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T. General Properties of Nonlocal Operators
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In Part I of the paper unfler the same title, parti cular types of nonlocal field
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were considered in detail. TIn order to cope with the problem of the interaction

between nonlocal fields or that between a local field and a nonlocal field, however,
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matrix element (x!|} Alx,'wf) is not a pure number, but a sub-matrix with rows and

columns, which are characterized by eigenvalues of numbers of particles in various
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As the vectors k I8 and J on the right hand side of (L) are, in geheral,
independent of each other, two f;‘ac*bors epr)( 1/) and (ft@ //’./O are not commutative, but
L (LR T2)

LS} d L3 L/b
they satisfy the commutation relation Mj—-—bﬂ/_,____/

focppGhens)y) ;e (LA Y)B = exp i &J/ o (5)
Fhus, (l}) can be written a’!te:-natlvely in the form

= (ATl A'Ch., 4. enp (A W) erpp ( £/ Pt .
= (- (e TTALS A I P LA /) expp (AR

(7)

4
where A and A are related wvtl each other and wi ‘bn by the

simple relations A (/h jw) A ('& < ﬁ/)”"f}(d k" /) {&A‘\VP(VL /“f/,/?/)
A‘(q%m = L (gm, L >%r@ %J/”/Q A b )= Alh LD

nthi av ans 1 1 - ® o
In this way any X nonlocal operator A can be expanded,into Fourier series or expressed

TI‘ 5 \. > P L] { . . >
as rfourier integral in 8-dimensional X=DP=Sf acei formallyj in spite of the fact that x/~
5 7 o i — ‘
and p /,‘, are noncommutative operators, The Fourier transform A[ A 'e/‘)(or /3{/ ﬁn,/ )’ or
2 o] it
A (‘f/(/u,.ngof A is an ensemble of operators characterized by real parameters k s and 1/“
Now there are various types of operators among the nonlocal operators in the most

A

o) s1ral sena o 1ers [ 1
general sense. Among others, the following three classes of operators are of particular

nonloc i $ ¢ . . . e
ocal fields. The first class of operators consists of those which are relativistically

invariant and are independent of the field quantities. More precisely, an operator A
1 A

.

belongs to the first class, if the :L\{Lownnsr two conditions are satisfied

(1)

The mabrix element 2 S tg invariant with respect to inhomogeneous Iorentz group
Tl AL a :

including the ‘rran*s'? etn or of the origin of coordinate system.

(e]

—
=

[\
Lo ]

w
(==}

o
o

w
S

(o2
L

'ITI‘I|TlTI"“!ll‘lTI‘I'I‘ITHTFP‘\’I’I}TﬂTlWI’I"TTﬂ"TﬂWIIII}I[|l|IIH|IIIIIHHIIIIIIIHI|IHI|IIII|HII|IITI
s B E &8 & 8 =3

—
=
o

—
(ox)
o

=190

F=—230

5% s 3 g 5 3
MMMM@MM&MMJMMMMJIMhMM J_UII|I][[|IIII|III]’IIII’III]IHH‘IIII’IHI'IIII|IIII‘IIIIIIIHIIIIIIIIIIlllll'llll‘lllIIIHI'IHIIIHI]

oo
(o3
(=}

DN
3
f=)

HIII]IIIllllI|llll[HIIlllll\'l'lﬂ'[lllllllll'llll m‘l‘lTﬂllIIHIIIII|HII||TI‘I|IIIVI|‘I'I‘HTITI | I||III|I II|I IIIIIHIIIII|I[I|‘IIIIIIIIl|||II|IIII|IIII|IIII‘I’I'I"I’|'I"II‘I"‘
oD
(=}




I'I'I'I'|'I'l'l‘l'l'I'I'l‘l'l'l'l'|||[|'|'||||

230 220 210 200 190 180 170 160 150

IIIIIIII IIU’IIIIlIII[IIIIIlIIII‘IIIIIIIIIIIIIIlIIII‘IIIJJﬂIJJ_Lu[JLLUJJJﬂlLLUJJLUJ_LUL\_LHJMJJJJﬂJJ LIJ.LLLL'.IJJ.LJ.LLILLLU hlJlLlLlJIJIIIIIIIJJ_IUI IJJJJJJ_LJJJ_UJ,LIJJ_[U_LIJ_LU_LJ_LLL‘_I_LUJ_UJJJJ_LLI_I

