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1 Convention and basic formulas

See TABLE 1 for basic conventions.

TABLE 1: Conventional rules in this note.

Name Quantity Definition

flat metric gµν = gµν = diag(+,−,−,−)

4D coordinate xµ = (x0, x1, x2, x3) = (ct, x, y, z)

xµ = (x0, x1, x2, x3) = (ct,−x,−y,−z)

4D derivative ∂µ = ∂
∂xµ

=
(

∂
c∂t
, − ~∇

)
∂µ = ∂

∂xµ
= gµν∂

ν =
(

∂
c∂t
, ~∇

)
4D momentum pµ = (p0, p1, p2, p3) = i~∂µ =

(
E
c
, ~p
)

pµ = gµνp
ν =

(
E
c
,−~p

)
gamma matrices γµ = (γ0, ~γ) = (β, β~γ)

reduced derivative γµ∂µ = γµ∂
µ = γ0∂ct + ~γ · ~∇

2 Units

We assume the (1 + 3)-dimensional time and space. In the MKSA or CGS-Gauss system of units,
except the electro-magnetic terms, the Dirac equation is given as

i~
∂

∂t
ψ(t, r) =

[
−i~cβ~γ · ~∇+ βMc2 +W

]
ψ(t, r), (1)

where W is some external potential in the unit of energy (e.g., MeV). From ββ = I and γµ∂µ =

β∂ct + ~γ · ~∇, it is also expressed as[
i~cγµ∂µ −Mc2 − βW

]
ψ(t, r) = 0. (2)

The Lagangian density, which works as the source of this equation, reads

L = ψ̄
[
i~cγµ∂µ −Mc2 − βW

]
ψ(x), (3)

where ψ̄ ≡ ψ†β. Note that, because the Lagrangian L ≡
∫
d3rL and Mc2 have the dimension of

energy, ψ̄ψ is in the unit of fm−3. As coincidence, if some interaction term(s) has the form,

LI = ψ̄Xψ(x), (4)



then this wild-card part X must have the dimension of energy, e.g. in MeV. This knowledge may
help us, for example, to infer the unit of the coupling constant.

For dimensional analyis, the action follows [S]D =
[∫
dt
∫
d3rL

]
D

= ET , since Lagrangian (as
well as Hamiltonian) keeps the dimension of energy, [d3rL]D = E = ML2T−2. Thus, Lagrangian
density has [L]D = EL−3. Note that, in the MKSA or CGS-Gauss system of units, the dimensional
analysis concludes that,

[c2 ·mass]D = [energy]D =

[
~c

length

]
D

=

[
~

time

]
D

= E. (5)

2.1 Plank’s natural system of units

In the Plank’s natural system of units, we assume that ~ ≡ 1 and c ≡ 1. With this assumption,
dimensions of mass, energy, length, and time can be related as

[mass]D = [energy]D =

[
1

length

]
D

=

[
1

time

]
D

= M+1. (6)

TABLE 2: Dimensional numbers of some quantities, [Quantity]D.

Quantity In MKSA or In Plank’s

CGS-Gauss natural

mass M M+1

time and length T and L M−1

energy E = ML2T−2 M+1

L or H EL−3 M+4

ψ̄ψ(x) L−3 M+3

φ2(x) (scalar boson) E−1L−3 M+2

AµAµ(x) (vector boson) E−1L−3 M+2

3 Lagrangian

In the relativistic nuclear theory (RNT), nucleon is described by a Dirac spinor ψ(x), where x =
{r, s, ~τ}. The phenomenological Lagrangian density reads

L = ψ̄(x)[iγµ∂
µ −M ]ψ(x) + LM + LI. (7)

Here LM is the kinetic and self-interaction part of mesons in the model. The interaction part, LI,
on the other hand, includes all the possible terms of interactions. See TABLEs 3 and 4 for details.

For meson terms LM ,

LM =
1

2

[
∂µσ∂

µσ −m2
σσ

2
]

+ U(σ)− 1

2

[
ΩµνΩ

µν −m2
ωωµω

µ
]
− 1

2

[
~Υµν

~Υµν −m2
ρ~ρµ~ρ

µ
]

+
1

2

[
∂µ~π∂

µ~π −m2
σ~π~π

]
− 1

2
FµνF

µν . (8)



TABLE 3: Kinetic and self-interaction terms included in LM. Label (i) indicates isoscalar (IS) or
isovector (IV). Label (ii) indicates scalar (S), vector (V), pseudo-scalar (PS) or pseudo-vector (PV).

(i) (ii) (T, Jπ) Meson

IS S (0, 0+) σ +1
2

[∂µσ∂
µσ −m2

σσ
2] + U(σ)

V (0, 1−) ωµ −1
2

[ΩµνΩ
µν −m2

ωωµω
µ]

with Ωµν = ∂µων − ∂νωµ
PS (0, 0−) ×

PV (0, 1+) ×

IV S (1, 0+) ×

V (1, 1−) ~ρµ −1
2

[
~Υµν

~Υµν −m2
ρ~ρµ~ρ

µ
]

with ~Υµν = ∂µ~ρν − ∂ν~ρµ
PS (1, 0−) ~π +1

2
[∂µ~π∂

µ~π −m2
σ~π~π]

PV (1, 1+) ×

Coulomb −1
2
FµνF

µν

with Fµν = ∂µAν − ∂νAµ

In the meson-exchange model,

LI = −gσψ̄σψ − gω[ψ̄γµω
µψ]− gρ[ψ̄γµ(~τ~ρµ)ψ]− igπ[ψ̄γ5(~τ~π)ψ]− fπ

mπ

[ψ̄γ5γµ∂
µ(~τ~π)ψ]

