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Abstract

©
(=)

—
[
D

The possibility of a theory of nonlocal fields, which is free

from the restriction that field quantities are always point functions

—
—
o

in the ordinary space, is investigated. Certain types of nonlocal

—
Do
(=}

fields, each satisfying a set of mutually compatible commutation

—
w
=

relations, which can be obtained by extending familiar field equa-

i
=
=

tions for local fields in conformity with the principle of reciproc-

ity, are considered in detail. Thus a scalar nonlocal field is

—
jea)
<=

obtained, which represents an assembly of particles with the mass,

—
(o2
(==}

radius and spin 0, provided that the field is quantized according
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]
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to the procedure similar to the method of second quantization in the

—_
o<}
o

usual field theory. Nonlocal vector and spinor fields corresponding

—
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td assemblies of particles with the finite radius and the spins 1 and
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1/2 respectively are obtained in the similar waye.
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AN

T+  Introduction

It has been generally believed for years that wellknown diver-
gence difficulties in quantum theory of wave fields could be solved
only by taking into account the finite size of the elementary par-
ticles consistently. Recent success of quantum electrodynamics,
which took advantage of the relativistic covariance to the utmost,<1)
however, seemed to have weakened to some extent the necessipy of in-
troducing socalled universal length or any substitute for it into
field theory. In fact, all infinities which had been familiar in
previous formulations of quantum eclectrodynamics were reduced to un-
observable renormalization factors for the mass and the electric
charge in the newer formalism. Furthermore, in order to get rid of
the remaining difficulties that these renormalization factors were
still infinite or indefinite, mein efforts were concentrated in the
direction of introducing various kinds of auxiliary fields, either
real or only formal, rather than in the direction of introducing ex-
plicitly the universal length or the finite radius of the elementary‘
particles. So far as the results of the investigations in ‘the fol's
mer direction are concerned, however, the prospect is not so en-
couraging. Namely, an ingenious method of regulators, which was in-

vestigated by Pauli extensively,(z) can be regarded as a formalistic

(3)

generalization of the theory of mixed fields, buticannot be re-
placed by a combination of neutral vector fields and charged spinor
rields with different masses, unless we admit the introduction of
Bosons with negative energies and Fermions with imaginary charges as

pointed out by Feldmangu) More generally, according to recent in-

vestigations by Umezawa and others(S) and by Feldman,(u) no combina-

tion of quantized fields with spins O, 1/2 and 1 can bs free from

all of the divergence difficulties, as long as only positive energy
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states for Bosons and real coupling constants for the interactions

o
o

between Fermions and Bosons are taken into accountes
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Nevertheless, the difficulties remaining in quantum electro-

(ox)
=

dynamics are not so serious as those which appear in meson theory.

In the latter case, we know that straightforward calculations very

-3
o

often lead to divergent results for directly observable quantities

o
S

such as the probabilities of certain types of meson decay. Although

©
o

the application of Pauli's regulators to meson theory was found use-

=
=
S

ful for obtaining finife results,<6) it can hardly be considered as

—
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o

a satisfactory solution of the problem for reasons mentioned above.
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It seems to the present author that, at least, a part of the defect

of the present meson theory is due to the lack of a consistent method

—
w
o

of dealing with the finite extension of the elementary particle such

—
=
=

as the nucleon, whereas the effect of the finite extension is usual-

—
o
Lo

ly very small so far as electrodynamical phenomena in the narrowest

—
f=2]
S

sense are concerned, except for its decisive effect on the renormali-

—
gy
ae'd

zations of the mass and the electric charge.
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Under these circumstances, it seems worthwhile to investigate

again the possibility of extension of the present field theory in the

—
©
=

direction of introducing the finite radius of the elementary particle.

oo
o
(=]

(
In this papers as the continuation of the preceding papers, 7) the

possibility of a theory of quantized nonlocal fields, which 1s free

INe]
N3
(=]

?rom the restriction that field quantities are always point functions

N
w
o

in the ordinary space, will be discussed in detail. One may be very

sceptical about the necessity of such a drastic change in field theory,

[\
e
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corresponding to particles with spins higher than 1 are not yet fully

investigated. However, present theory of elementary particles with
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spins higher than 1 suffers from the difficulty associated with the
necessity of auxiliary conditions, and even if this is overcome by
some revision of the formalism as proposed by Bhabha,(S) we can
hardly expect a satisfactory solution of the whole problem, because
the admixture of higher spin fields may well give rise to newer types
of divergence in return for the elimination of more familiar onese.
Moreover, it does not seem to the present author that the theory of
nonlocal fields is necessarily contradictory to the theory of mixed
local fields. They can rather be complementary to each other in that
a nonlocal field may well happen to be approximately equivalent to
some mixture of local fields. The most essential point, which is in

favour of the nonlocal field, is that the convergence of field theory

can be guaranteed by introducing a new type of irreducible field in-
stead of a mixture, which is reducible.

In this paper, as in the preceding papers, we confine our atten=-
tion to certain types of nonlocal field, cach satisfying a set of
mutually compatible commutation relations, which can be obtained by
extending familiar field equations for local fields in conformity with
the principle of reciprocity. The solutions of these operator equa-
tions can be interpreted as a ficld-theoretical representation of as-
semblies of clementary particles, each having a definite mass and a
definite radiuse In this connection, a recent attempt by Born and
Green(g) is interesting particularly in that they made use of the
‘principle of reciprocity as a postulate for determining possible
masses of elementary particles of various types. However, it is not
yet clear whether their method of density operator contains something

essentially different from the usual theory of mixture of local fields
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The most important question of the interaction of two or more non-

local fieclds will be discussed in Part II. of this papers

II. An Example of the Nonlocal Scalar Field

In order to see what comes out by gencralizing a field theory so
as to include nonlocal fields, we start from a particular case of the
nonlocal scalar field. A scalar operator, U, which is supposed to
deseribe a nonlocal scalar field, can be represented, in general, by
a matrix with rows and columns, each characterized by a set of values
cf space and time coordinates. Alternatively, we can regard this
opcrator U as a certain function of four space-time opcrators
M (x'=x, =x, etec. g =-x,=ct) as well as of four space=time dis-

placement operators p which satisfy wellknown commutation relations

() P

b
= UVT,B & o
where |

(A, B I e (2)
for any two operators A and B. Usual local fields are included as
the particular case in which the field operator U is a function of
x* alone, so that it can be represented by a diagonal matrix in the
representation, in which the operators x themselves are diagonal.

