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§6. Interaction of the U-Field with the Heavy Barticle.

In the preceeding paper (II, §3), we found that the sclar U-field was
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g_g On the Interaction of Elementary Particles. &8 oW

| —% By Hideki Yukawa, Shoichi Sakata and litsuo Taketani

28—

o (Read Septe 25, 1937 and Jan, 22, 1938)

2=

SE §le Introduction and Sunmary.

o-é In two previous papera,z) the interaction of elementary partlicles was
‘é discuzsed by introducing a new field of force. On quantizing this fleld,

ﬁtg we obtalned new quanta, obeying Bose statistics, each with the elementary

8 |

charge oither positive or negative and the mass m., which is connected with

130

the range = of the muclear force by the velatien K —TC , This fleld
was deseribed by two four vector functions complex conjugate to each other

in I, whereas it was described by two scalar functions in II, These formula=
tions were adopted for the sake of simplicity, but neither of them was ample |
enough for the derivatiom of complete expressions for the interaction of the

160 150 140

170

heavy particles and thelr anomalous magnetic momentse
In this paper, we begin with the constructlon of the linear equations

180

190

for the new field, whiech can be considered as a generalization of liaxwell's
equations for the electromagnetic field. The field is thus described by two

200

four vectors and two six vectors, which are complex conjugate to each other

respectively, (§2,) It is interesting that this system of equations written
L & : :
1) Yukewe, iroc, ihys.=lathe, 3oce Japan 17, 48, 10853 Yukawa and Sakata,

ibid, 19, 1084, 1937, These papers will be referred to as I and II
respectively. See also Yukawa, ibide 18, 712, 1957,
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connZnecs
in spinor form reduces to a speclal case of Dirac's wave equations for the
particle with the spin larger then 1/2,% Meanwhile, it came to our notice
thet our formulation was equivalent to a method of linearization of wave |
equatioms for the electron, which had been developed by krocaa) 28 an ex=
tension 61‘ the scalar thsory of Pauli and Waiaskopf.‘) Very recently, lemmer
and Bhabha® also discussed the nature of nuclear force, anomalous magnetic
moment of the heavy particloe) and cosmic ray by uwsing Froca'gs scheme,

The new field equations can be derived from the Legrangian, so that the
cancgéal variasbles and the Hamiltonian can be determined in the usual way,

We can then go over into the quantum theory by constructing the commmtation
relations and the equations of motion for these variables, (§2,) UWe can
dﬂconpoae the field variables into Fourier edmponsnts, each of which consists,
in turn, of three components, indicating that the quanta accompawf
£ield have each apin l, (§3.)

In the presence of the electromagnetic field, the Lagrengian for the
U=fleld is transformed in the usual way, corresponding to the fact that the
g:quantum has the charge either positive or negatives* It follows, further,
that the quantum has the magnetic moment of the magnitude ef/2m,c in nonre-
lativistic approximation, (§4.) It is likely that the ancmalous magnetic

2)P Dirac, Proec, Roy. Seges A, 155, 447, 1936, See further Sakata and Yuka\ra,
Froe, Physeeliath, Soce Japj/an 19, vl, 1937, Detailed discussions of more
formal problems will be made elsewhere,

3) Proca, Jour, d.. Phys, 7 1956, See further Durandin and Lrschow,
Fhys, Zeits, d. Sowje é é 1937,

4) Pauli and Weisskopf, Ve Ehya. Ty 709, 1934,

5) Kemmer, Nature 141, 116, 1938;.Bhabha, ibide 141, 117, 1938,

6) The problem of magnetic moment of the heavy particlo was dilscussed ese
pecially by Taketani, Kagaku 7, 532, 1937 and by Frohlich and Heltler,

Nature i4i’ 37, 1638,
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moments of the neutron and the proton can be attributed to the virtual pre-
sence of the heavy qnantalin the intermediate states, [§%{) The order of
magnitude and the sign of the additional moment thus obtained is in agreement
with the experiment, (§5.)

Finally, the possible forms of the interaction between the U=field and

the heavy as=m=$t particle is considered and the force between the neutron and
the proton is deduced, It is found that the combination of the exchange forces
of Majorana and Heisenberg types, which 1s in accord with the result of the
current theory both in sign and magnitude, can be obtained in a natural waye.
It should be noticed, however, that the foree is not strictly central, so that
considerable departures from the results of the current theofry are expected
in some cases,. (§6. §7.)

