets: {qu, ζα}
u = 1, . . . , 4nH + 4
α = 1, . . . , 2nH + 2

qu in quaternionic geometry (QG): HM

'

&

$

%

Two moduli spaces SM and HM govern 4D N = 2 SUGRA.

Both are highly understood in a mathematical sense.
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Terminology and formulae on special Kähler geometry

Prepotential : F is a holomorphic function of XΛ of degree two (FΛ = ∂F/∂XΛ)

Kähler potential : KV = − log
[
i
(
XΛFΛ −XΛFΛ

)]
Symplectic section : ΠV ≡ eKV/2

(
XΛ

FΛ

)
≡
(
LΛ

MΛ

)
, 1 = i

(
LΛMΛ − LΛMΛ

)
Kähler metric : gab =

∂

∂ta
∂

∂tb
KV , ta =

Xa

X0

Kähler covariant derivative : DaΠV =
( ∂

∂ta
+

1
2
∂KV

∂ta

)
ΠV ≡

(
fΛ

a

hΛa

)
Period matrix : NΛΣ = FΛΣ + 2i

(ImF)ΛΓX
Γ(ImF)Σ∆X

∆

XΠ(ImF)ΠΞXΞ

Formulae : MΛ = NΛΣL
Σ, hΛa = NΛΣf

Σ
a

(Symplectic matrix) : (MV)ΛΛΛΣΣΣ =
(

1 −ReN
0 1

)(
ImN 0

0 (ImN )−1

)(
1 0

−ReN 1

)

In a similar way... ΠH ≡ eKH/2

(
ZI

GI

)
, zi =

Zi

Z0
, KH = − log

[
i
(
ZIGI − ZIGI

)]
, etc.
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Calabi-Yau compactification in type IIA

10D type IIA action S
(10D)
IIA = SNS + SR + SCS:

SNS =
1
2

∫
e−2φ

{
R̂ ∗ 1 + 4dφ ∧ ∗dφ− 1

2
Ĥ3 ∧ ∗Ĥ3

}
SR + SCS = −1

4

∫ {
F̂2 ∧ ∗F̂2 +

(
F̂4 − Ĉ1 ∧ F̂3

)
∧ ∗
(
F̂4 − Ĉ1 ∧ F̂3

)}
− 1

4

∫
B̂2 ∧ F̂4 ∧ F̂4

CY ↓↓↓ CY

4D N = 2 ungauged SUGRA: Neither gauge couplings, Nor scalar potential

S(4D) =
∫

d4x
√
−g
[
1
2
R+

1
4
ImNΛΣF

Λ
µνF

Σµν − εµνρσ

8
√
−g

ReNΛΣF
Λ
µνF

Σ
ρσ − gab ∂µta∂µtb − huv ∂µq

u∂µqv

]
gravitational multiplet gµν, A

0
1

VMs Aa
1 , t

a, tb ta ∈ SKGV
mirror dual: SKGV ↔ SKGH

HMs zi, z, ξi, ξ̃j zi ∈ SKGH

UHM ϕ, a, ξ0, ξ̃0 a↔ B2 Hodge dual

HM→→→ Special QG� �
{qu}

4nH + 4
= {zi, z}

2nH(SKGH)
+ {ξi, ξ̃j}

2nH

+ {ϕ, a, ξ0, ξ̃0}
4 (UHM)

= {zi, z}
SKGH

+ {ϕ}+ {a, ξI, ξ̃J}
“Heisenberg”� �
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Geometric flux compactification in type IIA

10D type IIA action S
(10D)
IIA = SNS + S̃R = SNS + SR + SCS: (democratic form)

SNS =
1
2

∫
e−2φ

{
R̂ ∗ 1 + 4dφ ∧ ∗dφ− 1

2
Ĥ3 ∧ ∗Ĥ3

}
S̃R = −1

8

∫ [
F̂ ∧ ∗F̂

]
10 with self-duality of F̂, and EoMs for F̂n and B̂2

non-CY with SU(3)-structure ↓↓↓ non-CY with SU(3)-structure

4D N = 2 abelian gauged SUGRA (with ξIII ≡ (ξI, ξ̃I)T):

S(4D) =
∫

d4x
√
−g
[
1
2
R+

1
4
ImNΛΣF

Λ
µνF

Σµν − εµνρσ

8
√
−g

ReNΛΣF
Λ
µνF

Σ
ρσ − gab ∂µta∂µtb − gi ∂µz

i∂µz

−∂µϕ∂
µϕ+

e2ϕ

2
(MH)IIIJJJDµξ

IIIDµξJJJ − e2ϕ

4
(
Dµa− ξIII(CH)IIIJJJDµξ

JJJ
)2 − V (t, t, q)

]
'

&

$

%

• (eΛI, eΛI) : geometric flux charges & eRΛ : RR-flux charges ←− non-CY data
(with constraints eΛ

IeΣI − eΛIeΣ
I = 0)

• ta ∈ SKGV and zi ∈ SKGH ⊂ HM are ungauged (in general)

• Dµξ
I = ∂µξ

I − eΛIAΛ
µ & Dµξ̃I = ∂µξ̃I − eΛIA

Λ
µ

• Dµa = ∂µa− (2eRΛ − ξIeΛI + ξ̃IeΛ
I)AΛ

µ

• details of V (t, t, q) in the next slide.. D. Cassani [arXiv:0804.0595]
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Scalar potential

Scalar potential:

V = g2
[
4huvk

ukv +
∑3

x=1

(
gabDaPxDbPx − 3|Px|2

)]
≡ VNS + VR (abelian: ka

Λ = 0)

VNS = gabDaP+DbP+ + giDiP+DP+ − 2|P+|2

= −2 g2e2ϕ
[
ΠT

H Q̃
T MV Q̃ΠH + ΠT

V QMHQ
T ΠV + 4ΠT

H CT
H Q

T
(
ΠVΠT

V + ΠVΠT
V

)
QCH ΠH

]
VR = gabDaP3DbP3 + |P3|2

= −1
2

g2e4ϕ
(
eRΛ − eΛ0ξ

0 + eΛ
0ξ̃0
)
(ImN )−1|ΛΣ

(
eRΣ − eΣ0ξ

0 + eΣ
0ξ̃0
)

'

&

$

%

ΠV = eKV/2(XΛ,FΛ)T

ta = Xa/X0

a = 1, . . . , nV

SKGV of vector-moduli

P+ ≡ P1 + iP2 = 2eϕ ΠT
V QCH ΠH

P− ≡ P1 − iP2 = 2eϕ ΠT
V QCH ΠH

P3 = e2ϕ ΠT
V CV(c+ Q̃ξ)

'

&

$

%

ΠH = eKH/2(ZI,GI)T

zi = Zi/Z0

i = 1, . . . , nH

SKGH of hyper-moduli

CV,H =

(
0 1

−1 0

)
; Q =

(
eΛ

I eΛI

0 0

)
, Q̃ = CT

H QCV c =

(
0

eRΛ

)
(This can be generalized more..., skipped!)

