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QCD Matter under Rotation
heavy-ion collision

1022 Hz ⋙
103 Hz

10−2 Hz10−5 Hz

superfluid4He
107 Hz

⃗Ω

source of angular momentum

simplest nontrivial fluid background

simplest nontrivial geometric effect

STAR (2017)
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H

Landau, Lifshitz (Pitaevskii) (1969)

For relativistic rotating matter, we need the refinement w.r.t.



Causality and Vacuum



Thermodynamics of Rotating Systems

Vilenkin (1980)

entropy maximization

conserved quantity partition function 
w/ Lagrange multiplier

energy

particle number

angular momentum
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Z = tr exp[−β(H − ΩJ)]
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Z = Z(λQ)



Limitation of Nonrelativistic Theory
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rotation  density≃

ex.) fermions
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Z = tr exp[−β(H − ΩJ)]

Answer is No : checked with relativistic theory

“Vacuum affected by rotation”?



Infrared Gap
⃗Ω

R

causality
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ΩR ≤ c = 1

finite size infrared gap

cf) confined inside potential well

confined inside cylinder

sin(px)|x=L = 0 p =
n⇡

L
� ⇡

L
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No Visible Effect on Vacuum
causalityBessel root property

⇠l,1 > l + 1/2
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1/R � ⌦

Vacuum cannot be rotated

Ebihara, Fukushima, KM (2017)
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ε =
√

p2⊥ + p2z +m2 ≥ ξl,1/R ≥ Ω(l + 1/2)

for arbitrary l 
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eβ{ε→Ω(l+1/2)} + 1
→→
β→∞

θ
(
Ω(l + 1/2)→ ε

)
= 0



Visible in Thermal Part

thermal excitation Fermi surface shift

µ
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cf.) chiral vortical effect

"l � ⌦(l + 1/2) � ⇠l,1/R� ⌦(l + 1/2) > 0

"l � ⌦(l + 1/2) � ⇠l,1/R� ⌦(l + 1/2) > 0
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p2⊥ + p2z

pz

effective Fermi surface
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→→
β→∞

θ
(
Ω(l + 1/2)→ ε

)
= 0
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T = µ = 0
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How about Perturbation Theory?
 theory under rotationλϕ4

= ++# # # + ⋯+<latexit sha1_base64="2iCQ655hsmjaRJKsg+j7K/46uZc="></latexit>

lnZ
<latexit sha1_base64="8IUb+mb6ngWeEpCkZk7Tz+vbEaA="></latexit>

lnZ0

×

<latexit sha1_base64="UIYsIqydQ14CHx70ufoAVUtol9g="></latexit>

p0

Kuboniwa, KM (in prep.)
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λ× I(ν1, ν2) integral with four ’sJl(pl,kr)

We can prove this to all orders
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Π(ν̄) ∝
∑

ν,pz

I(ν̄, ν)

[
nB(ε− Ωl)

2ε
+

∫ i∞

−i∞

dp0
2πi

1

ε2 − p20
+

∫

C

dp0
2πi

1

ε2 − p20

]
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I < 0

QCD Vacuum Affected by Rotation

Braguta-Chernodub-Roenko-Sychev (2023)MoI from lattice pure YM
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I =
∂F

∂Ω2
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Ω=0
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R = 10 fm
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ΩR

moment of inertia of QCD vacuum

bag model analysis KM, Takizawa (2023)
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B(Ω) = B0 +
1

2V
Ω2Ib

vacuum contribution
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〈O〉T=0

unstable result due to

agree w/ lattice

agree w/ other models



Gauge Invariance 
(Magneto-Vortical Matter)



Visible under Magnetic Field?

"l � ⌦(l + 1/2) � ⇠l,1/R� ⌦(l + 1/2) > 0

"l � ⌦(l + 1/2) � ⇠l,1/R� ⌦(l + 1/2) > 0
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Landau quantization

R

B

↵ = eBR2/2
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pmin
⊥ R Dirac eq. in

Chen, Fukushima, Huang, KM (2017)



Two Angular Momenta
⃗B

conserved AM

Chen-Fukushima-Huang-Mameda (2016)
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Lcan = −i(x∂y − y∂x)

⃗Ω
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Z = tr
h
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Z = det
h
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i

gauge invariant AM

Fukushima-Hattori-Mameda (2024)
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Lkin = −i(xDy − yDx)

But why thermodynamically?



