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Quantum Theory of Nonloca■  Fiolds                         二_30 =

Part 工。   Free Fiolds                                
三_40-三

≡ 50モ

Hideki Vukawa                                  ■   {

Co■umbia Un■ vers■ ty, New York, New York                    ≡
~60-≡

卜 70{

‐ 804

from the restriction that field quantities are always point functions

■n the ordinary space, is investi.gatedo  Certa■ n types of non■ oca■         EI  {
fields, each satisfy■ ng a set Of mutually compatible commutation           巨 ~▽ _三

re■ations, which can be Obtained by extending fami■ iar fie■d equa―          巨
~130-覆

tions for ■ocal fie■dS in cOnformity with the princip■ e of reciproc―        目
_140-[

-I70---'=

On ■eave of absence from Kyoto Un■ Versi

Abstract                                     L 90≡

The possibi■ ity of a theOry of non■ oca■ fields, which is free         ≡1100≡

‐ 110‐

=■
―-120{

■ty, are cons■dered in deta■■.  Thus a scalar nonloca■  fie■d is            E1150三≡
obtained, ■hich represents an assembly of particles w■ th the mass,         巨1lrA_=

=・
―-160{

radius and sp■ n O, provided that the fie■ d is quantized according          l    モ

to the procedure sin■ lar to the method Of Second quantization in the       F ~~―三
=-- 180 ----:

usua■  field theory.  Non■ oca■  VectOr and spinor fields corresponding       ttI上
OUI≡

to assemblies of partic■ es w■th the fin■ te radius and the spins l and      L 190-{

1/2 respectively are obtained in the simi■ar way.                           E-200-三

-2I0"-'=
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ェ.  IntroductiOn

lt has been generally be■ ieved fOr years that wellknown diver…

gence difficulties ■n quantum theory of waVe Fie■ ds cou■d be so■ved

on■y by taking intO account the Fin■ te size of the e■ ementary par―

ticles consistent■y.  Recent success Of quantum e■ ectrodynamics,

which tOOk aavantage OF the relativiStiC cOVariance to the utmost,(・
)

however, seemed tO have weakoned tO SOme extont tho necessi■ y of in―

troducing socalled uniVersa■  ■ength Or any substitute for it into

fie■d theoryo  ln fact, al■  infinities WhiCh had been fami■ iar in

prev■ous formulatiOns Of quantum e■ octrodynam■ cs Were reduced to un―

for the mass and the e■ ectr■ cobservable renormalizatiOn factors

charge ■n the newer fOrmaliSmo  Furthermore, in order to get r■ d Of

the romal.n■ ng diffiCulties that these renorma■ iZatiOn factOrs wore

stil■  infin■ te or ■ndefi n■ te, ma■ n effOrts were concentrated in the

direction of introducing various kinds of auxiliary fie■ dS, either

real or only forma■ 9 rather than ■n tho direction Of introduc■ ng ex―

plicit■ y the universal length or the finite radius of the o■ ementary

particles.  So far as the results Of the ■nvestigations ■n the for―

mer direction are cOncorned, hoWever, the prospect is not sO en―

couragingo  Name■ y, an ingenious mothod Of regulators, IArhiCh was in―

vestigated by Pau■i extensiVely,(2)can be rcgarded as a formalistiC

generalization of the theory of mixed ficldS,(3)but cannot be re―

p■aced by a combination Of neutral vectOr fields and charged Spinor

fields with different maSSes, un■ ess wO admit the introduction of

Bosons w■ th negativo energies and Fermlons with imaginary charges as

pointed out by Foldman∫
4) More genera■ ly, according to recent in―

vestigationS by Umezawa and others(プ
)and by Feldman,(4)no combina―

tion of quantized fields with splns

all of the divergenee difficultles,
L/2 and 1 can be free from

long as onJ.Y Positive energY
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states for Bosons and real eoupl-ing constants for the interactions

between Fernions and Bosons are taken lnto account'

Nevertheless, the dlfficultles remalnlng in qua'ntum electro-

dynamies are not so serlous as those which appear ln meson theory'

In the latter caser w€ know that stralghtforward calculations very

often l-ead to divergent results for directly observable quaptities

such as the probabillties of certaln types of meson deea-y. Although

the applicatlon of Paullrs regulators to meson theory was found use-
f/\

ful for obtaining finite results, \or lt ean hardly be consldered as

a satisfaetory solution of the problcm for reasons mentloned above.

It seems to the present author thatr et leaste 4 part of the defeet

of the present meson theory ts d.ue to the lack of a conslstent method

of dealing with the flnite extension of the elementary particle such

as the nucleone rivhereas the effect of the flnite extension ls usual-

1y very srnall so far as electrodynamical phenomena in the narroi^rest

sense are eoncerned, except for lts deci"slve effect on the renormali-

zations of the mass and the electrie charge.

Under these circumstances, it seems worthwhil-e to investigate

agaln the possibility of extension of the present field theory in the

direction of lntroduelng the finite radius of the elementary particle.
(n\

In this paperr &s the contlnuatlon of the preceding papersr'/'the
possibillty of a theory of quantized nqnloc_al fieldsr which is free

iron the restrletion that fleLd quantities are always point functions

:-n the ordinary space, wil1 be discussed in detail. One may be very

sceptical about the necesslty of sueh a drastic change in fleld theory,

bccause other possibilitles such as the introduetj.on of kggl. fields
corresponding to partlcles with spins higher than 1 are not yet fu1ly

investigated, However, present theory of elementary particles with

一一一一一一
一Ｆ一に一・・・・一・・・・一・・一一一一一一一一一一一一一一一一一一一一一一一・・・一一」
」

(llll)
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spins higher than ■ sufFers from the difficu■ ty aSSOCiatod wlth the

necessity of auxl■iary conditions, and even if thiS is OVercome by

some revision of the formalism as proposed by Bhabha,(8)we can

hard■y expect a satisfactory so■ ution of the who■e prob■ em, becauSe

the admixture of higher sp■ n fields may wel■ g■ ve rise to newer typeS

of divergence in return fOr tho e■ ittination of more famユ■iar ones.

Moreover, it dOes not Seom to the present authOr that the theory of

non■ocal fie■ dS ■s necessari■y contradictory to tho theory of m■ xed

■oca■ fields.  They can rather be comp■ ementary to each other in that

a non■oca■ fie■d may wo■■ happen to be approx■ ma te■ y equiva■ ent tO

sOme mixture of ■OCa■  fie■dS・  The most essentia■  point, which is ■n

favour of the nonloca■  fie■d, iS that the conVergence of fiO■ d theory

can be guarantOed by introducing a neW type of irreducible fie■ d in―

stoad of a mixture, which iS reducib■ e.