In this particular case, it is customary to start from the second

order wave equation

i f—kf>tj(1ﬁ)*c> e = e/
'aXyIDXf‘ ‘ Py il = (3)

for the local field U(xM™), in order that it can reproduce, when

quantized, an assembly of identical particles with a definite mass m

and the spin O, The equation (3) is equivalent to the relation

0
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0

S Gl

between the operator U and the operators p

(%o {)J[* Ul) +wieilJ = 0 )
for this case. We assume that the nonlocal scalar fiecld U in question
satisfies the commutation rclation of the same form as (4). However,
in our casec, we need further the commutation relation between U and
®, in contrast to the casc of local field, in which U and X are
simply commutative with each other. In order to guess the correct
form for it, some hcouristic idea is nceded. The principle of reciproc-
ity seems to be very useful for this purposc. Namely, we assume that
the commutation relation between U and x* has a form

(2 (¥, 03] = & 0, (5)
where N is a constant with the dimension of length and can be inter-
preted as the radius of the elementary particle in question, as will
be shown belowe The relations (M) and (5) are not exactly the same
in form, but differ from cach other by plus and minus signs of the
last terms on the left hand sides of (&) and (5). Thus, the two
operator equations (%) and (5) can be said to be mutually reciprocal
rather than perfectly symmetrical, indicating that the radius of the
elementary particle A must be introduced as something reciprocal to
the mass m.

Now the operator U can be represented by a matrix (X}klUix}g )

in the representation, in which xu arc diagonal matrices. The matrix

elements, in turn, can be considered as a function U(XH’ ru) of two

sets of real variables

(6)
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Accordingly, the relations (%) and (5) can be replaced by
R o 7, 2 = > Ll
(—a'x‘ --DX/«. = )U[J/«., '7;% == () (7)
1N oA = (O
ok e AU
i g (8)
respectively. The equations (7) and (8) are obviously compatible
with each other and the former implies that U(X@’ rp) is, in general,
. M 2
a superposition of plane waves of the form exp A,%M><’ with k“
satisfying the condition
«%/&

whereas the latter implies that U(Xu, ru) can be different from zero

Bl SO (9)

only for those values of r“, which satisfy the condition

Y/‘“Tf“~/\" = O (10)
Thus the most general solution of the simultaneous equations (7) and

- . |
i h{i;(‘c;; ::; - S-S(o&fm‘*u(&/,?)g(y(y/n)\ e

C 8 (kP o) e (2 # X

where u(k , r ) is an arbitrary function of two sets of variables

(L)

kM and rp.

The above considerdtions suggest us that one set XH of the real
variables could be identified with the conventional space and time
coordinates of the elementary particle regarded as a material point
sn the 1imit of A » 0, whereas the other set rLL could be inter-
preted as variables describing the internal mdtion in general case,
in which the finite extension of the elementary particle in question
could not be ignored. Thus, we might expect that the field U of the
above type is equivalent to an assembly of elementary particles with

the mass m, the radius A and the spin O, if it is further quantized
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according to the familiar method of second quantization. However, we

w
(= ]

can easily anticipate that the equivalence is incomplete, because

S
S

U(XH’ ru) is different from zero for arbitary large values of rp, SO

@
o

far as they satisfy the condition (10), even when only one term of

the right hand side of (11) corresponding to a definite set of values

(o2}
S

of kLL is taken into account. In other words, we need another condi-

-3
S

jes]
(=}

tion for restricting the possible form of U(XH’ ru) or u(ku, ru) 11g)

nrder to complete the equivalence above mentioned. For this purpose,

o
o

we introduce an auxiliary condition

Cpy (21 U2] =0,

—
£
o

(12)

—
—
o

which can be said to be self-reciprocal in that the relation
(=1 ddf il (13)

can be deduced from (12) immediately on account of the commutation

—
Do
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—
(9%
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—
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oS

relation (1). Both of (12) and (13) are equivalent to the condition

2T (X
’Y‘[A 2 X/I'ﬂ L = O (1)4')
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for U(XH’ rp), or the restriction that u(ku, ru) should be zero un-

less k and rH satisfy the condition

9
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Thus the most general form of U(Xp. ru) which satisfies all the re-
lations (7), (8) and (14) is
U (X, %) = §-(a 07" w (Fope Vi) & (M del's 1) & (B W)
X §Cnr =X enp (LR X

where u(kp, rp) is again an arbitrary function of kp and r“.

Now a simple physical interpretation can be given to the non-

Do
e
(=}

Do
oD
[=}

MMMMMMMMMHMJMHJHH\lIIllllll‘llllll[[l‘llll|IIII‘]]HllIII‘III[IIIII‘IIIIIIIII‘HIIIIIII‘IlII|IIII‘IIII|IIH‘IIII|IIII|IIIIIIIHI]]H'IIH‘IIHIIIII|IIIIIIIIIIIIIIIIIIIIIIIIIIIII'IIII!IIII|I|IIII|II|

(16)

N
w
S

(10)

I_I'IT[I'ITT‘TUFI'I'I'IT]TWITITI‘I‘ITITI‘lﬂII‘IIII|IIII‘III[|III]IIIIIIIIII‘IIIIIIIII‘IIII|HII|IIII|IIH|IHI|IIII‘IIII’IIIIlIIII|II|IlIIIi]THTP’I‘I'ITFFFF'TTI‘I“'TI‘H“TﬂTI]ITI'Hﬂl‘lllllIIH[IIH|I‘IIT‘IH‘I‘II‘ITPlI‘I]TITl’lTITIPTI'I]TWITﬂ'I'I'[Tmr e =

N
=
e

oo
()
o

local field of the form (1€) by considering the corresponding par-
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ticle picture: Suppose that the particle is at rest with respect to
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a certain reference system. In this particular case, the motion of
the particle as a whole, or the motion of its center of mass, can be
represented presumably by a plane wave in X-space with the wave
vector ky = kpy = k3 = 0, ki, = The corresponding form of

U(Xu, ru) is, apart from the factor independent of Xw, rug

U(00,0,-K )5( APAEY 8 TR e (Sax XH) (17)
which is different from zero only for those values of ru which satis-
fy the conditions

- 2 2 o i
e e A Yy =0, (18)
Thus, the form of U(XH’ r ) in this case is determined completely
o
by giving\x(QO,ofJ<;§J as defined on the surface of the sphere with
the radius M in r-space. In other words, the internal motion can be
described by the wave function 'LL(Eigy) depending only on the polar

angles e/ff , which are defined by

T = FAMOCHP, Vam YA B nG , Yy=Vwo0, (19)

In general, m&(@,?) can be expanded into series of spherical har-
monics:

SED6 O ~% 5 Q V“)’FZ ,CP) (20)

J

fm(e,cgﬂ:

- M

A
vhich is equivalent to decompose the internal rotation into various
states characterized by the azymuthal quantum number 1 and the mag-
netic gquantum number ma

In case, when the center of mass of the particle is moving with
the velocity Vg vy, v29 it can be described by a plane wave in
A~space with the wave vector ku’ which is connected with the velocity

by the relations
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Vx=— RSk, , Vy= ~aC ey, Vs = - %O, Pyl (21)

In this case, U(XMg r ) has the form

QL({%qu?@)S(w; A S(-& 77 ) exyp | i'a ><N)) (22)

which is different from zero only on the surfacz of the sphere with
the radiue N in r-space, the sphere itself moviag with the welocity

Vs Vit Voo  Accordinglysespendonn first the Lorentz transformation
=7 y Z

7/,1 e 008 e | {ecy

viith the transformation matrix
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where K = v/ (x-%. Then the wave function for the internal motion
can be described by a function ’M/(S:gJ) of the polar angles @}?f

defined by

(0 [ y ' _ JE T ’
o W PP b TN - Y S K A2 WV ol T B U
/ 1 7 /—‘ . Y & g ’}/"/4/.
T o= Gl co09 ) T = GapYy = WY/, (25)

J
Tncidentally, 74f as defined by the last expression in (257 Ha
nothing but the proper time, multiplied by -c, for the particle,
. ¢ /
wiich is moving with the velocity vy, Vg, V. Again 1Af(@,<f )

can be expanded into series of spherical harmonics:

w (6 g) = ; ¢ (R, £ m) By 2" (6.9, (26)
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Since the above arguments are in conformity with the principle
of relativity perfectly, the nonlocal field in question can be re-
garded as a field-theoretical representation of a system of identical
particles each with the mass m, the radius and the spin 0, which can
rotate as the relativistic rigid sphere without any change in shape
other than the Lorentz contraction associated with the change of the
proper time axise.

The nonlocal field U given by (16) reduces to the ordinary local
qcalar field in the limit A = 0, as it should be, provided that the
rest mass m is different from zero. Namely, (x&] U] x&') is dif-
ferent from zero only for x; = x;', because the only possible
solution of the simultaneous equations (9), (11) and (15) with
m i O andaNeE O ls By e B ry = rLF = 0, 0On the contrary, the cese
of the zero rest mass m = 0 is exceptional in that the nonlocal field
U does not necessarily rcduce to the local field in the limit A = Q.
This is because the simultancous equations (9), (11) and (15) with

m =0 and A = 0 have solutions of the form

= +(N) & ey o+ Ry, (27)

1 ;

/A-k /"-
where A' is an arbitrary constant with the dimension of length.
More generally, the simultancous equations with m = 0 and X ¥ O has
the general solution of the form

; / 7~

y;u. =3 ")7,,_ :\:()\> %/&. ‘ /?Qq.: t\/%’?’? e‘i ""e{;

where rd is any particular solution of the same equations. Thus the

(28)

radius of the particle without the rest mass cannot be defined so
naturally as in the case of the particle with the rest mass, cor-

responding to the circumstance that there is no rest system in the

I I| I ’ [T l I I‘I‘I [T | I‘ITI‘[ [T ’ l‘l‘l‘ll‘l'ﬂ TITITF

HTITITIT‘TITI‘PTTF‘TWPHT‘TIﬂ'|'l'll—!"[IT|T["IIII‘IIII|IIII'IIII]I]I]lIIIIIIIII‘IlllllIII‘IIII|IIIIIIIII‘IHI‘III[IIIII‘IIII|Illl||Illlllli\IIII|IIII‘IIII|IIII|IIII|IIII|IIII||IIlllllI|IITI‘|TII‘I"PIIT‘TI'I”H‘I‘I‘I[I‘]Illlll||III|I[|I

—
{2}

Do
o

W
G2

S
(=

[$2]
f=)

D
=

-4
o

jos]
o

©
o

=
e
S

—
—
(=]

—
Do
(=]

—
w
S

—
=
=}

—
fon)
fe)

240

IIIIIHIIIIIIIIIIHIIIHIIIII'IIII’HII'IIH'IIIII

J.Ulhlll\l]l[lll!l‘]HIIIIHIIIIIIIIII’IIIIIII]I‘IHI|IIII‘IIII|IIH‘IIII|IIIIIIIII|IIH,IIII’IIH‘IIIIIIIII



AR e

230 220 210 200 190 180 170 160 150 140 130 120 110 100 90 80 70 60 50 40 30 20 10

| Il’llll'llll’IIIII]III‘IIII.II|IJlJJII|1J,H|IHIJIII[|IIII|IIII|IIII|lIIH’IIII|I][l’IIIlllllllllllllllllllllllllIlllll|IIlI’IIII|IIII|HII|HII‘IIII|lIIIIHIIIIHI‘IIIIIlIIIJ[,III|IlI,IJIIIIII!II’ULIIIIU!JIII|I|II|IIII|IIII|IIII‘IIII

0

[
£

oo
S

w
o

former case. Detailed discussions of this particular case will be

S
S

made elsewheres
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III. Quantization of Nonlocal Scalar Field

N
o

In order to show that the nonlocal field above considered repre-

oo
S

sent exactly the assembly of identical particles with the finite

©
(=]

radius, we have to quantize the field on the same lines as the method

—
o
=

of second quantization in ordinary field theory. For this purpose,

—
—
o

1t is convenient to write (16) in another form

U X, 1) = (@) O v (e, 40 8 (fukly =) 8 thy O
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where 1 is a four vector. The integrand is different from zero only
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for those values of kp’ lu which satisfy the relations
piferieo, ulf-Aeo, RdMo o
Accordingly, the matrix elements for the operator U are
(U1 %) = (- §erf@a)* u it o o ( Pop R+ ")
‘ X & (fo V) S (szw‘-/\“) enp (A2 /2)
X T/E(Slx,ﬁ— x/'f* Qf)' 94(/’.)(4:%',‘)‘;/.1),
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which is equivalent to the relation
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between the operators x“, pUL and U, where
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As the operators k x* and 1¥p, in the same term on the right hand
side of (32) are commutative with each other on account of the rela=

tions (1) and (30), (32) can also be written in the form
i :S”B(M) (YU (&/‘,ﬁﬂ e»;)(m Y anpp (A4 Pk (321

Similarly the operator Uéé, which is the Hermitian conjugate of U,

can be written in the form

(- (e

Now the method of second quantization can be applied to our

i) )QH ,;&/_txf*)er.z_y(_-iQf'j;u/f)(3’+)

casein the following way: iifh/wfw)and ‘il*ﬁngQf) in (32') and (34%)
are regarded as operators, which are Hermitian conjugate to each

other and are noncommutative in general. The fact that the operators

defined by

o I e )