−eψ̄γµAµ
(

1− τ̂3

2

)
ψ(x). (9)

In the point-coupling model,

LI = −αIS−S(ρ)

2
[ψ̄ψ][ψ̄ψ]− αIS−V(ρ)

2
[ψ̄γµψ][ψ̄γµψ]− αIV−V(ρ)

2
[ψ̄γµ~τψ][ψ̄γµ~τψ]

− αIV−PS(ρ)

2
[ψ̄γ5~τψ][ψ̄γ5~τψ]− αIV−PV(ρ)

2
[ψ̄γ5γµ~τψ][ψ̄γ5γ

µ~τψ]

− eψ̄γµAµ
(

1− τ̂3

2

)
ψ(x). (10)

4 Equation of Motion

The euqation of motion (EOM) reads

∂µ

(
∂L

∂(∂µqi)

)
− ∂L
∂qi

= 0. (11)

Here qi(x) is generally utilized for ψ(x), Aµ(x), or meson fields.



TABLE 4: Interaction terms included in LI. Label (i) indicates isoscalar (IS) or isovector (IV).
Label (ii) indicates scalar (S), vector (V), pseudo-scalar (PS) or pseudo-vector (PV).

(i) (ii) (T, Jπ) Meson Meson-exchange Point-coupling

IS S (0, 0+) σ −gσψ̄σψ −αIS−S(ρ)[ψ̄ψ][ψ̄ψ]/2

−δIS−S(ρ)∂µ[ψ̄ψ]∂µ[ψ̄ψ]/2

V (0, 1−) ωµ −gω[ψ̄γµω
µψ] −αIS−V(ρ)[ψ̄γµψ][ψ̄γµψ]/2

PS (0, 0−) × × ×

PV (0, 1+) × × ×

IV S (1, 0+) × × ×

V (1, 1−) ~ρµ −gρ[ψ̄γµ(~τ~ρµ)ψ] −αIV−V(ρ)[ψ̄γµ~τψ][ψ̄γµ~τψ]/2

PS (1, 0−) ~π −igπ[ψ̄γ5(~τ~π)ψ] −αIV−PS(ρ)[ψ̄γ5~τψ][ψ̄γ5~τψ]/2

PV (1, 1+) ∂µ~π − fπ
mπ

[ψ̄γ5γµ∂
µ(~τ~π)ψ] −αIV−PV(ρ)[ψ̄γ5γµ~τψ][ψ̄γ5γ

µ~τψ]/2

Coulomb −eψ̄γµAµ
(

1−τ̂3
2

)
ψ

4.1 IV-PS (pion-nucleon) coupling

Focusing on the isovector-pseudoscalar (IV-PS) coupling, the pion-exchange model is defined with
the following interaction:

LME = ψ̄ [iγµ∂
µ −M ]ψ(x)

−igIV−PS

[
ψ̄γ5(~τ~π)ψ(x)

]
+

1

2

[
∂µ~π∂

µ~π −m2~π~π
]
. (12)

On the other side, based on the point-coupling (zero-range) model, it is defined as

LPC = ψ̄ [iγµ∂
µ −M ]ψ(x)

−αIV−PS

2

(
ψ̄γ5~τψ

) (
ψ̄γ5~τψ

)
+

(
1

2

[
∂µ~π∂

µ~π −m2~π~π
])

neglectable

. (13)

Thus, roughly speaking, these two models can be related as

−igIV−PS~π(x)←→ −αIV−PS

2
γ5~τψ̄ψ(x). (14)

In the following, we explain the background of this analogy. The factor 1/2 is indeed not correct,
but the derivative of the square term works instead.

First we note the equation of motion for ψ(x) of the pion-exchange model. That is,

∂µ
δLME

δ(∂µψ†)
− δLME

δψ†
= 0,

0− γ0 [iγµ∂
µ −M ]ψ(x) + igIV−PSγ0γ5(~τ~π)ψ(x) = 0,

[iγµ∂
µ −M ]ψ(x) = igIV−PS~π~τγ5ψ(x). (15)



Second, from the equation of motion for ψ(x) of the pion-exchange model,

∂µ
δLME

δ(∂µπa)
− δLME

δπa
= 0,

∂µ∂
µπa −

[
−m2πa(x)− igIV−PSγ5τaψ̄ψ(x)

]
= 0,[

∂µ∂
µ +m2

]
πa(x) = −igIV−PSγ5τaψ̄ψ(x). (16)

Then, we suppose the heavy-pion limit. In this case, we can naively approximate as

πa(x) ' −igIV−PS

m2
γ5τaψ̄ψ(x). (17)

By substituting this into the EOM of ψ(x), we find that

[iγµ∂
µ −M ]ψ(x) ' −αIV−PS

(
γ5τaψ̄ψ

)
γ5τaψ(x), (18)

where −αIV−PS = (−igIV−PS)2/m2. This is indeed the EOM but obtained from the other, point-
coupling Lagrangian. Notice also that, for the correspondence of two models, αIV−PS > 0. Its unit
must be in, e.g., MeV·fm3, since LPC and ψ̄ψ(x) have the units of MeV·fm−3 and fm−3, respectively.

4.2 IV-PV coupling

Focusing on the IV-PV coupling, the pion-exchange model reads

LME = ψ̄ [iγµ∂
µ −M ]ψ(x)

−gIV−PV

(
ψ̄γµγ5ψ

)
~τ · ∂µ~π +

1

2

[
∂µ~π · ∂µ~π −m2~π · ~π

]
. (19)

On the other side, based on the point-coupling model, it is usually given as

LPC = ψ̄ [iγµ∂
µ −M ]ψ(x)

−αIV−PV

2

(
ψ̄γµγ5ψ

)
~τ ·
(
ψ̄γµγ5ψ

)
~τ +

(
1

2

[
∂µ~π∂

µ~π −m2~π~π
])

neglectable

. (20)

Thus, roughly speaking, these two models can be related as

−gIV−PV∂µ~π(x)←→ −αIV−PV

2

(
ψ̄γµγ5ψ

)
~τ . (21)

In the following, we explain the background of this analogy.