(possible exiatenee_g&j

The problem of 'the neutral heaVy quanta, which seems to be important in |

connection with the problem of the forces between two neutrons and between
two AgFASA protons, as well as that of the ordinary force Detween the neutron
and the proton, is not considered in detail in this paper,

Among various phenomena, which are related with.the interaction'of the
heavy quanta with the light particles, only the process of ennihilatlon of .
a heavy quentum in free space by emitting & positive or negative electron and
a neutrino or an antineutrinb sirmltaneously, the possibility of which was
pointed.out by Bhabha,')‘ia dealed with qguntitatibﬁlf and its bearing on the I
problem of the .hazd component of thg;fgqniq ray is discussed, (4§8,)

7, Bhﬂbhﬂ, 100. 01t.
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§2¢ Linear Equations for the U-Field in Vacuum,

We consider two three dimensional vectors ;"and Zfoming a six vector
in four dimensionel space in analogy with the electric and magnetic vectors
in electrodynamics and assume them to satisfy linear equations of kaxwell
tyre, which however, result in the quadratic equations |

(A cﬂbtz"'K )( ) (1)

by iteraticn, insteed of the D'Alezbert equations, whore K = mye/h. Sueh a
system of linear egquations can be constructed only by introdveing, furthper,
a four vector with the time components U, 'and the space components ?. Thus,

we obtain ten eqmations

—

e —> —_
ADXF - curl G -xU = 0 div F + XUy = 0
c 31; (2)

2
‘E"b“% + grad U, s F =0

curl U «X G = 0y

from which we cer easily derive the quaﬁratia oq%imsf ) for E‘t ¢ ana
- A can be shoon x |
also for U,, U, Murthermere ,5 _ Lr_shew-that Plve reflations f£ff

—* . 2 . . (M
-—c-“—-a.b_i% + curl P = 0 div G = 0 -cl'- ﬁ-o' + divis 0 (5)

are satidf%d, which, together with (2), are equivalent to Dirac's generalized

@)

wavge equations with k = '1/2 and { = 1,  On the other hand, the equations

(2) are the same with those proposed by Proca'), if we take kK= m/n‘.

'ﬂ_ wetpetres : -«-ﬂ:

8) Dirac, loc, cite =
9) Procs, loc. cits (9) and (21),
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Hereafter, the arrow —> denoting the space vector will often be omitted in
brder to avoid the unnec'easary complication of the foruuliae,

Zxactly the same set of equations is assumed for the six vector (fF\", '@')
and the four vector (%’o . 'ff}, which are complex conjugate to 48 (F, 3) aend
(Ugy U) respectively. First four equations in (£) and the egquations complex

conjugate to them can be derived from the Lagrangian
e g g L dar (4)
R0 Uy -U8, | = FF G+ o\l UU)( )

where Uy, U, Uo and U are consldered as 1ndependent; variables and ¥, G, ’Fand

with

T are defined by the remaining six equatiogns in (2) and the equations complex

conjugate to them,
The variables, which are canonically conjugate to U s Tap U and 'f:, re-

spectively, can be defined in the usuval way by the relations

Sk e R
U“i; .B NTR = 0, U-; = }BU:: = — m Fx. etc, ;
3 or
L i (6)
> ) ~ ) \
Ton o5 -onl TR S —amats o
T %
The Hamiltonian for the U-field in vacuum becomes thus
= (SSSH”M (7)
with Ho» I%‘é" ®U ”—E + comp, conj. 4§ - L
= 41:-»(‘(.’* [t — cqut qad Uy + UT quad Us)
O
-+ 4—1TK" (AU& U wnd U + = (_L\U UQUU). (?)
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In the quantum theory, the canonical variables U,, U:_f, ete, should satise
£y the commutation relations
- ity : -
U7 ) U 6) - 0l 6 U, b)) = w5 S(F, 7))
o
U7, ) U@ ) - U(F; ) U (F, ) =t
= e Y3 - (Y (9)
Ux{r’ t) UJL \P"‘; t) - UX. (I‘, I.I) le_ '.1", t,’ = o

stca,
corresponding to the Bose statistics, The variables UI and Uy, however,
vanish identically, so that they can not be taken into the quantum theory as
canonieally conjugate to U, and §Z U, respectively. Hence, we have to elimi-

~
nate Uy and U, themselves by using the conditions

dly F +x Uy = 0 $alv F +xT, =§ 0
or
U, =4vcadty Ot = = ATc div Ut W E o A AN)

The Hamiltonien (8) now takes the form £ Lot
Hy =4meeetl vt ch -w’fgrad atv TF + U+grad asy uh)
K,curl Uecurl U + + 00 - c® aiv ol asv T,

* i A—\%

so that we obtain Ak ' ;
o . S A ~ ~
H, = jf{@rrcenttur Vo aty taty F1 + Loourt ¥ ourd v 4 30) v (11) -
by partial integration. The above procedure is not satisfactory from relative
istic point of view, A more symmetrical method of quantization will be dise

cussed elsevhere,

20—
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The field equations are, now, expressed in the form of the equations of
motion

ol U H - Hu

etc,
a%,; x } (12)
UL
m}t O - ) etca,

which reduce to the form

~ 3 ~+
W _ rewces Ul — L"“‘Lz% i Bl o,
>t :

(13)

ot
> Us ; 1, (el U) = 25 Uy | e
2E5 . x, .
t 4Ty < s
by the help of the commmutation relations (9)., These equations together with
the conditions (10§) and the relatiogns (6) amd
curl U -XG = G’ curl U -G = Q, (14)

are aquivalentlwﬂtj the equations (2),
A% '