In this papor, as in the precoding papers, we confine our atton‐

tion to certain types of nOn■ oca■  fiO■d, Cach SatiSfying a set Of

mutually compatible commutation re■ ations, which Can be obtained by

extonding fami■ iar fio■d equatiOnS fOr loca■  fie■ds in confOrmity w■th

the pr■nciplo Of reciproc■ ty.  The so■utions of these operator equa"

tions can be ■nterpreted as a fiO■ d‐ theoretica■  representatユ On of as‐

semb■ies of elemontary partic■ es, each haVing a definite mass and a

deFinite radius.  In thiS COnnectiOn, a rocent attompt by BOrn and

Green(9)is interesting particularly in that they made use of the

pr■nciple of reciproc■ ty as a pOStu■ ate fOr determin■ ng posS■ ble

masses Of e■ omentary partic■ OS Of Var■ ous types.  HoweVer, it iS not

yet c■ear whother their mothod of density Operator conta■ ns sOmething

essentia■ ly different from thO usua■  theory of m■ Xture of ■oca■ fields
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The most iroportant question of thc lnteraetlon of two or ngre non-

local fields w111 bc d.iscussed in Part II. of thls pap€rr

II.AnExamplcoftheNonloealScalarField
fn order to see what comes out by general-izing a fiel4 theory so

as to inelude nonlocal fieldsp we start from a particular case of the

nonlocal seafar field. A scalar operatorr U n rnrhlch is supposed to

describe a nonloeal scalar fieldr corl be represented., in generale by

a matrix with rows and colunnsr ea.ch characterized by a set of values

cf space and. tlme coordinates. Al-ternatlvelyr w€ can regard thts

operator U as a ccrtain functlon of four space-ttme operators

XtJ (xi =Xt =X, etc. X4 =-X{,=Ct) as well as of four spaee-tlme diS-

placelrent operatort Pir, which satlsfy wellknown conmgtatlon relattons

( tt ?i = ir'6y,, (1)

where
( A , b) = AB-I3A

」に一」」‐・卜Ｆ聖

(2)

for any two operators A and B. Usual l-ocaI flelds are included as

the partlcular ease in which the fiel-d operator U is a function of

xp aloner so that lt can be represented by a diagonal- matrix ln the

representatlon, ln whlch the operators # themselves are diagonal.

In this particular case, it is customary to start fron the seeond

order wave equation

(だ
選手蕩}

一 秋F)U(・ ハ)=0ノ ktい C/4 (3'

for the l-ocal f ieLd U(xts ), ln order

quantizedl an assembly of ldentical-

and the spin 0. The equatlon (3) is

that it ean reProduce, urhen

partlcS-es wlth a definite mass

equivalent to the relation
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for thls co.se. 't{e assune that the nonlocal scalar fleld U ln questlon

satlsfles the commutation relation of the same form as (4). Howeverr

in our ease, we need furtlier the commutation relation betwegn U and'

xP, in contrast to thc case of local field, in which U and #P are

simply commutative wlth each other. In order to guess the correct

form for tt, some hcuristlc idea ls need.ed' The princlplc of reciproc-

ity seems to be vcry useful for this purpose. Naraelyr we assume that

the commutation relation between U and xP has a form

Itr[ rt iJ ]l A'u = c, $)
be inter-where )r is a constant i,r'ith the dlnrenslon of length and can

preted as thc ra.dius of the elementary particle in questionr as will
be shown bel-ow. The rclations (4)'and (r) are not exactly the sane

in form, but differ fron each other by plus and minus sign.s of the

last terms on the left Lrand sides of (4) and (r). Thus, the two

operator equatlons (\) and (r) can be said to be nutual-ly reciprocal-

rather than perfectly symmetricall indicating that the radlus of the

elementary partlcl-e )r. must be lntrodueed as soroethlng reclprocal to

the mass m.

Now the operator U can be represented by a matrlx (xi.l Ufx! )

ln the representationr in which x, are dlagonal matrlceS. Thc natrix

〔Υ芦〔γt Uり 十〆
CttU=

elements, ln turnr can be consldered as a functlon U(X*r "*) of two

sets of real variables

．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
．
．
一
一
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．一
．
．
．
．
一
一
一
一
一
一
．
．
．
．
一
．
．
．
．
一
．
．
．
．
一
一
一
一
一
一
．
．
．
．
一
．
．
一
一
一
一
一
一
一
一
．
一
一
一
一
一
一
一
一
一
一
一
一

‐５０

‐６０

‐７０

‐８０

‐９０

２００

２‐０

２２０

２３０

２４０

２５０

２６０

２７０

２８０

卜=手―プろ、=士 (t法十ブ)′ (6)
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respectlvelY. The

rrrith each other and

obvi ousユ_y compatib■e

U(砲 , rμ )iS, in general,

vrhereas the latter implies tha-t U(Xp , 
"1, 

)

only for those values of r* r which satisfy

., r 2-

Yrr -4" = o.

Thus the most general solution of

(9)

ean be different from zero

the condition

(10)

the simultaneous equations Q) and

(8)has the form

(事 7)
u(&f ,rr) 6 r7rl-X) x

x 3(♀´
2汁キK2)0%1。 (え与》Cル )

where u(に
ぃ
, rμ )iS an arbitrary function of tvro sets of Var■ ables

k, , and f,, .rr
The above considerations suggest us that one set xu of the real

variables eould be identified trith the conventional space and time

coordinates of the elementary partiele regarded as a material point

inthelimitof}.d0lruhereastheothersetrucouldbeinter-
preted as varlables describlng the internal motion in general case t

in which the finlte extension of the elementarlr particle in question

eould not be ignored. Thus, we mlght expect that the field u of the

above type is equivalent to an assembly of elementary particles vrith

the mass rltr the radius L and the spin 0, if it is further quantized

(■■)

(TrTf - /r') \"r (Xt, t'r) = o

一X2)Lア rぅ、ノン)=0

equatlons 0) and (B) are

the former irnPlies that

a superposition of plane wa-ves of the form exp LkfW r'rith k*

sirti,sfying the condition

多
r2片
十ス
2=0ノ
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accordtng to ttre fanlllar method of second. quantlzatlon. Howeverr lr€

can easily antlcipate that the equivalenee ls lncompleter because

U(\,, r,, ) ls different from zera for arbltary I-arge values of r,,; so
t" l.r l.!

far as they satisfy ihe condltlon (10)' even lihen only one term of

the right hand side of (U) corresponding to a definite set of values

of la is taken into account. In other wordsr w€ need another condl-

tlon for restricting the possible form of U(X*, "u) or u(ku, "u) ln
order to conplete the equivalence above mentioned, For this purpose,

we lntrod.uce an auxiliary condition

〔?″ 〔χ→む〕〕=0,
which can be sa■ d to be se■ f―reciprocal

〔X″ 〔?片ダU〕〕=0

(12)

in that the re■ ation

(13)

●
( can be deduced from (12) inmedlately on account of the conrnutation

relation (1). Both of (12) and (f:) are equlvalent to the condition

Υ″ =0 (14)

) should be zero un-for U(XI, rμ )' Or the

■ess kμ
 and rμ  satisfy

restriction that u(kt,

the condition

r
μ

与ザ =
Thus the most general- forn of

Latlons (7) , (8) and (11+) ls

where r1(kf t "* 
) ts agatn an

Now a slnple physlcal lnterpretatlon can be glven to the non-

loeal field of the forn (16) by considerlng the correspondlng par-

tlcle plcture: Suppose that the particle 1s at rest with respect to

Ll (Xf ,) ) = 5'la +R)+u &f ,rf) |7kr{<f+x^) 6(Vrn
x 5 i7rr- 'f i ry 1;'*^Xr) (16)

arbltrary functlon of k* and r*,(10)

0`

U(XI' rμ )which

(■プ)

satisfies al■  the re‐

bURゝ ′■.)
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a certain reference system.