• The equation of motion for ψ(x) from LME:

∂µ
δLME

δ(∂µψ†)
− δLME

δψ†
= 0,

[iγµ∂
µ −M ]ψ(x) = −g∂µ~π · ~τγµγ5ψ(x). (22)

• The equation of motion for πa(x) from LME:

∂µ
δLME

δ(∂µπa)
− δLME

δπa
= 0,

∂µ
[
∂µπa − gτa · ψ̄γµγ5ψ(x)

]
+m2πa(x) = 0,[

∂µ∂
µ +m2

]
πa(x) = gτa∂µ

(
ψ̄γµγ5ψ

)
. (23)



By using the free-meson Green function (propagator),

∆π(x− y) =

∫
d4p

16π4

e−ip(x−y)

p2 −m2
=⇒

[
∂µ∂

µ +m2
]

∆π(x− y) = δ(x− y), (24)

then the pion field can be formally solved as

πa(x) = gτa

∫
dy∆π(x− y) ·

[
∂µ
(
ψ̄γµγ5ψ

)]
(y)
. (25)

With the partial-integration technique combined with the vanishing-flux condition, one finds
that

πa(x) = 0− gτa
∫
dy
[
∂(y)
µ ∆π(x− y)

]
·
(
ψ̄γµγ5ψ

)
(y)
,

∂(x)
ν πa(x) = −gτa

∫
dy
[
∂(x)
ν ∂(y)

µ ∆π(x− y)
]
·
(
ψ̄γµγ5ψ

)
(y)
. (26)

In the heavy-pion limit, ∂
(x)
ν ∂

(y)
µ ∆π(x− y) ' −gνµδ(x− y)/m2. Thus,

∂ν~π '
g

m2
~τ
(
ψ̄γµγ5ψ

)
. (27)

Therefore, the EOM for ψ(x) is approximated as

[iγµ∂
µ −M ]ψ(x) ' − g2

m2
~τ
(
ψ̄γµγ5ψ

)
· ~τγµγ5ψ(x). (28)

This equation is the same to that obtained from LPC, with a relation,

− g2

m2
= −αIV−PV. (29)

Notice that, for the correspondence of two models, αIV−PV > 0. Its unit must be in, e.g., MeV·fm3,
since LPC and ψ̄ψ(x) have the units of MeV·fm−3 and fm−3, respectively.

5 Quantization of Dirac spinor

In general, the spinor field consists of particle states with E > 0 and anti-particle states with
−E < 0. Thus, it can be formally expanded as

ψ(x) =
∑
s

ψs(x),

ψs(x) ≡ 〈x | s〉 =

∫
E>0

dE [us,E(x)cs,E + vs,−E(x)bs,−E] , (30)

as well as,

ψ†r(x) =

∫
E>0

dE
[
u†r,E(x)c†r,E + v†r,−E(x)b†r,−E

]
, (31)

where us,E(x) ≡ 〈x | s, E〉 and vs,−E(x) ≡ 〈x | s,−E〉. Here the index s indicates the spin com-
ponent, whereas E > 0 means the eigenvalue for certain Dirac’s Hamiltonian. Assuming this
Hamiltonian as ĥ, these basic states satisfy that,

ĥus,E(x) = Eus,E(x), ĥvs,−E(x) = −Evs,−E(x). (32)



In the following, we assume that ĥ does not depend on time apparently. Thus, from Dirac equation,
i~∂tu(x) = ĥu(x), it is represented as

us,E(x) = e−itE/~us,E(r), vs,−E(x) = eitE/~vs,−E(r). (33)

Note the following points.

• Completeness of basis:

1̂ =
∑
s

∫
E>0

dE
[
|s, E〉 〈s, E|+ |s,−E〉 〈s,−E|

]
. (34)

Thus, from the overlap of y and x,

〈y | x〉 =
∑
s

∫
dE
[
u†s,E(y)us,E(x) + v†s,−E(y)vs,−E(x)

]
= δ(y − x). (35)

From Eq. (33), it is also concluded as∑
s

∫
dE
[
u†s,E(y)us,E(x) + v†s,−E(y)vs,−E(x)

]
= δ(y − x). (36)

• Orthogonality of basis:

〈r, E ′ | s, E〉 ≡ δ(E ′ − E)δrs, 〈r,−E ′ | s,−E〉 ≡ δ(E ′ − E)δrs.

−→
∫
d3ru†r,E′(r)us,E(r) =

∫
d3rv†r,−E′(r)vs,−E(r) = δ(E ′ − E)δrs. (37)

Also, remembering E ′, E > 0,

〈r,−E ′ | s, E〉 =

∫
d3rv†r,−E′(x)us,E(x) = 0,

〈r, E ′ | s,−E〉 =

∫
d3ru†r,E′(x)vs,−E(x) = 0. (38)

• Spinor field must satisfy the anti-commutation relation at the same time:{
ψ†r(y), ψs(x)

}
y0=x0

= δ(y − x)δrs, (39)

{ψr(y), ψs(x)}y0=x0
=

{
ψ†r(y), ψ†s(x)

}
y0=x0

= 0. (40)

For the first relation, we find that,{
ψ†r(y), ψs(x)

}
y0=x0

=
∑
r,s

∫
dE ′

∫
dE[

u†r,E′(y)us,E(x)
{
c†r,E′ , cs,E

}
+ v†r,−E′(y)vs,−E(x)

{
b†r,−E′ , bs,−E

}
+v†r,−E′(y)us,−E(x)

{
b†r,−E′ , cs,E

}
+ u†r,−E′(y)vs,−E(x)

{
c†r,E′ , bs,−E

}]
y0=x0

. (41)

Therefore, to keep consistency with Eqs. (36) and (39), the operators must satisfy that{
c†r,E′ , cs,E

}
=
{
b†r,−E′ , bs,−E

}
= δrsδ(E

′ − E), {others} = 0. (42)

Notice that above formulas can work even in the case with general interaction(s) included in the
Lagrangian density.