©2022 YHAL, YITP, Kyoto University
RVRFERYEBELHER BIELSELHE

—_
=

[\
S

NSNS [

w
o

i 1 v itsel: 1% with rows and columns
) Each matrix element, which is by itself a submatrix wi V

N
[le
e
.
[}

2
riz e c i i hossible es 1st be
] f pe various possible states, m

charscterized by the number of parti les in various [

foal
o

23 ho o cerbail 8 ‘il ¢! and X1t
4 gdfLAIR/ the unit submatrix multiplied by a certain function of i e

X r,‘) must be an invariant ff function

( o

The condition (i) implies that \:.sc']A\x,"’) = AQ

(=23
o

are transformed into

-3
S

E- 8 B B B 8 8
holiabad bl dmidusbadng lIII’IIII'IIH'HIIIHIIIIHI'IIII‘IIIII

of r‘/‘_ alone, because the paramebers X 7 and r/“

(Kt dn ) € “’/,““-: Gy Ty

A ormati
)ec’ckaﬂy{ by a general inhomogeneous Torentz transformation
i) X ;2 o

(10)

4 L LA LD L Al v DeNA. une
()f t}l&z e.ce : Jme ()L)Flat;()!s. I[e {:OHH)‘,IOI) ( l) "H);?e‘ i 5 A ey t li i 3 ‘ bLOIl
— 1 y 1 ¥ = Xe
M lp C .h i;“.e \l“' l) ;UJ)] 18 hI 1
(J.r_) A€ an Q..E(L i 1\5 con R)],e/ L nc t on 0‘ X _{rnl”ll.v 1]6

!hl R a . R £ 4 s
1 E e {; 1 i Wi 4 e operx a.t ors o1 '«;1‘1 e
e Sect na ana more @;e_le:(’al ClaSS Of opera ors J iR N 'h-LCh bh
- e < i N o} il S y ¥ or ” On ( ) t:)‘.l’b
3 1 ) g £ CK S .tis ()f Lho se \\'}l"l_Ch 8. I_, i [ vhe C n
11rs tl cLass are ,_‘.1.1.. J.nClU,d > l, ~*r)r)- 1S ac 1.8
} L cO [(l 10n (’l \ ‘ ine non.i. oca l :.eld opex alxk)l P "V‘HIIC“
i - 1 { ho atup A R 5 4
Qo I\Og; nece sarit 1 ;] Sa lS y b

ﬂ‘lllII|IIII|IIII‘IIII|IIII‘IIII|III1lIIII|IIII‘IHIII'III|IIII|IIII’I'II-|‘I.II ‘ IIIII—IIITIFH‘IW]W"IWF'WWU]‘Y[‘ITH‘PWFI‘W’E_ <

1one to the second classoe

Gan be regarded as those Wi

Gom $ieldU and U , which are defined by (32)! and (3h)

For example, the scalar Iie.

b4

—_
wm
Lo |

wentz transformation
t with respect to the inhomogeneous Loz entz transf

—
fox]
L=

respectively, become invarian

and T (s -,r) are transformed

UX (R, £
(—Hz/tﬂr")«i(% A, W, I 0,)= M(A@Jf’*)

(12) and '?7)

(10), if we assume that the operators u(kms 1/‘,)

—_
9
o

by the rule
— {
AW (o, Lyp) = E2F

e 1. o
This gives rise to no change 1in the fom
This gi

—
o
D

—
©
(=}

of commubabion relablon (h), x5);

Do
)
o

the nonlocal field are

in Part I. Thus the fundamental AApALidAE Laws for

WPTIT‘TWTITHWHTI'ITHT‘TII'I"ITIII‘l'ITﬂlII‘II"II‘IIIHII|IIII[IIII|IHI‘|IIII|IIII|IIII’IIIIII‘III|IIII|IIH|IIII|IIH|IIII|III ‘IIII‘III