§3« Representation of the U-Field in Vacuum by Normal Coordinates,

If we consider the field in a unit cube, we can change the field variebles

into new ones by Fourier transformation =)i>
— N = Q&/L
L] = ZL (uﬁ + ’%ﬁ) C}ﬁ &
’&, J:]_’Z‘,B s (15)
—y ~ -'—4:'&11.
+_ . i gy
= ;;’%3ku3&+%ﬁ)eii Sl

al

- .« DS ] - _-}
where the suffix it stands for the vector & with the integer comronents multie

3 K

plied by ‘c'[f and €14 is a unit vector paryallel %o T:’, while ?31’@_ and ?aﬁ are

220 —

230 —
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mmeslonse

those perpendicular to _9_’:.&», and to each other, forming a right handed system,

By inserting (15) into the fileld equations (13), we obtain the equations of
motion for the new varlables uj;, v »;,_ etce
e A 2 1Y 2z
U = 4TXE Ugg + 4redéc S Uy iR
4K U, = — () Wi + 4 Sy Wire, .

end similer equations for v , vﬁ etc, These equations show that each YpZA¥x
) &,c‘t kot

variable has the time factor elther ¢ or € with ko = -th" +¥=, 80

that we dencte the variables with the former factor by Wig 0 Qx?i s %o 'i";k and

those with the latter factor by '13.'5&, ugﬁ, ’w‘r’w ’ vjﬁ o The cormutation relations

(9) are transformed iny¥to the ferm into

+ N7 o B
Wip Ui — i Ugee — 23- S50 & Uk Kk ’

(17)
U.‘a&u;z&f — WUp uiﬁ A e m,

and similar relations for v's, u's and v's being comemtative with one another,
Correspondingly, the Hamiltonian (11) becomes

_l:\u- =y Z&th O AE )({lgp' U%.L)(U;& *A‘%}; ) ;;:._qz(fti- kzs& l)(ﬁjk*ujt)%ﬁf“jé( 18)
* 3

From (16), we obtain the relations _ 2
— g ikl = (k- 4850 Win (1)
and conseguently, (17) takes the form
~ ~ X4 2Ttwﬂ-&otc L ('&‘_,E!) RE .
u'jiu-”tf = E ul‘wuj f(:-_ & éi‘ 831 S 4 / ; (17)
Hence, if we introduce the new variables

11 JJ 11 _I.I_I_|_[

AN (ﬁo—ﬁ 5&!
Nﬁi‘ 27Cv? feohi C ua"" Uhte (19)
= _(izliée')_ Uit Uige

n=fe.th
which are all comutative with one another and each has the eigenvaluwes 0, 1,

2y seeey the Hamiltonlan reduces to

H, = z:Zf“etc.LN,,ﬁ+M‘,ﬁ+ 1) (20)
The variables N‘ﬁ denotes the number of the heavy quanta with the posi.uni

charge in the state of energy E;= khc = ric{k® + %= and mmnmm, while
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M;& Hat unth the YL&qM mg.ﬂ.:.m o} enengy Eg and memetum —'ﬁcqu.

The suffix j = 1 denotes the state represented by the longitudinal wave, while
J = 2 or 3 that represented by the transverse wave polarized in a definite
direction, _

Thus, the quantized U-field, which is described by two four vectors and
two six vectors complex conjugate with each other respectively, is acconphniod
by the quanga obeying Bose statistioa"o) with the mass wmu=_k"-—~c— and the charge
either positive or negative, as in the case of the scalar field discussed in
II, The suffix#@#k j, which can take three values, indicates the extra degree
of freedom for the quenta corresponding tc the spin 1, in centrast to the spin

O in the case cof the scalar field,

§44 Interaction of the Heavy Quanta with ths
Electromagnetic Field,
In the presence of the electromagnetic field with the scalar and the
vector potentials A, and —1:\), grad é.nd-;‘_—%t_ operating on the verlables F, G,
Up and U should be replaced by

: D) =
gmd-ﬁ? and %ﬁ 7 A

c

respectively, since these variables involve the operator, which tfcreaaes the

£¥{/ number of the positively charged quanta by one and &ebreases that of the

e A, VSR 0, s

negatively charged by one. 3imilarly, grad and_(_L 3)’5 operating on F, G, U,
and U should be replaced by

o S RO e
grad + 4% X and ey = Ao

respectively,

Thws, the field egquations (2) are replaced by

10) The impossibility of quantization of the scalar field corresponding to
Ferml sfdd1d¥¥dd statistics, which was shown by Pauli and Welsskopf, loc.
cit., can easily be extended to gf our oass, as already pointed cub by
Durandin and Erschow, loec, cit,

20—

230 —

20—

250 —

260 —

20—




n||u||-n|]u-n|n-r[n|||un|nn||u|||n|||llll|ln|]||||||n|[u||||||r|||||||rrr||||||rr|1’llllllr1:|llll[r||||||ll||Illllllllnlllllll|IIII|II||‘IIII|IIII|IIII|IIII|IIII|IIII[1III|IPII|IIII|IIII|!III|IIII|IIII|IIII||IF|||II|[|||1|Il|||i||l11||||[[l||||||[|l1||||||l|||||||||||||f]|||]||[|||[||||||ll|||||||||||||||||i|l|||l||||||If|||[|”||||||||||||||||‘|]|||Hf||

|Illllllll[l!lllllll[rr]||l

S i i i e s Bl ] S A [

(=] f=] j=1] =
-

210—

110 —
120 —
130—;
140%
150—;
160 —
170 —
180 —
190 —
200—;