5.1 Hamiltonian

In general, Lagrangian density is written as L = ψ̄ (i 6∂ −M)ψ(x) + ψ̄Xψ(x). The corresponding
Hamiltonian density reads

H(x) ≡
(
∂0ψ

†) δL
δ (∂0ψ†)

+
δL

δ (∂0ψ)
(∂0ψ)− L (43)

= 0 + ψ̄iγ0 (∂0ψ)− ψ̄i
[
γ0∂0 + γk∂k

]
ψ(x) +Mψ̄ψ(x)− ψ̄Xψ(x)

= ψ†
[
−i~α · ~∇+ βM − βX

]
ψ(x) ≡ ψ†ĥDψ(x), (44)

where ĥD indicates the Dirac single-field Hamiltonian. Note that, however, here I neglect the
exchange (Fock) terms, which could appear from the interactions ψ̄Xψ(x). The proper Hamiltonian
is then given as H(t) =

∫
d3rH(x).

By employing the basis expansion introduced above, it can be represented as

H(t) =
∑
r,s

∫
dE ′

∫
dE

∫
d3r[

u†r,E′(x)c†r,E′ + v†r,−E′(x)b†r,−E′
]
E
[
us,E(x)cs,E − vs,−E(x)bs,−E

]
, (45)

where we have used ĥDus,E = Eus,E and ĥDvs,−E = −Evs,−E. From Eqs. (37) and (38), one can
find that only the c†∗c∗ and b†∗b∗ terms survive. That is,

H =
∑
r,s

∫
dE ′

∫
dE
[
eit(E

′−E)/~c†r,E′cs,E − e
−it(E′−E)/~b†r,−E′bs,−E

]
Eδ(E ′ − E)δrs + 0

=
∑
s

∫
dE
[
c†s,Ecs,E − b

†
s,−Ebs,−E

]
E. (46)

This equation almost looks as the proper form for the total energy. However, the second term means
that b†∗ creates the negative-energy particle. To remedy this wired property, the anti-particle states
are re-defined as a∗ ≡ b†∗ and a†∗ ≡ b∗. By this procedure, finally we can find that

H =
∑
s

∫
dE
[
c†s,Ecs,E + a†s,−Eas,−E

]
E − const. (47)

The vacuum is then defined as the state to become zero for c∗ and a∗.

5.2 general representation with basis

In practical calculations, the Hamiltonian is represented with the choosen basic states. That is,

H(t) =
∑
r,s

∫
dE ′

∫
dE

∫
d3r[

u†r,E′(x)c†r,E′ + v†r,−E′(x)b†r,−E′
]
ĥD

[
us,E(x)cs,E + vs,−E(x)bs,−E

]
, (48)

where u(x) and v(x) are, however, NOT the eigenstates of ĥD anymore. Thus, the labels E and E ′

are now general ones: those are not definitely for energies. By using the matrix elements,

h
(pp)
r,E′,s,E(t) ≡

∫
d3ru†r,E′(x)ĥDus,E(x), h

(ap)
r,−E′,s,E(t) ≡

∫
d3rv†r,−E′(x)ĥDus,E(x), etc., (49)



then it can be formally given as

H(t) =
∑
r,s

∫
dE ′

∫
dE
[
h

(pp)
r,E′,s,E(t)c†r,E′cs,E + h

(ap)
r,−E′,s,E(t)b†r,−E′cs,E

h
(pa)
r,E′,s,−E(t)c†r,E′bs,−E + h

(aa)
r,−E′,s,−E(t)b†r,−E′bs,−E

]
. (50)

Within the no-sea approximation, we neglect the anti-particle components, namely the 2nd to
4th terms in the Hamiltonian. In this case, one finds the usual form,

H(t) '
∑
k,l

h
(pp)
k,l (t)c†kcl, (51)

where the simplified labels k = {r, E ′} and l = {s, E} are employed. The vacuum-expectation
value 〈H(t)〉Φ is then a functional of several densities, similarly in the non-relativistic multi-fermion
models. The Bogoliubov transformation can be also determined for c†∗ and c∗ operators.
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6 Operators

Creation and Annihilation Operators;

{cα, c†β} = δαβ (52)

{cα, cβ} = {c†α, c
†
β} = 0 (53)

cα =

∫
dx 〈α |x〉 ψ̂(x), c†α =

∫
dx 〈x |α〉 ψ̂†(x) (〈x |α〉 = φα(x)) (54)

ψ̂(x) =
∑
α

〈x |α〉 cα, ψ̂†(x) =
∑
α

〈α |x〉 c†α (55)

{ψ̂(x), ψ̂†(y)} = δ(x, y) (56)

{ψ̂(x), ψ̂(y)} = {ψ̂†(x), ψ̂†(y)} = 0 (57)

7 States

Vacuum;

|α1〉 = c†α1
|0〉 (58)

cα |0〉 = 0, 〈0| c†α = 0 (59)

|x〉 = ψ̂†(x) |0〉 (60)

ψ̂(x) |0〉 = 0, 〈0| ψ̂†(x) = 0 (61)

Slater Determinant;

|α1, α2, · · · , αN〉 =
1√
N !