7({4\}ﬂ4) =/ & (Af< A eocs (44 )

19 / i Gl )f } (35)
BHETTIRE e

are unitary, i.e., satisfy the relation

Utk AU (1) = U (R QDU (R l)= |, 68)
suggests us the commutation relations
(T (f, ), WH R 49) = | SCbSe0) SRACTRIDEIC MUY
XW5(4< 4’9«)5(% i’) i
\ t/’l/> M /Q )3
(% uk/“, i), («%/A , ﬂpl =0,

which are obviously invariant with respect to the whole group of

Lorentz transformations. In order to make the physical meaning of
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the relations (37) clear, we suppose the field in a cube with the
edges of the length L, which is very large compared with A han
the effects of nonlocalizability of the field are negligible, because
they are confined to small regions very near the surface of the

cube.(lg)

In this case, the integrations with respect to kp on the
right hand side of (32') and (34) are replaced by the summations

with respect to k,, which take the values

L, 0 o R )
A - e e = = fo =+ WK (38)
o ST iR

where Nqy No, n3 are integers, either positive or negative, including
zero. The integrations with respect to lu with kLL fixed are replaced

by those with respect to 1j:defined.by -
Q/H = C\/p-y L)V (39)

, are given by (24). Further, we introduce the polar

where (.
angles (), 3 just as 8,

are connected with Y{:YQfJY}/ by the relations (25). Thus we

Gp, which are connected with 14 , 1o 5 1

obtain i § 369
U=2 SMQU N pnth A AP
k0 L dd 390 28 (40)

‘R r"& {15

¢ (k0 DU KO, B)+ Vke.BU *.6D}

where
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Finally, by expanding u and v into series of spherical harmonics,

we obtain

(j = Z. Z /:ZTC> “A“—“"’ ;\\,& g% Q \M)K ]. jf{ (0 vt\>
R,

Ve /40 Ri

Lo e 4w T, ) |
Al '}&, 1] ( SAR il
. ( it
where y ;
w&, vy = w0, B RN(0,7) 404042
’9&/’0’1 W") = SS ‘\)*(&/O/ Q) ,QM(@/{@> /)L.l\, %dOL\P)
(43)

5 (4,0 = LU @RI R, B) 502604
U™ (&2, m) = SSU (2,6, 2) P (@ ) p0484D )

assuming that the spherical harmonics \ (ﬁ“ $) and their complex

conjugate ﬁivt(ﬁa}iﬁ) are normalized according to the rule:

%g?f(@,@)?['(@, D) r@a0AD = 1. e
Similarly, U* is transformed into the form

U* MZ{ 5 (.2Tr> = ,f — — S otk 0, wOU (R, 2, w)
?ez* ez o
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By the same transformation, we obtain from (37) the commutation
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for the operators defined by
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Hence, each of the operators defined by
+ (’i"}//&, W\-‘) = O\*(&%’E‘yy\> C\(‘:P“’\,_@/'\LL’\
Fo ,
wo (&) 2 & (R L vy b (&, I 7

has eigenvalues O, 1, 25 +... and can be interpreted as the number

Tl ik

(50)

of particles in the state characterized by the quantum numbers Kk,

1, m with either positive or negative charge. Thus the nonlocal
field above considered corresponds to the assembly of charged Bosons .
with the mass m, the radius A and the spin 0. It can easily be
shown that in the limit A = 0, U reduces to the familiar quantized

local field for Bosons apart from the extra factor
/ o
Dl el S L=

which must be omitted, whenever we go over from nonlocal to local

"

~y < / z
1) a5 =230 6 (x4, o

field.
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The nonlocal neutral field can be obtained, if we assume that

the field of U is Hermitian, ie.ee, U= U . In this case, we cannot

discriminate between a and b, so that we have instead of (42) and

(46) the relation
e = o il 0 LU (e L)
e ,?—J(L> bl )

../ LAl s
o, Rk, By e A

i oy i !
-t—‘\/.{_*(:&{_/»Q;V"\)LT (./-B/’O/w >B, (52)

Tt should be noticed, further, that we could start from the com-

mutation relations :
LA By ), WL ), = 8 (Hpdef/ +7) 812, 0 O (Gl =A7)
~ ST 5 /
X O(Jh/u &Q/JCU;M Q/M) ge !
(™ (/t’z/u, /Q/w), W (9</M, Q/J“Lr &

(o (R 40, W Q/QBL Sy

instead of (37), where
CA 4 Ve S B A (53)

for any two operators A and B. However, in this case, we arrive

at the wellknown contradiction in the limit of A = 0, which prohibits

the elementary particles with spin O from obeying Fermi statisticse.
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IV. Nonlocal Spinor Field

The above considerations can easily be extended to the nonlocal
vector field without introducing anything essentially new which needs
detailed discussion. On the contrary, the case of the nonlocal
spinor field must be investigated from the beginning. We start from
the spinor operator\y with four components, which transform as the
components of Dirac wave function. Each of these components can be
congsidered as a nonlocal operator just like the operator U in the
case of the scalar field. As an extension of Dirac's wave equations

for the local spinor field, we assume the relations between the

cperators <, pH and q;:
’Kf~izv*’\¥nj A+ ch,ﬁz =0 (%)
85/&(7(&,\3{/]*\” AW =0 ks

where U1 are wellknown Dirac matrices forming a four vector, which

satisfy the commutation relations among themselves:
LT *if}Wf (56)

We assume similar commutation relations for matrices @M=

ol 0.0 . @ (57)

Then, we obtain by iteration the relations
UW‘ U?/& - N wmT W =0 (58)
o N e (59

which have the same form as the reclations (&) and (5) for the scalar
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field. However, the matrices ?71 have to be so chosen as to satis-
fy the demand that the relations (54) and (55) are compatible with

each other. Namely, the relations
G UL S - Y (60)
i ()/ L AL IR (61)

which can be readily obtained by combining (54%) and (55) must have

he same form so that %%A must satisfy an additional condition:
ES’) 4 ]U‘/ e T (62)
This condition reduces to the form
(2 (s 31 =0, (63)

which is the same as the condition (12) or (13) for the scalar field,

Al . are so chosen as to satisfy the commutation relations
/ :

[(’i*‘/ A ! 5/“,) (64)

where o is a matrix with the determinant different from zero.

