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益川さんと格子理論



益川語録１

最初にお会いしたのは、学生時代(1982.4~1987.3)に、東大での益川さんの集中講義に
参加した時。高名な益川さんにお目にかかれて感激し、また、その気さくな人柄に感銘を
受けた。そこでの印象的な発言。

「繰り込み可能性は結果であり、原理ではない。」

解説：ウィルソン的な繰り込み群的考え方では、低エネルギーで生き残る相互作用が「繰
り込み可能な」相互作用である。漸近的自由な理論では、そのような「繰り込み可能な」
相互作用は、摂動論の繰り込み可能な相互作用と一致する。格子ゲージ理論のように紫外
での作用には繰り込み不可能な相互作用をいくら加えても問題ない。

「４次元で非自明な場の理論は漸近的に自由な理論のみではないか？」

このような流れで、益川さんは「構成的な場の理論」などに関して好意的で、その話題で話
をした記憶がある。



歴史的解説
公理的場の理論：公理に基づいて場の量子論を数学的に厳密に定義しようとする試み。
成果：CPT定理、スピンと統計の関係、クラスタの性質、ワイトマンの再構成定理

１９５０～６０年に成果が出たが、その後は停滞。 C*代数へ。

日本人では江沢洋（学習院）、荒木不二洋氏（京都大学数理研）が有名。

構成的場の理論：格子正則化に基づいて、無限体積極限、連続極限をとることで場の量子論
を「構成して」しまおうという試み。８０年代に「φ4理論が次元が4より大きい場合は自明
（相互作用がない）」が証明された。(1981 Aizenman,1982, Froehlich)

益川敏英「素粒子物理学と構成的場の理論」数学38巻(1986)2号 p.177-179.

当時、日本では、伊東恵一、近藤慶一、田崎晴明、原隆などが研究を推進。
益川さんはサポーター。

田崎ー原は私の東大での同期。私はこの分野での研究は無いが、専門とした格子ゲージ
理論の理論的支柱になっている。

最近、４次元でのφ4理論の自明性が証明されたようである。 
(2021 Aizenman&Duminil-Copin)



益川語録２
博士２年(1985年）の夏、アトム型研究生として京都大学基礎物理学研究所に滞在。配属
された部屋は、益川さんの部屋だった。（改修前の記念館の１階。現在のサロン北側に大
きな部屋があった？）最初は偉い先生と一緒の部屋だったので緊張したが、益川さんの気
さくさに助けられいろいろ話をするようになった。

「その当時の理論的知見（ゲージ対称性とその自発的対称性の破れ）と実験結果を合わせ
ればワインバーグ・サラム理論を思いつけたはずだ！」

「格子上のゲージ場の理論を考えていたんだが、ゲージ不変な作用の構成ができなかった。
ウィルソンのやったようなプラケット作用は思いつかなかった。」

（それとは別に、益川さんは「群上の量子力学」の研究もやっていた。）

「コンピュータは自作して、自分でコンパイラを作ったこともある。」

「商家の息子だったので、英語はやらなかった。英語の論文は式だけを読むが、それで
大体内容はわかる。」



益川語録３
私が筑波大に在籍していた頃、筑波大での研究会に益川さんに参加していただき、その時
のコーヒーブレークでの会話。
「最近、σ中間子に関して原子核の人がいろいろ言っているが、あんなものは素粒子屋が
とうの昔に考えて徹底的に議論してきたことだ。」

「素粒子屋がやってきたことを原子核屋がそれを知らずに再発見することは多い。」

講演者の注：益川さんの発言（うろ覚えなので正確ではない）の真意は不明。原子核の初田氏、国広氏によるとσは核力
に導入されたのでむしろ原子核が最初。益川さんはσの実験的な確認に関して「昔、素粒子やが徹底的に検討した。」と
言いたかったのではないかと青木は感じている。これに関しては（ユニタリ化された）カイラル摂動論の確率の前と後と
では話がだいぶ違っているが、どちらも素粒子屋が議論の中心で、その現状に関してはPDGの以下を参照（初田氏談）。 

https://pdg.lbl.gov/2021/listings/rpp2021-list-f0-500.pdf 
https://pdg.lbl.gov/2021/reviews/rpp2021-rev-scalar-mesons.pdf 
青木は、カイラル摂動論はユニタリ化してしまうとQCDの有効理論としての正当性を失い「モデル」になってしまうので、
現状の解析には不満を持っている。σのような幅の広い共鳴状態はその存否を含めて格子QCDによる解析が必要。後述のポ
テンシャルを計算する方法が必須だが計算は非常に難しく、「格子QCDによる計算されたππ間のポテンシャルからσの正体
を明らかにすること」は私の夢の１つである。

講演者の注：益川さんが何を考えてこの発言をしたのかは不明。

https://pdg.lbl.gov/2021/listings/rpp2021-list-f0-500.pdf
https://pdg.lbl.gov/2021/reviews/rpp2021-rev-scalar-mesons.pdf


格子QCDはここまで進んだ



益川さんの前で格子QCDの話をしたことは何回かあったはずだが、特に以下の2回は
益川さん向けに話をしたものである。

２０１１年１１月１１日　第８回 Bonji Seminar@KMI

”格子QCDによるハドロン間相互作用 -核力をQCDから導く-

２０１4年１１月８日-９日　第４回日大理工・益川塾連携　素粒子シンポジウム

”格子QCDの最近の進展”