∑
P∈SN

(−)P |αP1〉 |αP2〉 · · · |αPN 〉 (62)

= c†α1
c†α2
· · · c†αN |0〉 (63)

c†β |α1, α2, · · · , αN〉 = |β, α1, α2, · · · , αN〉 (64)

Completeness;

1

N !

∑
α1···αN

|α1 · · ·αN〉 〈α1 · · ·αN | = 1̂FN (65)∑
α1<α2<···<αN

|α1 · · ·αN〉 〈α1 · · ·αN | = 1̂FN (66)

|0〉 〈0|+
∞∑
N=1

[
1

N !

∑
α1···αN

|α1 · · ·αN〉 〈α1 · · ·αN |

]
= 1̂F (67)

F = F1 ⊕F2 ⊕ · · · ⊕ FN ⊕ · · · (68)



General A-body State;

|ΨA〉 = Ψ̂†A |0〉 =

 1√
A!

∑
{αk}

D(α1 · · ·αA)c†α1
c†α2
· · · c†αA

 |0〉 (69)

=
1√
A!

∑
{αk}

D(α1 · · ·αA) |α1 · · ·αA〉 (70)

=
∑

α1<α2<···<αA

D(α1 · · ·αA) |α1 · · ·αA〉 (71)

D(· · ·αk · · ·αl · · · ) = (−)D(· · ·αl · · ·αk · · · ) (72)

Normalization;

〈ΨA |ΨA〉 =
1

A!

∑
{αk}

∑
{βk}

D∗(α1 · · ·αA)D(β1 · · · βA) 〈α1 · · ·αA | β1 · · · βA〉 (73)

=
1

A!

∑
{αk}

|D(α1 · · ·αA)|2 =
∑

α1<α2<···<αA

|D(α1 · · ·αA)|2 ≡ 1 (74)

8 Density Matrix

Several Representations (even with Time-Dependence);

ρ̂(αβ) ≡ c†βcα, (75)

ρ̂(xy) ≡ ψ̂†(y)ψ̂(x) (76)

ρ
(αβ)

Ψ′A(t),ΨA(t) =
〈
Ψ′A(t)

∣∣ ρ̂(αβ)
∣∣ΨA(t)

〉
=
〈

Ψ′A(t)
∣∣∣ c†βcα ∣∣∣ΨA(t)

〉
, (77)

=
〈
α
∣∣ ρ̂Ψ′A(t),ΨA(t)

∣∣ β〉 (78)

ρ
(xy)

Ψ′A(t),ΨA(t) =
〈
Ψ′A(t)

∣∣ ρ̂(xy)
∣∣ΨA(t)

〉
=
〈

Ψ′A(t)
∣∣∣ ψ̂†(y)ψ̂(x)

∣∣∣ΨA(t)
〉
, (79)

=
〈
x
∣∣ ρ̂Ψ′A(t),ΨA(t)

∣∣ y〉 (80)

ρ̂Ψ′A(t),ΨA(t) =
∑
α

∑
β

|α〉 ρ(αβ)

Ψ′A(t),ΨA(t) 〈β| , (81)

=

∫
dx

∫
dy |x〉 ρ(xy)

Ψ′A(t),ΨA(t) 〈y| (82)

Density Matrix of |ΨA〉;

ρ
(αβ)
ΨA

=
〈

ΨA

∣∣∣ c†βcα ∣∣∣ΨA

〉
(= 〈α | ρ̂ΨA,ΨA | β〉) (83)

=
1

A!

∑
{βk}

∑
{αk}

D∗(β1 · · · βA) 〈0| (cβA · · · cβ1) c
†
βcα
(
c†α1
· · · c†αA

)
|0〉D(α1 · · ·αA) (84)

=
(A− 1)!

A!

∑
γ2···γA

[D∗(β, γ2, · · · ) + (−)D∗(γ2, β, · · · ) + · · · ](A terms)

× [D(α, γ2, · · · ) + (−)D(γ2, α, · · · ) + · · · ](A terms) (85)

= A
∑
γ2···γA

D∗(β, γ2 · · · γA)D(α, γ2 · · · γA) (86)

= (A!)
∑

γ2<···<γA

D∗(β, γ2 · · · γA)D(α, γ2 · · · γA) (87)



ρ
(xy)
ΨA

=
〈

ΨA

∣∣∣ ψ̂†(y)ψ̂(x)
∣∣∣ΨA

〉
(= 〈x | ρ̂ΨA,ΨA | y〉) (88)

=
∑
β

∑
α

φ∗β(y)
〈

ΨA

∣∣∣ c†βcα ∣∣∣ΨA

〉
φα(x) (89)

=
∑
β

∑
α

φ∗β(y)ρ
(αβ)
ΨA

φα(x) = 〈x|

[∑
α

∑
β

|α〉 ρ(αβ)
ΨA
〈β|

]
|y〉 (90)

Density Matrix of the Single Slater Determinant;

ρ(αβ) =
〈
α1 · · ·αA

∣∣∣ c†βcα ∣∣∣α1 · · ·αA
〉
∝ δαβ, (91)

ρ(αα) =

{
0 (α > αA)
1 (α ≤ αA)

(92)

ρ̂ =
∑
α

∑
β

|α〉 ρ(αβ) 〈β| =
∑
j≤αA

|j〉 〈j| , (93)

ρ̂2 = ρ̂ (94)

9 Hamiltonian

Basis Representation;

H = T + V =
∑
αγ

tα,γc
†
αcγ +

1

4

∑
αβγδ

ṽαβ,γδ (cβcα)† (cδcγ) (95)

tα,γ = 〈α |T | γ〉 (96)