~ ade S o pu—
ntz transformatlions
. svhomogeneous lLorentvz uIaliod =
Jjeed invariant with respect to the whole group of inhomogeneou -
indeed invaria it 3P i =
L hz N (‘!( 1 111) which represel ants the —
it sho "d’"‘f Furthermore, the opere vbor such as niK, Ly /o e
as ,‘z_t SNOULL De e i +antzad by +the t'}_uz'-'l,"'\'tum _E__
oles in the quanbum state characterized Of e ¢

number of elementary particles in the qu& )
i iant in the same sensee. ~—]
b e e g e Ay aiiient Gt ohle Seaile =
numoers XK Lg My 1S =
i ’ 240——
250 ——
260—3
270 —=



"|""""'I''"""'I"""'"I"'"""I""""'I""""'I"'"""I""""'l""'""I""""'l"'"'”'I""""'I'""''"l"""'”l""""'l''""'''I"""'"I""""'I""""'l"""'''I""""'I"”""'l""l""I

230 220 210 200 190 180 170 160 150 140 130 120 110 100

II’IIII|IIII|IIH IIIIIILII IILI_LIthlH‘IHI|IIII|IIU[IIII‘IIIIII[II[UJMJ@JL@MLLLLIM UlJ_IJJ_hJ_LlJJJ_LLI_I_LU|IIJJ lLlJlJllIlllI\JuUlJUJJLLUJMJ_UJJ_LLUJJﬂJJJJJ_UJ_LUJJJJJLI_Uﬂl

©2022 YHAL, YITP, Kyoto University
RERFEHEYEBZART BIESELEHE

o

—
=

=
=2

_____ B i E

7 E
=30

Now, shy operator A of the first class can be written in the form =

72 E
' £y % 3 0L T d( Jr,@ ) 12) =

()}.JA“?‘»)“S Q/“ AL /) i %) =
or = o

oz 2 E ) C‘ ﬁf =

i 4 /t =5

- %..%(M DA (A [) eny ), asn. E
i3y = 60

E

where K( £ ﬂr) is a certain function of § ff alone. More precisely, A is a unit E-
s i =— 170

; e o ; e E

Sul).natl\}}c 'f'i'\l)_.]_tlplle(i k,;\iz‘ a numer 3 3”)("{'_"} on OO 1 [ [hgl I‘D—I‘t“; ‘3‘_11&\1“; lf £ haS tlle 10xYMm _:_._
n o 8 ) (1) =8

A @ & £

: g a E
T T o ¥ of =— 9

A itself is a unit mabtrix ml-!'bhn ied by a oartaw*q number's Among more general types of =
the operator of the first class, we can discriminate the space-like displacement = 100

;

[

operators from Uhe time-like displacement operators. The former can be written in the Irg_
=110

5 S 2)\00\ E

form \0\/ : g
z ; =120

AL LA () SN e (AP /i)

i e (15) =

A ;E
¢ \ =130

where a(>\ ) is an arbitrary function of /\ Such an operator A as given by (15)

as,ingéf general matrix elements (J:/LlAlx"), which are different from zero only for EMO

—
()
L=

Y=
those values o}xV'-x“ satisfying the condition

W= VeV (16)

On the other hand he time-like displacement operators can be expressed in general as
7PN s

AN
A\\“’;S/S(A ) QCA>5('€/VJ/“+)\ }&upuf/l’b”/*/ﬁ) (17)
with the mabrix elements, which are different from zero only for 2@?}%&'& satisfying the

/ll\:
WY 40 9

Now we see thd‘r\/a/_'bitr ary operator of the first class A can be decomposed into the

—
>
(=3

—_
by
=

—
[ee]
S

—
O
o

condition

[\
foe ]
S

space-like operator and the time-like operator as follows:

SNCS ) Ca (NS - A)%VYJ(’\'Q[\T/./»/W> o

N
oD
S

M@M@MMMMLJHIHHLMMH\IIIIIIIII‘IIII|IIII‘IIII|IIII|IIII||I]I’IIII|IIII’IIII|IIII‘IIIIIIIII|IIII’IIII’IHIlIIII‘IIIIIIIIIIHIIIIIII’IIII'IIII‘IIH!IIH’IIIIIIIHI