the partlcle as a wholer or

represented presumablY bY a

vector k1 = k2 = k3 = 0t E
g(X,.r, , "* 

) is, aPart from th

-----9-----

In thls particular caser the motion of

the motion of its center of nass, can be

plane wave in X-space with the wave

= -X. The correspondlng form of

e faetor lndependent of X,r, , 
"t, 

o

(■7)

which satis―

L=0′

!r (o.o,o, -x; lrl d i?rf-rtf 3 n<r'+) M'P (-ixX")

whlch is different frorn zeTo only for those values of

fy the conditions

ざ十ゞ =ハ「′

r
μ

T『 十

Thus, the

by giving

(18)

form of U(X , r ) fn thls case is determined completelypp
U(0.o, a,-K',,.) *t deflned on the surface of the sphere wlth

)n can bena■ motiく3he ■nterwords, 11n other                 on■

y on the polar

―space.the radil               Dtion tt(0′

り) depending

ュs λ in r

wave fun〈described by the                                              (■

9)

lefined byich are(         

′ T多 =TC“ θ・

al■ g■ es e′
ソ 'Wh           、

,‐ Υルたθヵ堕9Υl=Υあれθいソ′ ra             sp herica■

har―Dr■es ofd into s(In genera■ , ■人(0ノマ) Can be expande

mon■ cs:

′u tO′ 9ヽミΣQ(Q%Q― k)1′ 4)■
‐
(e′Ψ)′

t`ツt

(20)

'.ihich is equivalent to decompose the lnternal rotatlon lnto various

s'ba.tes charaeterized by the azymutha.l quantum nun:ber 1 and the mag-

r,etie quanturn number m.

In case, when the center of mass of the particle is moving with

the velocity v--, v--e v , it can be described by a plane wave 1nx' y- z'
X*space with the r,rave vector \,, ruhich is connected r,rrith the veloeity

r
'r1' the relations
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(22)

sphere with

・しhe ve■ ocity

transformati on

(23)

(24)

Mx= - &ertl'&r+ , - P<,c/&+ , vs = - l*uc/k*, &+= -/Pvf, 1211
均 =

惣′(年′ηt)δ (トプ～澪)5(与`Vり °よ|〕

ruirich j-s dif f erent f rcm T,eTo o:rl.y on thc s';; f ace of the

'i,Lie radius )" in r-spece e the spllere itsci-il :nc'l'j-tg w:;-th

vrir tyr Yz. Accord'inSiYr we perform flrs'b the Lorentz

′ス

" =

ι
,・

ソヽ χソ

In this ease, U(X1r, "tr) has the fornr

| + ift,/x.)'

I'= 0,u\t, = "f 'h;'e'ctsf 
,

^' / .-.'T' c-vi7',YZ = UVvYv =
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Incldentally, T+ as defined by the last expression in (25) is

ro'i.hing but the proper tlme , rnultiplied by -e, for the partlcle '
w.r-ich is movlng wlth the velocity v*r ty, Yz' Again U'(e) y')

can be expanded into series of spherical harmonlcsl

v'(B',rf') = F^.(lif ,{-, *') Ptn'(e"Y'). (26)
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Since the above arguments are 1n conformity wlth the principLe

of relativlty perfectly, the nonloeal field in question can be re-

garded as a field-theoretical representation of a system of identical

partieles each with the mass m, the radlus and the spin 0r which ean

rotate as the relativistic rigid sphere without any change in shape

other than the Lorentz contraction associated with the change of the

proper tlme oxis.

The nonlocal field U given by (16) reduces to the ord.inary local

scalar fleld in the limit I + or &s it should be, provided that the

:r:est mass m is dlfferent from zero. Namely, (xjl U lxJt) is dif-

lerent from zeTo only for xj = *,-lt, because the only possible

solution of the simultaneous equations (9), (11) and (]'5) with

*+O andl,= 0 ls I'1 = T2= "3 = "\= 
0. 0nthe contraryr the case

of the zer.o rest mass m = O 1s exceptional in that the nonlocal field

U does not necessarily rcduce to the loeal field in the l-innit ). = O.

This is because the slmultaneous equations (9), (11) and Qil with

m = 0 and l, = 0 have solutions of the form

凝争二土Vィ 十々l+2],

where trr is an arbitrary constant

More generally, the slmultaneous

the general solu.tion of the form

wlth the d.imension of length.

equations wlth n = 0 and I f 0 has

'1:11'111'::'|':'||':1:|:::il::::|::[:|:[:[|[||:|

40      30      20      10      0

(27)

(28)

Ylt= t(λ
′
)22,μ  ′

レ=ザ士(バ ちゞt′ 衆 年 = 士 ギ 彙 [・ 夜lヤ シ : タ

where rj 1s any partlcular solution of the same equations. Thus the

radius of the partlcle without the rest mass cannot be defined so

naturally as in the case of the particle with the rest nassr cor-

respondlng to the circumstance that there is no rest systen in the
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forner ease. Detail-ed discussions of this partlcular case w111 be

mad.e elsewhere.

lII.QuantizationofNonlocalScalarField
In order to show that the nonlocal fleld above consj.dered repre-

sent exactly the assembLy of ldentlcal particles with the finite

::.acilusr w€ have to qr-rantize the field on the same lines as the method

cf second quantization in ordinary fleld theory. For this purposet

it ls convenient to vrrite (16) in another form

U 0{n,rr") = \'!ta*ft"{'f tn'({a," Qt') a thf&l+ x') I tg.'|.'rl
/'/

x E ( g^lr-x' ) eop (i N,,.{l') I 5 ( T,* lf )n -.1-' | | ;i. / r ,ig)

・Ｆ

一」
で一」
」
一，Ｆ
一
一
一
一』
一
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一
一
一
一
一一
ト
ト
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where l- 1s a four vector. The integrand is
p

for those values of ku, lu which satisfy the

~与長汁十ス2っ。′
tだ
2′ イゝ・0ノ

different from zero onlY

relations
t> tt lr
T7uX', = 1). (30)t-

According■y, the matr■ x e■ementS fOr the operator U are

( ry| r,r/ 
xf:) = 5' \tatr,., n^D: \1hrtl^) 

3 ( hrfi,r+ x')
x 6(f"rr,{f }6i/,r trr:X; ry,^(jhn'i/z)
x T 6't';- xri*'lr)' u'vf (;-kr xf /t) ,

which 1s equivaleni to the relation

U三∫…∫じ敏ユtお吟‐りe～FFttXわ %
tl

between the operators xts, P.. and U, where
tl

(31)

た

/′「
/    ′

藪 (与・
p/め =ユ (午′′

ノ
)`δ f午イ1年■

九
)5(ち、くだ)δ

`;汁

マノLハ
2),(33)
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As the operators k,rx$ and 1$Pu in

sid.e of (32) are commutatlve wj"th

tions (1) and (lo)r (32) can a.lso

the same term on the right hand

each other on account of the rela-

be wrltten in the form

are regarded

other and ate

defi.ned by

U二
∫
い
ゝ
よ長如 げ

・萩
咋
′
与
0響
「
与
め

'7(叔

′
し aヽ327J

Simi1arly the operator U 
x , .which is the Hermitian conjugale of U'

ca.n be written in the form

r -i)f - (.( ,.of<fic\Q'y'"*({*r.,.0n.) er.1r(-i &,.7t) e*1,i-i {tir,'/')t:\l
L.' = ,'),.",y(,i [.\.'rr.; uzr. 