Cassani et.al. [arXiv:0804.0595], [arXiv:0911.2708]
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Equations of motion

Rµν −
1
2
Rgµν =

1
4
gµνImNΛΣF

Λ
ρσF

Σρσ − ImNΛΣF
Λ
µρF

Σ
νσ g

ρσ − gµν gab∂ρt
a∂ρtb + 2gab ∂µta∂νt

b − gµν gi∂ρz
i∂ρz + 2gi ∂µz

i∂νz


−gµν ∂ρϕ∂
ρϕ+ 2∂µϕ∂νϕ+

e2ϕ

2
gµν(MH)IIIJJJDρξ

IIIDρξJJJ − e2ϕ(MH)IIIJJJDµξ
IIIDνξ

JJJ

−e4ϕ

4
gµν

(
Dρa− ξIII(CH)IIIJJJDρξ

JJJ
)(
Dρa− ξIII(CH)IIIJJJD

ρξJJJ
)

+
e4ϕ

2

(
Dµa− ξIII(CH)IIIJJJDµξ

JJJ
)(
Dνa− ξIII(CH)IIIJJJDνξ

JJJ
)
− gµν V ,

0 =
1√
−g

∂µ

(√
−g ImNΛΣF

Σµσ
)
− εµνρσ

2
√
−g

∂µ

(
ReNΛΣF

Σ
νρ

)
− e4ϕ

(
Dσa− ξIII(CH)IIIJJJD

σξJJJ
)
G̃0Λ + e2ϕ(MH)IIIJJJD

σξJJJUIII
Λ ,

0 =
1√
−g

∂µ

(√
−g gcb g

µν∂νt
b
)

+
1
4
∂(ImNΛΣ)

∂tc
FΛ

µνF
Σµν − εµνρσ

8
√
−g

∂(ReNΛΣ)
∂tc

FΛ
µνF

Σ
ρσ −

∂gab

∂tc
∂µta∂µtb − ∂V

∂tc
,

0 =
1√
−g

∂µ

(√
−g gk g

µν∂νz

)
− ∂gi

∂zk
∂µz

i∂µz +
e2ϕ

2
∂(MH)IIIJJJ

∂zk
Dµξ

IIIDµξJJJ − ∂V

∂zk
,

0 =
2√
−g

∂µ

(√
−g gµν∂νϕ

)
+ e2ϕ(MH)IIIJJJDµξ

IIIDµξJJJ − e4ϕ
(
Dµa− ξIII(CH)IIIJJJDµξ

JJJ
)(
Dµa− ξIII(CH)IIIJJJD

µξJJJ
)
− ∂V
∂ϕ

,

0 = ∂µ

[e4ϕ

2
√
−g
(
Dµa− ξIII(CH)IIIJJJD

µξJJJ
)]
,

0 =
2√
−g

∂µ

(
e2ϕ√−g (MH)IIIKKK gµνDνξ

III
)

+
1√
−g

∂µ

{e4ϕ

2
√
−g
(
Dµa− ξIII(CH)IIIJJJD

µξJJJ
)
ξLLL(CH)LLLKKK

}
+

e4ϕ

2

(
Dµa− ξIII(CH)IIIJJJD

µξJJJ
)
Dµξ

LLL(CH)LLLKKK +
(
∂V/∂ξKKK

)
.

too hard to solve... /
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We have to introduce ans-atze to solve the Equations of Motion.
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Covariantly constant condition

• Asymptotically flat BH in ungauged SUGRA (10D type II on CY):

→ (non)-BPS solutions with constant vector moduli

• Asymptotically AdS BH in gauged SUGRA without HM:

→ non-BPS solutions with constant vector moduli supported by FI paramters

• Gauged SUGRA with “constant” VM and HM:

→ EoMs are not gauge invariant (ex: Dµξ
I = �����∂µξ

I − eΛIAΛ
µ)

↓↓↓
1. Impose (Covariantly) Constant Condition:

0 ≡ ∂µta 0 ≡ ∂µz
i 0 ≡ Dµξ

i 0 ≡ Dµξ̃i

0 ≡ ∂µϕ 0 ≡ Dµa 0 ≡ Dµξ
0 0 ≡ Dµξ̃0

2. Focus on systems with VMs + UHM (i.e., absence of {zi, z, ξi, ξ̃j} ∈ SKGH part)
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Candidates

Non-CY coset spaces with SU(3)-structure: D. Cassani and A.K. Kashani-Poor [arXiv:0901.4251]

M6

G2

SU(3)
(nearly-Kähler)

Sp(2)
S[U(2)× U(1)]

(half-flat)

SU(3)
U(1)× U(1)

(half-flat)

SM = SKGV

SU(1, 1)
U(1)

: t3
(SU(1, 1)

U(1)

)2

: st2
(SU(1, 1)

U(1)

)3

: stu

HM = SQG
SU(2, 1)
U(2)

: UHM
SU(2, 1)
U(2)

: UHM
SU(2, 1)
U(2)

: UHM

SKGH ⊂ HM — — —

matters 1 VM + 1 UHM 2 VM + 1 UHM 3 VM + 1 UHM

Each SKGV has a cubic prepotential: F =
1
3!
dabc

XaXbXc

X0

nilmanifolds and solvmanifolds: M. Graña, R. Minasian, M. Petrini and A. Tomasiello [hep-th/0609124]

coset spaces with SU(3)- or SU(2)-structure: P. Koerber, D. Lüst and D. Tsimpis [arXiv:0804.0614]

a pair of SU(3)-structures with (mΛI,mΛ
I): D. Gaiotto and A. Tomasiello [arXiv:0904.3959]
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Reduced equations of motion

Rµν −
1
2
Rgµν =

1
4
gµνImNΛΣF

Λ
ρσF

Σρσ − ImNΛΣF
Λ
µρF

Σ
νσ g

ρσ − gµν V ,

0 =
1√
−g

∂µ

(√
−g ImNΛΣF

Σµσ
)
− εµνρσ

2
√
−g

∂µ

(
ReNΛΣF

Σ
νρ

)
≡ − ε

µνρσ

2
√
−g

∂µGΛνρ ,

0 =
1
4
∂(ImNΛΣ)

∂tc
FΛ

µνF
Σµν − εµνρσ

8
√
−g

∂(ReNΛΣ)
∂tc

FΛ
µνF

Σ
ρσ −

∂V

∂tc
,

0 = −∂V
∂ϕ

,

0 =
∂V

∂ξ0
=

∂V

∂ξ̃0
,

GΛµν ≡
√
−g
2

εµνρσ

(
ImNΛΣF

Σρσ
)

+ ReNΛΣF
Σ
µν ,

ΠH =
(
Z0

G0

)
=
(

1
−i

)
, CH =

(
0 1
−1 0

)
, MH =

(
−1 0
0 −1

)
,

P+ = −2eϕLΛ(eΛ0 + ieΛ0) , P+ = −2eϕLΛ(eΛ0 − ieΛ0) , P3 = e2ϕLΛ(eRΛ − eΛ0ξ
0 + eΛ

0ξ̃0) .

