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Abstract

Solutions to the excersises in the lecture are presented.

1 Scattering theory

Ex.1)

Denote the dimention of mass, length, and time as M, L, and T, respectively. The dimensions of
the momentum p and the energy F are given by

[p| = MLT', [E]= ML*T2 (1)
The dimension of the Planck constant % is
[A] = ML*T. (2)

By setting A = 1, we can elimimnate 7', and thee dimensions of the quantities are determined as
in the third column in Table 1. If we further set m = 1 to measure the scale of mass, we obtain
the fourth column. Thus, the momentumn and energy are now given by

pl=L7", [E]=L7" (h=1m=1) (3)

For reference, we also show the natural unit where A = 1 and ¢ = 1, where the dimension of the
speed of light is [¢] = LT~!. In the natural unit, we see the relation [p] = [E], in contrast to the
present unit [p] # [E].

Table 1: Dimensions of physical quantities in various units.

unit - h=1 |h=1,m=1|h=1,c=1
Mass M M 1 L=t
Length L L L L
Time T ML? L? L
Momentum | MLT1 Lt Lt Lt
Energy MIL*T~2 | M—*L2 L2 Lt




Ex.2)

The continuity of the wavefunction ¢ (z) at x = b gives
sin(kb) = A(p)e™"" + B(p)e'

and the continuity of the derivative of the wavefunction gives
k cos(kb) = —ipA(p)e """ + ipB(p)e™®

From Eq. (4), we obtain

B(p)e™® = —A(p)e”* + sin(kb)
B(p) = —A(p)e**" +sin(kb)e #"

Substituting this into Eq. (5), we obtain

k cos(kb) = —ipA(p)e *" —|— ip[—A(p)e ** + sin(kb)e "’)e””
k cos(kb) = —ipA(p)e " —ipA(p)e~"® + ipsin(kb)
2ipA(p)e” " = ipsin(kb) — k cos(kb)

Alp) = % [Sin(kb) + z‘g Cos(kb)} cirb

and
A(p)e " + sin(kb)e~
[111 (kb) +z—cos(k:b)] e 2P 4 sin(kb)e P
. k —ipb : —ipb
— sin(kb) — i— cos(kb) | e’ + sin(kb)e "
b
% —ipb
sin(kb) — z]; cos(kb)| e

If we set A(p) = 0, we obtain

k
0= [sin(kb) + 2]—? cos(kb)} e'Pb

1

2
. kK

0 = sin(kb) + i— cos(kb)
p

k
sin(kb) = —2']—) cos(kb)

With k& = \/p? — 2V}, we obtain
/PP —2
tan(y/p? — 2Vpb) = p—VO

p

—~
—_
(e

(16)
(17)

(18)

(19)



Ex.3)

Use the completeness relation

1—/dEZ|E,l,m)<E,l,m| (20)
l,m
in the definition of the scattering amplitude:
(P15 - 1)lp) /dEZm ~ DI E8m){(E,1,m|p) (21)
/dEZSl ) — 1P | E,l,m)(E,l,m|p) (22)

1 e L
_ / dE%j[st)—uma(Ep/—Em (B =0 = DY) (23

Integrating over F, we obtain 9 (EI’, — E,), so we can replace p’ by p. Using the property of the
spherical harmonics

m (kv m A 2l+1
> Y)Y (B) = = —Picos) (24)

where P, is the Legendre polynomial, we obtain

(p' |(S' —-1)|p) = ﬁé(Ep/ - E,) Z[Sl(Ep) _ l]ylm(zal)*ylm(ﬁ) (25)
1 ,m
= ) (Er — B) S @1+ 1)[Si(E,) - 1]P(cos ) (26)

l
Thus, equating with the definition of the scattering amplitude, we obtain
1

2%#5( — Ep) f(Ep,0) = m(s(Ep’ — L) ZZ:(QZ + 1)[Si(Ep) — 1] Pi(cos0) (27)
gl ) = o (el + DS~ A(cos0) (29)
F(Bynb) = 5= 321+ DISIE) — 1]i(cos ) (29)

l



Ex.4)

o(E) = / 10| f(E. 6)?