格子QCD
非自明な場の量子論であるQCDを曖昧さなく定義し、かつ、系統的に精度を上げなが
ら評価することのできるほぼ唯一の方法。

ゲージ対称性を保った正則化の方法であり、無限体積極限、連続極限が必要。

有限格子間隔、有限体積では、有限自由度の量子力学系になり、計算機を使った数値
計算が可能。

主に、ユークリッド空間の経路積分を用いる。そのため、全ての物理量が計算できる
訳ではない。欲しい物理量を計算するためにはさまざまな工夫が必要。

カイラル異常項のためにクォークを格子に載せるのはいろいろ問題があり、いまだに
面白い研究テーマの１つ。



1. ハドロン質量

（格子）QCDが正しいことを示す最も簡単な物理量。

格子QCDで正しく計算できることを示す第１の目標。



１９８０年代中頃の状況
Itoh-Iwasaki-Oyanagi-Yoshie, NPB274(1986)33-59
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a�1 = 1570 MeV, 123 ⇥ 24 lattice力学クォークを考えない近似（クエンチ近似）
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are ohtained hv the fit 

because of the reason given below eq. (5.8). Hence this relation can at any time be 
used as the definition of an interpolating field for the pion. It should be noted that 
tile PCAC relation is essentially used as the definition of an interpolating field to 
derive celebrated relations such as Adler-Weisberger relation (see for example ref. 
[17 D, especially suhsects. 8.6 and 8.15). Although the chiral inv:mance is explicitly 
broken for Wilson quarks, the PCAC relation in the above sense is of course 
satisfied. "I'his is only required phenonmnologically, together with assumptions on 
the smoothness of amplitudes with respect to the extrapolation of the pion four- 
monlentt, m. "l'his interpretation was well-known around 1967. In this interpretation 
the axial current need not be conserved when the pion mass vanishes, but the 
divergence of the axial current ceases to be an interpolating field for the pion. From 
then on, an alternative interpretation became prevalent, partly because in the 
continuum QCD the axial current is conserved when ~he quark mass vanishes. 
tlowever, it should be noted that the continuum QCD is defined only for perturba- 
tion. Tht, s in our opinion there are no essential problems for the chiral property of 
qt, arks (concerning QCD) in Wilson's formulation of quarks, if we take the 
interpretation of PCAC given above. 

Remarl,. The renormalization constant for the axial vector current defined in 
the I.h.s. of eq. (5.3) is not unity when the lattice spacing is finite [21]. We have 
approximated it by unity, because it becomes unity in the continuum limit and 
because there is no estimate of it including non-perturbative effects. A detailed 
study of the chiral properties of the continuum limit of lattice QCD with Wilson 
fermions is given in ref. [22]. There an argument is given that a partially conserved 
(between physical states) axial current can be defined, satisfying the usual current 
algebra requirement. 

Meson masses decay constant

S. ltoh et aL / tladron spectrum 49 

inputting K = 0.1518(9) in eq. (5.5) which is obtained from the ¢ meson mass. 
Let us make a comment. The I.h.s. of eq. (5.3) is proportional to m~ since 

(01~(n)~,s1,~6(n)l~") is proportional to m,, because of Lorentz covariance. There- 
fore the mq defined in the r.h.s, is proportional to m-',, because (0[~(n)'ts~k(n)l~r) is 
nonzero. Thus the relation m~, (x mq is a trivial consequence, if we define the bare 
quark mass by eq. (5.2) or eq. (5.3). Combining this relation with the relation 
m~ oc ( ILK-  I/K~). we trivially obtain the relation mq cx (ILK- I/K~). Thus the 
relation (5.5) could be expected except for a numerical factor, if the theory is 
consistent in the sense that it satisfies, e.g., Lorentz covariance. Our numerical result 
supports that our lattice theory at/3 - 2.4 is a consistent theory in the above sense. 

Let us then discuss the decay constant f,,. We define f,, by 

From this we have 

(5.9) 

(2/<):A. .  = (5.10) 

Note that tile normalization for if(n) defined in eq. (2.3) is different from the usual 
normalization used in eq. (5.9) by a factor 2 ¢ ~ .  From eqs. (5.1) and (5.9) we also 
have 

2 nl 
(2K)  A,, =f," (2mq)-------~.a "~, (5.11) 

where 2mq is given by eq. (5.5). We display the average of / , ,  both from (5.10) and 
from (5.11) versus I/K in fig. 12. The errors for the amplitudes A,,, and A,,. at each 
K are much larger than those for the masses and therefore the errors for f,, at each 
K are relatively large. Further the K dependence of f,, is not known theoretically. 
Extrapolating the data to K~. with the assumption 

we  have  

f~,( X ) ---f, ,(X,) + c ( l / X  - l / K , )  z/2 

f~(K,.) - 97(23) MeV, 

(5.12) 

(5.13) 

which is consistent with the experimental value 93 MeV. If we would assume the 
linear relation between f,, and I / K  for three points (K- -  0.15.0.1525 and 0.154) we 
would get a larger value for f~(K¢)= 120(25) MeV. However, in this case the 
remaining two points ( K -- 0.14 and 0.145) are largely off the fit. 

Now let us discuss the PCAC relation (5.9). This relation is trivially satisfied 
between the vacuum and one-pion state except for the normalization factor f,,, 
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f⇡ = 97(23) MeV at mq = 0

quark mass



Ab-Initio Determination
BMW collaboration, Science 322 (2008) 1224-1227 “Ab-Initio Determination of Light Hadron Masses”•
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2(mu = md) + 1(ms) flavor QCD, a ! 0@ physical pion mass

格子QCDの結果と実験の一致は良い

インプットは３つ

格子QCDの計算はうまくいっている

QCDは強い相互作用の理論として
正しい



Borsanyi et al., Science 347 (2015) 1452-1455　“Ab initio calculation of the neutron-proton mass difference”

陽子と中性子の質量差さえも
Figure 2:
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Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions. Both
these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the experi-
mental values and the grey shaded regions represent the experimental error [29]. Our results are shown by red
dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors. The
results for the �MN , �M⌃ and �MD mass splittings are post-dictions, in the sense that their values are known
experimentally with higher precision than from our calculation. On the other hand, our calculations yields
�M⌅, �M⌅cc splittings and the Coleman-Glashow difference �CG which have either not been measured in
experiment or are measured with less precision than obtained here. This feature is represented by a blue shaded
region around the label.

