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On the Interaction of Elementary Particles, III,
By Hideki Yukawa, Shoichi Sakata and Mitsuo Taketani
( Read Sept. 25, 1937 and Jan. 22, 1938 )

§1. Introduction and Summary.
In two previous papers,l) the interaction of elementary particles was

discussed by 1ntrodu01ng a new field of force. On quantizing this field,
‘s i ey %A
we obtained new uuanta each ith the elementary charge elther positive or

negative and the masé’intermedlate between those of the elg%tron and the
AL Wy S comecte AR e Apga (, e unlagn, frx
/______..--—-———'_"\_
proton, obeying the Bose statistics, This field was %g cribed by two four

LA
: T R A ™ .
vector functions complex conjuga¥2 to each other in I, Whereas it was dAEEA

described by two scalar functions in II, These formulations were adopted

for the sake of simplicity, but neither of them was ample enough for the
derivation of complete expressions for the interaction of the heavy particles
and their anomalous magnetic moments.'

In this paper, we begin with the construction of the linear equations
for the new field, which can be considered as a generalization of Naxwell's
equations for the electromagnetic field. The field is thus described by
two four vectors and two six vectors, which are complex conjugate to each

other respectively. (§2.) It is interesting that this system of equations

1) Yukawa, Proc. Phys.-Math. Soc. Japan 17, 48, 1935; Yukawa and Sakata, |
ibid. 19, 1084, 1937. These papers will be referred to as I and II
respectively. See also Yukawa, ibid, 19, 712, 1937,
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S s
written in-spinOr form reduces to a specigfal case of Dirac's wave equations
for the particle with the spin larger than 1/2.% leanwhile, it came to our
notice that our formulation Z/ was equivalent to a method of linearization
of wave equations for the electron, which had been developed by Proca® as
an extension of the scalar theory of Pauli and ﬂeissképf%’ Very recently,

5)

Kemmer and Bhabha also discussed the nature of nuclear force, anomalous
magnetic moment of the heavy particle®) and cosmic ray by using Froca's
scheme .

The new fiéld equations can be derived from the Lagrangian, so that the
canonical variables and the Hamiltonian can be determined in the usual way.
Ehen, we can go over into the quanum thecory by constructing the commutation
relations and the equations of motion for these variables. (§2.) e can
decompose the field variables into Fourier components, each of which con-
sists, in turn, of three components, indicating that the quanta accompany-
ing this field have each spin 1, (§3.)

In the presence of the electromagnetic field, the Lagrangian for the
U-field is transformed in the usual manner, corresponding to the fact that
the U-quanﬂgmﬁaﬁi the elementary charge elther positive or negative. It
follows further that the quanta have each the magnetic moment of the magni-

5y Ty
tudedy eh/2m,c in nonrelativistic approximation. ## (§4.) Thus, the origin

2) Dirac, Proc. Roy. Soc. (A) 155, 447, 1936, See also Sakata and Yukawa,
Proc, Fhys.-Math. Soc. Japan 19, 91, 1937. Detalled dliscussions of the
formal problems will be made elsewhere. '

Froca, Jour. d. Phys. 7, 347, 1936. See further Durandin and Erschow,

Sow. Phys. 12, 466, 1957.

4) Pauli and Weisskpgopf, Helv. Phys. 7, 709, 1934, _

Kemmer, Nature 141, 116, 1938; Bhabha, ibid. 141, 117, 1938.

The problem of magnetic moment of the heavy particle was discussed B
also by Taketani, Kagaku 7, 532, 1937, and by Frohlich and Heitler, Nature
141, 37, 1938, -

(&)

(o>
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= 5 HEAZERNBELHEN BIRSEENE

é_ . —é of the anomalous magnetic moments of the neutron and the proton can be attri-
i— —i buted to the virtual pres'ence of the heavy quanta in the intermediate states,
= 8—

= = (§5.) The order of magnitude of the additional moment thus obtained is in
;EE fair agreement with the experiment.