Quite easy to solve in an appropriate metric ansatz! ,
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Static metric ansatz, charges, and symplectic invariant

Assume 4D spacetime metric in the following static form:'

&

$

%
ds2 = −e2A(r)dt2 + e−2A(r)dr2 + e2C(r) r2

(
dθ2 + sin2 θ dφ2

)

Define electromagenetic charges of the system:

qΛ ≡
∫

S2
GΛ2 (electric charges)

pΛ ≡
∫

S2
FΛ

2 (magnetic charges)
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Static metric ansatz, charges, and symplectic invariant

Configuration of the gauge field strength:

FΛ
θφ = pΛ sin θ , FΛ

tr = −e−2C

r2
(ImN )−1|ΛΣ

[
qΣ − ReNΣΓ p

Γ
]

Energy-momentum tensor of the gauge fields is given by'

&

$

%

Tµν ≡
1
4
gµν ImNΛΣF

Λ
ρσF

Σρσ − ImNΛΣF
Λ
µρF

Σ
νσ g

ρσ

Tt
t = Tr

r = −Tθ
θ = −Tφ

φ ≡ −e−4C

r4
I1(p, q; t, t)

I1(p, q; t, t) ≡ −
1
2
(
pΛ, qΛ

)(
MV

)
ΛΛΛΣΣΣ

(
pΣ

qΣ

)
= −1

2

[(
qΛ − ReNΛΓ p

Γ
)
(ImN )−1|ΛΣ

(
qΣ − ReNΣ∆ p

∆
)]

In addition, parts of EoM for ta are rearranged to

1
4
∂(ImNΛΣ)

∂tc
FΛ

µνF
Σµν − εµνρσ

8
√
−g

∂(ReNΛΣ)
∂tc

FΛ
µνF

Σ
ρσ = −e−4C

r4
∂I1
∂tc

I1(p, q; t, t): called the “First symplectic invariant”
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Reduced equations of motion

The Equations of motion are rewritten as (′ ≡ d
dr)

δgtt : 0 = e2A
[ 1
r2

(1− e−2(A+C)) +
2
r
(A′ + 3C ′) + C ′(2A′ + 3C ′) + 2C ′′

]
+

e−4C

r4
I1 + V

δgrr : 0 = e2A
[ 1
r2

(1− e−2(A+C)) +
2
r
(A′ + C ′) + C ′(2A′ + C ′)

]
+

e−4C

r4
I1 + V

δgθθ, δgφφ : 0 = e2A
[2
r
(A′ + C ′) + 2(A′)2 + C ′(2A′ + C ′) +A′′ + C ′′

]
− e−4C

r4
I1 + V

δta : 0 =
e−4C

r4
∂I1
∂ta

+
∂V

∂ta
−→ ∂I1

∂ta
= 0 =

∂V

∂ta

δϕ : 0 = 2VNS + 4VR −→ V =
1
2
VNS = −VR

δξ0 : 0 = e4ϕeΛ0(ImN )−1|ΛΣ
[
eRΣ − eΣ0ξ

0 + eΣ
0 ξ̃0
]
−→ eRΣ − eΣ0ξ

0 + eΣ
0ξ̃0 = 0

δξ̃0 : 0 = −e4ϕeΛ
0(ImN )−1|ΛΣ

[
eRΣ − eΣ0ξ

0 + eΣ
0 ξ̃0
]

We can solve C(r) and A(r) in terms of I1, V and constants of integration.
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Spacetime configurations

We can solve C(r) and A(r) in terms of I1, V and constants of integration {ai, ci}:

ds2 = − e2A(r)dt2 + e−2A(r)dr2 + e2C(r) r2
(
dθ2 + sin2 θ dφ2

)
e2C(r) =

e2c2

r2
(
c1r + 1

)2
e2A(r) =

e−2c2

(c1)2
− 2a1

c1(c1r + 1)
+

e4c2I1
(c1)2(c1r + 1)2

− V

3(c1)2
(c1r + 1)2 ≡ 1− 2η

rnew
+
Z2

r2new

− Λ
3
r2new

Choosing c1r + 1 ≡ rnew (and c1 ≡ 1), we can read the “Black Hole” information:

e−2c2 ≡ 1 : scalar curvature of S2

a1 ≡ η : mass parameter

I1 ≡ Z2 : square of the charges

V ≡ Λ : cosmological constant (Λ = −3/`2)

η ≥ η0 =
`

3
√

6

(√
1 + 12Z2`−2 + 2

)(√
1 + 12Z2`−2 − 1

)1/2

(condition of the regular horizon)
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The remaining task is to find field configurations {ta, AΛ
µ , ϕ, a, ξ

0, ξ̃0}

which formulate charged BH information {I1, V }.
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Universal hypermultiplet

Covariantly constant condition on UHM (ϕ, ξ0, ξ̃0: asymptotic constant values in the vacuum):

0 = ∂µϕ → ϕ(x) = ϕ

0 = Dµξ
0 = ∂µξ

0 − eΛ0AΛ
µ → ξ0(x) = eΛ

0

∫ x

AΛ
µ dx′µ + ξ0

0 = Dµξ̃0 = ∂µξ̃0 − eΛ0A
Λ
µ → ξ̃0(x) = eΛ0

∫ x

AΛ
µ dx′µ + ξ̃0

Constantness condition of eRΛ from EoMs for ξ0, ξ̃0:

eRΛ = −eΛ0ξ
0 + eΛ

0ξ̃0 =
(
eΛ

0eΣ0 − eΛ0eΣ
0
)∫ x

AΣ
µ dx′µ +

(
eΛ0ξ

0 − eΛ0ξ̃0
)

0 = eΛ
0eΣ0 − eΛ0eΣ

0

This is nothing but the consistency condition on 6D internal space M6!