N
w
S

Do oo
33 =
S =

TWI’l’m‘lTITIFﬂTITIﬂ‘l’l’lTI’[W"IAIT[‘TFITI“I'I'IIlll'll[lll'l|HII'|IIII|III||IIIIIIIII'IIII|1III|IIII|IIII|II'IT|II'IT|II
3

E—270

FITIITI'I



230 220 210 200 190 180 170 160

140 130 120 110 100

l””r”W””{”W””{”W””{”W””Y”W””f”W””{”'””'”'””'”'””

HI‘IIIII]|II|IJI||III||IlllIIII_I|JJLlI_lML[LLLL\_LLUJLLLLlJ IJIJIII'IHIIII!I‘IIIIIIIIIlIIII’IIII|IIIIIIHIIIIIJIIIII|IIIIlIIIIIHJIJIIIl|HIlIIH[hLUIJllIlIIIl[LlLL'JHJJJ_LUJ_LI_L Il

oL
El's

11 M s .~ T
the most general

cording to

©2022 YHAL, YITP, Kyoto University

REMRFERYMEBELHRER SIEZEEME

Ny . CE X BATRRT I SRS S RS R (e =
Classification of Elementary Systems

general arguments on nonlocal opera

nonlocal scalar field can be written in

N an H (IR TR Paotsy a R ek i IR i ¥ . 2 21 .
1 can be considered as a superposition of irreducible :

ing section,

(20)

o Q=

Do = o

[

w
S

~
o

w
L=

(223
S

1 I [ “I 1 I‘|TIT|<|'I'I 'IT|'I‘ITI_‘“I ITI'|'I | I’I"AlTﬂ’lTI'I‘l ‘ |‘m| ITITP [T | Il | (111 | [111 | [T | ITIT I [TT1 | Tl l

[ee] =3
[=1 o

©
S

— = — — — — —
~ o w N w Do =
S (=] Ce 4 (e D (=] =

—
[os}
e

—_
©
o

Do
(=]
o= ]

‘I‘IT|-IIII|IIIIIIIIIIIIII|HII|IIII|IIII|III||IIII|IIII‘IIII|IIII|I-III|III1]‘ITI’I|IIII‘IIII|‘I‘I"I'I”“IIII|'IT

] N 8 ] N
o L= o (=] o
II\IIII'H]I‘IIII'HII‘ \Illl|lll]l||l||l|ll|IIH\IIII'IIII||III|IIII|IIII|IIII‘IHI|IIII‘IIHlllll|lllIlllllilllllllll‘I]]ll]]ll‘lllllll 1 J_LLIJIIII[IIH‘IlIIIIIIIlIIII'IIII]IIIIIIHI'IIII‘HIII

o)
(33
S

nN
3
o

ﬂﬂ"{TFITPTTT'TI’I’I'P'ITI‘ITﬂT‘TI ﬂTITI“I’"ITFI""I‘I'I”I"’HT I‘i‘l [ | I [I I | [T1TY!

unhnﬁunhn\



'"I""""'I""'”"I‘”''”"l""'""I""""'I""""'I"""”'I""""'I""""'I""""'I""'""I""""'I""""'I""""'I"'""''I""""'l""|""|""""'I'""""l""'""l"""'”l""""'l""l""|

230 220 210 200 190 180 170 160 150 140 130 120 110 100 50 40 30 0

llll'llll HLJ J_lll ILJMMMMHHLLIMJLL@MLMJMMLMLMMULMUM[HH JLUIJHIIHIL‘JJUIJIJJJJJLLI_LLU_[UJJJLUJJLU_LIJJJJJ_UJJ_LI_LU_IJLLJW

©2022 YHAL, YITP, Kyoto University
RBRFERYEBEZHER BILSELHE

lII‘IHIlIIII’I 11

(e

—_
=

[\
S

s s o

w
=

I, General Properties of Nonlocal Operators
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In Part I of the paper unfler the same title, particular types of nonlocal fields
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were considered in detail. In order to cope with the problem of the interaction
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between nonlocal fields or that between a local field and a nonlocal field, however,
we have to investigate more general properties common to various types of nonlocal
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columns, which are characterized by eigenvalues of nunbers of particles in various E_Ho
possible states. In other words, (x! A x'') can be regarded as an ensemble of a %_
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I. General Properties of Nonlocal Operators