ṽαβ,γδ =
1

2
[〈αβ |V | γδ〉 − (α↔ β)− (γ ↔ δ) + (α↔ β & γ ↔ δ)] (97)

Local Force Assumption;

〈x′y′ |V |xy〉 = δ(x′, x)δ(y′, y)V (x, y) (98)

Expectational Value via Slater Determinant;

E0 ≡ 〈α1 · · ·αN |H |α1 · · ·αN〉 = 〈α1 · · ·αN |T + V |α1 · · ·αN〉 (99)

=
∞∑
ρ=1

θρtρ,ρ +
1

4

∞∑
(µ6=ν)=1

θµθν [ṽµν,µν − ṽµν,νµ] (100)

=
N∑
k=1

tk,k +
1

2

N∑
(i 6=j)=1

ṽij,ij (101)

=
∑
i

〈i |T | i〉+
1

2

∑
j(6=i)

(〈ij |V | ij〉 − 〈ij |V | ji〉)

 (102)

〈i |T | k〉 =

∫
dx′
∫
dxφ∗i (x

′) 〈x′ |T |x〉φk(x) (103)

〈ij |V | kl〉 =

∫ (2)

dx′dy′
∫ (2)

dxdyφ∗i (x
′)φ∗j(y

′) 〈x′y′ |V |xy〉φk(x)φl(y) (104)

=

∫ (2)

dxdyφ∗i (x)φ∗j(y)V (x, y)φk(x)φl(y) (105)



Coordinate Representation;

T =

∫
dx′
∫
dxψ̂†(x′) 〈x′ |T |x〉 ψ̂(x) (106)

V =
1

2

∫ (2)

dx′dy′
∫ (2)

dxdyψ̂†(x′)ψ̂†(y′) 〈x′y′ |V |xy〉 ψ̂(x)ψ̂(y) (107)

=
1

2

∫ (2)

dxdyψ̂†(x)ψ̂†(y)V (x, y)ψ̂(x)ψ̂(y) (108)

External Local Field;

Vext =
∑
αγ

〈α |Vext | γ〉 c†αcγ (109)

=

∫
dx′
∫
dx
∑
αγ

φ∗α(x′) 〈x′ |Vext |x〉φγ(x)c†αcγ (110)

=

∫
dx′
∫
dxψ̂†(x′) 〈x′ |Vext |x〉 ψ̂(x) (111)

=

∫
dxψ̂†(x)Vext(x)ψ̂(x) (112)

〈α1 · · ·αN |Vext |α1 · · ·αN〉 =
∑
i

∫
dxφ∗i (x)Vext(x)φi(x) (113)

10 Hartree-Fock Method

HF-Ground State as a Slater Determinant;

|Ψ〉 = |α1 · · ·αN〉 , E0 ≡ 〈Ψ |H |Ψ〉 (H = T + V + Vext) (114)

Variational Principle;

δ
(
E0 −

∑
β eβ 〈φβ |φβ〉

)
δφ∗α(w)

= 0 (115)

Self-Consistent Equation;[
− ~2

2m
∇2
w + VH(w) + Vext(w)

]
φα(w)−

∫
dyVF (w, y)φα(y) = eαφα(w) (116)

VH(w) =
N∑

β(6=α)=1

∫
dyφ∗β(y)V (w, y)φβ(y) (117)

VF (w, y) =
N∑

β(6=α)=1

φ∗β(y)V (w, y)φβ(w) (118)

1-Body Density;

ρ̂(r) =
∑
s

ψ̂†(rs)ψ̂(rs) =
∑
s

∑
α

〈α | rs〉 c†α
∑
β

〈β | rs〉 cβ (119)



|Ψ[ρ]〉 ↔ ρ(r) = 〈Ψ | ρ̂(r) |Ψ〉 (120)

=

〈
α1 · · ·αN

∣∣∣∣∣∑
s

∑
α

φ∗α(rs)c†α
∑
β

φβ(rs)cβ

∣∣∣∣∣α1 · · ·αN

〉
(121)

=
∑
s

∑
α

∑
β

φ∗α(rs)φβ(rs)ρ(βα) =
∑
s

αN∑
α=α1

|φα(rs)|2 (122)

Energy Density Functional (at HF-level);

EHF[ρ] = 〈Ψ[ρ] |H |Ψ[ρ]〉 = T [ρ] + EH [ρ] + EF [ρ] + Eext[ρ] (123)

T [ρ] = − ~2

2m

N∑
k=1

|∇φk(x)|2 (x = rs) (124)

EH [ρ] =
1

2

∫
dx

∫
dx′V (x′, x)ρ(x′)ρ(x) (125)

EF [ρ] = ? (126)

Eext[ρ] = ? (127)

11 HF + Bogoliubov Method

Hamiltonian (with Einstein’s Rule);

H ′ = H − λN = (tk,m − λδk,m)c†kcm +
1

4
ṽkl,mn(clck)

†(cncm) (128)

Bogoliubov Transformation;{
bk = U∗ikci + V ∗ikc

†
i

b†k = Uikc
†
i + Vikci

↔
{
ci = Uimbm + V ∗imb

†
m

c†i = U∗imb
†
m + Vimbm

(129)

(
b
b†

)
=W

(
c
c†

)
=

(
U † V †

V T UT

)(
c
c†

)
↔
(

c
c†

)
=

(
U V ∗

V U∗

)(
b
b†

)
(130)

Unitarity;

WW† =

(
U †U + V †V U †V ∗ + V †U∗

V TU + UTV V TV ∗ + UTU∗

)
=

(
1 0
0 1

)
→
{

U †U + V †V = 1
V TU + UTV = 0

(131)