9

Table 1:

mass splitting [MeV] QCD [MeV] QED [MeV]
�N = n� p 1.51(16)(23) 2.52(17)(24) -1.00(07)(14)

�⌃ = ⌃� � ⌃+ 8.09(16)(11) 8.09(16)(11) 0
�⌅ = ⌅� � ⌅0 6.66(11)(09) 5.53(17)(17) 1.14(16)(09)
�D = D

± �D
0 4.68(10)(13) 2.54(08)(10) 2.14(11)(07)

�⌅cc = ⌅++

cc � ⌅+

cc 2.16(11)(17) -2.53(11)(06) 4.69(10)(17)
�CG = �N ��⌃+�⌅ 0.00(11)(06) -0.00(13)(05) 0.00(06)(02)

Table 1: Summary of our results for the isospin mass splittings of light and charm hadrons. Also shown are
the individual contributions to these splittings from the mass difference (md � mu) (QCD) and from electro-
magnetism (QED). Note that this separation requires fixing a convention, which is described in [15]. The last
line is the violation of the Coleman-Glashow relation [28], which is the most accurate of our predictions.

11

1+1+1+1 flavor QCD (u,d,s,c)
+ non-compact QED

mu �= md e�ect

QED e�ect ( �u = �2�d )



2. ハドロン行列要素

ハドロン質量よりは複雑な物理量。

実験から情報を引き出すのに重要なものも多い。

難易度は千差万別。



擬スカラー中間子の崩壊定数
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Table 7 Our estimates for the masses of the two lightest quarks and related, strong isospin-breaking ratios. Again, the masses refer to the MS
scheme at running scale µ = 2 GeV for Nf = 3 and the numerical values are given in MeV. In the results presented here, the first error is the one
that comes from lattice computations while the second for Nf = 2 + 1 is associated with the phenomenological estimate of e.m. contributions, as
discussed after (23). The second error on the Nf = 2 results for R and Q is also an estimate of the e.m. uncertainty, this time associated with the
lattice computation of [45], as explained after (27). We present these results in a separate table, because they are less firmly established than those
in Table 6. For Nf = 2 + 1 they still include information coming from phenomenology, in particular on e.m. corrections, and for Nf = 2 the e.m.
contributions are computed neglecting the feedback of sea-quarks on the photon field

Nf mu md mu/md R Q

2 + 1 2.16 (11) 4.68 (14) (7) 0.46 (2) (2) 35.8 (1.9) (1.8) 22.6 (7) (6)

2 2.40 (23) 4.80 (23) 0.50 (4) 40.7 (3.7) (2.2) 24.3 (1.4) (0.6)

|Vus | f+(0) = 0.2163(5),

∣∣∣∣
Vus

Vud

∣∣∣∣
fK ±

fπ±
= 0.2758(5). (32)1995

Here and in the following fK ± and fπ± are the isospin-1996

broken decay constants, respectively, in QCD (the electro-1997

magnetic effects have already been subtracted in the exper-1998

imental analysis using chiral perturbation theory). We will1999

refer to the decay constants in the SU(2) isospin-symmetric2000

limit as fK and fπ . |Vud | and |Vus | are elements of the2001

Cabibbo–Kobayashi–Maskawa matrix and f+(t) represents2002

one of the form factors relevant for the semileptonic decay2003

K 0 → π−" ν, which depends on the momentum transfer t2004

between the two mesons. What matters here is the value at2005

t = 0: f+(0) ≡ f K 0π−
+ (t) t→0. The pion and kaon decay2006

constants are defined by9
2007

〈0| d̄γµγ5u|π+(p)〉 = i pµ fπ+ , 〈0| s̄γµγ5u|K +(p)〉 = i pµ fK + .2008

In this normalisation, fπ± & 130 MeV, fK ± & 155 MeV.2009

The measurement of |Vud | based on superallowed nuclear2010

β transitions has now become remarkably precise. The result2011

of the update of Hardy and Towner [115], which is based on2012

20 different superallowed transitions, reads10
2013

|Vud | = 0.97425(22). (33)2014

The matrix element |Vus | can be determined from semiin-2015

clusive τ decays [122–125]. Separating the inclusive decay2016

τ → hadrons + ν into nonstrange and strange final states,2017

e.g. HFAG 12 [126] obtain2018

|Vus | = 0.2173(22). (34)2019

9 The pion decay constant represents a QCD matrixelement—in the
full Standard Model, the one-pion state is not a meaningful notion: the
correlation function of the charged axial current does not have a pole at
p2 = M2

π+ , but a branch cut extending from M2
π+ to ∞. The analytic

properties of the correlation function and the problems encountered in
the determination of fπ are thoroughly discussed in [113]. The “exper-
imental” value of fπ depends on the convention used when splitting
the sum LQCD + LQED into two parts (compare Sect. 3.1). The lattice
determinations of fπ do not yet reach the accuracy where this is of sig-
nificance, but at the precision claimed by the Particle Data Group [114],
the numerical value does depend on the convention used [27–29,113].
10 It is not a trivial matter to perform the data analysis at this precision.
In particular, isospin-breaking effects need to be properly accounted for
[116–120]. For a review of recent work on this issue, we refer to [121].

