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Part 1

Topological Invariants of Fluid Motion



Vorticity equation

Suppose that the fluid is inviscid and barotropic —(Vp)/p=—V3P
and that the body force is conservative f=-v3io

Euler equations are

ou 1 ou u?
E—I—(u-V)u_—;Vp—l—f & a—ux(qu)_—V(T—l—P—l—@)

Vorticity w'=rotu = V X u

rot [ Euler equations | becomes, combined with eq, of continuity,

Jw D (w) [w D 9
E—VX(UXQ’) ~ E(;)_(;v>u —:a*‘(u'v)

Vorticity equations



Helmholtz
Crelle’s J. (1858)

Transl. Tait: Phil. Mag. (1867)

Helmholtz’ law lI:

A vortex line remains

continually composed

of the same fluid particles.
a vortex line is frozen

into the fluid.

LXIII. On Integrals of the Hydrodynamical Equations, which
express Vortex-motion. By H. HeLmuorrz*,

I_ ITHERTO, in integrating the hydrodynamical equations,

the assumption has been made that the ecomponents of
the velocity of each element of the fluid in three directions at
right angles to cach other are the differential eocflicients, with
reference to the coordinates, of a definite funetion which we shall
call the velocity-potential. Lagranget no doubt has shown that
this assumpgion is lawful if the motion of the fluid has been pro-
duced by, and continued under, the action of forees whieh have a
potential ; and also that the influence of moving solids which are
in contact with the fluid does not affect the lawfulness of the
assumption. And, since the greater number of natural forces
which can be defined with mathematical strietness ean be ex-
pressed as differential coefficients of a potential, by fav the greater
number of -mathematically investigable cases of fluid-motion
belong to the class in which a velocity-potential exists.

Yet Liuler} has distinctly pointed out that theve are cases of
fluid-motion 1n which no vghg’;x-EoEEngil E.}'istsi —for mstance,
the rotation of a fluid about an axis when every element has the
same angular velocity, Among the forces wl?:icl_t ean produce
such motions may be named magnetic attractions acting upon a
fluid conducting eleetric currents, and partieularly frietion,
whether among the elements of the fluid or agaiust fixed bodies.
The effect of fluid friction has uot hitherto been mathematieally
defined ; yet it is very great, and, except in the case of indefi-
nitely small oscillations, produces most marked differences be-
tween theory and fact. The difficulty of defining this cffeet,
and of finding expressions for its mcasurement, mainly con-

] * From Gm{lc’s Journal, vol. lv. (1858), kindly communieated by Pro-
essor

+ Mécaniqu® ‘/lua} H)JM (Paris, J815), vol. ii. p. 301
I H-!_am'ﬂ'%':s oire de T Acadenie des sciences de Berlin (1753), p. 292,

Phil. Mug. S. 4. No, 220, Suppl. Vol. 33, aK 4



Helmholtz’s law (1858)

Vorticity equations
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Helmholtz’s law

since e (2)=(2V)u @ Dde(t) = (da0) V)

Theorem (Helmholtz’ s law II)

A vortex line remains continually composed of the same
fluid particles, and therefore moves with the fluid.
i.e. avortex line is frozen into the fluid.

(E — cd:z:) = (i — cdm) -Vu (¢:aconstant) | ‘
t\p p

W ) 0
—cde=0 at t=0 & ——cde=0 for allt

p
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Preservation of vortex-line topology

D o )
|' Ch {/:H\ 4 \/_ K C

\D =8

ANk M40 E i)

“Theory of Knots” by A. Kawauchi (ed.)

Definition A (PL) link L (€ §%) is said to be equivalentto alink L’ (£ S7)
if there exists a homeomorphic map i(: §° — S%) s.t. h(L) =
If further & and its restriction h|L : L — L' maintains the orientation,
L is said to be of the same type with L' (¢ §%); L = L'.

| {¢r : D —=D|r € [0,t],pp = id} ‘ambient isotopy’

From Helmholtz’'s law Il.

Corollary Knot and link types of vortex loops are invariant in time. .