/ | ., * 
-,/"'' 

rl

Now the method of second quanti zatlon can be appLled to our

casein the following way' t(hr.,.01)ana il*t'i<r.,0r.) in (32t) and (34)

.as operators, which are Hermitian conjugate to each

nonconmutative 1n general. The fact that the operators

, satisfy the relation

u (tl.,lr) tJ* (&t^,Ir) = u"(t? , lf)\J ( \.,[i = 1 ,
suggests us the commutation relations

(iZ r kr,Lr), Ax Hi,!-p) =-_,5 &74<f+tl 5

x J[ 6 (trp--N4i 6 (

[il (&t,,1/^), il 1 
'tir,]r,)) [ ,, ,' , ]t-

( v,t &. r,, ili ,7* d<t ,Il it = o , i -'

r,rhj-ch are obviously lnvariant with respect to the vftol-e

Lorentz transformatiofls. In order to make the physical

U(イン"

Uチ〔樅ノ
′ヽ

are un■ tary, ioe.

ク

ー

＆

ヽ

(36)

2た澪)

(37)

group of

meaning of
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the relatlons (37) clear, wc suppose the field ln a cube with the

edges of the length L, whlch is very large compared with z\ . Then

the effects of nonlocalizability of the field are negligible r beeause

they are confined to smal-l regtons very near the surface of the

cube.(12) In thls ease, the lntegrations w:ith respect to n* on the

right ha-nd sid.e of (32t) and (3t+) are replaced by the sumnatlons

wrth respect to 4* r tr'hich talce the values

{,=+f" ft,=+y l+^=414t &u=tJf(;;u,-f:el
L ' '- L t -' L- t

where n1 I trzt t3 are lntegersr €ither positive or negatlver ineluding

zero. The lntegrations rrilth respect to t* wlth kp fixed are replaced

by those w:ith respect to lj deftngd^by :

|…
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与f‐
where 6t* ate given by""1^' *'
angles O,@, r+hlch

are connected with

obtain

■「

where
t h /^ 
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/.: t) ( 39)lL^ y ILy
I

(24). Furtherr we introduce the polar

are connectod Ⅵdth ll , ■2 , ■3  just as  O,iF
γli n嶋L′ノドЪ

′
  by the relations (2').  Thus we

■0
ハかい、薔洪o試Φ
キスV再 ア

′0/Φ)u催 / O, e)* ./(&9,勁 U
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spherieal harmonics,Fina■ ly, by

we obta■n

U=2
hiYtぇ R)

whcre

Σ

崚
、(讐

jち
≡;:ヶ軍戸軍軍卜1ヽ

人〔』ゝ′2′■、)ヽLI I』三′1′ ytヽ )

ャげ≒と′1′ いヽ)Utt L′ 2′い。)l(42)

=∬ 1ス (と θ′⊇)■
‐・
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ρ

ヽ
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(43)

assuming

conjugate

ufセ′f′口t)=∫∫U(生′QΦ )Lマ 0ノ憂_)あよ、0メ 04Φ

U* ( k,Q ,vrt) = 5\t.f & ,@,Q) fq*'ft), A) A'.'o d o .tQ. , (h\)

the spherieal harnonicr pa*(O, Q)

$flo-(@, Q) Pg"'((t, e) t,J'(J a@ dQ = l.
ansformed the form

P.q"'(0, Q) are normalized according

; uo{ .b,1., n';U*[&, I ,*,1)\,

♂

Ｔ２
脚

，
　
　
　
　
　
ハ
ム
Ｔ

u*(-Js, !,w,) = I\ u*{L,O, Q)Pa''{(t, d)^^@rl 6dtO

～

句 (上′tノ い1)三ヨ∬
声ヽf4二′ο′く巨)乳"trQ壺 )ぁ∴tc)aθ dD′ (47)

that and their conplex

to the rule:

(L「 ,)

(46)

Similarly,

U矛 =

where
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μ
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By the same transfornationr w€ obtain from (37) the commutation
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(L18)

(aFとノ之′レk)/att f七 :乏 ;ン唯
′
)〕 = δ(43ノ ビ)δ (1′λ
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)δ (～争ノγr)
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for the operators

(\[&,[,t")
defined by

=J ′̈Ц(と /2ノ ンL)

factor

-xi),

(七′ノ′"1)=y~`/~~
Hencer €?ch of the operators deflned by

14+ Lb,,L, v^) = (1* ('b, !.,p.) c. ( i{ ,.8,t"'-)
. '\4- f &,.{.,,-',) = F tk,-tr,vrt) L(&,9,"')

has eigenvalues 0r 1r 2e o... and can be interpreted as the number

of particles ln the state charaeterized by the quantum numbers S'

1, n r,rlth either positive' or negative charge. Thus the nonlocal

field above eonsidered corresponds to the assembLy of charged Bosons

with the mass m, the radlus tr and the spln 0. It can easily be

shown that in the l-lnlt )r + 0, U reduees to the f arniliar quantlzed

a業
(1と
′ρ′場に) = / `u半 (生′2ノ ン・し) (49)ノ /

′υ fと′受′"t)

′Tttf也 /′ノンtt)

ル(也′f′し,う ≡y 万

local fleld for Bosons apart from the

E l^l ^li) 6r {- xti s 3 t{ - x;)

which must be onitted, whenever ue go over from nonlocal to locaL

fie1d.

√

ｘｔｒａ
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ｅ

　

（
ゝ
υ

(50)

(,■ )
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The nonlocal neutral field can be obtained, if we assume that

the field b/u is Hermltiane 1.€., U = U*. In this caser we ca'nnot

discriminate betvreen a and b, so that we have lnstead of (42) and

(\6) the rclation

(fi:― )ゝ
r,r{4t , 1., *)I-T (k ,l,*\

lJ = 2L
イRI′ ′供a′ よぅ

L 
,u (4ra. .0i.) , v* (&f , Li) *

マ
ん
』

It should be notlced, further, that we could start from the con-

mutation relations
δ(と1/L庁 )

)

(37')

instead of (37) ' where

for

at

the

〔ハ′lЪ 〕キ=
any two Operators A and B.
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†u半ほ′受′いうU丼 (也′
′′
"ヽ
)Ъ″

However, in this easer we arrlve

1n the limit of tr, * 0, rrhich prohlblts

spin O from obeying Fermi statistlcs'
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IV. NonlocaL spinor FieLd

The above eonslderatlons can easily be extended to the nonlocaL

vector field without lntroduclng anythlng essentially new whieh needs

detailed d.iscussion. 0n the contrary, the case of the nonlocal

splnor field nust be lnvestlgated from the beginnlng. We start from

the splnor operator ! with four components, wtrlch transforrn as the

components of Dirac wave function. Each of these eomponents can be

consldered as a nonloeal operator just like the operator U ln the

case of the scalar field. As an extenslon of Dlracls wave equations

for the 1oeal splnor fleldr w€ assume the felations between the

operatort /r, pu and r.f' :
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We assune slmll-ar conmutatton reJ-ations for raatrlces