Maltman et al. [124,127,128] and Gamiz et al. [129,130] 2020

arrive at very similar values. 2021

In principle, τ decay offers a clean measurement of |Vus |, 2022

but a number of open issues yet remain to be clarified. In 2023

particular, the value of |Vus | as determined from inclusive 2024

τ decays differs from the result one obtains from assum- 2025

ing three-flavour SM-unitarity by more than three standard 2026

deviations [126]. It is important to understand this appar- 2027

ent tension better. The most interesting possibility is that 2028

τ decay involves new physics, but more work both on the 2029

theoretical (see e.g. [131–134]) and experimental side is 2030

required. 2031

The experimental results in Eq. (32) are for the semilep- 2032

tonic decay of a neutral kaon into a negatively charged pion 2033

and the charged pion and kaon leptonic decays, respectively, 2034

in QCD. In the case of the semileptonic decays the cor- 2035

rections for strong and electromagnetic isospin breaking in 2036

chiral perturbation theory at NLO have allowed for aver- 2037

aging the different experimentally measured isospin chan- 2038

nels [112]. This is quite a convenient procedure as long 2039

as lattice QCD does not include strong or QED isospin- 2040

breaking effects. Lattice results for fK / fπ are typically 2041

quoted for QCD with (squared) pion and kaon masses of 2042

M2
π = M2

π0 and M2
K = 1

2 (M2
K ± + M2

K 0 − M2
π± + M2

π0) for 2043

which the leading strong and electromagnetic isospin vio- 2044

lations cancel. While progress is being made for including 2045

strong and electromagnetic isospin breaking in the simula- 2046

tions (e.g. [19,86,105,135–137]), for now contact to exper- 2047

imental results is made by correcting leading SU(2) isospin 2048

breaking guided by chiral perturbation theory. 2049

In the following we will start by presenting the lattice 2050

results for isospin-symmetric QCD. For any Standard Model 2051

analysis based on these results we then utilise chiral per- 2052

turbation theory to correct for the leading isospin-breaking 2053

effects. 2054

4.2 Lattice results for f+(0) and fK / fπ 2055

The traditional way of determining |Vus | relies on using the- 2056

ory for the value of f+(0), invoking the Ademollo–Gatto the- 2057

orem [150]. Since this theorem only holds to leading order 2058

123
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One can see that the determinations of f⇡± and fK± su↵er from larger uncertainties
with respect to the ones of the ratio fK±/f⇡± , which is less sensitive to various systematic
e↵ects (including the uncertainty of a possible renormalization constant) and, moreover,
is not exposed to the uncertainties of the procedure used to set the physical scale.

According to the FLAG rules, for Nf = 2+1+1 three data sets can form the average
of fK± only: ETM 14E [38], FNAL/MILC 14A [17], and HPQCD 13A [37]. Following the
same procedure already adopted in Sec. 4.3 for the ratio of the decay constants, we assume
100% statistical and systematic correlation between FNAL/MILC 14A and HPQCD 13A.
For Nf = 2+1 three data sets can form the average of f⇡± and fK± : RBC/UKQCD 14B
[8] (update of RBC/UKQCD 12), HPQCD/UKQCD 07 [40], and MILC 10 [41], which is
the latest update of the MILC program. We consider HPQCD/UKQCD 07 and MILC
10 as statistically correlated and use the prescription of Sec. 2.3 to form an average. For
Nf = 2 the average cannot be formed for f⇡± , and only one data set (ETM 09) satisfies
the FLAG rules for fK± .

Thus, our averages read

Nf = 2 + 1 : f⇡± = 130.2 (0.8) MeV Refs. [8, 40, 41], (85)

Nf = 2 + 1 + 1 : fK± = 155.7 (0.3) MeV Refs. [17, 37, 38],

Nf = 2 + 1 : fK± = 155.7 (0.7) MeV Refs. [8, 40, 41], (86)

Nf = 2 : fK± = 157.5 (2.4) MeV Ref. [45].

The lattice results of Tab. 20 and our averages (85-86) are reported in Fig. 13. Note that
the FLAG averages of fK± for Nf = 2 and Nf = 2 + 1 + 1 are based on calculations in
which f⇡± is used to set the lattice scale, while the Nf = 2 + 1 average does not rely on
that.

Figure 13: Values of f⇡ and fK . The black squares and grey bands indicate our averages
(85) and (86).
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is a dimension-six, four-fermion operator. The function F0
3578

is given by3579

F0 = λ2
c S0(xc) + λ2

t S0(xt ) + 2λcλt S0(xc, xt ), (77)3580

where λa = V ∗
as Vad , and a = c, t denotes a flavour3581

index. The quantities S0(xc), S0(xt ) and S0(xc, xt ) with3582

xc = m2
c/M2

W , xt = m2
t /M2

W are the Inami–Lim functions3583

[294], which express the basic electroweak loop contribu-3584

tions without QCD corrections. The contribution of the up3585

quark, which is taken to be massless in this approach, has3586

been taken into account by imposing the unitarity constraint3587

λu + λc + λt = 0. For future reference we note that the3588

dominant contribution comes from the term λ2
t S0(xt ). This3589

factor is proportional to |Vcb|4 if one enforces the unitarity of3590

the CKM matrix. The dependence on a high power of Vcb is3591

important from a phenomenological point of view, because3592

it implies that uncertainties in Vcb are magnified when con-3593

sidering εK .3594

When strong interactions are included,#S = 2 transitions3595

can no longer be discussed at the quark level. Instead, the3596

effective Hamiltonian must be considered between mesonic3597

initial and final states. Since the strong coupling constant is3598

large at typical hadronic scales, the resulting weak matrix ele-3599

ment cannot be calculated in perturbation theory. The opera-3600

tor product expansion (OPE) does, however, factorise long-3601

and short-distance effects. For energy scales below the charm3602

threshold, the K 0 − K̄ 0 transition amplitude of the effective3603

Hamiltonian can be expressed as3604

〈K̄ 0|H#S=2
eff |K 0〉 =

G2
F M2

W

16π2

[
λ2

c S0(xc)η1 + λ2
t S0(xt )η23605

+ 2λcλt S0(xc, xt )η3

]
3606

×
(

ḡ(µ)2

4π

)−γ0/(2β0)

exp






ḡ(µ)∫

0

dg

(
γ (g)

β(g)
+
γ0

β0g

)