;—%—g Finally, the possible forms of the interaction between the U-field and
i-—g——% the heavy particle is considered and the force between the neutron and the

2. <3 is _

E g proton rﬁﬁzdeduced. It is found that the combination of the exchange forces
g_ - _é of lla jorana and Heisenberg types, which agrees with the result of the current
=—3—= f);\oam ok M de , &

i theory both in 27 tem, can be ohtained by choosging the constanty
=— 8= ; D é“ ; li“' < \

= = suitably. (§6.F §817.) o dbwlle old W ’4"'; . o TOT "'?'/""?L]

E g = wekaall | po et omdoaable dipaduies ane explted  Un s cast?.

= = 3 The problem of the interaction of the heavy quanta with the light parti-
E‘_ o _-g M(m

== =3 cles, 1.e. the electrons and the neutrinos, wiitl considered in detail in
§_§_§ thélfnext paper. Im—this paper, @b‘nly the probability of the annihilation of
isE a heavy quantum by emitting a positive or negative electron and a neutrino or
2_ _ _—'; an antineutrino simultaneously, which was pointed out by Bhabha'?), is calculated
=, S and its bearing on the problem of the hard component of the cosmic ray is dis-
8= :

= " 5 cussed briefly. (§%.) :

E = = W\\r&?) .\dme_,‘l‘ The

—§—3

?g—é )5 Bhabha, loe..cit.
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ST
those perpendicular to 81& and to each other, forming a right handed system.
By inserting (15) into the field equations (13), we obtain the equations of

motion for the new variables uj& ’ u;‘& ele,

s o
)k = B we” MJ& 1-'4-&32 8‘,14,9{ % ]) (16)
A v ﬁ&._

)k T e J{“_" J+rx 5 e
and similar equations for vjh,f J&);%;H?ese aquatlons show that each variable

has the time factor either é“hﬁx or .QL&JJImdth ky = +ch2 +7€', so that we
oL = T A
can denote the variables with the time factes EiL*°° by 2Zf Uik s u}; , while
kot ~
those with the time factor Qf%“' by vj& . v}k . The commutation relations

(9) are transformed into the form

¥ 5
u\‘k‘ 'un R Makf u\{a\';.:
il i ) (17)

=y
bi‘ 53‘0_5('?'(;%)/}
WAk, g’ = M Vi SRROIS

and similar relations for v’,s} —@owy U's and # v's being commutative with

one another. )

Correspondingly, the Hamiltonian (11) becomes

= AN e ST
H, = 3 {0 1885 )W e Vi) + Vi D (18) _-H'J\
s +
&% Now, we obtain the) relations (4- mt}{:.(f‘t & N)(u\)ﬁ* Fz) 4‘- f‘)
) N = % QQ o; &5 ' (16)!
&k,CLbk = F"ﬁik “)k/ 2L, )
from (16) at once and consequently, (17) ta%@s the form

21(7'\'.'?4*\(' é(k Jg"3)
RS, 51

,91, L

Hence, if we introduce the new varlables

.ZTCK h)ﬁ_c_
M= SR80 7 s

2K Kot ©
which are all commutative with one another and each has the eigenvalues 0, 1,

(19)

2, seeey the Hamiltonian (18) reduces to

A %EJ’, fotic (Mt Migct ), o

The variableg Njk denotes the number of the heavy quanta with the positive'

charge in the state of energy Eg; = kohe = Acfk® +x* and momentum fck, whereas

20—
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From these equations, we obtain at once the gquadratic equations
LIV sua il = gy (00 M = g Grad die M
Ll LM, i 4
o e 1 H"t)ﬂrwm% (C?t Qw&g) (49)
B o

-~ T \ ©S
%z(,T"l-"—-a UU’DQ-"E"TDT"‘ -y '\C'bt)
The complete Hamiltonian for the system consisting of the U-field and

the heavy particle is
H = SSS(HuT H + Hu) - (50)

with H,, H' given by (47) and
\"i'T; "’T) 2z
Hm = Q{%a?%&+?( Me v —> M?Q)X\I{/ (i)
if we ignore the electromagnetic interaction between the heavy quantum and

the proton, u,&m = oK ?f\ﬂu&

§7. Deduction of the Force between the Neutron and the Froton.

