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Vortex Dynamics on Curved Torus 
(a manifold with a handle)



Vortex Crystals

¬Localizedºpatterns are observed in many physical systems

Super Conductors (Hess 
et. Al PRL 62 1989)

Super fluid helium II (Yarmuchuck et. 
Al PRL62 1979)

Bose-Einstein Condensates 
(Coddington et.al 2003)

A. A. Abrikosov (2003, Nobel Laureates, Rev.
Mod. Phys. ¢04) Those particle systems can be
described by a phenomenological model with
particle interactions under potentials with a
logarithmic singularity .

Vortex crystals = Equilibrium states of points with log -singularities



Mathematical Models: Vortex Dynamics

» This is a mathematical model for less viscous (e.g. water and air) or   non -
viscous flows.



Vortex Dynamics on 2D Riemannian manifolds

The velocity field is recovered from the stream function. 

Construction of the Greenôs function is critical. 



Mathematical Models: Point Vortex Dynacmis



Vortex flows on a curver  torus



Hydrodynamics Green s function



Evolution equation for point vortices

Point vortices = Vortex distribution consists of Diracôs delta functions

T. S-. and Y. Shimizu Proc. Roy.  Soc. A (2016)



Vortex Crystals



More Vortex Crystals

T. S.-, Phil. Trans. Roy Soc. A (2019)



Two Point Vortex Dynamics (A catalogue)

Vortex Dipole (A pair of point vortices with the opposite signs)

Identical vortices (A pair of point vortices with the same sign)

The handle structure affects the dynamics of point vortices.

T. S-. and Y. Shimizu Proc. Roy.  Soc. A (2016)



Vortex Crystals with background vortcitity

Liouville-type equation Curvature of the torus

Analytic solution (S-. PRSA  19,  21)

Examples of vortex crystals



Topological Flow Data Analysis
Tracking ¬Shape of Flowsº



A flow around a wing (Sawamura2012)

A flow model of rotating flow in a box.
(Matsumoto 2015)

Motivation ² complex flow patterns

We develop flow pattern characterizations to promote interdisciplinary research 

using flow simulations and experiments.

4D-MRI flow visualization in the left 

ventricle of the heart



Â It is a method of data analysis extracting topological features of flow 

orbits generated by 2D vector fields.

Â (A reduced-order modeling with discrete graphs)

The continuous time evolution of flows is reduced to a discrete 

dynamical system of graphs (partially Cyclically Ordered rooted Tree 

= COT) and its symbolic representation (COT representation).

Â (Quantitative estimation of flow topology) 

It extracts quantitative information associated with topological flow 

patterns in datasets.  

Â We explain the basic features of TFDA using 2D incompressible flows, 

and we then extend the theory suitable for blood flows in the heart.

Reference: Incompressible flows: Proc. Roy. Soc. A ó13, Physica D ó15, IMA J. Appl. Math. ô18; 

Compressible flows: Disc. Math. Algo. Appl. ó22

What is Topological Flow Data Analysis ( TFDA)?



Theoretical Overview of TFDA for 2D incompressible flows

Instantaneous Streamlines Topological structures COT(=graph) & COT representation (=symbols)

COT symbols = Describing  local topological orbit structures (streamlines)

COT (= tree ) & COT representation (= symbolic expression)

The correspondence between the topological structures of orbits and the COT is one-to-one.



Topological Decomposition of Flow Domain 

Using COT representation, the flow domain is decomposed

 into the regions of influence

The region of influence of a+= a flow domain 

enclosed by saddle separatrix 

The region of influence of a-The region of influence of a+

Each COT symbol is associated with a bounded region = The region of influence

The region of influence of b++



Application 1: Atmospheric Flows

Geopotential height at 500hPa (Data from Japanôs Meteorological Agency)

V The height of the atmosphere where the pressure becomes 500hPa.

V Under the quasi-geostrophic assumption, level curves of the geo-potential height are 

equivalent to streamline, yielding Hamiltonian vector fields

V Existence of westerly jet flow around the north pole.

V High/low-pressure regions play a significant role in weather/climate.



Blocking phenomena

Atmospheric Blocks (by Wikipedia):

A large-scale pattern in the atmospheric pressure field that is nearly stationary, effectively 

ñblockingò or redirecting migratory cyclones. These blocks can remain in place for several 

days or even weeks, causing the areas affected by them to have the same kind of weather for 

an extended period of time ï a cause of abnormal weather heatwaves, draught, heavy rain 

etcé

A ñblockò over western North 

America in 2006 (Wikipedia)

V It is difficult  to identify whether or not the current 

weather is in the state of blocks.

V They are usually identified by experts in 

meteorology authority.

V We need an objective method to identify the 

blocking state.

https://en.wikipedia.org/wiki/Atmospheric_pressure
https://en.wikipedia.org/wiki/Cyclone


Blocking morphology and COT symbols

Dipole type Local Morphology COT

Dipole type blocking = a pair of high and low-pressure 

regions, which is represented by a sequence of COT 

symbols ña˴·a̝ ò

ɋ type Local Morphology COT

Omega type blocking = an isolated high pressure region, 

which is represented by a sequence of COT symbols ña+ò