(64) can be satisfied by matrices Y/ 1 which are expressed in

[y

the form

D"-_—.i?lﬂ‘,/ ‘= dp, 0%, 742?3 (65)

PJ o ?3@, Piz ?2,0\2., f?(';: ?30' (J :*A? (66)

in terms of sets of mutually independent Pauli matrices O7 0%, O

Y= 4p.05,

and 6) Pa, gg . It is wellknown that the matrices as given by (66)
do not form an ordinary vector, but a pseudovector. Thus, if we con-

fine our attention to the proper Lorentz transformation, the
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relations (5%) and (55) are both invariant. However, if we perform
the improper Lorentz transformation, for which the determinant of the

transformation matrix has the value =1 instead of +1, the form of the

relation (59) changes into

83/AL7L/L:‘-\’3“)\\V:DJ (67)

whereas the relation (54%) is invariant.z In other words, the funda-
mental equations for the nonlocal spinor field, which has similar
propertics as the nonlocal scalar field considered in the preceding
sections, can be constructed so as to be invariant with respect to the
whole group of Lorentz transformations including reflections, only if
both forms (55) and (67) are put together into one rclation for one
spinor field with the components twice as many as the four components

for the usual spinor field. This is equivalent to introduce one more

independent set of Paulil matrices Wys Woy w3 and to assume that all

of the matrices’yftfyg have each eight rows and columns characterized
by eight combinations of eigenvalues of O3, €$, W,y o Therewith the
spinor must have eight components, first four components and the re~
maining four correspondlng respectively ﬁo the eigenvalues +1 and -1
of Wy«

In order to establish the invariance of fuhdamental laws for the
nonlocal spinor field with respect to the whole group of Lorentz
transformations, we assume further that w, and w3 change sign under

improper Lorentz transformation, whereas w, does not. We can now

adopt the relation

G e e (68)

in place of (55). It is clear from the above arguments that the
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fundamental equations (54%) and (68) are invariant with respect to

w
o

the whole group of Lorentz transformations. However, for the purpose

e
S

of proving it more explicitly, we consider the transformation

(oa]
(=}

properties oflr‘with respect to the Lorentz transformation, whereby

>
o

we assume that the matrices 7“% F?k have prescribed forms as defined

-
(>

by (65), (66) independent of the coordinate system. In the usual

theory, in which the spinor field ﬂ/ has four components, we have

xR
(=}

the linear transformation

O
o

/

Y SR (69)

sssociated with cach of the Lorentz transformations for the coor-
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—
—
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dinates:

—
oDy
o

e o O U
: //L /f ¥ % (70)

14
wnere S is a matrix with four rows and four columns.( ) In our cases

—
s
(=)

in which the spinor \{ has eight components, we assume the same form
i 150 —=

for 8 in (69) except that the numbers of rows and columns are doubled,

—
D
(==}

when (70) is a proper Lorentz transformation with the determinant +1,

—
gy
o

whereas we have to replace (69) by

W/: COREG, (71)

when (70) is an improper Lorentz transformation with the determinant

—
[ee]
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-l. This guarantecs the invariance of the relation (68) with respect

Do
—
=

to improper as wcll as proper Lorentz transformationss
Now the question is, what is the new degree of freedom which
corresponds to the eigenvalues +1 and -1 of Wy We are naturally

induced to connect the eigenvalues +1 and -1 with the neutral and

[\l
=
£
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charged states of the spinor particle, as was customary in the theory

of the nucleon. This is, however, misleading because the operator
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1-w3 is not an invariant and cannot be identified with the operator,

2
which sorts out the charged states. Thus, we have to consider the

possibility of associating the quantities wg, Wz, w3 with the inter-
nal motion of the spinor particle.

Now, each component \%x ({:\lll'u 8y of the spinor %J can be
represented as a matrix (%yﬂ %ﬁ[ %ﬂ) in the representation in which
B clic diagonals, (fy {4ﬁ Xyl can be regarded, in turn, as a
function \y{ (X}UYK\ of X, ru, where XM’ r, are defined by (&)
Therewith the relations (54) and (68) can be represented by

) (X" ' (EN, o
ol 2&;{_ VRK. ) PO (30 ) =10 (72)

Gl W)+ WA (X FRTE (73)

respectively, where \+/(>{ ?}) is a spinor with eight components
\f \>( /y ) W ”2 The simultancous equations (72), (73)

for Wf/(jke v.) have a particular solution of the form
5 /‘L/ ,!“
ﬂ#f(;XA\ 7»‘) =g (%ﬁh ) Plﬁ°[4 /«/; ) (74)
where ’bi(fhk i > is a spinor with eight components satisfying

"?)A/‘ fe/“”f:lv WKl =0 }

T e U1l = O
S%)/.u '\f/ U o /\(/ 3"(‘ 7 (75')

It follows immediately from (75) that U must satisfy
U’%/\ BF e r?) =0
(v a0 N e S
+ B (76)
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so that u can be written in the form

AL = W (F T 8 (e[ 490) o il B

Each of eilght components of u can be expanded in the same way as the
scalar operator u in the preceding sections. The second quantization
can be performed by assuming commutation relations of the type (37)
between field quantities, so that the nonlocal field represents an
assembly of Fermions with the mass m, the radius A and ‘the spin 1/2.
Further analysis of the nonlocal spinor field will be made in Part II
of this paper. At any rate it is now clear that there exist nonlocal
scalar, vector and spinor fields, each corresponding to the assembly
of particles with the mass, radius and the spin O, 1 and 1/2.

Now the question, with which we are met first, whcn we go over
to the case of two or more nohlocal fields interacting with each
other, is whether we can start from Schr#dinger equation for the
total system (or any substitute for it), thus retaining the most es-
sential feature of quantum mechanics. We know that Schrddinger
equation in its simplest form is not obviously relativistic in that
it is a differential equation with the time variable as independent
variable, space coordinates belng regarded merely as parameters, It
can be extended to a relativistic form as in Dirac's many-time for-
malism or, more satisfactorily, in Tomonaga=Schwinger's super-many-
time formalism, as long as we arc dealing with local fields satisfy-
ing the infinitesimal commutation relationse. However, if we intro-
duce the nonlocal fields or the nonlocalizability in the interaction
between local fieclds, the clean-cut distinction between space=like

and time=like directions is impossible in general. This is because
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the interaction term in the Lagrangian or Hamiltonian for the system

w
o

of nonlocal fields contains the displacement operators in the time-

S
(=)

like dircctions as well as those in the space-like directions. Thus ,

@
(=}

even if there exists an equation of Schrddinger typc, it cannot be

[o2]
o

solved, in general, by giving the initial condition at a certain time

in the past. Under thesc circumstances, we must have recourse to
p

=~
S

more general formalism such as the S-matrix scheme, which was pro-

x®
S

posed by Heiscnbergﬁ(13) In other words, we had better start from

©
o

the integral formalism rather than the differcntial formalism. In

—
<D
L

local field theory, the integral formalism such as that which was

devcloped by Feynman can be deduced from the ordinary differential 110
formalism.(ln) (15) In nonlocal field theory, however, it may well 120
happen that we are left only with some kind of integral formalism, %
Tn fact it will be shown in Part II thet the nonlocal ficlds above