In Part I of the paper unfler the same title, particular types of nonloeal fields
were consideved in detail, In order to cope with the problem of the interaction
between nonlocal fields or that between a local field and a nonlocal field, however,
we have to investigate more general properties common to various types of nonlocal
operators. An arbitrary gfdfdf nonloeal operator A can be represented by a matrix
(x* A x'') with rows and colums, vhich are characterized by the eigenvalues of
the space-time operators in the representation in x -space. In genersl, the individual
mabrix element (x' A4 x'?) is not a pure mmber, but a sub-matrix with rows and
colums, which ave characterized by eigenvalues of nuwbers of particles in various
possible states. In other words, (x' A x'') can be regarded as an ensamble of a
fanily of functions of %' and x'', or a family of functions A(X ;r ) of X andr,

where
(1)

Ibwitisclearﬂmanymﬁmoramhfmﬁkoffmctimsa(x,r)canbe

written in the integral fom

(2)
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This is equivalent to the relation _
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between the operators A, x andp .
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As the vectors k and 1  on the right hand side of (L) are, in geheral,

independent of each other, two factors and are not conmutative, bub
they satisfy the commutation relation

(5)
Thus, (4) ean be written alternatively in the form

(6)
or

(7)
where and are related with each other and with by the
simple relations

(8)

In this way any I nonlocal operator A can be expanded inte Fourier series or expressed
as Fourier integral in 8-djlnensional_x-p-space formally, in spite of the fact that x
and p  are noncommrtative operators, The Fourier transform (or g or
-) of A is an ensemble of operators characterized by real parameters k and 1 .
Now there are various types of operators among the nonlecal operators in the most
general sense. Among others, the following three classes of operators are of particular
interest in comnection with the formulation of the problem of interaction between

nonlocal fields. The first class of operators consists of those which are relat.ivisticallj

invariant and are independent of thelfield quantities. liore precisely s an operator A
belongs to the first class » if the folowing two conditions are satisfied:

(1) The mateix element must be invariant with respect to inhomogeneous lorentsz group
including the translation of the origin of coordinate system.
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(1i) Each matrix element, which is by itself a submatrix with rows and columms
must be

w
s §

IS
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charscterized by the nmumber of particles in various possible states;
# ggitALA/ the unit submatrix multiplied by a certain function of x' and x'!.
The condition (i) implies that (x' A ='') = A(X , r ) must be an invariant ff function
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do not necessarily satisfy the condition (11), The nonlocal field operators, which

were considered in Part I, can be regarded as those which belong to the second
For example, the scalar field U and U s which are defined by (32)* and (3l)

respectively, become invariant with respect vto the inhomogeneous Iorentz transformation
Wk , 1 ) are transformed

class.
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Now, ahy operator A of the first class can be written in the form

(12)
or
; (13)
vhere A( ) is a certain function of alone, lore precisely, & is a unit
submatrix multiplied by 2 numerical function of » In particular, if L has the form
(1h)

A itself is a unit matwrix multiplied by a certain muwber. Among more general types of
the operator of the first class, we can discriminate the space-like displacement
operators from the time-like displacement operators. The former can be written in the
form

(15)
where is an arbitrary function of . Such an operator A as given by (15)
has ingéf general matrix elements (x' A x''), which are different from zero only for
those values of x'-x'! sabisfying the condition

(16)
On the other hand, the time-like displacement operators can be expressed in general as

(17)
with the mabrix elements, which are different from zero only for x'-X'! satisfying the
condition

(18)
Now we see that arbitrary operator of the first class A can be decomposed into the
space-like operator and the tirne;like operator as follows:
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Space~like operator and the time-like aperstor as follows:
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II. Classification of Elementary Systems
Aceording to the general arguments on nonlocal operators in the preceding section,

the most general nonlocal scalar field can be written in the form
(20)

which can be considered as a superposition of irredncible fields,
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