The interaction between the neutron and the proton, which is caused by
virtual emission and absorption of the heavy gquanta, can be calculated from
the Hamiltonian (50§ by straightforward application of the perturbation
theory as in II, Namely, we first transform the variables for the U-field

kgf;%tg?Ehe'nEEﬁai dBB?H{nates)&s=éﬁ~§%; then express the perturbation energy
in terms of these coordinates and finally, after performing rather complicated
integrations, we obtain the required formulae. An alternative method, which

is similar to that given in I, however, leads to the same results more quickly,

so that only this method will be mentioned in the following.
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We consider two heavy particles with the coordinates 1

the spin matrices (f fq’ lJ') 3 and the isotopic spin matrices !

j » the momenta %-

210—

+0? )
rl V4 T3J !

where j = 1 and 2 denote the first and the second particles respectively,

- = -
Further, we assume M, Mg, T, S etc, to have the simplest forms (38),

In this case, thé Hamiltonian (50) can be written alternatively in form

= HU + T + H = = .
Q|Q?"-(‘li'_(cgl't N
with_T as given by (47) and

Z{‘ﬂj-__{mu*(m;) Votur D (’L)Qj {0 FU%"QJ
@(@))\a‘ﬂ g)@ﬂ w% c(u*(i)g"’ ‘WU (n )9:3’0*3’@ 5

(Ui 290+ w00 ) o | s

K)(QﬁQ"#Q}Q;) ca %@ “)P,S(G" O‘“")} T

t}\ S Jo S t)J
where (aiQ“‘ 1'9; T KL

= = g. %5 =@ = e

g A=

When the heavy particles are in the states each with the kinetic energy

'l‘l [’
small compared with the proper energy MNc2, Pquj )

- Qu =t
parison with 1 and Pz‘g‘)g gV

the heavy particles is small compared with m,c®, the fif terms in (53), which

involve time derivatives can be neglected, 80 that we obtain

I Q
3 = z[‘t‘%-i{dwu (25X e ARNY (%)R;
~ 34 Qj(c" J»wum )~ Q; &3‘”MU(“)}
Correepondingly, the equatlons (49) reduce to “f i

(e 2’??%‘& XYUR) = +wc()z‘5’e“J’xcg-,\Lck)5(’?»?Lj)

(L2 - a1 = Lz_ogwké(x,ﬂ))

(52)

(53)

= - =

loreover, when the difference of energies of

(55)

(39) etec.

CT) are negligible in com-
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Now, the particular solutions of (55) corresponding to the presence of
i the heavy partiycles at Ty and T are T
. 5oy e A
> ) =
= 9,2, @ (09
: gl JZ i e % -] (56)
) b Q-Kl.’L—h. |

Inserting these expr6531ons in (54) and omfttlng the infinite terms, which

80
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contribute only to the self energy of the heavy particles,f¢ we obtain the

90

interaction energy

z ~ o -KA 2 A 2 = y
= 20 (Q,Q.+ 3,00 A% +¥Ta(@,Q.+G RN ﬁ?)
9 * 2SR o 0 - o A e 320 -
~ 22 (0,0,+ 3,R)(F kqpast)( T ad)S— +7ea (Q.5+8,@)5 gq 1))3(?0

100

110

120

2 where 7 = T --?;. By using the relation
= =N >

S TR
: s & = w5 _Chwdii) o,
B ~ . . -
= (57) can £¢ easily be transformed into the form We gyt The Tima
2 he O- WMﬂ ' 'JD M
) = (BT B 9] +91(5"F) - "(8*”9%&) (T ), o
S H1'2. g 9 _ }7[_

o= 9, ¢ ) E}m
5 tz:,m ¢ ) \) ( ))E a 4 (a “3{1;8«]) el ,G_-L JL)’()L ﬂ—)’xz
s Loy 2N 3(8‘0)0,)(04"))1-) e— (59)

200

As well known, this is a combination of exchange forces of Majorana and

210

Heisenberg types between the neutron and the proton.*®)  FlALIL# It should

220

be noticed, however, that the force thus obtained is not strictly central, so

that we can speak of S state, P state only in the first approximation.