80 —
0 —
100 —

& __lit]!llf[i'!‘.l_lI!III.'.ILLL[I L e L IIRREIN
EE ©2022 YHAL, ‘:(ITP, Kyofo University
g REKEERYELHRT RS EENE
%—g ) o T cvenllecos Sak
= 4 3 77
§— (—'gat"‘"kcﬂu)]:—(w—-%ﬁ)XGr —xU = o } (21)
= (w s ) =4 == '
R—= i Do e sy .%"TA F‘j:Uﬂ- e 727
= ((_Dt'i'-h—(_Ao)L\ + (G — 2EA7H 1, +XE = o } s
r::_E = 2
52 (Wai—;aﬂ")xﬁ’——mka?:o &
o o where the symbol X denotes the vector product,. _ ' |
-% The Lagrangian for the system consisting of the Uffield and the electro-
mtg magnetic field can be written in the form
sa—;i ' : '
5 L — Jff L oy (23) &8

with

110

L=L,+ Lg

g Lu = _q__lf (ﬂﬁ‘F - ?';G .= ?jU -+ ﬁGUOI) (24-)
- (i
Lg = 3y (B® - B9,

140

so that the e:_;_u&tipnsslﬂ%i and those corplex conjugate to them ‘can be deridved
(21) b,
from this Lagrangian by perferming the variation with respect to U, Uy, U g

and U, and by using the relations (22). On the other hand, by performing the

variation with reapect to A and A; and by using the relations
-_',

A =7 e
E = -%%.E - grad Ag H= curl A, (26)

190

we obtain Maxwell's squations for the electromagnetic field

200

o 4 — g
—J—B—E—’i—ﬂl divh'?umcf/ (26)

210
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? = 4wUwithic

AR U A'C)U_.,Qg. _2 e
IX'—"' q_..rckz-k U DX ‘DXU S A- UU

— (G C}o\aua\)l_!x-— (UM)UX +%(UP\)UK+ Al Jx(AU)B
are the ¢ffeharge and current densities due to the preaance of the heavy

quanta,
If we introduce the veriables cancnically conjugate to U;, U ete, defined

w S
it e o SRR

33‘#’- 4T rC
2
((b-L0,) 0 tipad+ 5 £€ A )0,Y ot (28)

‘I—1r e

u‘?‘ =216 oKe eletromag

’ S (E-t"i) -
in addition to the canonical variables for the’edeetrie(field, the Hamiltonian

for the total system becomes _
0= SSS H av (29)
with

HaHL\"'HE
f\,{’-"—'

%, “"f
1, = 1_1+ BU UT = L, 4 fUA"U

= 4K utut- "‘e UMA,U - cU (?uui ie A)Uu‘““'u &U
—cu’f(ww’-A)uoﬂ-wxzitﬂr\m”mxUiﬁ(ﬂwl T XU
‘|‘q.TrUU li—*rr(.’{(f"w.di— AUt }H{Gad - AF—A)U*}

}:E‘-'.' —S‘TE( +H’

(30)
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cenelfecne

In the quantum theory, the cancnical variables U, 1:1'r > T and i should
satisfy the commmtation relations (9) 2s in §2 and U, and Uo should be elimie
nated by using the relations (2§) anmd

(uodl — JE + ko =0, (qad +2£F)F +xU, =0 (g
Thus, the fleld equations are obtained by construeting the equations of the
typde (12). '

If we change the variables for the U=fleld by Fourier transformation
(15), the new variables satisfy again the commutation relations (17) and the
Hemiltonian tekes the form similar to §F (20), In this way, we can deal with
the phenomena due to the interaction of the U-field with the electromagnetie
fleld in any detail, but we conalder, here, only the problem of the magnetic
moment of the hesvy quantum,

Now, we can deduce =zecond order equations such as
5 S —=¥
{(cut 4o h) #— (qud - £2R) + x> jU
e (52
&Hmfg’uoﬂsp HG)=o .

( A=A f
from (21) and (22) by 1teration, Thus, when a heavy quantum with the positive

charge is present 1n a state of the energy muc'+§¥-, where W is small compared
with the proper energy muc", the equations (32) reduce to

(o + oA, — B (qed- 22 RIAT- eb (34T p @R

(33)

in the first approximation, because U, smd G}}\BT/ 11 compared with 3 % U

in this case, ¢
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= e e 150-. -

The equations (33) show that the heavy quantum has the magnetic moment
¢h/2m,c- 0' where 5 18 & vector with the components given by the matrices

&% 0 0 0o 0 0 i 0 9
00 & 80 O -1 0 O (34)
0 «4 "0 4% 0 @ 0 ©

These matrices have each elgenvalues 1, 0 and =1, so that the magnitude of
the magnetic moment becomes efi/2m c, which is smaller than that of the
electgron by the factor m/m, & W V,oo 2