⃗Ω

⃗v = Ωr ̂θ
+

Classical Argument



no longer circular

H − ΩLcan

⃗Ω ∥ ⃗B

⃗v = Ωr ̂θ

⃗F drift = eBΩ ⃗r

unstable

+

Classical Argument



e ⃗E = − eBΩ ⃗r
= − ⃗∇ [Ω(Lcan − Lkin)]

H − ΩLcan = H − ΩLkin+Ω(Lcan − Lkin)

gauge invariance

⃗Ω ∥ ⃗B

⃗v = Ωr ̂θ

stable

thermodynamic stability

⃗F drift = eBΩ ⃗r

cf. Buzzegoli (2020)

+

Classical Argument



Fukushima-Hattori-Mameda (2024)

massless limit
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J =
∂PLLL

∂Ω

����
Ω=0

= −eBµ

4π2
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L = −i(xDy − yDx)

Total Angular Momentum

Not calculable analytically due to AM
except for the lowest Landau level ( ) limit B → ∞
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+
S

⟨S⟩LLL
+1/2

Why Negative?
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L = x⇧y � y⇧x = �
�
2a†a+ 1

�
+ [o↵-diagonal]
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⟨S⟩LLL ⟨L⟩LLL
+1/2 −1

Why Negative?



⟨S⟩LLL + ⟨L⟩LLL =
+1/2 −1

⟨J⟩LLL
−1/2J
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Why Negative?
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J
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If , thenμ > 0

Why Negative?
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J = −eBµ

4π2
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J
-
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ρ =
∂PLLL

∂µ

����
µ=0

= −eBΩ

4π2

Charge Density
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massless limit



J
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J
E = E0 − Ω J

-# of # of<
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rotation coupling

If , thenΩ > 0
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ρ = −eBΩ

4π2

Why Negative?



same coefficients shared
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⇢ =
@PLLL

@µ
=

eB⌦

4⇡2
� eB⌦

2⇡2
+

eBµ

2⇡2
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J =
@PLLL

@⌦
=

eBµ

4⇡2
� eBµ

2⇡2
+

eB⌦

8⇡2
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@⇢

@⌦
=

@J

@µ
=

@2PLLL

@µ @⌦

Relation to Chiral Anomaly

− eB
2π2

eB
4π2

charge

angular momentum



= S = j5
CSE/2
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@⇢

@⌦
=

@J

@µ
=

@2PLLL

@µ @⌦
Since  is anomaly-related, so is  j5

CSE ρ

charge

angular momentum

Relation to Chiral Anomaly

cf. Yang-Yamamoto (2021)
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� eB⌦

2⇡2
+

eBµ

2⇡2
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Einstein-de Haas Effect
conventional EdH

Bturn on turn off B

+
+
++

+ + +
+
++

+ +
+
+
++

+ +
Bturn on turn off B

opposite EdH (Weyl fermions)

dependent on AM relaxation, but experimentally testable 



Relativistic rotating matter/Magneto-Vortical matter  
are more complicated but interesting

Summary

Landau-Lifshitz treatment for rotating matter is not enough
causality, vacuum properties, and gauge invariance



Comparisons
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⇢ =
eB⌦

4⇡2
+ (divergence w.r.t. AM)Ebihara-Fukushima-Mameda (2017)

⃗F drift = eBΩ ⃗r

Fukushima-Hattori-Mameda (2024)
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⇢ =
eB⌦

4⇡2
� eB⌦

2⇡2partition function (LLL)

Hattori-Yin (2016)
sign-mistake

Yang et. al (2020) Mameda(2023) no Landau level formed by weak Bchiral kinetic theory

Kubo formula (LLL)
incorrect

correct
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⇢ =
eB⌦
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+O(⌦2)

incorrect due to
partition function (LLL)

spin orbital