〔q「んγν〕十‐
~乳う)tン

2うッ・Iff'
Thenr w€ obtain by

tΥ綸 〔Pド′Y〕〕
キ ヤだLι2 w =6

〔卜だ〔
Ⅸr′ wヽ〕一 I'Y:o,

γ″〔降′ヽΨ〕
十γICΨ rO

,片
入Ψ =0

where Tf a.re wellknown

satlsfy the conmutation

Dlrac matrlces formlng a four vector r uttich

relatlons anong themsel-ves;

whleh have the same form as the relatlons (\) and (5)
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fleld. Howeverr the natrlees gf have to be so chosen as to satls-

fy the demand that the relations (5\) and (55) are compatlble with

eaeh other. NamelYe the relatlons

Sもだγ
ノ
〔X′
｀
〔
lβ
ゾノΨll‐
λ争降ιΨ (60)

(61)

(プリ)must have

condition3
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獅

′
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「ノ
l`Υジ〔χ′し Ψ〕3= λ

′μtι
 Ψ

whieh can be readilY

the same forn so that

( r- AvlrYl.,u )

This conditlon reduces to thc forn

f"vl'/ nr \pll =O,L/./ \ I-/., | -

same as the conditlon (12) or (13) for

so chosen as to satisfy the comnutation

( n Y)'r .r'A
\{",1't u ) L "/",

t,

where c/ l-s a matrlx with the determlnant dlfferent from zarat

(64) can be satisfied by matrlces Tl ,Pn which are expressed 1n
i,

the form

?.q , T'= %/ 〆
4=P3

F' = Pufr , P,= Frq , PP= fr-., P+= 
-i?^ (J6)

1n terms of sets of rautually independent Pauli matrices fr, O'., 6ya

and fr , ?, , 9g . It ls wellknown that the raatrices as given by (66)

d.o not form an ordlnary vector, but a pseudovector. Thusr if, we con-

flne our attention to the proper Lorentz transformatlon; the

obtai ned

ゝ IIluS

tメ′
｀
〔

by cOmbining (プ 4)and

t satisfy an additiona■

ヤノ′Ψ]〕 =0,

ｅｈ

　

　

ｅ

ｔ

　

　

ｒａ

Ｓ

ｃｈｉ

針

０■血
　
ｉｆ

え
92C｀
′ 7｀
9=だ
92γ

l=た

(62)

(63)

the scalar fie■ d,

re■ ati ons

(64)

(65)
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relations (ft) an6 (5il are both invariant. Hor,ievert if we perforut

the improper Lorentz transformatione for whlch the deterrainant of the

transformati-on natrix has the value -1 instead of +l-, the forur of the

relation $r) changes lnto

9だ いr)LY 3-入 Ψ
‐°ノ (67)

Y

rarhereas the relatlon (54) ls invariant'\ In other r'rordsr the funda-

mental equations for the nonlocal spinor fieldr virich has similar

properties as the nonlocal scalar field considered ln the precedlng

sectlons I can be construeted so as to be invariant with respect to the

whole group .of Lorentz transformations lncluding refLectlons r only if

bothformsir?fiand(6nareputtogetherintoonerelationforone
spinor f1eld with the eomponents twlce as many as the four components

for the usual sptnor field.' This 1s equivalent to lntroduce one more

independent set of Paul1 matrices tt:l r 02 I ^3
and to assume that all

of the matrices Tf', Pf. have each eight rorus and coltmns characterlzed

by eight cornbinations of eigenvalues of Ur, 
?u, 

83 ' Therewith the

spinor must have eight componentsl flrst four components and the re-

maining four coffespondlng respectively to the eigenvalues *1 and -t

of urr.

In order to establish

nonlocal splnor field with

the invaflance of fundamental laws for the

respect to the whoLe group of Lorentz

transformationsr w€ assume further that co2 and clt change sign under

■mproper Lorontz transfOrmation, Whereas ωl dOes noto  We can now

adOpt the relation

,だ 
〔γ′)Y〕  十 クυ, Ψ ~0                     (68)

in p■ace of (5プ )・  It iS Clear from the above arguments that the

λ
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fundamental ёquations (メ年)and (68)are inVariant with respect to

the wholo group of Lorentz transformations.  HOWover, for the purpose

of prov■ ng it more exp■ icitly, We consider the transformation

properties oftl/With rospect to the Lorentz transformation, whe reby

we assume that the matr■ ces γ′)「
″
t haVe presCr■ bed forms as defined

by (6,),(66)indepondent of the coordinate system.  In the uSua■

theory, in which the spinor fio■ d‖レ has four components, we have
the linear transformation

ギ ‐ 5Y (69)

coor―a.ssociated with each of the Lor ent,z transformations for the

dinates c

′

シ`
こι
ンゾχν

where S is a matrix with four rows and four columns.(l-4) In our caset

j-n which the spinor \.i,, has eight eomponents, we assume the same forn

fcr S in (69) exccpt that the numbers of rows and columns are doubledt

when (ZO) is a proper Lorentz transformation with the determinant *1t

whcreas we have to rePlace (69) bY

Ψ二ω15Ψ ′
when (70) is an l,mproper Lorentz transformatlon with the

-1. This guarantecs the invariance of the rel-ation (68)

to lmproper as wcll as proper Lorentz transformations.

Now the question i.s, t+hat 1s the new degree of f reedorn which

'|'''11''11'`:|:t''|:||:〔 ::|::‖
ll:111[[[:|[[[:|

50      40      30     20      10      0

(70)

(71)

determinant

with respect

corresponds to the eigenvalues *L and -l- of cur. We are naturally

incluced to connect the eigenvalues 41 and -1 wlth the neutral and

charged states of the splnor particle r &s w&s customary 1n the theory

of the nucl-eon. Thls ls, however, misl-eadlng because the operator
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be identified with the operatorl

Thusr we have to conslder the

a spLnor with eight components satisfying

似 ― フでレ τ 0

na1 motion of the spinor Particle.
Nowr each eomponent Y;6=l,Lt,"'8) 

of the snlnor rf can be

represented as a matrix t \:l Y;l xf',) in the representation in whlch

fu are diagonal. (ril V;l *i) can be regarded, in turnr 8s a

function )r, ( Xf "r/,) of Xu, 
"f, 

, where X* r t,, are def lned by (O ,

Therewith the relations (54) and (68) can be rcpresented by

γttt l.山ユ
)

― kΨ (ト レ̂)=°

possibiJ-ity of associa.ting thc qrrantlties tllr; oJzt oa wlth the inter-

(72)

(73)ゞ́つ
卜だΨ(う"レ )ヽ十 ωちハツシ′

170=°

respectively, IPrhere 、
P(〉チ
′ヽ1ク1)iS a spinOr with eight components

半(うッンL)(オ
t112/…・メ)The sim■ taneous equatio“ (72),(73)

f°r  
Ψ  (メ
｀
;′

ι′1年しヽ)  have a particular solution of the form

Y { Xf. ,}.) '- " il (ly' ,l7) e"L-b'3 { i &/'>:/') (7L「 )

where tt rちしン):iS
γtttttt

∫b/tt W｀声
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It fo■■ows immediately from (7
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(75)

(76)
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so that u can be wrltten 1n the fornn

(77)

Each of eight components of u can be expanded in the sa.me way as the

scalar operator u in the precedlng sections. The second quantization

can bc performed by assuming cornrautation relatlons of the type (37)

betvreen fiel-d quantities, so that the nonlocal field represents an

assembly of Fermions with the mass mr the radius }. and the spln I/2.

