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Part 1

Topological Invariants of Fluid Motion
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Vorticity equation

Suppose that the fluid is inviscid and barotropic
and  that the body force is conservative

Euler equations are

rot [ Euler equations ] becomes, combined with eq, of continuity,

Vorticity equations
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Vorticity



Helmholtz
Crelle’s J. (1858)

Transl. Tait: Phil. Mag. (1867)

Helmholtz’ law II:
A vortex line remains 
continually composed 
of the same fluid particles.
i.e. a vortex line is frozen 
into the fluid. 4



Helmholtz’s law (1858)

Vorticity equations

an infinitesimal material line element:
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Helmholtz’s law

Since

Theorem (Helmholtz’ s law II)
A vortex line remains continually composed of the same 

fluid particles, and therefore moves with the fluid.
i.e. a vortex line is frozen into the fluid.
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Preservation of vortex-line topology

河内明夫「結び目理論」
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Helicity and linking number

Theorem (Moreau ’61, Betchov ’61, Moffatt ’69)
In the same assumptions,

linking number (Gauss 1833) Moffatt ‘69

is called the linking number

linking number (Gauss 1833) Moffatt ‘69
writhe + twist Călugăreanu ’61, Moffatt & Ricca ‘92

Arnol’d & Khesin ‘98 8
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Nambu Mechanics
Nambu: Phys. Rev. D 7 (1973) 2405

Yoichiro Nambu 1921-2015
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Nambu bracket for incompressible flow
Lie-Poisson bracket

Helicity

Nambu bracket

Euler equation

Fukumoto: Nagare 28 (2009) 499
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Casimir invariant



Arnold’s theorem for steady Euler flows

Kinematically accessible variation
(= preservation of circulation)

Theorem A steady Euler flow is a coditional extremum of 
energy H w.r.t. isovortical perturbations
(kinematically accessible perturbations).

isovortical sheets

Energy contour

Vallis, Carnevale & Young: J. Fluid Mech. 
J. Fluid Mech. 207 (1989) 133

V. I. Arnold: Ann. Inst. Fourier Grenoble 16 (1966) 319
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Arnold’s theorem

isovortical sheets

Energy contour
Euler equation

Isovortical perturbation

Arnold’s 
theorem
Kelvin
(1887) 13



There are an abundance of
topological invariants.
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Topological invariants of an ideal barotropic fluid

3D Helicity (=Hopf invariant, Casimir invariant)

2D Generalized enstrophy (=Casimir invariant) 

where f  is an arbitrary function, because

vorticity

Question:
Why the helicity of 3D looks different from 2D Casimirs?
How far is the 2D Casimir invariant from the helicity?
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3D non-isentropic Euler flow

Euler equations for a non-isentropic flow

Baroclinic effect  DESTROYS Helicity

specific enthalpy

Ertel’s potential vorticity

Casimir invariants
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Magnetohydrodynamics (MHD) of a 
compressible adiabatic conducting fluid

Baroclinic effect

Lorentz force
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Equations of MHD

Baroclinic effect  and Lorentz force DESTROY Helicity
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E. Hameiri: Phys. Plasmas 11 (2004) 3423

Cross-helicity
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Nambu bracket
Casimirs

Nambu-bracket representation for MHD equations
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Y. Fukumoto & R. Zou: Prog. Theor. Exp. Phys. (PTEP) (2024)



Generalized helicity 1. baroclinic flow

Baroclinic helicity

Euler-Poincarė equations Mobbs: J. Fluid Mech. (1981)
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Generalized helicity 2. barotropic MHD

Generalized helicity for MHD

Calkin: Can. J. Phys. (1963), Bekenstein & Ooron: Phys. Rev. E (2000)   compressible
Vladimirov & Moffatt: J. Fluid Mech. (1995)   incompressible
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Underlying symmetries?
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Topological Invariants
of Magnetohydrodynamics 
from  Noether’s Theorem

Part 2
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Topological Invariants of MHD 
associated with Relabeling symmetry

N. Padhye & P. J. Morrison: Phys. Lett. A 219 (1996) 287
N. Padhye & P. J. Morrison: Plasma Phys. Rep. 22 (1996) 960
Y. Fukumoto & H. Sakuma: Procedia IUTAM 7 (2013) 213
C. J. Cotter & D. D. Holm: Found Comput Math.13 (2013) 457

Barotropic fluids:

Baroclinic (non-isentropic) fluids:

MHD:
Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095501
Webb, Dasgupta, McKenzie, Hu & Zank: J. Math. Theor. 47 (2014) 095502

A. Yahalom: J. Math. Phys. 36 (1995) 1324 
Y. Fukumoto: Topologica 1 (2008) 003 

Y. Fukumoto & R. Zou: Prog. Theor. Exp. Phys. (PTEP) (2024)
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Ryoyu Utiyama: General Relativity



Relabeling transformation and symmetry
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Particle relabeling transformation

Action

Variational symmetry

Divergence symmetry



Relabeling symmetry
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Noether’s current in term of Δｑ

Relabeling for non-relativistic fluids

Energy momentum tensor



Noether’s charge
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Relabeling trnsformaytion

Cross helicity



Lagrangian label function

Hamilton’s principle for Euler-Poincaré equation 
for a non-homentropic flow

D. D. Holm
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Variation of action: Baroclinic case

{

Euler-Poincarė equations 31



Hamilton’s principle in material coordinates

Rewrite the variation in terms of the Lagrangian variables X

Euler-Poincaré equations in terms of the material coordinates 

for arbitrary variation        subject to B.C. and I.C.
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Particle relabeling symmetry

Infinitesimal particle relabeling

Under particle relabeling, the action is unchanged 

Assume Euler-Poincaré equations, then

Noether’s charge

Time-independent change of particle labels
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Noether’s theorem for particle relabeling symmetry

Noether’s charge

Baroclinic case
Utiyama
(1959)

34



Baroclinic flow: Ertel’s potential vorticity

Example

Casimir invariant

35



Generalized helicity

Baroclinic effect

MHD

Generalized helicity



Variational symmetry supplemented by 
divergence symmetry
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Action

Variational symmetry

Divergence symmetry



Divergence symmetry

Mobbs ’81 Vladimirov & Moffatt ’95, 
Beckenstein & Ooron ’00

Diverrgence symmetry 38



Divergence symmetry for baroclinic effect
and Lorentz force
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What is the origin of



Constrained Eulerian variational principle
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Generator of divergence symmetry and 
generalized cross helicity
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By Noether’s theorem, produces

Generalized cross helicity



Summary
A unified view of topological invariants for a non-isentropic MHD 
from Noether’s theorem

Nambu-bracket representation for Lie-Poisson equation

Casimirs

42
Generalized cross-helicity

Variational symmetry

Generalized enstrophy for 2D barotropy

Divergence symmetry

Ertel’s potential vorticity Q
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