Helicity and linking number

Theorem (Moreau '61, Betchov '61, Moffatt '69)
N ING SRIMS ASSUMPHONS, f u-(Vxu)dV = / u-wdV =const. (D: flow domain.)
D D

linking number (Gauss 1833) Moffatt ‘69
w(x) :jﬂ” (& — X (5)) 1(s) ds

[fu,-de = I‘ljlg u-da‘:—|—I’gj§ u - dx
Cl 02

= I‘lf w-ndA—i—I‘gj w-ndA
Sl SQ

= 20Ty =) Y aylily 5 5 is called the linking number

i=1 5=1

linking number (Gauss 1833) Moffatt ‘69
writhe + twist Calugareanu '61, Moffatt & Ricca ‘92

Arnol'd & Khesin ‘98 ’



Contents

1. Topological Invariants of fluid motion
Motion of an ideal barotropic fluid
Nambu mechanics: Helicity=Casimir invariant
Abundance of topological invariants for baroclinic effect and MHD

generalized enstrophy, Ertel invariant, Cross helicity, generalized helicity

2. Topological Invariants of magnetohydrodynamics
by Noether’s theorem

Particle relabeling symmetry
Variational symmetry — Cross helicity
Divergence symmetry — Generalized helicity



Nambu Mechanics
Nambu: Phys. Rev. D 7 (1973) 2405

Yoichiro Nambu 1921-2015
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Nambu bracket for incompressible flow

dF Lie-Poisson bracket
E:{F’H} (ray = [2£, 4 = [ £ 8| v
’ _<[6v’6v]’v>—/ [5'0’5'0] b
1
Hlv] = = 2dv ov oH
=5 [ %P [ (9 <]

Helicit h[ ] 1 / v v Casimir invariant
Cl1C1 y VI = — v - X v .
5 {h, K} =0 for any K

Nambu bracket Fukumoto: Nagare 28 (2009) 499

{F,H}:/'v-Vx<5F )dV /va <6F 5H)dV
5 ov

oh (O0F O0H oF (0H  oh
:L%'(%Xé_v)dvzfpév'(% 5’v)dv bt
Ov 0H  oh
ot P[é'v ov ]

Euler equation

11




Arnold’s theorem for steady Euler flows

Vallis, Carnevale & Young: J. Fluid Mech. . . _ o
J. Fluid Mech. 207 (1989) 133 Kinematically accessible variation

6. K. Valis, . P, Cornaa and W.R. Young (= preservation of circulation)

Energy contour

r—Tr = W=

1
Eeijkwk(ac, t)dx; A dCUj

1 - - -
— 56pqr£dr($, t)dafp A\ dxq

(@fr = wr + 5WT)

i [,
isovortical sheets

Theorem A steady Euler flow 1s a coditional extremum of
energy H w.r.t. isovortical perturbations
(kinematically accessible perturbations).

V. 1. Arnold: Ann. Inst. Fourier Grenoble 16 (1966) 319

12



Arnold’s theorem

6. K. Valls, 6. F. Carnevale and W, B. Young Fuler equation
Energy contour * ov P OH  oh
H=const. ot =" 50 < oo

Isovortical perturbation

5v=P[§x6—h]; £=5K
ov

v

K : arbitrary functional

isovo/rtical sheets

h = const.
Arnold’s 5H:/5_H.5vd3$:/g-<@x5—H)d%:ol
theorem p OV D ov v
Kelvin for a steady Euler low P [5—h X 6—H] =
(1887) [0v  0v ]




There are an abundance of
topological invariants.



Topological invariants of an ideal barotropic fluid

3D  Helicity (=Hopf invariant, Casimir invariant)

Hlw] = /D’v cwdV; w:i=V xw vorticity

2D Generalized enstrophy (=Casimir invariant)

" D (w
Qlw, p] = /Af (;) wd A Dt (;) =0

where f is an arbitrary function, because

Why the helicity of 3D looks different from 2D Casimirs?