W†W =

(
UU † + V ∗V T UV † + V ∗UT

V U † + U∗V T V V † + U∗UT

)
=

(
1 0
0 1

)
→
{
UU † + V ∗V T = 1
UV † + V ∗UT = 0

(132)

HFB Vacuum and Normal Ordering;

bk |.〉 = 0, 〈.| b†k = 0 (133)〈
.
∣∣ : X(b†, b) :

∣∣ .〉 = 0 (134)

Density-Tensor and Pair-Tensor;

ρkl ≡
〈
.
∣∣∣ c†l ck ∣∣∣ .〉 = VlmV

∗
km , κkl ≡ 〈. | clck | .〉 = (−)κlk = UlmV

∗
km (135)

⇐⇒ ρ = V ∗V T = 1− UU † = ρ† , κ = (−)κT = V ∗UT = −UV † (136)



Meanfield and Pairing Potantials;

Γkl = ṽkm,lnρnl, ∆kl =
1

2
ṽkl,mnκmn ↔ ∆∗kl =

1

2
ṽmn,klκ

∗
mn (137)

Quasiparticle Representation of H ′ = H − λN ;

H ′ = H(0) +H(2) +H(4) (138)

H(0) = 〈. |H ′ | .〉 = tr

[
(t− λ1)ρ+

1

2
Γρ− 1

2
∆κ∗

]
(139)

H(2) =
1

2
:

( c† c )
(
h− λ1 ∆
−∆∗ −h∗ + λ1

)(
c
c†

)
: (h = t+ Γ) (140)

= H(11) +H(20) + h.c. (141)

H(11) = b†mbn

[
( U † V † )

(
h− λ1 ∆
−∆∗ −h∗ + λ1

)(
U
V

)]
mn

(142)

H(20) + h.c. =
1

2
b†mb

†
n

[
( U † V † )

(
h− λ1 ∆
−∆∗ −h∗ + λ1

)(
V ∗

U∗

)]
mn

+ h.c. (143)

H(4) =
1

4
ṽkl,mn : (clck)

†(cncm) : (144)

HFB Solution (U, V );

H ′ = H(0) +
∑
k

Ekb
†
kbk + 0 +H(4) (145)

Energy Density Functional (at HFB-level);

E [ρ, κ, κ∗] = 〈. |H ′ | .〉 = EHF[ρ, κ, κ∗] + Epair[ρ, κ, κ
∗] (146)

= H(0) = tr

[
(t− λ1)ρ+

1

2
Γρ− 1

2
∆κ∗

]
(147)

hkl[ρ, κ, κ
∗] =

∂E
∂ρlk

= (t− λ1)kl + Γkl, ∆kl[ρ, κ, κ
∗] =

∂E
∂κ∗kl

(148)

12 Finite Amplitude Method

FAM Linear Responce Equation;

A~x = ~f (149)

~x =

(
Xµν(ω)
Yµν(ω)

)
~f =

(
F 20
µν(ω)
F 02
µν(ω)

)
(150)

A~x =

(
(Eµ + Eν − ω)Xµν(ω) + δH20

µν(ω)
(Eµ + Eν + ω)Yµν(ω) + δH02

µν(ω)

)
(151)

δH20
µν(ω) = +U †δhV ∗ − V †δ∆(−)∗V ∗ + U †δ∆(+)U∗ − V †δhTU∗ (152)

δH02
µν(ω) = −V T δhU + UT δ∆(−)∗U − V T δ∆(+)V + UT δhTV (153)



13 Wick’s Theorem

Philosophy;
T̂ [O] = 〈− |O | −〉+ N̂ [O] (154)

Formulas;

T̂ [ψ(x1) · · ·ψ(xn)] = : ψ(x1) · · ·ψ(xn) :

+
∑
P∈Sn

〈− |ψ(xP1)ψ(xP2) | −〉 : ψ(xP3) · · ·ψ(xPn) :

+
∑
P∈Sn

〈− |ψ(xP1)ψ(xP2) | −〉 〈− |ψ(xP3)ψ(xP4) | −〉 : ψ(xP5) · · ·ψ(xPn) :

...

+
∑
P∈Sn

〈− |ψ(xP1)ψ(xP2) | −〉 · · ·
〈
−
∣∣ψ(xPn−1)ψ(xPn)

∣∣−〉 (155)

d1 · · · dn = : d1 · · · dn : (dk ← ck, c
†
k)

+
∑
P∈Sn

〈− | dP1dP2 | −〉 : dP3 · · · dPn :

+
∑
P∈Sn

〈− | dP1dP2 | −〉 〈− | dP3dP4 | −〉 : dP5 · · · dPn :

...

+
∑
P∈Sn

〈− | dP1dP2 | −〉 · · ·
〈
−
∣∣ dPn−1dPn

∣∣−〉 (156)



Dirac HFB equation from the sigma-nucleon model

14 Introduction

After reading Ref. [2], here I try to formalize the HFB equation from the relativistic Lagrangian
(density), which is, however, simpler than the original version. Namely, it contains only the nucleon
ψ(x) and the sigma meson σ(x)1. That is,

L [ψ, ψ∗, σ] = ψ̄ (iγµ∂µ −m)ψ(x) +
1

2

(
∂µσ∂µσ − µ2σ2

)
−gσψ̄σψ(x), (157)

where ∂µ = ( ∂
∂t
,−~∇) and ∂µ = ( ∂

∂t
,+~∇). Thus, conjugate fields are

Πψ(x) =
∂L

∂(∂0ψ)
= iψ̄(x)γ0 = iψ†(x),

Πψ∗(x) = 0,

Πσ(x) =
∂L

∂(∂0σ)
= ∂0σ(x) = σ̇(x). (158)