In addition, the same EoMs tell that ∂VR/∂ta = 0 and VR = 0 = −V = −1
2VNS

which implies that the spacetime has no cosmological constant!!
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Universal hypermultiplet

Covariantly constant condition on UHM (a: asymptotic constant value in the vacuum):

0 = Dµa = ∂µa− (2eRΛ − eΛ0ξ
0 + eΛ

0ξ̃0)AΛ
µ → ∂µa = eRΛA

Λ
µ

∴ a(x) = eRΛ

∫ x

AΛ
µ dx′µ + a

Summary� �
Asymptotic constant values {ϕ, ξ0, ξ̃0, a} will be fixed in the vacuum.

RR-flux charges are fixed by the geometric flux charges.

The consistency condition of the geometric flux charges are derived.

eΛ
0eΣ0 − eΛ0eΣ

0 = 0 eRΛ = eΛ0ξ
0 − eΛ0ξ̃0

ξ0(x) = eΛ
0

∫ x

AΛ
1 + ξ0 ξ̃0(x) = eΛ0

∫ x

AΛ
1 + ξ̃0 a(x) = eRΛ

∫ x

AΛ
1 + a

Asymptotically flat solution: V = 0
� �
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The configuration of UHM is universal.

Prepotential of VMs will tell us the existence of solutions..
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VMs with cubic prepotentials

Let us consider the following three models

associated with the internal coset spaces M6 with SU(3)-structure:

'

&

$

%

T3-model : single modulus model with F =
X1X1X1

X0
← M6 =

G2

SU(3)

ST2-model : two moduli model with F =
X1X2X2

X0
← M6 =

Sp(2)
S[U(2)× U(1)]

STU-model : three moduli model with F =
X1X2X3

X0
← M6 =

SU(3)
U(1)× U(1)

Notice: We consider general situations with non-vanishing eΛ
0

whilst each coset space has the vanishing eΛ
0.
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T3-model

The prepotential F = (X1)3/X0 gives the concrete description of everything!

t ≡ X1

X0
, KV = − log

[
i(t− t)3

]
, gtt = − 3

(t− t)2
, Rt

ttt = −∂t(g
tt∂tgtt)

V =
4ie2ϕ

3(t− t)3

[
3E0E0 + 3E0E1t + 3E0E1t + E1E1(2t2 − tt + 2t2)

]
+ VR

(For a simple expression, we introduce EΛ ≡ eΛ0 + ieΛ0).

Introduce another useful expression:

EΛΣ ≡ eΛ0eΣ0 + eΛ
0eΣ

0, CΛΣ ≡ eΛ
0eΣ0 − eΛ0eΣ

0 (= 0)

The solution of 0 = ∂tV = ∂tVNS + �����
∂tVR is

t∗ = −E01

E11
− i

3C01

E11
→ VNS∗ = −4e2ϕ

27
E11

C01

or t∗ = −E01

E11
+ i

3C01

5E11
→ VNS∗ =

50e2ϕ

27
E11

C01

Both are singular!! (i.e., KV and Rt
ttt are ill-defined.)

If we set eΛ
0 = 0 (M6 = G2/SU(3)) → ill-defined, singular charged solutions.
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ST2-model, STU-model

Prepotentials define diagonal Kähler metrics gab = ∂a∂bKV:

ST2: KV = − log
[
− i(s− s)(t− t)2

]
, s ≡ X1

X0
, t ≡ X2

X0

STU: KV = − log
[
− i(s− s)(t− t)(u− u)

]
, s ≡ X1

X0
, t ≡ X2

X0
, u ≡ X3

X0

These models have extrema ∂aVNS = 0 only at s− s = 0 = t− t = u− u

under the condition CΛΣ = 0 from the UHM sector.

↓
Each extrema has ill-defined curvature value.

↓
Singular charged solutions!

Even if eΛ
0 = 0, singular charged solutions.
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All models with cubic prepotentials have singular charged solutions

under the covariantly constant conditions..

This is “consistent” with the fact that AdS vacua appear in coset space compactifications.



Another candidate: a VM with non-cubic prepotential

Consider a single modulus model with F = −iX0X1.

(I do not know its 10D origin, or the corresponding M6. Do you know?)

Regard {eΛ0, eΛ
0, eRΛ} as purely the 4D parameters of gauging.

t ≡ X1

X0
, KV = − log

[
2(t + t)

]
, gtt =

1
(t + t)2

, Rt
ttt = −∂t(g

tt∂tgtt)

VNS =
2e2ϕ

t + t

[
E0E0 + (E0E1 + 2E0E1)t + (2E0E1 + E0E1)t + E1E1tt

]
The solution of ∂tVNS = 0 is

t∗ =

√
(E01)2

E11
+ i

C01

E11
→ VNS∗ = 2e2ϕ

[
− 3E01 +

√
(E01)2

]
As far as E01 6= 0, values of KV, Rt

ttt are regular:

if E01 > 0: Λ = 1
2VNS∗ = −2e2ϕE01 < 0 → AdS-BH

if E01 < 0: Λ = 1
2VNS∗ = −4e2ϕE01 > 0 → dS-BH

However, we have already known that V = 1
2VNS = −VR = 0 in the analysis of UHM.

Conflict!
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We find a singular solution again!

Impossible to find a regular solution of ∂ϕV = 0, ∂ξ000V = 0 and ∂taV = 0

under Dµξ
000 = 0??
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Discussions

2� Studied charged solutions in gauged SUGRA with VMs and UHM.

2� Imposed the covariantly constant condition.

2� Understood that it is impossible to acquire non-vanishing scalar potential.

2� Found singular solutions with cubic prepotentials.

2� Found again a singular solution with non-cubic prepotential.

2� No regular solution at all? (It seems quite strange..)