140 —

considered can be fitted into the S-matrix schcmes
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Remarks on Nonlocal Spinor Field

The problem of invariance of the relation (59) with respect to
improper Lorentz transformation can be solved without introducing

extra components to the spinor field. Namely, we take advantage of

the antisymmetric tensor of the fourth rank with the compohents
E;QANV , which are +1 or -1 according as (%, M,V ) are even or
odd permutations of (1, 2, 3, &) and O otherwise. Further we take

into account the relations
2@y = (78)
where (7<,,N,/i,1/ ) are even permutations of (1, 2, 3, ¥). Then
(55) can be written in the form
'\ZKZ)\_}H/ EK/\/WXKJ% ]/“ [1‘: \-%/-J + A A \.\/ =0 (79)
which is obviously invariant with respect to the whole group of

Lorentz transformations. The invariance can be proved more explicitly

by associating a linear transformation

\’//: S\l/ E8aY

with each of the Lorentz transformations (70), where S is a matrix

with four rows and columns satisfying the relations
3 B By v »
sl OTVU. (81)

It should be noticed, however, that the relation (79) is a
unification of the relations (55) and (67) rather than the simple
reproduction of (55), because (79) must be identified with (67) in
the coordinate system, which is connected with the original coordinate

system by an improper Lorentz transformation with the determinant -1l.
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Reprinted from Tue PuysicaL Review, Vol. 76, No. 11, 1731, December 1, 1949 =
Printed in U. S. A, ‘:E
Remarks on Non-local Spinor Field E
HIDEKI YUKAWA E_
Columbia University, New York, New York =— 80
October 18, 1949 =
/ N a recent letter to the editor,! it was shown that quantized By =7 ", (5) f— 90
i fmr; Iocal. fields .c%ul(,;l)e S0 c'onstr'ucted als tf)dr'epre;ent asseM-  whore (N, g, ») are even permutations of (1,2, 3,4). Then (1) f—
blies o Partlcles with the definite mass and radius. In a paper, .0 e written in the form =
which will appear very soon,? detailed account is given together —100
with the elucidation of most of the points, on which the author L3 eawy Y Y, ¢ 1Hing =0, (6) E
was not very sure when he wrote the above letter.! However, there SREx =
is still one point, which seems to the author to be unsatisfactory.  which is obviously invariant with respect to the whole group of =110
Namely, in the case of non-local spinor field, we assumed the com-  Lorentz transformations. However, the invariance of (6) can be =
mutation relation proved more explicitly by transforming ¥, while the matrices v* =
Bula*, Y 1HAp =0 (1) are assumed to retain their prescribed forms as defined by 3) = 120
b h . i ! TSl independent of the coordinate system. Namely, we can associate a =
etween t e spac'e—_tlme operators ¥ a.nd the non-local spmor  j;, 001 transformation =
operator ¥, in addition to the commutation relation Li=Sy ) =
E—130
7 = : . =
¥l ¥l tmoy=0 @) with each of the Lorentz transformation =
between ¢ and the space-time displacement operators p,. Further, i 3 =
/ we assumed that v#, 8,, which were matrices with four rows and T = Ay, ®) =140
columns, were defined by where .S is a matrix with four rows and columns satisfying the =
: — — i lations =
‘ Yi=ipw1, Yi=ipws, Y =ipws, v'=ps } LS ¥ ; =
\ Bi=pso1, PLa=pscs, Ps=pss, Ba=—1ip2)’ ) SyES T =a,u7" ©) =—150
fi Now the difficulty was that, in contrast to (2), the relation (1) If we insert (7), (8) and (9) in (6) and take advantage of the fa.ct — =
\ was not invariant with respect to the improper Lorentz trans- that eopy are components of a tensor of the fourth rank, we obtain = J60—=
f formation with the determinant — 1, but was to change itself into  the commutation relation = =
| the form 15 39 ST NN N —
: % € yH & +iny' =0 10 =
6;;,[:25", ll/:l—)\\//:() (4) GK)\”V K MV’Y W I: ;‘l/:l lﬁ ) ( ) = 170
/ In the péper mentioned above,? a way of removing this difficulty ~ which has the same form as (6). =
was indicated, but was very unsatisfactory in that the number of It should be noticed, however, that the relation (6) is to be =
components of the spinor y was to be increased from 4 to 8 without  regarded as a unification of (1) and (4) rather than the mere =
reproduction of (1), because (6) must be identified with (4) in the =

any immediate physical interpretation for the extra degree of
freedom. It came to the author’s notice very recently that the
following alternative way was far more acceptable in that no
extra components of the spinor were introduced. Namely, we take
advantage of the antisymmetric tensor of the fourth rank with
the components ey which are 41 or —1 according as (, \, p, »)
are even or odd permutations of (1,2,3,4) and 0O otherwise.?
Further we take into account the relations

coordinate system, which is connected with the original coordinate
system by an improper Lorentz transformation with the deter-
minant —1.