§5e Anomalous Hagnetic Moments of the Feutron and the Froton,
As well known, tho magnetic moments of the neutron and the proton have
the values, which are in apparent condradiction with the agssumption that they
satisfy the relativistic wave oquations of Dirac type. Wield®) suggested that

this anomely might be attributed to the presence of the electrons in the 1ntor-

medlate states, which was expected from the theory of ? -disintegration of
Fermli and others, but the extra magnetic moments thus calevleted was found
to be far too small compared pgff¥ with the actual values owing to the sm#ll
probability of the virtual presence of the 1ight particles,

Now, as shown in the preceeding section, the heafy quantum has the
magnetic moment of amount eh/2m,¢ in nonrelativistic approximation, This is
sﬁall by itself compared with the magnetic moment of the electron, but the
BrEdhd# probability of the virtual presence of the heavy quanta in the neighe
borhood of the heavy particle is very mwch larger than that of the electrons,
on account of the strong interaction of the former with the heavy partifele,

is
whichSQttlnonaidered to be the origin of the nuclear force in our theory,.

n) Wik Komd - I,:M;,e_., 2}, ‘ez 1935,
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—2 In fact, such a suggestion was proposed recently by one of the present authora;
= by Fréhlich and Heitler and by Bhabha®®)

—= Limce

== ﬁtihuééi\thia problem can be solved exhaustively, only if the form of

:ﬂ the interaction of the heavy particle with the U-field is determined in

detail', a8 will be discussed in §6 andfff §7, we want to content ourselves, for
the time being, with the rough estimation as follows,

o .
Waemr-ea—neviren—is—in-a state with the enersy 5 O{'Le fraction of tiwme,
(with the negative
during which the neutron is splitting up into a proton and a heavy quantum®
char
ﬁﬁ)ually, is roughly given by g®/fic, where g is the constant characterizing ¥}

the strength of the interaction of the heavy particle with the heavy quantum,

Thus, the contribution of the heavy quanta to the magnetic moment of the
neutron has the negative sign and the magnitude of the order

‘32 L_L =iM .‘x
e =2muc Pei, i

where Y‘m is the nueleer magneton and K is the mass of the heavy particle,

(38)

Yow, g®/fc and M/m, have the orders of magnitudef 1/10 and 10 respectively,
so‘ that (35) 18 equal to the nuclear magneton multiplied by a number of the
order of 1, It is clear from the symmetry considerations that the extra
: virtual
magnetic moment of the proton due to theYpresence of the heavy quantum with
approximatel
the positive charge hasYEhe' game magnitude as that of the neutron, but the

the sign is positive, These results agree with the experiment both in sign

and in the order of magnitude,

12) Taketani, loce clt.; Frohlich and Heitler, loc, c¢lt.; Bhabha, loc, cilt,
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§6e Interaction of the UeFleld with the Heavy Particle,

In the preceeding paper (II, §3), we found that the scalar U-field was
not adequate for describing the interaction between the neutron and the proton,
since the exchange force of lieisenberg type thus obtained had tho sign op=
posite to the ocne required from the experimental result, Now, the U«field
considered 1n this paper consists of two four vectors and two six vectors, so
that theref lamPle space for variojfus types of interaction between the U=
field and the heavy particle, which in turn result in various types of forces
between the neutron and the proton as second order effects.

If we ignore the electromagnetic field altogether, the most general equae
tions i‘or‘ the U=fleld in the presence of the heavy particle may have the form

- == e = — =2
%%‘E —wnld § —xU =4 §dM dir T+l = 4w q,M, (z6)

%_Q_+MUO+KF tre T o — G =Synls S (gm)
—3

where N and M, are the space and time components of a four vector, which can
be expressed each by a limeer bilinear form of the wave functions gf (Mg for
the heavy particle, If we assume the heavy partiolo to satisfy the wave equae
tiona of Dirac'a txpe the simplest e exprosaions for M M, become

20 XD ~$o'v (38)
where Q? 9?' are the wave runotiona for the heavy perticle, which have each
elght components and satisfy the same commutetion relations as in II, a( is
the Dirac's spin vector and @ is the operator changing the heavy particlefYdy
from the proton to the neutron state, ‘grand é?ame two space vectors forming

a 8ix vector, which can be constructed in the way similar to M, My, The simple

est possible expressions for them are
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coonlbevas
corresponding to (38), where §’s and.la? Bff have the same meanings as those
em@loyed in Dirase's theory of the electron usually, gi and ge are the conste
ants with the dimension of the electric charge as the constant g in I and II
and characterize the strengths of two types of interactions above considered,
The field equations (36) can be derived from the Lagrangian

1= M L der (409

with

L = 2 (FF-Ga+lu- Ou) + B (@M-TMo+uM UM ) (a2

P

where U, Uo,‘ﬁ and U, are considpered as independent variables and F, G, F
and G as defined by (37) and the oquations complex conjugate to (37), Hence,

the variables canonically conjugate to Uy, U ete, become

2o / = h%¥§ HTRC S
so that we obtain L.UHWYSQ.L]
_Eﬁ:]: o & =z Ol % |
= = {wwKic* U —(.aruull_lo'\—‘%-n‘aaf'- T, [y vl (43)

conversely by the help of the relations (37).
The Hamiltonlian, thus, takes the form