2� What’s happen if we consider a stationary black hole?
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Improvement
arXiv:1108.1113
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Example of Non-CY: coset space G2/SU(3)

Careful analysis on Coset space G2/SU(3) D. Cassani and A.K. Kashani-Poor [arXiv:0901.4251]

��� nearly-Kähler (almost complex geometry)

��� NSNS-sector : torsion and H-flux

��� RR-sector : 2-, 4-form and Romans’ mass (0-form)

��� 1 VM with cubic prepotential F =
X1X1X1

X0

��� 1 UHM (no other HMs)

nilmanifolds and solvmanifolds: M. Graña, R. Minasian, M. Petrini and A. Tomasiello [hep-th/0609124]

coset spaces with SU(3)- or SU(2)-structure: P. Koerber, D. Lüst and D. Tsimpis [arXiv:0804.0614]

a pair of SU(3)-structures with (mΛI,mΛ
I): D. Gaiotto and A. Tomasiello [arXiv:0904.3959]
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Geometric flux compactification in type IIA

10D type IIA on G2/SU(3) with fluxes

↓↓↓
4D N = 2 abelian gauged SUGRA with B-field (Λ = 0, 1 and ξ000 ≡ (ξ0, ξ̃0)T)

S =
∫ [

1
2
R (∗1) +

1
2
µΛΣF

Λ ∧ ∗FΣ +
1
2
νΛΣF

Λ ∧ FΣ − gtt dt ∧ ∗dt

− dϕ ∧ ∗dϕ − e−4ϕ

4
dB ∧ ∗dB − e2ϕ

2

(
Dξ0 ∧ ∗Dξ0 + Dξ̃0 ∧ ∗Dξ̃0

)
+ dB ∧ ξ0 dξ̃0

+ dB ∧
(
eRΛ − eΛ0 ξ

0
)
AΛ − 1

2
mΛ

R eRΛB ∧B − V (∗1)
]

'

&

$

%

• gµν, t, Bµν, ϕ; (eΛ0, eΛ0) : NS-NS sector
Precise data on G2/SU(3):

e10 6= 0, m0
R 6= 0, eR0 6= 0

eΛ
0 = 0 = e00

m1
R = 0 = eR1

• AΛ
µ , ξ0, ξ̃0; (mΛ

R , eRΛ) : R-R sector

• GM : (gµν, A
0
µ), VM : (Aa

µ, t), UHM → TM : (ϕ,Bµν, ξ
0, ξ̃0)

• Dξ0 = dξ0 − eΛ0AΛ
1 , Dξ̃0 = dξ̃0 − eΛ0A

Λ
1

• FΣ
2 = dAΣ

1 +mΣ
RB2

• V (t, ϕ, ξ0) = VNS(t, ϕ) + VR(t, ϕ, ξ0)

µΛΣ ≡ ImNΛΣ, νΛΣ ≡ ReNΛΣ D. Cassani [arXiv:0804.0595]
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Equations of motion in Gauged SUGRA with B-field

Rµν −
1
2
Rgµν =

1
4
gµν µΛΣF

Λ
ρσF

Σρσ − µΛΣF
Λ
µρF

Σ
νσ g

ρσ − gµν gtt∂ρt∂
ρt + 2gtt ∂µt∂νt

(δgµν)−gµν ∂ρϕ∂
ρϕ+ 2∂µϕ∂νϕ−

e−4ϕ

24
gµν HρσλH

ρσλ +
e−4ϕ

4
HµρσHν

ρσ

−e2ϕ

2
gµν

(
Dρξ

0Dρξ0 +Dρξ̃0D
ρξ̃0

)
+ e2ϕ

(
Dµξ

0Dνξ
0 +Dµξ̃0Dν ξ̃0

)
− gµνV ,

0 =
1√
−g

∂µ

(√
−g µΛΣF

Σµσ
)
− εµνρσ

2
√
−g

∂µ

(
νΛΣF

Σ
νρ

)
+
εµνρσ

2
√
−g

∂µBνρ(eRΛ − ξ0eΛ0)− e2ϕQΛ000D
σξ000 , (δAΛ

µ)

0 =
1√
−g

∂µ

(√
−g gcb g

µν∂νt
)

+
1
4
∂t(µΛΣ)FΛ

µνF
Σµν − εµνρσ

8
√
−g

∂t(νΛΣ)FΛ
µνF

Σ
ρσ − ∂tgtt ∂µt∂µt− ∂tV , (δt)

0 =
2√
−g

∂µ

(√
−g gµν∂νϕ

)
+

e4ϕ

6
HµνρH

µνρ − e2ϕ
(
Dµξ

0Dµξ0 +Dµξ̃0D
µξ̃0

)
− ∂ϕV , (δϕ)

0 =
1√
−g

∂µ

(
e−4ϕ√−gHµρσ

)
+
εµνρσ

√
−g

[
Dµξ

000(CH)000000Dνξ
000 + (eRΛ − ξ0eΛ0)FΛ

µν

]
(δBµν)

+2mΛ
RµΛΣF

Σρσ − ε
µνρσ

√
−g

mΛ
RνΛΣF

Σ
µν ,

0 = − 2√
−g

∂µ

(√
−g e2ϕgµνDνξ

000
)

+
∂V

∂ξ000
− εµνρσ

2
√
−g

∂µBνρDσξ
000(CH)000000 . (δξ000)
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(Non)-SUSY AdS vacua

Vacuum I : N = 1� �
t∗ = −±1 + i

√
15

2

[
3

5 (e10)2

∣∣∣∣ eR0

m0
R

∣∣∣∣]1/3

, ξ0∗ = −2
5

[
2
√

3m0
R(eR0)2

5 e10

]1/3

, exp(ϕ∗) =
4
3

[ √
5 e10√

3m0
R(eR0)2

]1/3

V∗ = −5
√

5
2

[
5 (e10)4

2
√

3 |m0
R(eR0)5|

]1/3

≡ ΛI
c.c. < 0

� �
Vacuum II : N = 0� �

t∗ =
(
± 1− i

√
3
) [ 3

5 (e10)2

∣∣∣∣eR0

m0
R

∣∣∣∣]1/3

, ξ0∗ =
[
9m0

R(eR0)2

25 e10

]1/3

, exp(ϕ∗) =
2
3

[
25 e10√

3m0
R(eR0)2

]1/3

V∗ = −80
27

[
25 (e10)4√
3 |m0

R(eR0)5|

]1/3

≡ ΛII
c.c. < 0

� �
Vacuum III : N = 0� �

t∗ = −i
[

12√
5 (e10)2

∣∣∣∣ eR0

m0
R

∣∣∣∣]1/3

, ξ0∗ = 0 , exp(ϕ∗) =
√

5
[

5 e10
18m0

R(eR0)2

]1/3

V∗ = −25
√

5
6

[
5 (e10)4

18 |m0
R(eR0)5|

]1/3

≡ ΛIII
c.c. < 0

� �
Note: m0

R > 0 ; ξ̃0 is not fixed ; ΛII
c.c. < ΛI

c.c. < ΛIII
c.c. D. Cassani and A.K. Kashani-Poor [arXiv:0901.4251]
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Ansatze

Z Consider spacetime metric (extremal, static, spherically symmetric → AdS2 × S2)

ds2 = −e2A(r)dt2 + e−2A(r)dr2 + e2C(r)r2
(
dθ2 + sin2 θ dφ2

)
Z Impose (covariantly) constant condition

0 ≡ ∂µt , 0 ≡ ∂µϕ , 0 ≡ Dµξ
0 , 0 ≡ Dµξ̃0 , 0 ≡ ∂µBνρ

Z Define electromagnetic charges

pΛ ≡ 1
4π

∫
S2
FΛ

2 , qΛ ≡
1
4π

∫
S2
F̃Λ2

I1 ≡ −
1
2

[
pΛµΛΣ p

Σ + (qΛ − νΛΓp
Γ)(µ−1)ΛΣ(qΣ − νΣ∆p

∆)
]