3607

×〈K̄ 0|Q#S=2
R (µ)|K 0〉 + h.c., (78)3608

where ḡ(µ) and Q#S=2
R (µ) are the renormalised gauge cou-3609

pling and four-fermion operator in some renormalisation3610

scheme. The factors η1, η2 and η3 depend on the renor-3611

malised coupling ḡ, evaluated at the various flavour thresh-3612

olds mt , mb, mc and MW , as required by the OPE and RG-3613

running procedure that separates high- and low-energy con-3614

tributions. Explicit expressions can be found in [292] and3615

references therein, except that η1 and η3 have been recently3616

calculated to NNLO in Refs. [295] and [296], respectively.3617

We follow the same conventions for the RG-equations as3618

in Ref. [292]. Thus the Callan–Symanzik function and the3619

anomalous dimension γ (ḡ) of Q#S=2 are defined by3620

dḡ

d ln µ
= β(ḡ),

dQ#S=2
R

d ln µ
= −γ (ḡ) Q#S=2

R , (79)3621

with perturbative expansions 3622

β(g) = −β0
g3

(4π)2
− β1

g5

(4π)4
− · · · (80) 3623

γ (g) = γ0
g2

(4π)2
+ γ1

g4

(4π)4
+ · · · . 3624

We stress that β0,β1 and γ0 are universal, i.e. scheme- 3625

independent. K 0 − K̄ 0 mixing is usually considered in the 3626

naive dimensional regularisation (NDR) scheme of MS, and 3627

below we specify the perturbative coefficient γ1 in that 3628

scheme: 3629

β0 =
{

11

3
Nc −

2

3
Nf

}
, 3630

β1 =
{

34

3
N 2

c − Nf

(
13

3
Nc −

1

Nc

)}
, 3631

γ0 =
6(Nc − 1)

Nc
, 3632

γ1 =
Nc − 1

2Nc

{
−21 +

57

Nc
−

19

3
Nc +

4

3
Nf

}
. (81) 3633

Note that for QCD the above expressions must be eval- 3634

uated for Nc = 3 colours, while Nf denotes the number of 3635

active quark flavours. As already stated, Eq. (78) is valid at 3636

scales below the charm threshold, after all heavier flavours 3637

have been integrated out, i.e. Nf = 3. 3638

In Eq. (78), the terms proportional to η1, η2 and η3, mul- 3639

tiplied by the contributions containing ḡ(µ)2, correspond to 3640

the Wilson coefficient of the OPE, computed in perturba- 3641

tion theory. Its dependence on the renormalisation scheme 3642

and scale µ is cancelled by that of the weak matrix element 3643

〈K̄ 0|Q#S=2
R (µ)|K 0〉. The latter corresponds to the long- 3644

distance effects of the effective Hamiltonian and must be 3645

computed non-perturbatively. For historical, as well as tech- 3646

nical reasons, it is convenient to express it in terms of the 3647

B-parameter BK , defined as 3648

BK (µ) =
〈
K̄ 0

∣∣Q#S=2
R (µ)

∣∣ K 0
〉

8
3 f 2

K m2
K

. (82) 3649

The four-quark operator Q#S=2(µ) is renormalised at scale 3650

µ in some regularisation scheme, for instance, NDR-MS. 3651

Assuming that BK (µ) and the anomalous dimension γ (g) 3652

are both known in that scheme, the renormalisation group 3653

invariant (RGI) B-parameter B̂K is related to BK (µ) by the 3654

exact formula 3655

B̂K =
(

ḡ(µ)2

4π

)−γ0/(2β0)

3656

× exp






ḡ(µ)∫

0

dg

(
γ (g)

β(g)
+
γ0

β0g

)




BK (µ). (83) 3657
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For a detailed description of previous BK calculations—and in particular those con-
sidered in the computation of the average values—we refer the reader to the FLAG 19 [4],
FLAG 16 [3] and FLAG 13 [2] reports.

We now give the global averages for BK for Nf = 2 + 1 + 1, 2 + 1 and 2 dynamical
flavours. The details about the calculation of these averages can be found in FLAG 19 [4].

Figure 20: Recent unquenched lattice results for the RGI B-parameter B̂K . The grey bands
indicate our global averages described in the text. For Nf = 2+ 1 + 1 and Nf = 2 the global
averages coincide with the results by ETM 12D and ETM 10A, respectively.

We begin with the Nf = 2 + 1 global average since it is estimated by employing four
di↵erent BK results, namely BMW 11 [48], Laiho 11 [49], RBC/UKQCD 14B [8] and
SWME 15A [50]. Note also that the expression of ✏K in terms of BK is obtained in
the three-flavour theory (see Sec. 6.1). After constructing the global covariance matrix
according to Schmelling [163], we arrive at:

Nf = 2 + 1 : B̂K = 0.7625(97) Refs. [8, 48–50], (158)

with �2/dof = 0.675. After applying the NLO conversion factor B̂K/BMS
K

(2GeV) =
1.369,29 this translates into

Nf = 2 + 1 : BMS
K

(2GeV) = 0.5570(71) Refs. [8, 48–50]. (159)

Note that the statistical errors of each calculation entering the global average are small
enough to make their results statistically incompatible. It is only because of the relatively

29We refer to the FLAG 19 report [4] for a discussion about the estimates of these conversion factors.
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large systematic errors that the weighted average produces a value of O(1) for the reduced
�2.

There is only a single result forNf = 2+1+1, computed by the ETM collaboration [47].
Since it is free of red tags, it qualifies as the currently best global average, i.e.,

Nf = 2 + 1 + 1 : B̂K = 0.717(18)(16) , BMS
K

(2GeV) = 0.524(13)(12) Ref. [47]. (160)

For Nf = 2 flavours the best global average is given by a single result, that of ETM
12D [51]:

Nf = 2 : B̂K = 0.727(22)(12), BMS
K

(2GeV) = 0.531(16)(19) Ref. [51]. (161)

The result in the MS scheme has been obtained by applying the same conversion factor
of 1.369 as in the three-flavour theory.
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K � �� decays

Figure 29: Indirect versus direct CP violation in KL → ππ.

even state or vice versa (see fig. 29). A measure of such a direct CP violation in KL → ππ is

characterized by a complex parameter ε′ defined as

ε′ =
1√
2
Im
(

A2

A0

)
eiΦ, Φ = π/2 + δ2 − δ0, (10.27)

where the isospin amplitudes AI in K → ππ decays are introduced through

A(K+ → π+π0) =

√
3

2
A2e

iδ2 (10.28)

A(K0 → π+π−) =

√
2

3
A0e

iδ0 +

√
1

3
A2e

iδ2 (10.29)

A(K0 → π0π0) =

√
2

3
A0e

iδ0 − 2

√
1

3
A2e

iδ2 . (10.30)

Here the subscript I = 0, 2 denotes states with isospin 0, 2 equivalent to ∆I = 1/2 and

∆I = 3/2 transitions, respectively, and δ0,2 are the corresponding strong phases. The weak

CKM phases are contained in A0 and A2. The strong phases δ0,2 cannot be calculated, at

least, at present. They can be extracted from ππ scattering. Then Φ ≈ π/4.