ﬁ = g“ H dv (44)

with
= U*(QWK%Zﬁf—c¢adUo+*Waﬁfr)
+G+ (4wwe? uf_carxejlgo + 4T 3oC 'T' )

~prezes UTT o (el O pwga 8 ) (aakiiSe g S)

(45)

— o ([ -FiL) (T M= HM £ HeMe = UM)
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In the quantum theory, U,, UI etce, should satisfy the commutation YgXL¥i
relations of the type (9), and Uy, and ?fo should be eliminated by using the

relations
U0=+vcd&uﬁ1‘+ .LLTLB_LMOI G°= e ounr\-\f-hﬂ%ﬁo iy
The Hamiltonian becomes thus
Ee o+ 0 = ([ Hodw + [[[Wan
with
Hu=wwx 22 UTUT  umc di W ae U +”§;‘ﬁﬁ°‘-"lﬁ'wu
(47)

T x BU.
MY = R (Alit M, + dio UML) - B (M +uf)

£amgac (W T+UTT) + 22 (cnlll- S+ cunlli-s )

1“‘&1[“ ( 2! MoMo == ‘df@SS )
In these expreasions, ﬁ denotes the energy of the U-field in vacuum as in

§2 and H' the energy of interaction between the heavy particle and the U-fields
The last two terms in }f H! involving gf‘ and # gg respectively depend only
on the wave functions of the heavy particle and can be considered as due to
cerpgdponding-to the zero range force betwesn the neutron and the proton,
Such £ terms é%ear aslo in the calculation of the second order effects and
they compensﬁth/ . e co?;.:—df?.i%‘be shown in §7
s B

Now, the equations of motioen for U, Ui_ etec,, which are equivalent to
the field equations (36), (3¥), are derived from the above Hamiltonian in the
usual manner and become

Ll = pwwic Ot —uwre pad s it w9 [

= ﬂjc )
= s B (48)

e ‘%Trwzu“‘leu"'Wu"'lwds“ ?'M
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From these equations, we obtain at once the quadratic 4 equations
L i » i
Gie — Al L= 4rg (M ~ 5 g div M — ¢ qud - o)
a1 67 0 S
o +4L?_L8=.(c‘g:&‘ WJSJ (29)
L S

& 5er ~ AT eTi= g (gmi M+ LM
) S
-=i%§(whﬁ-i{;C&UbQC»wi?é%%gg—+-ﬁ§é:3uzfﬁL421~ﬁ

C o2t
The complete Hamiltonian for the system consisting of the Uefield and

the heavy particle 1s

—

= J{{Hu+ R 4 )

with H , H' given by (47) and

Hy="E = F U My 1 R My E o
1f we ignore the electromagnetic interaction between the heavy quantum gy and

the proton, where P = =if grad,
By using this Hamlltonian and the commtbtatlon relations
TR &) PR o)+ T )R R t)= S5 SULT)
T 1) V() + SRR B D= o i
IR, %) TR0+ BV () TR0
for i, j = 1, 2, eeee 8, we obtain the quantized wave equations for the heavy

\
particégP (VA ¢
i = = Ny |+T =t
e ED‘T_O} i ("“553 My c*+ ‘,‘1—3 e)

TEIBE (i LG i 7Q) - 4L | & + (L0&
h4n8;c\(u+¢)f1@1+ (DJ*H pRL+&.d ek L) 0 @R + cwnd L) P Q|

I a\l&. R = ;
+%(M9Q+Mp©)+%*(Sa\)%@,{—(scj\)€3@1}l-? o
provided that M, ko, T, S in H' is given by the simplest expressions (38) and
(39), . & 4Ty <
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§7« Deduction of kxchange Forces between the Neutron and the Froton,
The interaction between the neutron and the proton, which is caused by
virtual absorption and emission of the heavy quanta, can be calculated from
the Hamiltonian (50) as second order effect by straightforward application of
the perturbation theory as in §3, I1I, Namely, we first transform éig-ariablel
for the unperturbed system with the Hamiltonian He = H, + W, into the normal
coordinates, then express the perturbation energy W' in terms of these coordie
nates and perform the calculation gf to the second order, wuntil we arrive at
the required forrula, An alternative method, which is similar to that used in
§2, I, leads tc the final result more gquickly, so that only this mothod will
be mentioned in the following, We verified that the results of these ¥£ two
methods are identical, i

We consider two heavy particles with the coordinates ;}, the momenta b.,
the spin matrices ( ,(rj f’f r?”), 4§ and the isotople spin matrices t%{’,tfc’, 3{{)
where ] = 1, 2 denote the first and the second particles respectively. lhen
the kinetic emergles of two particles are both gff small compared with m, e®,
ﬁi) Gt‘jj fi” &) are negligibly small and fé‘;) FW 4g approximately equal to 06/
In this approximation, the wave equations (53) reduce to

Ck%= 2P+ Ff'ﬂ:-" My + =8 Mot )+ H Y Y

where |/~ 400C (A | [VF + A (10 Q)+ £ (el 0 7 Tranl i) 54
+EEIE (VLR +MeQ) + £ (S &+ (S )@ |
B r which