_ / " / deost 32 (20 +1)7 A(E)PlPi(cos )

Now we use the formula

1
2
/_1 dcosOP(cos0) Py, (cos ) = 2l—+151m
to obtain
2
_ 2 2
o(B) = 32+ Ay

= 3 4n (@2 + DIA(E)P

Ex.5)
For p € R, (ii) leads to

for p € R. We can also write as

si(p) — 1
2ip
/(=p)/p) —1
2ip
~ /(=p) = /(p)
2ip/,(p)

filp) =

(30)

(31)

(32)



Ex.6)

From the definitions of S-matrix and phase shift, we obtain
si(p) — 1

2ip
e2idilp) _ 1

filp) =

2ip

eii(p) _ g=idilp)  q

21 e~ (p)p

1

(cos &i(p) —isindy(p))p

1
pcot §(p) — ip

P2

P2+ cot 0,(p) — ip?tt

= sin 51

Next, denote the Jost function as

S(p) = F(p*) + ipG(p?)

with F(p?) ~ O(p°) and G(p*) ~ O(p*) for p — 0. Then

/(=p) = /(p) = F(*) — ipG(p*) — F(p*) — ipG(p®)
= —2ipG(p?)
_ —2ipG(p?)

2ip[F(p?) + ipG(p?))
_ G(p*)

—F(p?) — ipG(p?)

p2l

- PP F(p?)/G(p?) — ip?t?

filp)

(51)
(52)

(53)

From Eq. (47), the term —p? F(p?)/G(p?) corresponds to p? 1 cot §;(p). It is a function of p? and

of the order of O(p°) for p — 0.



2 Effective field theory

Ex.7)

Let S(t,x) be the Fourier transform of the propagator G(w, p). Acting the kinetic term operator
to S(t,x), we obtain

_ v? , v? dwd’k _, itk

- — . W 1R 4
{z@t + Qm] S(t, x) {z@t + Qm] / 23 e G(w, k) (54)

. d("}dgk . - (Zk:)z —iwt+ik-x 1
_ / ot {z(—zw) o2 ] e ELa (55)

dwd®k k? —iwt+ik-x 1
_ / o [w - %} ¢ E (56)
Sk ..

_ / Ci‘;j)ll e—zwt+zk~m (57)
= () (58)

There are 2 ways to contract s in Ty to the final bosons, and 2 ways to contract s to
the initial ones. Altogether, this multiplicity factor 4 cancels with the 1/4 factor in the Lagrangian.

Ex.8)
Define
, dwd®k i i
ZIO(E):/ @Mt w— £ 40t E—w— £ 0+ (59)

Then the amplitude is calculated as

PA(E) = —ig — z’AO%iIO(E)iA(E) (60)

A(B) = o + I ) A(E) (61)

AB) ~ 2 1(E)A(B) =~ (62)
A(E) {1 - %]O(E)] — X (63)
A(E) = 2o [1 _ %IO(E)} B (64)

Now our task is to evaluate [o(F). We first perform the w integration. In the complex w plane,
there are poles of the integrand at w = k?/(2m) — 0" and w = E — k?/(2m) + i0". The first
pole is located in the lower half plane, and the second one in the upper half plane. By closing
the integration contour —co — +oo clockweise in the lower half plane, we pick up the pole at
k?/(2m) —i0", and the residue theorem leads to

1 >k i2
[o(E) = —(—2m
() = 5 (2m) [ s (69
[ &Pk 1
B Z/ (2m)* B — B 4 0+ (66)