230

240

13) Similar formula was obtained by Kemmer (loc. cit.), which had three

250

arbitrary constants A, B, C instead of gi and g=.
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surmation with respect to the spins of the electron and the neutrino.

Now, if we assume the interaction in this case has the same form as that
between the U-field and the heavy particle, we can use the formula for H!'
given by (47) with the modification that the constants g1 and gz are replaced

by Grhgf smaller constants, g{ and g say, and the wave functions, spin

- mhmhﬂudm oo gl
= ©2022 YHAL, YITP, Kyoto University
§—= REVKFEREPEFHRA BIESELEHE
= if we consider the whole system to be in the unit cube, ,
E - I(iw* = D \ddl 62)
e — : = =
= ° 32-11 *K‘* IV |
g_= where E is the total energy of the final state which is equal to myc' in this
o;é case and V is the matrix element of the energy of interaction of the U-field
= with the light particle corresponding to the above transition. 3 means the
=
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matrices etc. for the heavy particle by the corresponding quantities for the
light particle. Since the heavy quantum is at rest initially, the derivatives
Vo ‘
of U, ot etc.joan_he_ié;;;;a§ so that the energy of interaction becomes simply
oA A JeIS, ol Yy 0. 5%
H = —;;;Kll 0.0 @ dv- l;?tjzc,sggu W 9.5 gdv (64)
where Hj'ﬁ’ are the wave functions for the electron and the neutrino respect-

ively. Thus, when the heavy quantum initially at rest is polarized in#i# the

direction ¢, the matrix element takes the form

/;‘K’:‘”‘(%(u?ﬁ’-e V)%(Mf’ ‘TP—U”)} (65)

Eﬁk summa tion with respect to the spin and the integration with respect to/4/

s _S

°“_§ tne direction of emission can easily be performed and we obtain the total
E—%; probabilty per unit time of annihilation .
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= The corresponding probability, when the heavy quantum is moving with
g—gj the velocity v and energy E, is ___ﬁ_ﬁﬂ#_______e—ﬂf“’//
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*é owihg to the change of time scale under Lorentz transformation. The mean
gtg life time and the f mean free path of the heavy quantum with the energy B
%té can be determined from (67) by using the relations
%tg T-= Al / A= T (68)
E—é If we take g1 = g = g! = 4 X10‘17, a value which was determined from the
3:2 probability of 55 disintegration in §4, I, and m = 100 n:? we obtain
- E = 9K |o8 *“C (69)
D‘é so that bhe-numagigal—va&neSw&an ¥ and.K —4%&&%@ determined for several
gté: values of energy/as shown in Table 1.
S Table 1.
§_§ Kinetic energy E - mec® 0 102 - gie¥e FOTY L HOUE ey
ﬁig: lMean life time S 1/2008 Leior Pl v aont SO 10°®  see.
gé Mean free path A __ 3% $30¢ 3x10° 3X10° Im
& Thus, even the heavy gquantum with the energy lOlzﬁ,’;V can travel ghff only

a distance small\eeﬁp&?ed wrtgfthe radius of the earth before it changges into

160

an electron and a neutrino. The bearing of this conclusion on the interpreta-

170

of the hard component of cosmic ray was already discussed above.
On the other hand, there are many processes, which are connected with
the creation of the heavy quanta, such as the creation of a palr of positive

and negative quanta by ¥ -rayf of energy larger than 2m,c®, the emission of

one gf or more heavy quanta by nuclear disintegration caused by high energy
of pair,
radiations of various sorts, etc, Among them, the creation*Ey ray nas the

pLA il A A L4 A g X \'J
T he Wﬂ‘&i&_ Yoy ‘f/) M W\)—M\ Jupd b L ru >
17) Very recently, value 120 m was obtain by Ruhlig an&méﬁzge, Phys. Rev,
53, 266, which is in close agreement with the value 130 m of Street and
Stevenson, but 1s smaller than those of Nishina, Takeuchi and Ichimiya and

of Corson and Brode.,
WF/\W\LS. Mw/\,m% )
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