How far is the 2D Casimir invariant from the helicity?
15



3D non-isentropic Euler flow
Baroclinic effect DESTROYS Helicity

Euler equations for a non-isentropic flow

Dp
L4 pV-u=0,
Di +p
Ds _ specific enthalpy
anj 1 w=e+p/p
— u-V)u=——Vp—-—Vob 1
8t+( ) o b <:|dw:Tds—|——dp
= —Vw HITVs- VP p
1 D
Ertel’s potential vorticity Q.= —(V xu)- Vs, ?? =0

P

Casimir invariants C' = f pF(s,Q)dV

16



Magnetohydrodynamics (MHD) of a
compressible adiabatic conducting fluid

Baroclinic effect

Lorentz force

17



Equations of MHD

Dp __ D 0

L Veu=0, (—:i=—+u-

DtJr!-?V u=1>0 (Dt UtJru V’)

ou 1.

It +(u-V)u=—Vuw-+TVsH 3 x B|— Vo,
- p

(w=w=e+plp, 3j=VxDB)

Ds

— =0,

Dt

0B

W:Vx(uxB,). V- -B=0.

Baroclinic effect and Lorentz force DESTROY Helicity

Ow

ot

—:Vx{taxw)+VT><V.f:+V><(lij
P

)
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The complete se

t of Casimir constants of the motion

In magnetohydrodynamics

Eliezer Hameiri®

E. Hameiri: Phys. Plasmas 11 (2004) 3423

Cross-helicity

M(p| :/ pdV, S[r:r]:/ pqdl”—] adV,
D
he|v,C) = / v DAV, hy|A] = / A.BdV
D
(D=VxC), (B=VxA)
ov I,
— =uxw+V(r—®)+TVs+ -3 x B,
ot P
oD
v =V x (u x D),
B
V-D=0, (D-V)s= Vx(—KD):[]
[

19



Nambu bracket

Casimirs Dd
he M, d] :/ M -ddV: M :=pv, d:=D/p Dt (d-V)u
D
S|p, s| :/ psdV, hylA] = 1/ A-BdV (B=VxA)
D 2 D

Nambu-bracket representation for MHD equations

d

EF[M,d,B,p,S] - {FahCaH}MMd + {F?S?H}Mps + {F, hm;H}MBB

SH [ 6H 5F
U e el /D K ) 6M_(6M V) 6M]+Cyc(F hC,H)}dV

{F,S, H} D{ S5 SM. 35 M V5p+cyc( 'S, H)

et~ {72} (e )

{
(v Y [ ) I i av

s
(517 0H 0H 6F) 6S }



Generalized helicity 1. baroclinic flow
Mobbs: J. Fluid Mech. (1981)

Euler-Poincaré equations

61)2'

0

ot

ou; or Os
E‘F(’UJV)’UZ—FUJa—xZ:

w: =V x (v

Baroclinic helicity

+TV8|);

— |4+ T

—('U—I—TVS*—UX [V x (v|4 7Vs)

0w

( 1oL ocC
V=, TI=

1T pauza

| =V [r— (v

Esz(ux&)

o6 7o 102
op p Os
+ 7VS) - u]
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Generalized helicity 2. barotropic MHD

Calkin: Can. J. Phys. (1963), Bekenstein & Ooron: Phys. Rev. E (2000) compressible
Vladimirov & Moftatt: J. Fluid Mech. (1995) incompressible

0
6—?—Vx(uxm)=j
) 1
v=v+-B xm
p S
w=V X 6—w=V><('u,><<«’})

Generalized helicity for MHD

22



Underlying symmetries?