Further analysis of the nonlocal spinor field w111 be made in Part II

of this paper. At any rate lt is now clear that there exist nonlocal

scalare vector and sptnor fields, each corresponding to the assembly

of particles with the mass, radlus and the spin 01 1 and l/2,

Now the question, wlth which we are met firstr when we go over

to the case of two or more nonloca-l fields interactlng with each

other, 1s whether we can start fron Schrddinger equatlon for the

total system (or any substitute for it)r thus retaining the most es-

sentlal feature of quantum mechanics. We know that Schrddlnger

equation in lts sirnplest form 1s not obvlously relativtsttc ln that

it is a differentlal equation viith the time variable as lndependent

variable, spaee coordinates belng regarded nerely as parameters. It

can be extended to a relatlvistic form as in Diracls many-tiroe for-

mallsm or, more satisfactorily, ln Tomonaga-Schwlngerls super-many-

tlme formalisro, as long as we arc dealing with local fields satisfy-

ing the inflnitesima} conrmutation relatlons. Howevere if we intro-

duce the nonlocal fields or the nonl-ocalizabil-lty ln the lnteractlon

between local flelds, the elean-cut distinction between space-llke

and tine-1ike dlrections is imposslble in general-. Thls is because

晨=u(イン
、/
1〉
めδ(イン
・友ノ十`K2)

ヽ

ノず争′‥１
Ｊ斥一プフ

δ

けｒ』
一」
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the lnteractlon term in the Lagrangian or Hamiltonlan for t-lle system

of nonlocal fields contalns the dlsplacement operators ln thc tlne-

l1ke dtrectlons as welL as those ln the spaee-llke dlrections. Thus t

even if there extsts an equation of schrddlnger typc t lt eannot be

solved, in general, by glvlng the lnltial condltlon at a certaln time

ln the pasto Under thesc clrcumstancesr we must have recourse to

more general formalism such as the S-matrlx scheme, which was pro-
/1?\

posed by Heiscnbcrgo(tJ/ In other wordsr we had bctter start from

the intcgra.l formallsm rather than the differcnttal formalisn. In

local fie1d thcory, the integra.l formalism such as that whlch was

devcloped by Feynman can be deduced from the ordinary differentlaL
/'i ), \ / 1 (\

formallsm.(f+) \rr) In nonloca.l f1e1d theorye howeverl it may well

happen that we are lcft only wj.th some kind of integral formaU..sm,

In fact it will be shor,vn in Part II the.t the nonlocal fields above

eonsidered ca-n be fitted into the S-raa.trix schcme.

This work was done dlrrlng the authorrs stay at The Institute

for Advanced Study, Princeton. The a-uthor is grateful to Professor

R. J. Qppcnhelrner for giving him the opportunlty of staying there

and a.lso for stlmulating dlscusslofisr He ls a.lso indebted to

Dr. A. pais and" Professor G. Uhlenbeck for fruttful conversatlons.
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as glven by the c:apress1on rc) in l was not the most

geneial ?o"* tn tfrat the coefficients b(\r) were independent of
1,,, which eorresponded to lgnore the internal rotationn The

"tirro" is indebted to professor R. serber for caliing attention
to this pointe

(1■ )MOre procisely,L mlst.pe■ lrge compared磁 th 
λ/″■…βκ ,where

、      _  1_■  _■  _ _  ■ ._  ^^_´ 二月 ⌒ _^■
= 
ハ綺一ヽよ′   ▼`‐V メ・・~V~~ヤーv″

n vettoc■ ty of 5artiCIC)s ■n cons■d crati on.

(12)β :eli l:: 讐呈苦L:雄:, ぃI. Pauli, Handb. do Phys. 24, Part ■, 83

「早ldti:濃 . き:is':3二 :9缶ュ!;・電う与;:ぅ

≒8Z1917:::1:::[:lia:員呈y liOH:101
Physo Acta.
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Remarks on Nonlocal SPinor Field

The problem of lnvarianee of the relation $5) with respect to

lmproper Lorentz transformation can bc solved without introducing

extra componcnts to the spinor ficld. Namely, we take advantage of

the antisymmetrlc tensor of the fourth rank vrith the compofients

txx,*y , which are +1 or -I according as (N, \,' /\'L)V ) are even or
I

odd permutations of (1, 2, 3, \) a.nd 0 otherwise' Further we take

lnto account the relat1ons
rr ^rxTnTff (zB)nY,, A u v'

where (X, \, 7t, 
| ) are even permutations of (1, 2' 3' 4)' Then

(55) can be rrrrit'ben in the forro
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2Xケtゾγ

XIハγだtXり Ψ〕十えλΨ‐0ノ (79)

(81)

,,vhichisobviouslyinvariantwithrespectto

Lorentz transformatiorrs. The invariance can

by associatlng a linear transforma-tion

Y'= 5 Y
r^rith each of the Lorentz transformations

with four rows and columns satisfylng the

q. xFq*' -r-/ u I \-/ C*7\;iTi

the whole group of

be proved more exPllcitlY

(80)

(70), Whcre s iS a matriX

rolations

It should be notieed, hov,rever, that the relation (79) is' a

unificatlon of the relations 6fi and (67) ra'ther than the sirnple

reproduction of (5il, beeause Qil must be ldentified wlth (67) in

the coordinate systcm, whlch is connected with the original coordinate

system by an improper Lorentz transformation wj-th the determinant -1'
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Remarks on Non-local Spinor Field
I{IDEKT YUKA1VA

Colunbia (Jniuersitg, New York, New Vork
October 18, 1949

JN a recent letter to the editor,l it lvas shorvn that quantized
I non local fields coulcl be so constructed as to represent assem-

blies of particles with the definite mass ancl radius. In a paper,
u'hich will appea.r very soon,2 detailecl account is given together
'lvith the elucidation of most of the points, on which the author
was not very sure rvhen he wrote the above letter.l However, there
is still one point, which seems to the author to be unsatisfactory.
Namely, in the case of non-local spinor field, we assumed the com-
mutation relation

0plxq,tfl\V:0 (1)

between the space-time operators rp and the non-local spinor
operator 

'y', 
in addition to the commutation relation

.yvlpp, tl,f+mc'l':O (2)

between 
'y' 

and the space-time displacement operators 1r. Further,
we assumed that'ytt,0p, rvhich were matrices with four rows and
columns, were defined by

7r:ipzot, 12:ipzozt "Y3:ipzaz, 'ya:ps ] /?\
PI- tuor, Pz: pxa.z, Ar: paoat Ae -ipz)' \v/

Now the difficulty was that, in contrast to (2), the relation (1)

was not invariant with respect to the improper Lorentz trans-
formation with the determinant -1, but was to change itself into
the form

PPlrcP, 't'f-\{':0 (4)

In the papep mentioned above,2 a way of removing this difficulty
was indicated, but was very unsatisfactory in that the number of
components of the spinor,y' was to be increased from 4 to 8 without
any irnmediate physical interpretation for the extra degree of
freedom. It came to the authorts notice very recently that the
following alternative lvay was far more acceptable in that no
extqa components of the spinor were introduced. Namely, we take
advantage of the antisymmetric tensor of the fourth rank with
the components e*trp, which are *1 or - 1 according as (r, tr, p, z)

are even or odd permutations of (1,2,3,4) and 0 otherwise.s
Further we take into account the relations

i,9,: "Yr'Y^"YP,

where (x, X, p, r) are even permutations of (1, 2, 3, 4)
can be written in the form