1 H. Yukawa, Phys. Rev. 76, 300 (1949).

2 H, Yukawa, Phys. Rev. (to be published).

3 The antisymmetric tensor ex\ur was useful for unifying the scalar and
pseudosclar fields as well as the vector and the pseudovector fields as shown
by M. Schoenberg, Phys. Rev. 60, 468 (1941).
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Reprinted from THE Puysicar Review, Vol. 76, No. 2, 300-301, July 15, 1949 — _;
Printed in U. S. A. = =
— 20 —
e = =
On the Radius of the Elementary Particle E— 30 —=
HIDEKT YUKAWA — —
Institute for Advanced Study, Princeton, New Jersey* = =
June 2, 1949 =40 —
ECENTLY it was shown! that the present theory of quantized ritrdrd =N, ry=0. ) = 50 =
fields could be generalized in conformity with the idea of The operator U has a character of the wave amplitude rather = ‘
reciprocity proposed by Born? to the case, in which field quantities P S ; : D1 S —
= ; o 5 than the density itself. However, the density operator, which is =
were no longer functions of time and space coordinates alone. . : - 5 2 : . =
R : quadratic or bilinear in U, has again the matrix elements, which = 60
The possibility of a theory of such non-localizable fields was Bl zero ouly for =
illustrated by simple types of scalar neutral zero-mass fields in y =
vacuum. It was further indicated that the theory could be ex- (r172)2 4 (rar2)? - (rar) 2N2. (10) =
tended to the particle with non-zero rest mass by considering Si e af ; e e Tttt hol = 70
non-localizable fields in five-dimensional space. In this connection, fn;;eU € al)ove ordmg 4 1onﬁls] lpii ec. i’ rf dLvIS 1c,7 L. Sy fo = E_
Pais* pointed out that the theory of non-localizable fields with "¢ blcanf )T regart Sq.85.8, le 5 t,gfl&ma represenéa?}llon.o 1_a,n E
non-zero mass could also be formulated in the usual four-dimen- z)tssen}ql. 13; @i emel}tﬁry partic eshW1 1C 1£a§? ;” and the rac ?1“5 =8
sional space. In fact, as will be shown in the following paragraphs, i b ic mive t"Nl out "i.ni’ ;3 ajfltie tllrxl t }fn orn; eﬁcept. the =
the classical rigid sphere model for the electron, which has been t.01en 2 CO(I)lfI'aC lon %szo§1ahec I‘{Hb & tC a(xllge (t)h the plmper =
believed to be much too classical to be incorporated into quantum ™€ éms't Colllrsiﬁ (ky) shou (d S gu%flt }izih NG lllsua. way =— 9%
theory of fields, can be reproduced as a very simple type of i:?)rr?[f)l:tre QI LE LLETCOLIESPOLIGENCe Wi Shparticleiproure =
quantized non-localizable fields satisfying postulates of reciprocity. : _ : e 3 E
First we consider a scalar non-localizable field with the mass m The above arguments can be extended to.the vector field with = 100
o : pa : no essential alteration. The case of the Dirac particle is more =
satisfying a set of reciprocal commutation relations : ; s / =
interesting. We start from the relations =
xH =109 1 =
C Evu’ ?3] N =0 8 v [ ¥ M =0, (1) =110
Ful X, U2 P 4 K mey =0 12 =
I:p,,‘[[)”, U]:|+7}1262U=0, 3) : 6. [Puy‘,b]"‘ 2 s . (12) =
T — ; instead of (2) and (3), where ¢ denotes a non-localizable spinor =
[pulx¥, UT]=0 4) I =120
i Y 4 field with four components. v* are well known Dirac matrices =
where x* denote contravariant space-time operators with x'=uw, e By o A 13 ;—
2=y, ¥d=z, ¥l=ct, and p, (u=1, 2, 3, 4) are covariant space-time =020 B 00V R Vs £020 e BT E R 0S5 (13) = 1%
displacement operators. For any two operators 4 and B, we write forming a four-vector and v,’ are also four Dirac matrices =
[A: B]EAB_BA' (5) ‘/1'=p301z, ’Yzl=,03<Ty, 'Ys/=p3tfz, 74I= —ipz, (14) E 140
A s a constant with the dimension of length, which will be inter- ¢, ing a pseudovector.? Tf we again represent ¢ by four functions =
preted as the radius of the elementary particle described by the ¢ X, and 7,, we can deduce from (11) and (12) by taking account =
field U5 - ) of the well-known commutation relations between Dirac matrices =150
Now the scalar operator U can be expressed as a matrix  the regult that each of four functions must have the form similar =
(xs/|Ulx,") in the representation in which operators x, are U(X,, 7,) in (6). i
diagonal. The matrix ?lement (%' Uw,") can Ialte,rnatil\;'ely be Whether a consistent field theory can be constructed by E 160
regardf:d asi g function  U(Xy, ry) of Xu=3(x,/+x,") "and starting from the above model is, of course, an open question, =
ru=wx,'—x,". Then (2), (3), and (4) reduce to because the introduction of any kind of extended source is almost =
(rrt=2) =0 ) inevitably accompanied by the departure from the Schrodinger =170
i : equation. Probably a formalism, which is more or less similar to =
( 9 —K2>U=0 =i/l 3)’ Heisenberg’s S-matrix scheme,” will be needed for further de- =
X, 0XH / S velopments. =
AU J0XH) =0 (4" Detailed accou{lts Will. be mad? in later issues of this journal = 180
; i and Progress of Theoretical Physics. =
General form of U satisfying these equations simultancously is The author wants to express his hearty thanks to Professor =
. S ’ . Oppgnheimer‘ for giving him the opportunity of staying at the =190
U(Xy, )= J J (k) (d)*5 (fey e+ 1) 6 (Rylt) 8 (Dl — N?) Institute for Advanced Study, Princeton, and also to Professor E
: ; Oppenheimer, Professor Uhlenbeck, and Dr. Pais for stimulating o
b(ky) exp(tkyX*)6 1) 8(rat1s)8(rs+1s)6(rat-ls). (6 f : Z 2 S =
Xb(ky) exp(ikyX™)8(ri+11)6(ra+15)8(rs+15)8(ratts).  (6) i one i =20
§_fUI1CtI?nS 2y (6) are equivalent to resftrwt Lo foui—dlmensmr.lal * On leave of absence from Kyoto University, Kyoto, Japan. E_
integrations with respect to two vectors k, and /* to domains 1%_ \]gukawg_ Pro}% Thgeor.é’h;gs. 2, 239 (1942; 3, 2(5)5'(452 ()19%515)_ o =
i 1 - 1t 2 M. Born, Proc. Roy. Soc. A165, 291 (1938); A166, 552 (1938). The idea =
Sal’leymg the conditions of reciprocity h{a/s been dewlzloped since then ll)y Bor]nl, Lan(}é. and others Iin — 210
Y e S\ 0 various ways. Very recently, attempts at the problem of masses of ele- —
k#k#_'_'cz“o’ lﬂl# =0, kﬂl 0. (7) mentary particles wege (made) by M. Born, Nature 163, 207 (1949); I1. =
5 g . 5 . Green, Nature 163, 208 (1949). =
A simple physical interpretation can be given to these re- 3 Non-localizable fields were first considered by Markow, J. Phys. 2, 453 b__220
strictions. Suppose that the particle is at rest represented by the 1({19402 M?ﬁ;%gﬁfg& ggniiode(l)'gzxti?};; Z\ﬁ)ﬁimdc by Born and Peng, Proc. =
5 B oy. Soc. Edir g , 40, , 12 - =
plane wave vector k1= ko= £k3=0, ky=+x. In this particular case, 1The author is indebted to Dr. Pais for informing him of unpublished =
5 > iti i results. =
theeprulionest/)irediics o oE From the relations (1) and (4), it follows immediately that - =230
h 12402412 =N, [,=0, (8) (x4(p,, U1l =0. =
0 : [+ 2 e 6\ is not a pure scalar, but a pseudoscalar, which changes sign by =
Wthl:l mean that the .Contnb.uuon of the partlde at re§L to the reflection. However, the form ot ¢ is not altered by the change of sign of . =240
matrix elements of U is restricted to values of 7, satisfying 7 W. Heisenberg, Zeits. f. Physik 120, 513, 673 (1943); 123, 93 (1944). =
=
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ON THE RADIUS OF THE ELEMENTARY PARTICLE : it