Part 2

Topological Invariants
of Magnetohydrodynamics
from Noether’s Theorem



Topological Invariants of MHD
associated with Relabeling symmetry

Barotropic fluids:

A. Yahalom: J. Math. Phys. 36 (1995) 1324
Y. Fukumoto: Topologica 1 (2008) 003

Baroclinic (non-isentropic) fluids:
N. Padhye & P. J. Morrison: Phys. Lett. A 219 (1996) 287
N. Padhye & P. J. Morrison: Plasma Phys. Rep. 22 (1996) 960
Y. Fukumoto & H. Sakuma: Procedia IUTAM 7 (2013) 213

! C. J. Cotter & D. D. Holm: Found Comput Math.13 (2013) 457
MHD:

Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095501
Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095502

Y. Fukumoto & R. Zou: Prog. Theor. Exp. Phys. (PTEP) (2024)
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Ryoyu Utiyama: General Relativity

YIEFRERE 15

— R IR

AL EE i E

RER

146
BE5E AEESM

§26. (FEAMSETELCTDES

TR G LIES { —En s bR T, ¥ Noether DEEIC 2T
g, OeTIOEROGE EL s ofEFE, §15 25w
TTELESFR

V.G =0, {25.10
- S V=g e V=g (R - 3R}
WM EMLCHRES,

¥, BEZEIOMAE D OO AT RER (=0, 1, 2 3) 3515
KTV ET5, B EEh D HERPT ED X 5 R0 R H b
BLED Th BV, o ki TR b5 MR EERRES D 7 s OinicR
& L0, FEE Minkowsk % H & AiriE L,

=T, @ AKRE N BoSHE Lo pula) BELbRATHSLD LT3,
A(=1,2 + N) RCOESESBNTARFTHD. Ll a7y
Bl s 0T, i AHRERET T T3 A s — A BT h IV,
Fh, chIEATLL—ESoHEELT LMLk, 2EEN E0R (o
Laif, BRMAFvy kbt taBEITRYELT AL A
1) P —c L CGELER o - 4 0 . (ARBLRS) THEEER
U ofriry. b LESR—WHEMERNCR S L&, TOHET VL
g.02) B 9u(x) OichicBRAND LoLtE.

2 iEELA L 0 oBMEMERR AR LD T IR, IO
mOME—B, RRACERSY SATWE L0 LL, o 2t BB
[, 2 (h=1 2, 3) ¥WEEE L LSS LTS, L LR A
A TRVELE, CORUARERFELED Lot EL. L LAtE

525, PEHES AT AR 147

o (BBELIT 9.) BELBATHELEL L@ (220 LS EEELT o
R EERs 2 linl piich 5 lE) DERSS PARED TTLREH
frETs.

=T, # o) OEBTBOHER L IiThD N ADMIFR HERC
Ihpbhs, —EcSoBRE Hamilion DR ZICHEL - Lagrange BIEL
L B X villrh o,

\+¥, Lagrange (93

Ligx), paslz)) (25.2)

g bhTwWaETE. C2T

i
Yau = %

. Chs. (25.2) ERETBoFELR Hamilton OFEE T A, FA
B

I;_L'L(W- aud's (25.3)

D p, CHT BRSO LB CERIIRER. Thbb, (25.2) o L
S#fzh 5 Euler D5RER

ws ozl ) =0 (a=12-WN) @

BROTBRTHE.

=T, [iteds) ofiBfichs. C0 eula) L ROME g.le) SERL
10, BHEVILEETR = 2 ¥ T o0, [ O TR asH 5.
EOL 5k FiE, HAMOWERCHLCRFENSREILIZD, HaviE
SEAMEET S, Co kb RMEY RS S —HMS T EE SR
THB, CHICOLTHC LV TR LTI o 72012 Noether® THS.

Vg, S EERIRR

x‘—'f'dEx’-i-Ez‘ (25.5)

BER L5, CoTEEN 2 b5 AoBEEREOREEY M THD.

* E. Mocther: Glte. Nachr. (1918) 235.
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Relabeling transformation and symmetry

Particle relabeling transformation
a— a=a+da

qu‘(a” t) = 5qi(a, t) + 6a"OLq' =

Action
I[q]:/£0d4a:/dt/ Lo(q,0q,a)d>a;
D D
Lo =po | 30"~ <lp.5) ~ ¥(a)|
po = p(a,0), q(a,t) = wu(q,?)