F̃Λ2 ≡ νΛΣF
Σ
2 + µΛΣ(∗FΣ

2 )
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Equations of motion

The equation of motion for gµν :

δgtt − δgrr : e2C(r) =
e2c2

r2
(
c1r + 1

)2
δgθθ, δgφφ : e2A(r) = e−4c2

6 I1 − e4c2(c1r + 1)
3 c21(c1r + 1)2

[
(c1r + 1)3V + 6 c1

{
a1 − c1a2(c1r + 1)

}]
δgrr : a2 =

1
2(c1)2

e2c2

C(r) and A(r) are expressed in terms of I1, V and constants of integration {ai, ci}

e2A(r) =
e−2c2

(c1)2
− 2a1

c1(c1r + 1)
+

e4c2I1
(c1)2(c1r + 1)2

− V

3(c1)2
(c1r + 1)2 ≡ 1− 2η

rnew
+
Z2

r2new

− Λc.c.

3
r2new

Choosing c1r + 1 ≡ rnew (and c1 ≡ 1), we can read the “Black Hole” information:

e−2c2 ≡ 1 : scalar curvature of S2 a1 ≡ η : mass parameter

I1 ≡ Z2 : square of charges V ≡ Λc.c. : cosmological constant
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Equations of motion

The equations of motion for t, ϕ, ξ0 :

δt : 0 =
e−4C

r4
∂I1
∂t

+
∂V

∂t
−→ ∂V

∂t
= 0 and

∂I1
∂t

= 0

δϕ : 0 = 2VNS + 4VR −→ V = VNS + VR =
1
2
VNS = −VR

δξ0 : 0 =
∂V

∂ξ0
=

�
�

�
�

�∂VNS

∂ξ0
+
∂VR

∂ξ0

(
0 =

∂V

∂ξ̃0
is trivial

)

Regular Solution� �{
t , ξ0 , ϕ ; V

}
BHs

=
{
t∗ , ξ

0
∗ , ϕ∗ ; Λc.c.

}
Vacua

constant in whole region
� �
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Equations of motion

The equations of motion for t, Bµν :

δt : 0 =
e−4C

r4
∂I1
∂t

+
∂V

∂t
−→ ∂V

∂t
= 0 and

∂I1
∂t

= 0

δBµν : 0 = mΛ
R µΛΣ

(√−g
2

εµνρσF
Σρσ
)

+ mΛ
R νΛΣF

Σ
µν −

(
eRΛ − eΛ0 ξ

0
)
FΛ

µν

and 0 = Dµξ̃0 −→ 0 = [∂µ, ∂ν] ξ̃0 = eΛ0F
Λ
µν

with FΛ
θφ = pΛ sin θ , FΛ

tr = − 1
r2new

(µ−1)ΛΣ
(
qΣ − νΣΓ p

Γ
)

Solve them to find an appropriate BH charge configuration
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AdS black holes

It turns out that all the charges are zero : pΛ = 0 = qΛ (highly non-trivial)

∴ I1 ≡ Z2 = 0 , FΛ
µν = 0

��� 0 = F 1
µν = 2 ∂[µA

1
ν] + �

�
��

m1
RBµν → A1

µ = ∂µλ ≡ 0 (gauge-fixing)

��� 0 = F 0
µν = 2 ∂[µA

0
ν] +m0

RBµν → 2 ∂[µA
0
ν] = −m0

RBµν = (constant)

��� 0 = Dµξ̃0 = ∂µξ̃0 − �
�

�e00A
0
µ − e10 �

�
�A1
µ = ∂µξ̃0 (∵ e00 = 0 = A1

µ)

��� Λc.c. ≡ V < 0

η ≡ a1 is still arbitrary

Schwarzschild-AdS Black Holes!
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Comparison

Black holes from CY :

∂I1
∂t

= 0

Value of vector modulus t is not fixed at infinity → attractor mechanism

BH charges govern value of fields at horizon

BH mass is given by BH charges

Black holes from non-CY :

∂V

∂t
= 0 and

∂I1
∂t

= 0

Value of vector modulus t is (mostly) fixed at infinity → moduli stabilization

BH charges are governed by geometric- and RR-flux charges

BH mass is arbitrary
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Summary and Discussions

2� Studied : 4D N = 2 gauged SUGRA with VMs and TM(UHM) via flux compactification.

2� Reconfirmed : Romans’ mass is inevitable.

2� Imposed : covariantly constant condition.

2� Found : Schwarzschild-AdS BHs.

Different from cases of Calabi-Yau

2� Find charged AdS-BH solutions.

2� Consider a stationary AdS-BH.

2� Various directions!
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Appendix



Calabi-Yau compactification in type IIA

Calabi-Yau 3-fold MCY
� �

Ricci-flat, torsionless, (compact) Kähler manifold

with SU(3) holonomy group� �

ds210D = ηµν(x) dxµ dxν

4D

+ ĝmn(x, y) dym dyn

CY 3-fold

Invariant two-form J and three-form Ω on CY w.r.t. Levi-Civita connection:

dJ = ∇[mJnp] = 0, dΩ = ∇[mΩnpq] = 0
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Calabi-Yau compactification in type IIA

This is suitable for
1
4
-SUSY condition with vanishing fields

δSUSYψm± = ∇m ε
(10D)
± = 0� �

ε
(10D)
+ = ε

(4D)
1+ ⊗ η1

+ + (c.c.) , ε
(10D)
− = ε

(4D)
2+ ⊗ η2

− + (c.c.)

