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Vortex Dynamics on Curved Torus
(a manifold with a handle)



Vortex Crystals

—-Localized® patterns are observed in many physical systems

Super Conductors  (Hess Super fluid helium 1l (Yarmuchuck et. Bose-Einstein Condensates
et. Al PRL 62 1989) Al PRL62 1979) (Coddington et.al 2003)

A. A. Abrikosov (2003, Nobel Laureates, Rev.
Mod. Phys. ®4) Those particle systems can be
described by a phenomenological model with R
particle interactions under potentials with a S
logarithmic singularity .
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Vortex crystals = Equilibrium states of points with log -singularities



Mathematical Models: Vortex Dynamics

» Physical quantities: velocity field fu,(t7 a:) = (u(t, x, y),'u(t,zc,y))
pressure  p(t,,y) density (unity) p = 1

» The incompressible 2D Euler equations
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» This is a mathematical model for less viscous (e.g. water and air) or non
viscous flows.

- ov  Ou
» vorticity: w = i 8_y
d In 2D, vorticity i '
_ ; y is conserved quantity along the
Ew(a}(t), £) =0 Cath of fuid particle

» Vorticity-streamfunction formulation = vortex dynamics

u=vy v=—t Ap=-w  TO)=ul@),



Vortex Dynamics on 2D Riemannian manifolds

(M ] g) M orientable 2D Riemannian manifold g Riemannian metric

Hydrodynamic Green’s function (Lin 1941) Gg((, () (o € M

Gh (C ) CO) = GH(CQ, C ) Reciprocal condition

1 . .
AGH(C, CO) _ 6CO — m if M is Compact,
¢, if M is non-compact,

/\ Laplace Beltrami operator 5@‘0 Dirac delta function on (g € M

The Green’s function has a logarithmic singularity

Streamfunction-vorticity formulation W vorticity ) Streamfunction

Poisson equation —A?,/) = W

= P(¢) = — /M GH (¢, Co)w(Co)du(Co)-
4 Riemannian volume form

The velocity field is recovered from the stream function.
Construction of the Greénfunction is critical.



Mathematical Models: Point Vortex Dynacmis

N Point vortices ¢ € M Locations of N point vortices I'; € IR Strengths

w=Y"Ti6, = $()=-Y I;Gu(()
j=1 j=1

Modified stream function (Helmholtz principle)

Robin function R(¢n) = Cl—lf? [GH (¢, Cm) — % log d(¢, Cm)}

mnm

distance

Modified stream function of the mth point vortex

N

JFEmM
Equations of motion for N point vortices (in complex form)

dm o2 =\ OUm OYm
i 2@)\_ (ijgm) 8C = 8Em =0 Vortex crystal

A(Cms C,yy) conformal factor



Vortex flows on a curver torus

A toroidal surface T R,r R majorradius r minor radius
a=R/r>1 aspect ratio

Embed the torus in the 3D Euclidean space
(0,9) € Tr, — ((R—rcosf)cos ¢, (R— rcosf)sin¢,rsing) € E?

Complex representation Stereographic projection)

0
C:(0,¢) — e exp <_/0 - du ) = e'% exp(r.(0))

¢-plane — COS U

~
—2mA < 1

p==¢
{CeClp<|(l<1l} A= (a?- 1)—1/2 ® Longitude



Hydrodynamics Green s functi on

Conformal factor Distance

B R — rcos@

A (¢,6) <] d(¢, o) = A(C560)|¢ — ol

Hvdrodvnamic Green’s function (Green-Mashall 12, S-, Shimizu ’1

Schottky Klein Prime function associated with the annulus

P(C.p) =1 =0 ] =p" (1= 0p"/0).

Indefinite integrals

1 (% qu—si o d
F(f) = — f A, Gs) :-f L
4m2c Jy « —cosu 0 O — COSU
Robin function
R R o i §
R(Cm) = o log}:[l(l p") +2F(0,,) + 47r2AG (O) o log(R frcost).g
.......................................................................................................................................... s



Evolution equation for point vortices

Poi nt vortices = Vortex distr.i

N
2 : . € M Locations of N point vortices
o — F j 5C CJ P
’ I'j € R Strengths

¢ Evolution equations foeroint VOT LICES [t s s e N P

o costn) O = ZJ;,LF l (on ) — K (cm/cj)],
b O [K(Cu)S) + RGafG) | o —sinbu . 1o(6) 1]
o costn) gt = J;I‘j[ Tt fmsza]
aOp, —sinb,,  1.(0,)
Flm { 47r2a 4772./4 + sm Hm} '

K(c,\/ﬁ)chl“’\/ﬁ) P(Cv/p) = (1=¢ Hl—pc L—p"/0).

P(¢,/p)
db, dom,
— =0, — = ——>  Mortex crystals on the curved torus
dt . dt 0

T. S. and Y. ShimizlProc. Roy. Soc. A (2016)



Vortex Crystals

Antipodal locations

N-ring configuration

Pairs of M-ring

(em,¢m) — (@0a %Tm

(92m—17¢2m—1) - (@1’ %Tm)

(92m7 ¢2m) = (@27 27rMm)

@1+@2=27T

Any strength

'y, =T

Iopp =1 T'ogpp—1 =-T

Fixed equilibrium

Relative equilibrium

Relative equilibrium




More Vortex Crystals

(a) K=3, M=10, aligned (b) K=3, M=10, staggered

T. S+, Phil. Trans. Roy Soc. A (2019)



Two Point Vortex Dynamics (A catalogue)

Vortex Dipole (A pair of point vortices with the opposite signs)( e

The handle structure affects the dynamics of point vortices.