BLALAAS S { Yoreover, the terms in (49),Cahg%/involve the time derivatives can

be neglected, so that we obtain
— AL +x*L] ="4wq. ol S

L i Ser F 4 g M,

| (55)
where

~

M= YaE, S=-vFal
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These equations show that the U=fileld at ?; due to the presence of a
heavy particle at Bs is given by A

.
Ll(*‘f:) e g M(O‘(EJ% Qﬂ)&

—hM

WA Cf,,agg Gl ) (56)
= = u ()‘L ) 4T ¥CC AL &’2 /
Where L= "Ll }'Ll. ) )
(fx‘i\a?f'ting these expressions into (55), we obtain the eﬁ'gy of interaction

botweon two particles at ?'; and }’g respectively

(a@maz)ﬁi_ m?ﬂaa i ‘F-ﬂfgcw

el 255 sag e

/{L (87)
By the help of the relation
—KL — K
= ~ 413 (),
the terms conteining [ functions disappear and (57) reduces to the simpjle
form 5 { _—
e “"T: 2T e > .
m S gt )2
or J -
s —[_- tz Sl ll) Q?-)m
% < [%x vy — & ’”(T 1
_, -rh
9 u —9(?_} C ‘:‘LU @J}L) i L -Q_ ey
+ﬁ *ﬁ ) ) }Lz }(K’IL | J'fz}'(.z) & {59)

As well known, this is a combination of exchange forces of lajorana and

Heiaénberg types between the neutron and the 1;::%:&;01’11.“’J It should be remarked, |

however, that the force thus obtained 1s not strictly central, so that we can

separate § state, P state etes only in the first approximation,

1§) Simiier formula was obtained by Kemmer, loc, ¢ite, which had three arbie

trary constante A, B, C instead of gy and gae
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Especially, when the system consisting of a neutron and a proton is' in
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g
the S state as in the case of the deuteron, the wave function for the system
]
is spherically symmetric with respect to ?', so that we have the average value
2 e T : .
(C)—L‘)h.)(gi)'!?-') \ %[.)3@)
S T T e (60)

80

Thms, in 8 state, the interaction energy reduces to

’- m__(2) wW_ ) 2. i 3 _“;__
Ry = (El_:c_‘j%z:_fgi-__,{ %1 + ’2-—3%*—(620) o ))7) L

90

g -KL M ]+ 2 -. -X
H 2 9_ & _Q/ % + g’._ — . (61
5 =l (%\ *3‘"'%’~> A" i ' s )
N hu r 8 i M_ Byt T (1t 078
P o P=——">——" >

130

are the oxchange cperators of Felsenberg and ¥ajorana re:spedtively. The ex-
always - :
pression (8l) zhows that ths Majorana force 1avattractive in the 5 state, while

140

150

the Helssuborg forece cen be made attractive ®S state end repulsive for 18

160

state by taking the constants g, larger tha.r% .%.2#13’, in conformity with the

170

assumptions of the current theory, The relative magnitude of the Heisenberg
and Majorana forcea is S%f"-ﬂ(s)'f&: : 15%22' and already the simplest assumption
2

81 = gz gives the ratlo 1li4, which is not far fron that accepted in the current

180

190

theory. Thus, cur theory cen deduce, in a natural way, the exchange force

200

between the neutron and the proton, which is correct in range, sign end magnie

210

tude, in the hligher states such as P, D etc,,

WAL com e mot T aw

= change fcrce bscomes more com;:-licated/‘_,arm‘.- :
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dpdvrss, Thit, Wbﬂw Wil be deaed ik s ewtet nden,

the expression H,p for the ex-
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In order to obtain the short range f&és between two neutrons or two

protons, as well as ‘the ordinary forces of Wigner and Bartlett types between

the neutron and the proton, we have to calculate the perturbation energy oi

the _fourth order, It was shown, however, in Il, that these forces was smaller
by ajfi:cz;r 10 than the exchange force ffof the second order, so that the intro-
duction of the neutral heavy quanta was felt necessary in order to repmoduce
the approximate egquality of the like perticle and unlike particle forces
assumed 1n the current theory. Those conclusions seem#d to be true in the pre=
sent case end indeed, ZF it is not Aiffienlt to consider the #field accom=
panied by the neutraff\aguﬁanta and deseribed by the linear equations similar o
thoslo considered above, The detailed discussions of these subjects will be

made in the next paper,

§8e Creation and Annihilation of the Heavy <uaniae

In the preceeding sectiona, we considered the @@REFIMVLLgh BF L) eifects
due to the virtual presence of the heavy quanta in the intermediate states.
Now, 1f the energy greater than m c® is supplied, & heavy quantum can De
ereated, but it will scon be annihilated by collision with matter as discussed
in §5, II, It should be noticed, furtehr, that a heavy quantum disappears
even in the free spece by emitting a positive fid or negative eleciron and a
neutrinoe or an antineutrino simmltaneously according es the charge ol the
heavy quantum is positive or negative, as already pointed out by Bhabhal®)
In this case, the conservation laws are gthaed by the proper energy of the

neavy quantum, Owing to the small interaction of the heavy quantum with the

14) Bhabha, loce cite

20—

20—
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3‘% light perticle, the probability of occurrence of the above proecess is so