Variational symmetry

[ Lo(q, dé, a)d3a = / Lo(q,0q,a)d’a for a — a + da s.t. Aq = 0|
D D

— Lo ((j& éfjﬁ &) — Lo (Q& 8(]& CL) + (VG ’ (S(L)f,o + V4 -0A = 0.

Divergence symmetry
27



Relabeling symmetry g, = ga.0) - qa.t) = 0
—  Lo(4,04,a) — Lo(q,dq,a) + (Vq -6a)Lo+ Ve -5A = 0.

0Lo _ 5 (_9Lo i1 9.(59) — 0:
{ dq' % (a(ajqi))}éq TO;077) =0;

. . Lo . . .
0J7 = Loda’ + —0q" + 0N/
Noether’s current in term of Aq
. . L, . . .
T _ 2 _ (Ag® — 1 i A’
6J" = Loda" + 0 ) (Aq" — (0;4")6a?) + 6

0Ly d is k i. i 9Lo J i
= 8(659})%(]/_ Tioa™ + 0N, Ty := 8(8iqj)8kq 0rLo;

Relabeling for non-relativistic fluids Jaq = (0’ 5@1’ 5&2, 50,3)’ Assume A =0

0Ly .. 1
0 __ 0 j . L2
Ty = £ ¢’ — Lo = po [2(1 + e(p, s) + ®(q)
oL . . Energy momentum tensor
Ty = ﬁ.?akff = povjOkg’ =: poVi (k=1,2,3),
1 0L :
U= =0 Vi i= v;0rq’

" po 0§ .



Noether’s charge

For relabeling transformation Aqg = 0, T;S = POV, Orq’:
0 : 1 0L
0 _  mO0s.k _ R L = Z=0
0J" = =T} 0a" = —pov; (5& 8&) q V= B

Q= /5J0d3@ = = f’v(ﬂ%t) - D(x,t)d’z| Cross helicity

0
D::‘P(‘S“'a_a)q:‘mq %—? =V x (ux D)
L,
£0(0.00,) = po | 307 ~ elp.) — 2(a)

6p=—V-(péq) =V - D,

1 déa 0
58——;D'VS, CS’LL——(E%)Q

Relabeling trnsformaytion |V . D =0. D -Vs =0 ag—a =0
’ ? t 29




Hamilton’s principle for Euler-Poincaré equation
for a non-homentropic flow

Logirangian labe|  Function

- : 3] Wy O
Lagrangian label function 1(¢(X.t).t)=X. 0==-2 ZAZA
ot |y dx; Ot
~ Al A Ala(x,t)
= — 1 —_— f—
w==—0 g W=,

Define D := detD, then

pla.t) = p(X,0)D 30




Variation of action: Baroclinic case

9, 7, )
> +uj— ) 0l 4,

Sui = — (DY), , (

{)xj

) 0 "4 ‘ ‘ A1 s
ZA — lA -+ éJA% op = . {,’)(D )a'AMA} . | ds = (D ) Ic)t’q
0B =V x (B x D714l).
f1 ‘
oL oL oL u?
4S = dt o, —f’U—I——f’H—I— 5B-)(ﬁ[ﬂ P 5, BT}—{)(——f(ﬁ s)— — — ®(x)
/tu [ (r)ui ‘ dp P 85 oB; 2 2
LOL] 0 [ ainy o (LOE 0L
/ (lf/\ (]I { (3[4;$ + E |:[)(D )iAO'EA (;m”i ”]ﬂ )'U):|
aL

V- (o5 « (B x D~ oz))}

" (u{ ”,4 101: lOEﬂ_'_(c)E)+li?_£f)_.s

p A, p Ouy Ox dx; \ dp p Os dx;

1 aLc
o ((V)B)BH}
1oL oL 1L oL :
U; ;C)'u.z T = d—p T : —;m h : —E J = V x h.
Dwv; uy. o Js 1. .
V. — = T — - —(71 x B i
Dt + Uk Ox; dx; i or; i ,(;U )

Euler-Poincaré equations

BQ

—

31
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Hamilton’s principle in material coordinates

ox;
Define V4 = : v; Hi = 0 h.:
aXA A aXA 4

Rewrite the variation in terms of the Lagrangian variables X
6l = §1(X,t)

0SS = [ clf[ dV *{{—— (Vapodla) + )C; (mpodla) +Nx - [(Bp x 6l) x H]
0X 2

. AV 4 o _ Os 1
+po 0l 4 ( 5 aX _TE)XA — fTD(J X BU}A)}-

J =VxxH. py:=pX.0). By:=DB(X.0)

for arbitrary variation §7 subject to B.C. and I.C.