The isospin amplitudes AI are complex quantities which depend on phase conventions.

On the other hand, ε′ measures the difference between the phases of A2 and A0 and is a

physical quantity.

Experimentally ε and ε′ can be found by measuring the ratios

η00 =
A(KL → π0π0)

A(KS → π0π0)
, η+− =

A(KL → π+π−)

A(KS → π+π−)
. (10.31)

Indeed, assuming ε and ε′ to be small numbers one finds

η00 = ε−
2ε′

1 −
√
ω

% ε− 2ε′, η+− = ε+
ε′

1 + ω/
√

2
% ε+ ε′ (10.32)

where experimentally ω = ReA2/ReA0 = 0.045.

In the absence of direct CP violation η00 = η+−. The ratio ε′/ε can then be measured

through ∣∣∣∣
η00

η+−

∣∣∣∣
2

% 1 − 6 Re(
ε′

ε
) . (10.33)
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非常に難しい計算

BK(MS, 2GeV) and B̂K . Incidentally, we remark that this truncation error is estimated
in di↵erent ways and that its relative contribution to the total error can considerably
di↵er among the various lattice calculations. We note that this error can be minimized by
matching between the intermediate scheme and MS at as large a scale µ as possible (so that
the coupling which determines the rate of convergence is minimized). Recent calculations
have pushed the matching µ up to the range 3�3.5GeV. This is possible because of the use
of nonperturbative RG running determined on the lattice [8, 48, 188]. The Schrödinger
functional o↵ers the possibility to run nonperturbatively to scales µ ⇠ MW where the
truncation error can be safely neglected. However, so far this has been applied only for
two flavours for BK in Ref. [421] and for the case of the BSM bag parameters in Ref. [422],
see more details in Sec. 6.4.

Perturbative truncation errors in Eq. (141) also a↵ect the Wilson coe�cients ⌘1, ⌘2
and ⌘3. It turns out that the largest uncertainty arises from the charm quark contribution
⌘1 = 1.87(76) [416]. Although it is now calculated at NNLO, the series shows poor
convergence. The net e↵ect from the uncertainty on ⌘1 on the amplitude in Eq. (141)
is larger than that of present lattice calculations of BK . Exploiting an idea presented in
Ref. [423], it has been recently shown in Ref. [424] that, by using the u � t instead of
the usual c� t unitarity in the ✏K computation, the perturbative uncertainties associated
with residual short-distance quark contributions can be reduced.

We will now proceed to discuss the remaining contributions to ✏K in Eq. (132). An
analytical estimate of the leading contribution from ImMLD

12 based on �PT, shows that
it is approximately proportional to ⇠ ⌘ Im(A0)/Re(A0) so that Eq. (132) can be written
as follows [413, 414]

✏K = exp(i�✏) sin(�✏)
h Im(MSD

12 )

�MK

+ ⇢ ⇠
i
, (148)

where the deviation of ⇢ from one parameterizes the long-distance e↵ects in ImM12.
In order to facilitate the subsequent discussions about the status of the lattice studies

of K ! ⇡⇡ and of the current estimates of ⇠, we proceed by providing a brief account of
the parameter ✏0 that describes direct CP-violation in the kaon sector. The definition of
✏0 is given by:

✏0 ⌘ 1p
2

A[KS ! (⇡⇡)I=2]

A[KS ! (⇡⇡)I=0]

✓
A[KL ! (⇡⇡)I=2]

A[KS ! (⇡⇡)I=2]
� A[KL ! (⇡⇡)I=0]

A[KS ! (⇡⇡)I=0]

◆
. (149)

By selecting appropriate phase conventions for the mixing parameters between K0 and
K̄0 CP-eigenstates (see e.g. Ref. [406] for further details), the expression of ✏0 can be
expressed in terms of the real and imaginary parts of the isospin amplitudes, as follows

✏0 =
i! ei(�2��0)

p
2

h Im(A2)

Re(A2)
� ⇠

i
, (150)

where ! = Re(A2)/Re(A0), A2 denotes the �I = 3/2 K ! ⇡⇡ decay amplitude, and
�I denotes the strong scattering phase shifts in the corresponding, I = 0, 2, K ! (⇡⇡)I
decays. Given that the phase, �0

✏
= �2 � �0 + ⇡/2 = 42.3(1.5)� [165] is nearly equal to �✏

in Eq. (135), the ratio of parameters characterizing the direct and indirect CP-violation
in the kaon sector can be approximated in the following way,

✏0/✏ ⇡ Re(✏0/✏) =
!p
2 |✏K |

h Im(A2)

Re(A2)
� ⇠

i
, (151)

where on the left hand side we have set ✏ ⌘ ✏K . The experimentally measured value
reads [165],

Re(✏0/✏) = 16.6(2.3)⇥ 10�4 . (152)

We remark that isospin breaking and electromagnetic e↵ects (see Refs. [425, 426], and the
discussion in Ref. [407]) introduce additional correction terms into Eq. (151).
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最新の結果

GeV. The updated determinations of the real and the imaginary parts of A0 in Ref. [427]
are shown in Tab. 28.