Therefore, the Hamiltonian (density) is given as

H = Πψψ̇ + Πσσ̇ − L
= iψ̄(x)γ0(∂0ψ) + ∂0σ(x) · ∂0σ(x)− L
= 0 + iψ̄

[
γ1∂1 + γ2∂2 + γ3∂3 +m

]
ψ(x)

+
1

2

[
σ̇2 + (~∇σ)2 + µ2σ2(x)

]
+ gσψ̄σψ,

=⇒ H =

∫
dVxH = HN +HM +HI , (159)

where

HN =

∫
dVxψ

†(x) [~α · p + βm]ψ(x),

HM =

∫
dVx

1

2

[
Π2
σ + (~∇σ)2 + µ2σ2(x)

]
,

HI =

∫
dVxgσψ̄(x)σ(x)ψ(x). (160)

Remember that β = γ0, αn = γ0γn, and pn = i∂n (n = 1, 2, 3).

15 Equations of Interacting Fields

15.1 sigma meson

First we solve the σ-meson field. Klein-Gordon equation for σ(x) reads

∂µ
∂L

∂(∂µσ)
− ∂L
∂σ

= 0

=⇒
(
∂µ∂µ + µ2

)
σ(x) = −gσψ̄(x)ψ(x). (161)

1This model is indeed Yukawa model as written in Eq. (4.112) in the textbook [1].



By using the Green function Dσ, which satisfies(
∂µ∂µ + µ2

)
x
Dσ(x− y) = δ(x− y), (162)

the formal solution is given as

σ(x) =

∫
dyDσ(x− y) · (−gσ)ψ̄(y)ψ(y). (163)

As well known, this Green function is indeed propagator of the scalar field:

Dσ(x− y) =

∫
d4k

(2π)4

(−)

k2 − µ2 + iε
e−ik(x−y). (164)

15.2 nucleon

Next we consider the nucleon field. Within the Heisenberg representation ψ(x) = eitHψ(0,x)e−itH ,
the field operator follows the time-development equation,

i
∂

∂t
ψ(x) = [ψ(x), H] = [ψ(x), HN +HI ]

=

∫
dVw

[
ψ(x), ψ†(w) {~α · p + βm+ gσγ0σ(w)}w ψ(w)

]
. (165)

The first plus second terms yield the usual formula:

[ψ(x), HN ] =

∫
dVwψ(x)ψ†(w) {~α · p + βm}w ψ(w)

−
∫
dVwψ

†(w) {~α · p + βm}w ψ(w)ψ(x)

=

∫
dVwδ(x− w) {~α · p + βm}w ψ(w) + 0

= {~α · p + βm}x ψ(x), (166)

from ψ(x)ψ†(w) = δ(x−w)−ψ†(w)ψ(x). This result is consistent to the free Dirac equation. From
the similar calculation, the third term yields

[ψ(x), HI ] = gσγ
0σψ(x), (167)

consistently to the interaction term in the Dirac equation. Note that its conjugate version follows
the similar form. Summarizing these results, we have obtained

i
∂

∂t
ψ(x) = [ψ(x), H] ⇔ [i∂t − {~α · p + βm}x]ψ(x) = gσγ

0σψ(x),

i
∂

∂t
ψ†(x) =

[
ψ†(x), H

]
⇔ ψ†(x) [i∂t − {~α · p + βm}x] = gσψ̄(x)σ(x), (168)

where the source term gσγ0σ(x) shows up. It is useful to note that

T̂
[
ψ(x)ψ̄(y)

]
= SF (x, y) + N̂0

[
ψ(x)ψ̄(y)

]
= SF (x, y) + (−)ψ̄(y)ψ(x),

SF (x, y) =
〈

0 | T̂
[
ψ(x)ψ̄(y)

]
| 0
〉
, (169)



from the Wick’s theorem2, where N̂0 means the normal ordering with respect to the free vacuum:〈
0 | N̂0 [...] | 0

〉
. The SF (x, y) is the Feynman propagator of the free fermion, satisfying

[iγν∂ν −m]x SF (x, y) = δ(x, y) ⇔
[
iγ0∂0 − ~γ · p−m

]
x
SF (x, y) = δ(x− y)

⇔ [i∂t − {~α · p + βm}]x SF (x, y) = γ0δ(x− y). (170)

Using this SF , the fermion (nucleon) field can be formally solved as

ψ(x) =

∫
dySF (x, y)gσσ(y)ψ(y). (171)

We can also follows the time-development of the fermion propagator. That is

G(x, y) =
〈
A | T̂ψ(x)ψ̄(y) | A

〉
= SF (x, y) +

〈
A | (−)ψ̄(y)ψ(x) | A

〉
. (172)

This G(x, y) can be also interpreted as the density tensor, ρxy = G(x, y), in the usual meanfield
framework. For this propagator, one finds

[i∂t − {~α · p + βm}]xG(x, y) = γ0δ(x− y)−
〈
A | ψ̄(y) [i∂t − {~α · p + βm}]x ψ(x) | A

〉
= γ0δ(x− y)−

〈
A | ψ̄(y)gσγ

0σ(x)ψ(x) | A
〉

[iγν∂ν −m]xG(x, y) = δ(x− y)− gσ
〈
A | ψ̄(y)σ(x)ψ(x) | A

〉
. (173)

From Eq. (163), σ(x) can be eliminated:

[iγν∂ν −m]xG(x, y) = δ(x− y) + g2
σ

〈
A | ψ̄(y)

∫
dwDσ(x− w)ψ̄(w)ψ(w)ψ(x) | A

〉
. (174)

Notice that the quadratic term of ψ̄ψ̄ψψ appears in the RHS.
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