Hideki Yukawa®

The Institute for Advanced Study
Princeton, New Jersey

May 30, 19L9

' 1 ,
Recently it was shown that the present theory of quantized fields
could be generalized in conformity with the idea of reciprocity proposed
by Born to the case, in which field quantities were no more functions
. . r B S
of time and space coordinates alone, The possibility of a theory of such

1

nonlocalizable fields was i1llustrated by simple tynes of scalar neutral
zevo-mass fields in vacuume It was further indicated that the theory could
be extended to the particle with non~zero rest mass by considering non-
localizable fields in five dimensional space. In this connection, Pais
pointed out that the theory of nonlocalizable {ields with non-zero mass
could also be formulated in the usual four dimensional space. In fact,

as will be shovm in the following paragraphs, the classical rigid sphere
model for the electron, vhich has been believed to be much too classical

to be incorporated into quantum theory of fields, can be revroduced as a

very simple type of quantized nonlocalizable fields satisfying nostulates

of recinrocity,

Mirst we consider a scalar nonlocalizable field U with the mass m
satisfying a set of reciprocal commutation relations
Bt 7 W s 6
[‘X/ 5 py‘} = iF R (1)
i 7
r" P
[o i/ ) L NeA a0 (2)

L. 4

3¢ 3 . . »
"On leave of absence from Kyoto University, Kyoto, Japan.
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[p. ot 0 ] in’f U = 0 (3)

[b, /0] = o ()

. ) o Tris 2ila
where x/ denote contravariant space time operators with x~ =x, X =y,

L

% =z i (=1, 2, 3, h) are covariant space-time

Dt

displacement operators. For any two operators A and B, we write

= ct and

[A,Bjs AB - BA (5)

)\ is a constant with the dimension of length, which will be interpreted
as the radius of the elementary particle described by the field U.

Now the scalar operator U can be expressed as a matrix (f;b\Ul%;“)
in the representation in which operators %/u are diagonal, The matrix
element (x'L 1U }gﬁb) can alternatively be regarded as a function

/(,

%}L, rxL) of %/& = 1/2(§;u-+ %;“) and v, = ;a»" %ibb. Then (2),

(3) and (Ii) reduce to

u(

(0= AT = 0 @
2
P 2 = a8 !
(i e x- i
e o (!
)

General form of U satisfying these equations simultaneously is

60 = G S0 O i) S (50 S5

- ; (
X bc,,) exp(ik, X §(ry +41) S (v, +6) S(ry+ €5 (x, +4)

é.—functions in (6) are equivalent to restrict two four dimensional inte-

grations with regpect to two vectors kxc and 4{1& to domains satisfying

6)
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the conditions

liak/“_;" el 0 2 {0 - 0, k, &m0, (7)

A simple physical interpretation can be given to these restrictionse
Suppose that the particle is at rest represented by the plane wave vector

kl = k2 = k3 =0, kh RS o In this particular case, the conditions

(7) reduce to

2 P N 2 7
i R = A A (8)
1 -{/2 4’*»«3 3 fh

which mean that the contribution of a particle at rest to the matrix elements

of U is restricted to values of r, ~satisfying
4
r2—+vr2~+-r2 = AN " T2 0 (9)
L ik

The operator U has a character of the vave amplitude rather than the
density itself, However, the density operator, which is quadratic or

bilinear in U , has again the matrix elements, which are different from

(A + (A (A TR

Since the above formulation is perfectly relativistic, the whole field U

zero only for

can be regarded as a field-theoretical representation of an assembly of
elementary particles with the mass m and the radius A s Which move
without any change in its form except the Lorentz contraction associated
vith the change of the proper time axis. Of course, b(a/L) should be
quantized in the usual way in order to make the correspondence with the
particle picture complete.

The above arguments can be extended to the vector field vith no

essential alteration, The case of the Dirac particle is more interesting,

*
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We start from the relations
‘0;;[&/“, q}j& +>%= 0 (11)
5/”[p s q/]»%'mc<4) = 0 LT2)

instead of (2) and (3), where (%) denotes a nonlocalizable spinor field

97
A . ' 0
with four componentse 3*/ are wellknovm Dirac matrices

LA 2 B s wellig s
Lp, I Y st o gesip, o, I Py (13)

=
et
u

/
forming a four vector and Z}b are also four Dirac matrices
A

1 o SUST : s 7

=p. g J ey RR o J ==ip (1h)
51 ik oo g ‘\)2 F3 % 53 )33 2 L /2

forming a pseudoVector? If we again represent <ﬁ/ by four functions of

X, ad r, , wecan deduce from (11) and (12) by taking account of the
4 :

wellknovm éommutation relations between Dirac matrices the result that
each of four functions must have the form similar to U( (s S Jodn (6)e
TWhether a consistent field theory can be constructed by starting
from the akove model is, of course, an open question, because the introduction
of any kind of extended source is almost inevitably accompanied by the
departure from the Schréidincer equation., Probably a formalism, which is
more or less similar to Helsenberg's S-matrix schemez will be needed for
further developments,
Detailed accounts will be made in later issues of this journal and
Progress of Theoretical Physicsa
The author wants to express his hearty thanks to Professor Oppenheimer
for giving him the opportunity of staying at the Institute for Advanced
Study, Princeton, and also to Professor Oppenheimer, Professor Uhlenbeck and

Dre Pais for stimulating discussions.
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1. Yukawa, Prog. Theors Phys, 2, 209 (19L7); 3, 205, L52 (19L8). E 92
2, Born, Proc, Roy. Soce A 165, 291 (1938); 166, 552 (1938)s The idea E 50 E
of reciprocity has been developed since uhen by Born, Land& and others SR
in various ways, Very recently, attempts at the problem of masses of = 60 =
elementary particles were made by Born, Nature 1639 207 (191,9); Creen, E =
Nature 163, 208 (1949). E =
3. lNonlocalizable fields were first considered by Markow, Journs of Physe g— —;
2y 153 (1910). ilore general congiderations were made by Born and =— 80 —
Peng, Procs Roy, Soce Edinburgh 62, LO, 92, 127 (19LL). ST
= 90 —=
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