As previously discussed, the determination of Im(A0) from Ref. [427] has been used to
obtain the value of the parameter ⇠ in Eq. (153). A first-principles computation of Re(A0)
is essential to address the so-called �I = 1/2 puzzle associated to the enhancement of
�I = 1/2 over �I = 3/2 transitions owing, crucially, to long distance e↵ects. Indeed,
short-distance enhancements in the Wilson coe�cients are not large enough to explain the
�I = 1/2 rule [435, 436]. Lattice-QCD calculations do provide a method to study such
a long-distance enhancement. The combination of the result for A0 in Tab. 28 with the
earlier lattice calculation of A2 in Ref. [46] leads to the ratio, Re(A0)/Re(A2) = 19.9(5.0),
which agrees with the experimentally measured value, Re(A0)/Re(A2) = 22.45(6). In
Ref. [427], the lattice determination of relative size of direct CP violation was updated as
follows,

Re(✏0/✏) = 21.7(2.6)(6.2)(5.0)⇥ 10�4, (156)

where the first two errors are statistical and systematic, respectively. The third error
arises from the omitted strong and electromagnetic isospin breaking e↵ects. The value of
Re(✏0/✏) in Eq. (156) uses the experimental values of Re(A0) and Re(A2). The lattice
determination of Re(✏0/✏) is in good agreement with the experimental result in Eq. (152).
However, while the result in Eq. (156) represents a significant step forward, it is important
to keep in mind that the calculation of A0 is currently based on a single value of the lattice
spacing. It is expected that future work with additional values of the lattice spacing will
contribute to improve the precision. For a description of the computation of the ⇡⇡
scattering phase shifts entering in the determination of Re(✏0/✏) in Eq. (156), we refer to
Ref. [437].

The real and imaginary values of the amplitudeA2 have been determined by RBC/UKQCD
15F [46] employing Nf = 2 + 1 Möbius domain wall fermions at two values of the lattice
spacing, namely a = 0.114 fm and 0.083 fm, and performing simulations at the physical
pion mass with M⇡L ⇡ 3.8.

A compilation of lattice results for the real and imaginary parts of the K ! ⇡⇡ de-
cay amplitudes, A0 and A2, with Nf = 2 + 1 flavours of dynamical quarks is shown in
Tabs. 28 and 29. In Appendix B.4.1 we collect the corresponding information about the
lattice QCD simulations, including the values of some of the most relevant parameters.
The results for the parameter ⇠, determined through the combined use of K ! ⇡⇡ am-
plitudes computed on the lattice and experimental inputs, are presented in Tab. 30. As
previously discussed, we remark that the total uncertainty on the reported values of ⇠
depends on the specific way in which the lattice and experimental inputs are selected.

The determination of the real and imaginary parts of A2 by RBC/UKQCD 15F shown
in Tab. 29 is free of red tags. We therefore quote the following FLAG averages:

Re(A2) = 1.50(0.04)(0.14)⇥ 10�8 GeV,
Nf = 2 + 1 : Ref. [46]. (157)

Im(A2) = �8.34(1.03)⇥ 10�13 GeV,

Besides the RBC/UKQCD collaboration programme [46, 427, 428] using domain-wall
fermions, an approach based on improved Wilson fermions [438, 439] has presented a
determination of the K ! ⇡⇡ decay amplitudes, A0 and A2, at unphysical quark masses.
For an analysis of the scaling with the number of colours of K ! ⇡⇡ decay amplitudes
using lattice-QCD computations, we refer to Refs. [440, 441].

Recent proposals aiming at the inclusion of electromagnetism in lattice-QCD calcula-
tions of K ! ⇡⇡ decays are being explored [442, 443] in order to reduce the uncertainties
associated with isospin breaking e↵ects.

Finally, we notice that ✏K receives a contribution from |Vcb| through the �t parameter
in Eq. (140). The present uncertainty on |Vcb| has a significant impact on the error of ✏K
(see, e.g., Refs. [444, 445] and the recent update in Ref. [446]).
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fermions, an approach based on improved Wilson fermions [438, 439] has presented a
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For an analysis of the scaling with the number of colours of K ! ⇡⇡ decay amplitudes
using lattice-QCD computations, we refer to Refs. [440, 441].

Recent proposals aiming at the inclusion of electromagnetism in lattice-QCD calcula-
tions of K ! ⇡⇡ decays are being explored [442, 443] in order to reduce the uncertainties
associated with isospin breaking e↵ects.
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BK(MS, 2GeV) and B̂K . Incidentally, we remark that this truncation error is estimated
in di↵erent ways and that its relative contribution to the total error can considerably
di↵er among the various lattice calculations. We note that this error can be minimized by
matching between the intermediate scheme and MS at as large a scale µ as possible (so that
the coupling which determines the rate of convergence is minimized). Recent calculations
have pushed the matching µ up to the range 3�3.5GeV. This is possible because of the use
of nonperturbative RG running determined on the lattice [8, 48, 188]. The Schrödinger
functional o↵ers the possibility to run nonperturbatively to scales µ ⇠ MW where the
truncation error can be safely neglected. However, so far this has been applied only for
two flavours for BK in Ref. [421] and for the case of the BSM bag parameters in Ref. [422],
see more details in Sec. 6.4.

Perturbative truncation errors in Eq. (141) also a↵ect the Wilson coe�cients ⌘1, ⌘2
and ⌘3. It turns out that the largest uncertainty arises from the charm quark contribution
⌘1 = 1.87(76) [416]. Although it is now calculated at NNLO, the series shows poor
convergence. The net e↵ect from the uncertainty on ⌘1 on the amplitude in Eq. (141)
is larger than that of present lattice calculations of BK . Exploiting an idea presented in
Ref. [423], it has been recently shown in Ref. [424] that, by using the u � t instead of
the usual c� t unitarity in the ✏K computation, the perturbative uncertainties associated
with residual short-distance quark contributions can be reduced.