:κ黒ッ
qびり`γμ[4ψ]+ハψ=Q

which is obviously invariant with respect to the whole group of
Lorentz transformations. Holvever, the invariance of (6) can be
proved more expiicitly by transforming ry', rvhile the matrices ?p
are assumed to retain their prescribed forms as defined by (3)

independent of the coordinate system, Namely, we can associate a
linear transformation

ψ
′=Sψ

、vith each of the LOrentz transformation

(8)

'vvhere S is a matrix with four rows and columns satisfying the
relations

SγμS l=αッμγ
ν
・ (9)

lf we insert (7), (8) and (9) in (6) and take advantage of the fact
lhat extrpy are components of a tensor of the fourth rank, we obtain
the commutation relation

C′κλμνγ
κ
γ
λ
γμ[″
′ツ
,ψ
′
]+グλψ
′
=0, (10)

which has the same form as (6).
It should be noticed, horvevet, that the relation (6) is to be

regarded as a unification of (1) and (4) rather than the mere
reproduction of (1), because (6) must be identified with (4) in the
coordinate system, rvhich is connected with the original coordinate
system by an improper Lorcntz transformation with the deter-
minant - 1.

I H. Yukawa, Phys. Rev. 76, 300 (1949),
x H. Yukawa, Phys. Rev. (to be published).
3 The antisymmeiric tensoi exXpz was useful for unifying tlrc scalar and

pseudosclar fields as well as the vector and the pseudovector fields as shown
by M. Schoenberg, Phys. Rev.60, 468 (1941).
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kind of extended source is almost
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p ACEUTLV it was shownl that the present theory of quantizecl
l\ fields could be generalized in conformity with the idea of
reciprocity proposed by Born2 to the case, in which fielcl quantities
were no longer functions of time and space coordinates alone.s
The possibility of a theory of such nonlocalizable fields was
illustrated by simple types of scalar neutral zero-mass fields in
v&cuum. It was further indicated that the theory could be ex-
tended to the particle with non-zero rest mass by considering
nonlocalizable fields in five-dimensional space. In this connection,
Paisa pointed out that the theory of nonlocalizable fields with
non-zero mass could also be formulated in the usual four-dimen-
sional space. In fact, as will be shown in the following paragraphs,
the classical rigid sphere model for the electron, which has been
believed to be much too classical to be incorporated into quantum
theory of fields, can be reproduced as a very simple type of
quantized non-localizable fields satisfying postulates of reciprocity.

First we consider a scalar nonlocali2able field with the mass z
satisfying a set of reciprocal commutation relations

l*P, P,f:i'h6p,, (1)

lrrltcq, U)f-\2U:0, (2)

lpuUr, Uff+*2c2U:0, (3)

lpulxF, U)f:o, (4)

where sp denote contravariant space-time operators with .u':;r,
y2:y, tcs:2, lca:ct,, and lp (p:7,2,3,4) are covariant space-time
displacement operators. For any two operators A and B, we write

lA' 8)=18-31' (s)

X is a constant with the dimension of length, u'hich will be inter-
preted as the radius oI the elementary particle described by the
field U.5

Now the scalar operator U can be expressed as a matrix
(xr'lUlru") in the representation in which operators np are
diagonal. The matrix element (rr'lUlxr") can alternatively be
regarded as a function u(Xr,rr) of Xr:l(rut*rp")'ancl
rp:np'-vp". Then (2), (3), and (4) reduce to

rL2+r22+rr2:)\2, rt:O. (9)

The operator U has a character of the wave arnplitude rather
than the density itself. However, the density operator, which is
qtiadratic or bilinear in t/, has again the matrix elements, rvhich
are different from zero only for

(′ソ?)2+(″ 2′2)2+(″ 3′ 2)2≦λ2 (10)

Since the above formulation is perfectly relativistic, the whole
field U can be regarded as a fieid theoretical representation of an
assembly of elementary particles with the mass .zz and the radius
X, which move without any change in their form except the
Lorentz contraction associated with the change of the proper
time axis. Of course, 6(ftr) should be quantized in the usual way
in order to make the correspondence with the particle picture
complete.

The above arguments can be extended to the vector field with
no essential alteration. The case of the Dirac particle is more
interestins. lVe start from the relations

γμ
′
[ノ,ψ ]+λψ=0,

γl[夕μ,ψ]+π″=0,

instead of (2) and (3), where ry' denotes a nonlocalizable spinor
fielcl with four components. ?p are well known Dirac matrices

γ
ア
=グρ2σπ, γ

2=グ
ρ2σν, γ

3=″
ρ2σz, γ

4=ρ
3,

forming a four_vector and γμ
′are also fOur Dirac matrices

γl′ =ρ 3の , γ2′ =ρ 3σ〃, γ3′ =ρ 3σz, γ4′ =~グρ2,

forming a pseudovector.6 If we again represent / by four functions
of Xu and rp, we can deduce from (11) and (12) by taking account
of the well-known commutation relations between Dirac matrices
the result that each of four functions must have the form similar
to U(Xu, r") in (6).

Whether a consistent field
starting from the above model
because the introduction oI any
inevitably accompanied by the
equation. Probably a formalism,
Heisenberg's S-matrix scheme,T
velopments.

Detailed accounts will be made in later issues of this iournal
and Progress of Theoretical Physics.

The author wants to express his hearty thanks to Professor
Oppenheimer for giving him the opportunity of staying at the
Institute for Advanced Study, Princeton, and also to Professor
Oppenheimer, Professor Uhlenbeck, and Dr. Pais for stimulating
discussions.

* On leave of absence from Kyoto University, Kyoto, Japatr.I H. Yukarva, Prog. Theor. Phys. 2, 209 (1947); 3, 2O5,452 (1948).
2 M. Born, Proc. Roy. Soc. A165, 291 (1938); 4166, 552 (1938). The idea

of reciprocity has been developed since then by Born, Land6. and others in
various ways. Very recently. attempts at the problem of masses of ele-
mentary particles were made by l{. Born. Nature 163, 2O7 (1949); ll.
Green, Natrlre 163, 208 (1949).

r Non-localizable fields rvere first considered by Nlarkorv, .J. Phys. 2, 4.53
(1940). Nlore general considerations q'ere rnade by Ilorn and l)eng, l)roc,
Ito5,. 5o". lidinburgh 62, 40,92, 127 (1944).

a The author is indebted to Dr. Pais for informing him of unpublished
results.