(ε(4D)
1,2+)∗ = ε

(4D)
1,2− , (η1,2

− )∗ = η1,2
+ =

 0
0
0
∗

 : SU(3)-invariant ⊂ SU(4) ∼ SO(6)

η1
± = η2

± ≡ η± , Jmn = ∓i η†± γmn η±||η+||−2 , Ω = −i η†− γmnp η+||η+||−2

� �
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Calabi-Yau compactification in type IIA

NS-NS fields in 10D are expanded around CY:

φ(x, y) = ϕ(x)

ĝmn(x, y) = iva(x) (ωa)mn(y), ĝmn(x, y) = iz(x)

(
(χ)mpqΩpq

n

||Ω||2

)
(y)

B̂2 (x, y) = B2 (x) + ba(x)ωa(y)

ta ≡ ba + iva Mirror Symmetry: exchange (ta, tb)↔ (zi, z)

R-R fields are:

Ĉ1 (x, y) = A0
1 (x)

Ĉ3 (x, y) = Aa
1 (x)ωa(y) + ξI(x)αI(y)− ξ̃I(x)βI(y)

cohomology class on CY basis degrees

H(1,1) ωa a = 1, . . . , h(1,1)

H(0) ⊕H(1,1) ωΛ = (1, ωa) Λ = 0, 1, . . . , h(1,1)

H(2,2) ⊕H(6) ω̃Λ = (ω̃a, vol.
|vol.|)

H(2,1) χi i = 1, . . . , h(2,1)

H(3) (αI, β
I) I = 0, 1, . . . , h(2,1)

dωΛ = 0 = dω̃Λ

dαI = 0 = dβI
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Calabi-Yau compactification in type IIA

10D Type IIA action S
(10D)
IIA = SNS + SR + SCS:

SNS =
1
2

∫
e−2φ

{
R̂ ∗ 1 + 4dφ ∧ ∗dφ− 1

2
Ĥ3 ∧ ∗Ĥ3

}
SR + SCS = −1

4

∫ {
F̂2 ∧ ∗F̂2 +

(
F̂4 − Ĉ1 ∧ F̂3

)
∧ ∗
(
F̂4 − Ĉ1 ∧ F̂3

)}
− 1

4

∫
B̂2 ∧ F̂4 ∧ F̂4

↓↓↓
4D N = 2 ungauged SUGRA: Neither gauge couplings, Nor scalar potential

S(4D) =
∫ {1

2
R ∗ 1− gab dta ∧ ∗dtb − huv dqu ∧ ∗dqv +

1
2

ImNΛΣF
Λ
2 ∧ ∗FΣ

2 +
1
2

ReNΛΣF
Λ
2 ∧ FΣ

2

}
gravitational multiplet gµν, A

0
1

vector multiplet (VM) Aa
1 , t

a, tb ta ∈ SKGV
mirror dual: SKGV ↔ SKGH

hypermultiplet (HM) zi, z, ξi, ξ̃j zi ∈ SKGH

universal hypermultiplet (UHM) ϕ, a, ξ0, ξ̃0 a↔ B2 Hodge dual

HM = Special QG� �
{qu}

4nH + 4
= {zi, z}

2nH(SKGH)
+ {ξi, ξ̃j}

2nH

+ {ϕ, a, ξ0, ξ̃0}
4 (UHM)

= {zi, z}
SKGH

+ {ϕ}+ {a, ξI, ξ̃J}
“Heisenberg”� �
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Flux compactifications in type IIA

non-CY 3-fold M6
� �

vanishing Ricci 2-form, torsionful, (compact) non-Kähler manifold

with (a pair of) SU(3)-structure

dJ 6= 0 and/or dΩ 6= 0� �

• η1
± = η2

± at any points on M6: (Jmn = ∓i η†± γmn η±||η+||−2, Ωmnp = −i η†− γmnp η+||η+||−2)

dJ =
3
2

Im(W1Ω) +W4 ∧ J +W3 , dΩ =W1J ∧ J +W2 ∧ J +W5 ∧ Ω

• η1
± 6= η2

± at a certain point on M6:

η2
+ = c‖(y)η1

+ + c⊥(y)(v + iv′)mγ
mη1

−

(v − iv′)m ≡ η1†
+ γ

mη2
− , J = j + v ∧ v′ , Ω = ω ∧ (v + iv′)

They are given by 1/4-SUSY condition with non-vanishing background fields:

δψm± = ∇mε
(10D)
± + (NS-fluxes) + (RR-fluxes) = 0

Flux fields behave as torsion.
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Intrinsic torsion classes of SU(3)-structure manifolds

dJ =
3
2

Im(W1Ω) +W4 ∧ J +W3 , dΩ = W1J ∧ J +W2 ∧ J +W5 ∧ Ω

complex

(1
4-SUSY Minkowski1,3)

hermitian W1 =W2 = 0

balanced W1 =W2 =W4 = 0

special hermitian W1 =W2 =W4 =W5 = 0

Kähler W1 =W2 =W3 =W4 = 0

CY W1 =W2 =W3 =W4 =W5 = 0

conformally CY W1 =W2 =W3 = 3W4 + 2W5 = 0

almost complex

(1
4-SUSY AdS4)

symplectic W1 =W3 =W4 = 0

nearly Kähler W2 =W3 =W4 =W5 = 0

almost Kähler W1 =W3 =W4 =W5 = 0

quasi Kähler W3 =W4 =W5 = 0

semi Kähler W4 =W5 = 0

half-flat ImW1 = ImW2 =W4 =W5 = 0
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Spinors on 6D internal space and SKGs

Tensor (Fierz) products of SU(3)-invariant spinors on 6D internal space M6:

Φ+ ≡ 8 e−b η1
+ ⊗ η

2†
+ = XΛωΛ −FΛω̃

Λ even polyform ( ∼ e−b+iJ )

Φ− ≡ 8 e−b η1
+ ⊗ η

2†
− = ZIαI − GIβ

I odd polyform ( ∼ −iΩ )

Φ±: called the pure spinors on TM6 ⊕ T ∗M6

with the even/odd basis-forms and the symplectic metrics CV,H:

ΣΛΛΛ
+ ≡

(
ω̃Λ

ωΛ

)
,

∫
M6

〈
ΣΛΛΛ

+,Σ
ΣΣΣ
+

〉
= (C−1

V )ΛΛΛΣΣΣ

ΣIII
− ≡

(
βI

αI

)
,

∫
M6

〈
ΣIII

−,Σ
JJJ
−
〉

= (C−1
H )IIIJJJ

Kähler potentials:

KV = − log i
∫

M6

〈
Φ+,Φ+

〉
, KH = − log i

∫
M6

〈
Φ−,Φ−

〉
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(Non)geometric flux charges and RR-flux charges

Non-vanishing dJ and dΩ are caused by “non”-closed basis forms:

�
�

�
NS-NS

Ĥ = Hfl + dB̂ , dHfl ≡ d−Hfl∧

dHfl

(
βI

αI

)
Σ−

∼

(
eΛ

I mΛI

eΛI mΛ
I

)
QT

(
ω̃Λ

ωΛ

)
Σ+

with (dHfl)2 ≡ 0

e0
I, e0I: H-flux charges (Hfl = −e0IαI + e0Iβ

I)

ea
I, eaI: geometric flux charges (torsion)

mΛI,mΛ
I: nongeometric flux charges (magnetic dual of eΛ

I, eΛI)