We will now proceed to discuss the remaining contributions to ✏K in Eq. (132). An
analytical estimate of the leading contribution from ImMLD

12 based on �PT, shows that
it is approximately proportional to ⇠ ⌘ Im(A0)/Re(A0) so that Eq. (132) can be written
as follows [413, 414]

✏K = exp(i�✏) sin(�✏)
h Im(MSD

12 )

�MK

+ ⇢ ⇠
i
, (148)

where the deviation of ⇢ from one parameterizes the long-distance e↵ects in ImM12.
In order to facilitate the subsequent discussions about the status of the lattice studies

of K ! ⇡⇡ and of the current estimates of ⇠, we proceed by providing a brief account of
the parameter ✏0 that describes direct CP-violation in the kaon sector. The definition of
✏0 is given by:

✏0 ⌘ 1p
2

A[KS ! (⇡⇡)I=2]

A[KS ! (⇡⇡)I=0]

✓
A[KL ! (⇡⇡)I=2]

A[KS ! (⇡⇡)I=2]
� A[KL ! (⇡⇡)I=0]

A[KS ! (⇡⇡)I=0]

◆
. (149)

By selecting appropriate phase conventions for the mixing parameters between K0 and
K̄0 CP-eigenstates (see e.g. Ref. [406] for further details), the expression of ✏0 can be
expressed in terms of the real and imaginary parts of the isospin amplitudes, as follows

✏0 =
i! ei(�2��0)

p
2

h Im(A2)

Re(A2)
� ⇠

i
, (150)

where ! = Re(A2)/Re(A0), A2 denotes the �I = 3/2 K ! ⇡⇡ decay amplitude, and
�I denotes the strong scattering phase shifts in the corresponding, I = 0, 2, K ! (⇡⇡)I
decays. Given that the phase, �0

✏
= �2 � �0 + ⇡/2 = 42.3(1.5)� [165] is nearly equal to �✏

in Eq. (135), the ratio of parameters characterizing the direct and indirect CP-violation
in the kaon sector can be approximated in the following way,

✏0/✏ ⇡ Re(✏0/✏) =
!p
2 |✏K |

h Im(A2)

Re(A2)
� ⇠

i
, (151)

where on the left hand side we have set ✏ ⌘ ✏K . The experimentally measured value
reads [165],

Re(✏0/✏) = 16.6(2.3)⇥ 10�4 . (152)

We remark that isospin breaking and electromagnetic e↵ects (see Refs. [425, 426], and the
discussion in Ref. [407]) introduce additional correction terms into Eq. (151).
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3. ハドロン相互作用

格子QCDで非常に計算が難しい。現在、２つの方法がある。

強い相互作用の解析に格子QCDが最も力を発揮する場所。

湯川の核力をQCDから再現できるか？

ハドロン質量でインプットを決めてしまうと動かせるパラメタはない。



核力をクォークで理解する
中間子論 量子色力学

核力ポテンシャルは距離に依存した
複雑な構造を持っている。

格子QCDでこの構造を再現できるか？

計算は非常に難しい。 
そもそもポテンシャルをどのように計算
するのか？

核力ポテンシャル

π中間子が重い時には、定性的な振る舞い
は再現できる。

HAL QCD法

引力斥力



核力ポテンシャル
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mπ ! 700 MeV

スピン１重項

重いπ中間子

物理量である位相差の振る舞いは、実験値の定性的な振る舞いを再現。
定量的には、実験値より低エネルギーの引力が弱い。多分、π中間子が重いため。

 MeVの計算で定量的な位相差の振る舞いを再現することが今後の課題。mπ ≃ 140



核力以外にも ρ共鳴状態をππ間のポテンシャルから

微分展開の最低次の２つの結果
(青、オレンジ）は一致しない。

Akahoshi-Aoki-Doi, PRD104 (2021)054510
<latexit sha1_base64="28WLkzX2EoXSfi5GoXOKDbP54Mk="></latexit>

2 + 1 flavor QCD, a ' 0.1 fm, m⇡ ' 411 MeV, m⇢ ' 892 MeV

２つを組み合わせて微分展開の
次の次数で計算すると、ρ共鳴
状態を再現する結果が得られ、
別の方法を使った先行研究の結
果とも一致する。

格子QCDによりハドロン間相互
作用から共鳴状態の振る舞いも
わかる。

「QCDによるハドロン物理という夢」 
エキゾチックハドロンを含めた共鳴状態を可能な限りHAL QCD法で調べて、その存否を
含めその性質を明らかにし、ハドロンをQCDから理解する。



最後に



格子QCDの進歩

格子QCDの計算は格段に進歩し、精密科学になり、その適用範囲も広がってきた。 
私が研究を開始した当時を考えると、隔世の感がある。

「格子正則化による場の量子論の構成」という点で、益川さんはこの分野をサポートして
くれており、格子QCDの成功を見て「俺の言った通りになっただろう」とほくそ笑んでい
るのではないか。

構成的場の理論のプログラムでは、QCDがほぼ唯一の成功例だが、その拡張として益川さ
んが考えたのが、テクニカラー理論の格子計算による検証だったのではないか？ 
（青木保道さんの講演）

「年をとってくると、前と同じようなペースで研究をやっているつもりでも、（周りの研
究の進み方が加速しているので）ドップラー効果で研究の質が赤方偏移するので注意しな
くてはいけない。」



日本の素粒子理論屋の”良識”

我々が学生の頃は、（数が限られていたためか）研究会には若手も古手も参加し、若手の
講演には益川さんを筆頭とするうるさ方（松田さん、藤川さん、河本さんなど）が「講演
内容の物理的な意義に」いろいろいちゃもんをつけてきて、若手もそれに対して反論し、
丁々発止とやりやった。

今、思い返すと、そのような経験から「彼らを納得させる良い物理をやろう」と考えるよ
うになり、自分の物理観が鍛えられた。自分の研究とは関係なくても、大局的な視点から
意見を言う点で、益川さんは日本の（素粒子）理論屋の”良識”を代表していたように思う。

翻って現在の（多すぎる）研究会ではそのような「物理観」を問うような質問は少なくな
り、技術的な話、「流行」や「お偉いさんの考え」の受け売りのような話が多くなってき
たように感じるのは自分が歳をとったせいだろうか？

この状況は我々の世代が反省すべきことであり、これからは益川さんを見習って、日本の
素粒子理論屋の”良識”を復活させるべく努力していきたい。

ご清聴ありがとうございました。