5 From the relarions (l) and (4), it- follorvs irnmecliately that
Irplt p, Ull:o.

a tr is not a pure scalar. but a pseudoscalar, rvhich clralges sign by
reflection. However, the forrr ot 

'y' 
is not altered by the change of sign of X,

7W. Heisenberg, Zeits. f. Physik 120,513,673 (1943);123,93 (1944)-

(れ′
″一ν)び =0,

(論 ―κ)υ =Qに ″ れ

(2)′

(3)′

280司

″μ(∂び/∂χμ)=0.           (4)′
Gencral form of υ satisfying these equations simultaneously is

y(ろ
,争)=∫…∫Cの

4(α
)4δ(けμ+κりδ●μJりδ(れ″一λり

×ι(縮)exP(″れχ
μ
)δ (″1+ι Dδ (′2+′ 2)δ (″8+ι 3)δ (″4+′4) (6)

δ―functions in(6)are equivalent tO restrict t、 vo four― dilnensional

integrations 、vith respect to t、 vo vectors 力μ and ″ to domains
satisfying the cOnditions

ちヵ
μ
ttκ
2=o, 
牡′
μ一λ2=o, 4″=0      (7)

プ` SiFnple physical interpretation can be bOiven to these re―

strictions.Suppose that the particlc is at rest represented by the

plane wave vector力 1==力 2==為 ==0,た 1=土κ ln this particular case,
the conditions(7)reduCe tO

.     ′12+ι′+732=λ 2, ′4=0,         (8)

which mean that the contribution of the particle at rest to the

matrix elements Ofび is restricted to values of″ μ satisfying
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ON TT{E I1ADIUS OF THE ELilMNTANY PARTICTE

Hideki Yuke.vrdg

The Institute for Advanced Study
Prineetonp Nelv Jersey

May lO, 19119

'l

Recently it rvas shovm' that the present theory of quantizecl fields

could be generalized in conforrnity with the idea of reciprocity proposeC
2

by Born to tire ease, in which freld qua.ntities were no more fr:nctions

of tine ancl s'oace coordinat"" 
"1orr"? The p6s5;ii:i1ity of a theorT of such

nonlocalizable field.s r'ras illustrated bit sirnjrle Q,'oes of scalar nerrtral

z€ro-il&ss fielCs in vaeuum. It rlas furtircr lnc',icatec1 that the ti:eory could

be extended. to the particle ruith floo-zefi) rest nass by consiciering hon-,

localizable fielcis in five dimensioiral spacen In tiris coi:nection, Pais4

pointed out that the theory of nonlocalizable fields ',,rith non-zero rr1ass

could also be forrnulated in the usual four dinrensional space. In fact,

as l.,.iIl be siror.,rn in the follovriirg paragraphs, the classical rigid. sphere

model for tire electron, r.hj-ch has been believed to be much too classical

to be incorporated into quanturn theory of fields, ca.n be reirrodr-r-ced as a

very sinple type of quantized nonloealizal:le field.s satisfying postu-lates

of reciprocifiro

First ',re consider a scalar ironlocalizable field U 'v''ri-th the nass m

satisfying a set of reei.procal cornnutation relations
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b*al*, ull t' *2"2 'r = o

--t't'-1

[p*k,r",v)l = o (h)

wtrere x.y'L denote contravariant space time operators vrith *1 = *, tZ = y

?Jrx) = z , x4 - ct and p,, (.r+t = L, 2, 3, \) are covariaut space-time
./- '

d.isplacement operatorso For any ti'lo operators A and Br vle I'n'lte

ul= AB-BA (ぢ )

A is a constant v.rith the dirnension of lengthr v*ricir v.'d.-l-I be interpreted

as the radius of the elementary particle deseribed. by the fie1d. U.2

Now the scalar operator U can be e:<pressed as a matrj.x t)\Ul"V)

in the representatj.on in vrhich operators -/- are dia.gonal. The matrix

element ("t,. I fr ! *']. ) can alternatively be regarcled as a function'y'--Ll t.lL'

u(xfrr,,*) of *y'.= t/z?,t//.+"/ anc ,r,c.=+-**. Then(2),

(3) and (l+) reduce to

G*rlL--rz)u = o

General form

U(>'う μ )

f, -tunctions

grations ..'rith

exp(t\,x.3 5 kt +1) [ kz

in (6) are equi-valent to resbrict trvo four

respect to tun vectors k.. and / , to
/L -/'

simulbaneously is

diruensional inte-

donains satisfyihg

Qi/-^') x

,,-.(6)(] ) (rr,+{r)

(3)

(2).

(3)1

(4):
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t=°
(8)

mean that the contribrrtion of a particle at rest to the natrix elernents

U is restr:'ucted to values of

イ
i + イ: 十マ:  = 

′`
2 ,

r2+r2年・r =
■    2    3

The operator U has a character of the r'.'ave amplitud.e ra'bher than the

density itself, However, the d.ensit)' operator, .vrl:ich is quaCratic or

bilinear in U , has again the nratrix e-1-ernents, 'r';hich are ciifferent from

zero only for

-3-

the conditlons

kr,k/+Xz = O , ( l/'-)2 - ^ ,- n/Ly'L ,,(- = 0t y',I 0r k/Lt'- =0. (7)

A simple physical interpretation ean be given to these restrictLons.

Suppose that the parti.cle is it rest representecl by the plane .r,rave vector

k-ok^=k =0 L. =l-)<-r t 3 , nL = t r\ o In this partieular case, the conCitions

(7) reduce to
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Since the above formulatlon is perfectly rela'bivistic, the whole field U

can be regarded as a fielcl-theoretical representation of an assenbly of
elementary particles rrrith the nrass m and ilre radius A I which uove

t'ui-thout any cirange in its forrn except the Lorentz contraction assocj-ated.

vrith the cirange of the proper tine axis. of course, b(k, should be

quantlzecl in the usual r,,,ay ln order to rnake the correrooriU"rr"u with the

particle picture complete.

The above arguments cau be extencled to tire vector fielci with no

essential alterationn The case of the Dirac particle is rnore interesting.
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'lltre start fron the relat.ions

1嵐EX/, qノ ] キ′、1ノ 8 0

ィ レ 川
ノ
].nc qノ =0

instead. of (2) and (3), l'rhere Y clenotes a nonlocalizatrle spinor field

vrith four cortponentso )jt ^r" vrellknor;.nr Dirac matrices

―L“

(11)

(■2)

l'=tPro*' Jz

forrning a four vector e.nd

= tlrri , 13 = if zou , /' = P, (13)

_- l
L, are also four Dirac tnatrices

vt - A \'l 'l

ar'fju*, l"z=fli' d't=flor,' J;--tf, (11)

form:ing a 1rseudoV""to"3 If v,.,e again replesent Y by four functj-ons of

1r* 
and 

lu r lrve can decluce from (11) and (12) by taking account of the

vrellknot,rn colnmutation rel-atior.rs betr-,'een ljirac tnatri-ces the resr-rlt that

each of four functions raust irave the fon'r si:lilar to U(y^, 
?) 

in (6).

tr'lhether a eonsistent field theory can be constructed by startint

from the abcve nodel is, of course, an open question, beeat'.se the introduction

of any lcind. of e:ctendecl source is almost inevitabl-y accotrpard.ed by the

departure froni the Schr€idinger equationo Probably a forroalis:n, vrhich is
7

more or less similar to Heisenbergts S-natrix scheile, vrill be needed for

further developnents"

Detailed aecounts vril1 be'ma.de in laterr issues of tiris jorrrnal and

Progress of Theoretical Physicso

The author lvants to e:<press hrs hea.rty thanks to Professor 0ppenheiner

for giving hin the oppori;unity of staying at the Institute for Advanced

Study, Princeton, and also to Professor Oppenheiroer, Professor Uhlenbeck and

Dr. Pais for stiinulating discussions.
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