Euler-Poincaré equations in terms of the material coordinates

20 32




Particle relabeling symmetry

Time-independent change of particle labels X — X' = n(X):
p(X.0)dX ANdY NdZ = p(X".0)dX' ANdY' NdZ" = p(x. t)dx A dy A d=

s(X,0) =s(X",0) = s(x, t).
%EABGBC(X._ U)d}i—A ANdXp = %EABC,‘B(,*(X!._ U)d}{—;{ AN d-}i—;:-g = éfijkBkdIi A d-:]f:j
Infinitesimal particle relabeling
0 0
X - X'= X +461; X (podl) =0, (8l -V)sp =0, °x X (Bo x dl) =
Under particle relabeling, the action is unchanged §S =0
(‘3 (Vapo la) — f;A (mpodla) —[Vx - [(Bo x ol) x H]
; : ; ox;
) OV 4 o s T B V4 = (2
—poola ( o~ axa [oaxal el X B“)A) =0 A= 5x "
Assume Euler-Poincare equations, then e o ,
o % AT ax,
57 (Vapodla) - X (mpodla) 4 Vx - [(Bo x 6l) x H] 0

33




Noether’s theorem for particle relabeling symmetry

o0 B N 0 Dy,
DU—;’)[}OI. ED[}—U (DD(__)X)H{}—[] aX K(B[}X p[})_o
' O,
Noether’s charge / V4 Doad3V = / 025 D oodV = — / v DAV
JD Jp 0Xa JD
ax' a-'l!".
V= Ly 9T
. 0Xa " DT R
Baroclinic case | -
Utiyama ¢/ (2') = p(x) + dpa(a)
0=dpalx):=dp

(1959)

helv.C] = [ v-DdV: (D=V xC)
D

{’“_uwww«mﬂvw‘jxﬁ
P

ot

)
oD =V x (u x D),

Ot
B
V-D=0, (D-V)s=0, Vx (—xD) =0
P

1oL oL 10L oL
v=——, T=—, TT=———, h=——,
p ou dp p s 0B

34



Baroclinic flow: Ertel’s potential vorticity

H.[v, D] :/v~DdV

10L 0
VXv=w |v,=— : —w=V><(u><w)-|—VT><Vs
- p Ou; ot

Example D=V x(f(Q,s)Vs) = (%VQ x Vs Q= %(v X v) - Vs
9D =V x (u x D) Casimir invariant

ot PG
chfpv-(foVs)de—/an .(vxn)dAJr/D’Qf(Q,s)‘pdv

35



Generalized helicity

Baroclinic effect = __T v=v+TVSs

om :
MHD E—Vx(uxm):,y fJ:v—Flem
0

Generalized helicity

%[v]:/@-(vX@)d%:/@.@d%
D

D



Variational symmetry supplemented by
divergence symmetry

Action

Sl :/dtf d%ﬁ(u,p,s,B,m):/dt/ dPrL(ly, Oila, x)
D D

Variational symmetry

/dt/ BP2L(l, g, &) /dt/ d>xL(ly,0ly, )

— [-:(Za:alaﬂ —ﬁ(la,ala; ) (v 5m)£+[ ot }:

Divergence symmetry

00 + Sadla =0 (K=0,1,2,3; a=1,2,3);

Euler-Lagrange equation: S, = gTi d; i5 (gﬁ 0 (=0)
oL
Current: 0J; = Lox + Mo + 0N

9 (Oxla) .