T. S. and Y. ShimizdProc. Roy. Soc. A (2016)



Vortex Crystals with background  vortcitity

Liouville-type equation Curvature of the torus
2 cos
\VE :Ced¢+—/€TR = —Ww k(T = —
T, ¥ d (Tr.r) (Tr.r) r(R — rcos®)
Analytic solution(S-. PRSA 19, 21)
—. 1 211 (O)|? 1 (R — rcosf)?
w(C7C):_lOg o | | 212 ——lOg 2
d cd(1+|f(¢)1%) d 4/¢|
(a) f(¢) is analytic on the annular domain D¢
(b) f(¢) is loxodromic, i.e., f(p¢) = f({).
(c) f'(¢) #0on Dc.
Examples of vortex crystals
(2) @ =2, a1=0.9 exp(i2r/3) (b) a =3, a1.9exp(127r/3) g Qy/“_i& 2 ) a;:oo
\©)) : —————
% + F> +$ (- 3 [<

Toroidal




Topological Flow Data Analysis
Tracking -~Shape of F



Motivation 2 complex flow patterns
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A flow around a wingSawamur&012)

4D-MRI flow visualization in the left

A flow model of rotating flow in a box. ventricle of the heart
(Matsumoto 2015)

We develop flowpattern characterizations to promote interdisciplinary researc
using flow simulations and experiments.




What is Topological Flow Data Analysis ( TEDA)?

N

A

It is a method of data analysis extracting topological features of flow
orbits generated byD vector fields.

(A reduced-order modeling with discrete graphs)
The continuous time evolution of flows is reduced thsgrete
dynamical system of graplGsartially Cyclically Ordered rooted Tree

= COT) and itssymbolic representatiofCOT representatign

(Quantitative estimation of flow topology)
It extracts quantitative information associated with topological flow
patterns in datasets.

We explain the basic features of TFDA using 2D incompressible flow
and we then extend the theory suitable for blood flows in the heart.

Reference Incompressibleflows: Proc Roy. Soc A dl3, PhysicaD dl5, IMA J. Appl. Math. Gl§;
Compressibldélows: Disc. Math. Algo. Appl. @22



Theoretical Overview of TEDA for 2D incompressible flows

COT symbols = Describing local topological orbit structures (streamlines)

by by Ct a9 a4
COT (=tree ) & COT representation (= symbolic expression)

Instantaneous Streamlines Topological structures COT(=graph) & COT representation (=symbols

19 (a2, Az, a2, a2(C4 (by4{04,04 }), 4 (b {byi{ot,04},01}) i (0y),c(0-))

The correspondence between the topological structures of orbits and the @@Tasne



Topological Decomposition of Flow Domain

Each COT symbol is associated with a bounded regibne=region of influence

A

The region of influence ad,= a flow domain
enclosed by saddle separatrix

Using COT representation, the flow domain is decomposed
into the regions of influence

(a)a:'(a—ra—razra+va—'a+)

(b)b+_(b+_(,8+(C+ Cy 'C+),t),f)
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Application 1: Atmospheric Flows

Geopotenti al height at 500hPa (Dat a

Geopotential height at 500 hPa i February
; - : T . 1 B = = <

Average Flow (Wikipedia) ' ' Longitude [0,360]

<<

The height of the atmosphere where the pressure becomes 500hPa.

Under the quasijeostrophic assumption, level curves of the-getential height are
equivalent to streamline, yielding Hamiltonian vector fields

Existence of westerly jet flow around the north pole.

High/low-pressure regions play a significant role in weather/climate.




Blocking phenomena

AtmospheridBlocks (by Wikipedia).

A largescalepatternin the atmospheriqressurdield that is nearly stationary,effectively
A b | o cdtiedirgciingmigratorycyclones Theseblockscanremainin placefor several
daysor evenweeks,causingthe areasaffectedby themto havethe samekind of weatherfor
an extendedperiod of time i a causeof abnormalweatherheatwavesdraught,heavyrain
etce

Afbl ocko over western North
America in 2006 (Wikipedia)

Nl e . .
L@y | VoIt is difficult to identify whetheror not the current
NN ‘k weatheris in the stateof blocks
N “X3» |V They are usually identified by experts in
e ﬂ;:ﬂ\ meteorologyauthority
s/ ~=_. |V We need an objective method to identify the
L e blocking state

) E\.L_fu/ ’/{/ q/{j%ﬂf \//%:‘J/u,,,
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https://en.wikipedia.org/wiki/Atmospheric_pressure
https://en.wikipedia.org/wiki/Cyclone

Blocking morphology and COT symbols

Dipole type Local Morphology COT

Dipole type blocking = a pair of high and low-pressure
regions, which is representedby a sequenceof COT
symbolsii a-a 0

q type Local Morphology COT

Omegatype blocking = an isolatedhigh pressureregion,
whichis representely a sequencef COT symbolsi a