The integrand does not depend on the angular variables, so the angle integragion can be pefrormed

trivially. Introducing the momentum cutoff A, we obtain

47 |k|?
Ih(B) = g5m d|k| — k|2 + 0+

_ m/ L&
TR+ (—mE —i07)

k| *
= —— []k:\ — vV —mFE —i0t arctan —]
272 v—mFE — 10t ],

A
=—-= ( — vV —mFE — 10T arctan —)
Con v—mE — 10t

Substituging this into Eq. (64), we obtain

A(E) ==X [ + Ao m (A — v —mFE —i0t arctan

A —1
2 o \/m)}

1 -1
= | L+ (A - VB = 0" arctan ————
47T2 V—mFE —i0+t

Ao
Ex.9)
In s-wave (I = 0), S-matrix and scattering amplitude are related as
s(p) — 1
1) =—0

2ipf(p) = s(p) — 1
s(p) = 2ipf(p) + 1

The nonperturbative amplitude leads to

, 1
s(p) = 2ip——— +1

Thus, for p € R, we have

1 . 1 :

o Fip = —ip
s(p)s*(p) = —2 &= =1
(p)s*(p) S S ——

ao

and the unitarity is satisfied. On the other hand, the perturbative amplitude leads to

s(p) = 2ipC + 1
s(p)s*(p) = (2ipC + 1)(=2ipC + 1)
=1+4C*p?

and the unitarity is not satisfied.

(67)
(68)
(69)

(70)



3 Chiral dynamics

Ex.10)

The relevant part of the vector current is

Kt 9K+ 9, K" Kt
v, ~ -
K- 0,0~ 0,0~ K-

Kt0,K~ (O KK~
- K&)MK*) . ( (a#K)w)

K*9,K~ — (8,K*)K~

K-9,K+ — (auK)KJf)

Thus

00T
SO )

(p(K+auK - (8MK+)K_)Z9

=Tr
—p(K~0,K* — (@LK)K*)p)
= —2[ﬁ8MK+K*p — ﬁ(@uK*)Kﬁa]

(89)

(90)

(91)

and we obtain Ck-,x-, = 2. Other coefficients are obtained in Similarly. One may use Mathe-

matica (see Appendix).



Ex.11)
Denoting the NG boson (baryon) state with isospin I and I3 as | ®,1,13) (| B,I,13)), we obtain

|KN(I=0))=|®B,0,0) (92)
C(3:33 50,02, 5,5) B, 5. —3)
FOG -5 150,01, -1)[B.1 1) (98)
1 1 _
ZEIK >|n>+(—ﬁ)(—|K Nlp) (94)
1, _
= 5K+ K p)) (95)
|75 =0)) = |®B,0,0) (96)

=C(1,1,1,-1;0,0)| ®,1,1)| B,1,—1)
+C(1 0,1,0;0,0)|®,1,0)| B,1,0)

C(1,-1,1,1;0,0)| ®,1,-1)| B,1,1) (97)
- 1 0 0 1 - +
—7(—]7r 7))+ 2 T ) (=ET)) (98)
1 050 -
:_%(mz )+ |7O%0) + |77 ET)) (99)

where C'(j1, p1, Jo, fi2; J, i1 + p2) are the Clebsch-Gordan coefficients. Then the coefficients in the
isospin basis is obtained as

(KN(I =0)|C|KN(I =0)) (100)
= S5 (Ko |+ (K p)Cs (1K) + | Kp) (101)
= S (R |C1 K%) + (K0 |G| K p) + (K p|C| Kn) + (K p|C| K p)) (102)
%(2+1+1+2) (103)
=3 (104)
(KN(I=0)|C|7%(I =0)) (105)

1 0 - ~ 1 +y— 050 —yt
:E(<Kn|+(K p|)C(—ﬁ)(]7rE )+ | 7°8%) 4+ |77 ET)) (106)