Divergence symmetry

A DO
LI, ln, ) — L(la,Ola, ) + (V- 62)L + 8t0 +V-SAEO,
Diverrgence symmetry 38
Define 7 and m by
ot om
— 4+ (u-V)r=-T, ——-VX(uxm)=y
o (u V)= =T, SE VX (uxm)=j
Mobbs ’81 Vladimirov & Moftatt *95,
Beckenstein & Ooron ’00
1 A
A = 8 ) R
v_v+TV3+pB><m Fj:vx(ux@); PR VAU

SAS =7(D-V)s, 6AF =D-(Bxm)/p



Divergence symmetry for baroclinic effect
and Lorentz force

0Ny =7(D -V)s, 0N =ur(D-V)s

SABE =D .- (Bxm)/p, SAB=21[D . (Bxm)+h x (Bxlp)
p p

%[Do (v—|—TVs+lem)]+V'{u [D- (’U—FTVS—Flem)] —ﬂ-D}:O
P P

What is the origin of (5/\6’? 5AS) and (5A(J)9& 5AB) falal¢

39




Constrained Eulerian variational principle

/dt/ dx { w,p,s,B) +p7[§j+(U~V)S]—a [%—?—Vx(uxB)]}

7, o : Lagrangian multipliers

(d =0l =)d(x,t) Eulerian representation of relabeling

6u—2—(:—|—(u Vid—(d-V)u, dp=-V-(pd)

d, s and B are taken to be independent.
55:].:&]@01%{% lpd~ (’U—FTVS—F%me)]

1
+V- (pu [d« (v—l—TVs—I——me)} —7mpd — o X (5u><B)) +
p

0 1 1
—pd - [a <U+TV5+—B><m)+(u~V) (v+er+—B><m)
p p

1
+ (vk + 708 + ;(B X m)k) Vuy, — Vw]

—pds l%+(u'V)T+T] +B - l%—‘:—ux(an)—h]}

58 o 05 Ocx .
Y0 = a_z+(u_v)T:_T 5=0 = 5 —ux(Vxa)=h; m=Vxa

V x — -V x(uxm)=j, j=Vxh



Generator of divergence symmetry and
seneralized cross helicity

1 1
ﬁ:(] = 2 v+7Vs+-Bxm |+ (u-V)|[v+7Vs+-B xm
od ot 1y P
1
+(vk+78ks+—(Bxm)k)Vuk—VW:O
P
0D ) ) A 1
a_ux(Vxfv):V(qzr—u,o'v); Vv=v+7Vs+ -B xm
P

By Noether’s theorem, 65 = 0 for arbitrary d,ds and B produces

ot p

1 1
9 [pd' (’U—FTVS—FEBXTTL)] +V- (pu [d~ (v+TVs+—me)] —mpd — o % (duxB)) =0,

— A =7(pd-V)s, AT =d-(Bxm) (pd= D)

. . 1 )
Generalized cross helicity / pd - (’v +7Vs + ;B X m) d’r = f D-vd’x

Relableling du = 0,6p =0 (ds = 0,0 B = 0) ensures 65 =0
od

5 T V)d—(d-V)ju=0, V-(pd)=0 »




Summary

A unified view of topological invariants for a non-isentropic MHD

from Noether’s theorem
. . )
Casimirs %-uijLV(r—@H—TVhngxB
M(p] =fp,uatv., Slo] = fpedlf—j adV, % _Vx(uxD)
helv, C] = / v-DdV, hy[A] = / A-BdV B
D V-D=0, (D-V)s=0, Vx(—xD)
(D=V xC), (B=VxA) P

Nambu-bracket representation for Lie-Poisson equation
CPIM.d. B, p.s| = {F.he, Y ypaga + {F. S H} ap + {F, b H yyppl M= pv, d = D/p

EF
Variational symmetry |, — / D.vdV
D
Generalized enstrophy for 2D barotropy f f )wdA
Ertel’'s potential vorticity Q ¢ = pr(s Q)dV; Q= p V X v)- Vs
Divergence symmetry :
Generalized cross-helicity /Pd' ("’ +7Vs+ B x m) d’ = /D 0 d’s
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