�
�

�
R-R

F̂ ≡ F̂0 + F̂2 + . . .+ F̂10 ≡ e bBĜ with self-dual cond. F̂ = λ(∗F̂) , λ(F̂k) ≡ (−)[
k+1
2 ]F̂k

1√
2
Ĝ = (GΛ

0 +GΛ
2 +GΛ

4 )ωΛ − (G̃0Λ + G̃2Λ + G̃4Λ) ω̃Λ

+(GI
1 +GI

3)αI − (G̃1I + G̃3I)βI

GΛ
0 ≡ mΛ

R , G̃0Λ ≡ eRΛ − ξIeΛI + ξ̃IeΛ
I

c ≡ (mΛ
R , eRΛ)T: R-R flux charges (m0

R: Romans’ mass)
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4D N = 2 abelian gauged SUGRA

10D Type IIA (democratic) action S
(10D)
IIA = SNS + S̃R:

SNS + S̃R =
1
2

∫
e−2φ

{
R̂ ∗ 1 + 4dφ ∧ ∗dφ− 1

2
Ĥ3 ∧ ∗Ĥ3

}
− 1

8

∫ [
F̂ ∧ ∗F̂

]
10

with “constraint F̂ = λ(∗F̂)” and “EoM (Bianchi) (d + Ĥ∧) ∗ F̂ = 0⇔ (d− Ĥ∧)F̂ = 0”

↓↓↓
4D N = 2 abelian gauged SUGRA with non-trivial scalar potential
(non-abelian gauge symmetries related to isometries of SKGV,H: Unknown yet)

0 = mΛI = mΛ
I = mΛ

R
� �

Standard Gauged SUGRA

nV VM

nH HM

1 UHM

[hep-th/9605032]� �

0 = mΛI = mΛ
I

� �
Gauged SUGRA

nV VM

nH HM

1 (massive) TM

[hep-th/0312210]� �

generic� �
Gauged SUGRA

nV VM

ñH HM

nT (massive) TM

[hep-th/0409097]� �
Some of {a, ξI, ξ̃I} are dualized to 2-form fields caused by magnetic charges {mΛ

R ,m
Λ

I,m
ΛI}:

[hep-th/0701247], [arXiv:0804.0595]
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Gauging Heisenberg part

Electric Gauging of “Heisenberg” directions:

∇µq
u = ∂µq

u + g ku
ΛA

Λ
µ , kΛ = −

[
2eRΛ + eΛ

III(CHξ)III
] ∂
∂a
− eΛIII ∂

∂ξIII

Electric/Magnetic Gauging of “Heisenberg” directions:

∇µq
u = ∂µq

u + g ku
ΛA

Λ
µ + g k̃uΛÃΛµ

kΛ = −
[
2eRΛ + eΛ

III(CHξ)III
] ∂
∂a
− eΛIII ∂

∂ξIII

k̃Λ = −
[
2mΛ

R +mΛIII(CHξ)III
] ∂
∂a

+mΛIII ∂

∂ξIII

with commutation relations:

[kΛ, kΣ] = [k̃Λ, k̃Σ] = [kΛ, k̃
Σ] = 0

Killing prepotentials Px in terms of the SU(2) connection ωx:

Px = (ωx)uk
u where k = kΛL

Λ − k̃ΛMΛ = −ΠT
VCV (2c+ Q̃ξ)

∂

∂a
−ΠT

VQ
∂

∂ξ

Cassani, et.al. [arXiv:0911.2708]
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Scalar potential given by Killing prepotentials

Metric of SQG:

huv dqu dqv = gi dzi dz +
SKGH

(dϕ)2
4D dilaton

+
1
4
e4ϕ
(

da
axion
− ξT CH dξ

)2− 1
2
e2ϕ dξT MH dξ

RR-axions

Scalar potential:

VNS = −2 g2e2ϕ
[
ΠT

H Q̃
T MV Q̃ΠH + ΠT

V QMHQ
T ΠV + 4ΠT

H CT
H Q

T
(
ΠVΠT

V + ΠVΠT
V

)
QCH ΠH

]
VR = −1

2
g2e4ϕ

(
c+ Q̃ξ

)
T MV

(
c+ Q̃ξ

)
V = VNS + VR = . . . = g2

[
4huvk

ukv +
3∑

x=1

(
gabDaPxDbPx − 3|Px|2

)]
, (abelian ka

Λ = 0)

'

&

$

%

ΠV = eKV/2(XΛ,FΛ)T

ta = Xa/X0

a = 1, . . . , nV

SKGV of vector-moduli

P+ ≡ P1 + iP2 = 2eϕ ΠT
V QCH ΠH

P− ≡ P1 − iP2 = 2eϕ ΠT
V QCH ΠH

P3 = e2ϕ ΠT
V CV(c+ Q̃ξ)

'

&

$

%

ΠH = eKH/2(ZI,GI)T

zi = Zi/Z0

i = 1, . . . , nH

SKGH of hyper-moduli

MV,H ≡

(
1 −ReN
0 1

)(
ImN 0

0 (ImN )−1

)(
1 0

−ReN 1

)
V,H

Q̃ = CT
V QCH c =

(
mΛ

R

eRΛ

)

QCHQ
T = 0 = QT CVQ = cTQ : Nilpotency of exterior derivative (dHfl)2 = 0
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Coset spaces as half-flat manifolds

Coset spaces with SU(3)-structure: D. Cassani and A.K. Kashani-Poor [arXiv:0901.4251]

M6

G2

SU(3)
(nearly-Kähler)

Sp(2)
S[U(2)× U(1)]

(half-flat)

SU(3)
U(1)× U(1)

(half-flat)

SM = SKGV

SU(1, 1)
U(1)

: t3
(SU(1, 1)

U(1)

)2

: st2
(SU(1, 1)

U(1)

)3

: stu

HM = SQG
SU(2, 1)
U(2)

: UHM
SU(2, 1)
U(2)

: UHM
SU(2, 1)
U(2)

: UHM

SKGH ⊂ HM — — —

matters 1 VM + 1 UHM 2 VM + 1 UHM 3 VM + 1 UHM

Each SKGV has a cubic prepotential: F =
1
3!
dabc

XaXbXc

X0

nilmanifolds and solvmanifolds: M. Graña, R. Minasian, M. Petrini and A. Tomasiello [hep-th/0609124]

coset spaces with SU(3)- or SU(2)-structure: P. Koerber, D. Lüst and D. Tsimpis [arXiv:0804.0614]

a pair of SU(3)-structures with (mΛI,mΛ
I): D. Gaiotto and A. Tomasiello [arXiv:0904.3959]
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Thanks for your attention.