_ _%(u(on G| 75 ) + (R0 |G 750 + ( Ron |G 75+
+ (K p|C|atS™ ) + (K p|C|7°%) + (K p|C|n=F)) (107)
= %(H +0+0+3+1) (108)
_ _% (109)
_ g (110)
(751 = 0)|C|7E(I = 0)) (111)



~

Y((7FET |+ (0 |+ (77T ) O

V3

Ly (atsy 4 a050) 4 | amEt))

(72 |07t 2™ ) + (7787 |C| 780 + (787 |O|nm2t)
7050 O 7S ) + (105 |0 7080) + (7050 |C| nmE )
7 2|07 ET) + (7 2T 7°0) + (22T O] 77 E))

2424+0+24+0+2+2+2+0)

10

(112)

(113)
(114)
(115)



Calculation of Cij coefficients

Set up

Fields

T, A 5 p
e .
V2 Ve
-%o A
Baryon = Z_ = + = n .
-] [~} _2A
& (=10} —
Ve
B2 , B4 BX._ BE_
vz Ve
-B3o BA
= BX + — BEO -
BBar Nz e i
-2 BA
Bp Bn p—
Ve
o, 1 7, K,
V2 Ve
-7 n K
Meson = 7T Nex + _«/? o |;
— -2
K- SIS
D
2, L D, DK,
V2 Ve
-Drtg Dn
= Drr_ + — DK .
DMeson Ney Nr 0 17
-2Dn
DK DK, =
6

Rules

ruleskKkN={%,-> 0, 2. >0, %> 0,A> 0,5, -»>0,E_->5 0,

Bz, » 0,B=x_-> 0,B%;,-»> 0,BA-> 0, B> 0, BE_>» O,
>0, ., >0, m.->0,n-> 0};

rulespS={n-> 0,p> 0,A> 0, 5 > 0, E_> 0,
Bn-»> O0,Bp-» 0, BA> 0, BE,» 0, BE_ > O,
n-> 0,K,-» 0,Kog~» 0, K_> O,an 0};

o,

ruleskKkNpS = {n-»> 0, p-> 0, A> 0, E> 0, E_ >
-» 0, BE_-> O,

B, » 0, Bx_-> 0, By > 0, BA-> 0, BEj
n- 0,Dn-> 0};



2 | Cij.nb

Results

Lagrangian

Lag = Tr [BBar. (Meson.DMeson - DMeson.Meson) .Baryon
- BBar.Baryon. (Meson.DMeson - DMeson.Meson) ] ;

Kbar N diagonal

Lag /. ruleskKN // Expand

-BnnK_ DK, -2BppK_ DK, +BnnDK_K, +2BppDK_K, -BnpK._DKy+BnpDK._ K+
Bp nK, DK, + 2 Bn n K, DK, + Bp p Kq DK, - Bp n DK, K, - 2 Bn n DK, K, - Bp p DK K,

pi Sigma diagonal

Lag /. rulespS // Expand

2BY_n_%_Dn,-2Bx_Dn_>_sm,-27n1_BX, D, 2, +2Dn_ B2, 71, 2, -
23 Tl BZO D7T0 -2 7 2, BZO D7T0 +2 3 D, BZO JTo + 2 Dt 2, BZO Tl +
2 BX_ Drtg Zg + 2B, T, Drtg 29 — 2 B>_ Dit_ g 2o — 2 B>, D, TTo 2o

off diagonal
Lag /. ruleskNpS // Expand
Bn >_ K, Dy Bp >, Drg Ko
-Bpn DK, >, +BpDr K, =, -Bnx n,DKg+ ———— +Bnz Dr,Kg- —— -
2 V2
Bn> DK, Bpx, DKys, Bns DK,3, BnDr K,3Z, Bp. DKo
+ + - - +
V2 2 2 V2 2
1 Bp D, KO Zo 1 1 1
— BpK+ D7T0 Zo+ —_———— + — BnDT(o KO Zo— — BpDK+ TTo Zo— —BnDK07T0 Zo
2 NeS 2 2 2