8= small that the meen free path of the high speed heavy quentum in the free space
8:2 is large compared with the dimension of the measurgding apperatus, but is not
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amall enough, in many cases, to make the mean free path larger than the height
of the whole atgmosphere, as will be shown presentlys IHence, if we consider
the heavy quanta as phs main constituent of the hard component of the cosmic
ray, thage which are cbserved on ses level should have been created, for the

- i
most part, in the atgmosphere. These conclusions are infaecord with recent

arguments of Bowen, Nillikan and Neher*™ end Bhabha‘:} In connection with this,

the problem of the-creat;cn of the heavy quenta becomes very significant,dd
go that it will also bezggscuﬁsed in the fellowinge

Wl consider a heavy quantum with the negatfive charge, for example, which

b )
i3 at rest with respect to a certain coordinate system, The annihilation'is
accompanied by the transition of the light particle from the neutrino ¥4 state

of the negative energy to the elsctron state of %ho positive energye In the

“ above coordinate system, the conservation laws require that the magnitudes of

: to
the energies of both states are equal to m,e®/2 and the momenta are aqual‘tt

eagh other, Ak say, with the magnitude LYFh¥ Bk = m.c/2.
According to ordinary perturbation theory, the probability per unit time
of annihilation by emitting the electron in the directlion within the solid

-angle 4L 1s given by

2 &ak (62)
dw, = 5= 5, |VI fg%sgg'dﬁ ,

15) Bowen, liillikan end Neher, Phys, Reve 52, 80, 19373 ibid, 535, £17, 1938,
o€ also Blackett, Proc, Roye Soce A, 8 8. "

e 4 19 3
16) Bhabtha, loc, cite and further Bhebha, Froc, Hoy. ﬁod; A, 164, 257,¢ﬁ;

220 —
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if we consider the whole system to be in the unit ¥gXf cube, where E is the
total energy of the final #ffiifédd state and 1s equal to m,c® in this case, so
that (62) reduces at once‘to
dw, = &= T IVIFaL (63)

22 Y
V is the matrix element of the energy of interaction of the U=field with the

‘light particle corresponding to the above transltiong and Z, means the surma=

tion with respect to the spins of the eleetron and the neutrino,

Now, if we assume the interaction in thls case has the same form as that
between the U=field and the heavy particle, we can use the formula for H'Ayf
as glven by (47) with the modification that the constantis g; and gg are rew-
placed by smaller constants, gi and ga say, and the wave functions, spin
matrices ete, for the heavy particle by the corresponding quantities for the
light particle, As the heavy quantum 1s at reat in our case, the derivatives
of U, U +&atv.n. vanish, so that the energy of interaction becomes simply

W—- L oFoese gl IFProgar .

where Y . CP are the wave functions for the electiron and the neutrino respecte

‘ivelys Iif we denote the direction of polarization of the heavy quantum by the

unit # vector ¥, the matrix element takes the form
V = - NI 4 @l P v) + 4 9L (ART V)Y (65)
where WU, U are the constant splnors representing the ampllitudes of the
wave functions of the electron and the neutrigno respectively,
By inserting (65) in (63) and by performing the surmation #ff with respect
to the spins and the integration with raspﬁct to the direction of emission, we

obtain the total probebility per unit time of amnihilation

w 23{2“'3;—2 My 2 6)
Wo = '“dw'o == e ih g 1 S (66)
The coressponding probability, when the heavy quantum 1s moving with the

20—
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velocity v and energy E, is reduced to
Wt = = ), = 2 Y aue® | (67)

6hc i E
owing to the change of time scale under Lorentz transformation, The mean

1ife time T and the mean free patmjr the heavy quantum with the energy E
can be defined by the relations

st = U

et A A T (68)
If we take gi' = ga! = g!' = 4X1C s & value which was determined from the
XX probability of @-disintegration ia 84, I, and m, = 100 n,*7) we obtein
2

w = 2x08 &= (69)

The mumerical values of T and )\ ocorresponding to this w are shown in

Table 1 for several values of the energy.

Table 1, :

Siustte Bisrdy .| B mof| O {20%¢| 20%% L MM | 1088 0'______;
ngan'mfe Time X 5 X 10‘?.10"’ 10"* _10‘_'"_ 30%% | sec |
L_Mean _Fr:-ee- 1 U I i)l 30 300 3000 | im

Thus, even the heavy quantum with the energy 10*®eV can travel only a dise
tance smaller than the radius of the earth, before it changes into an clectron
and an antineutrino, The besring of this conclusion on the interpretation of _
the hard component of the cosmic ray was already discussed above.

(n the other hand, there are many processes, which are connected with
the creaiica of the heavy quanta, such as the ereation of a pair of positive
and nagetive quanta by Y-rs® of energy larger than 2n,c®, the emission of
oné or more heavy quanta by nuclear dlaiantegration caused by h!.gh energy
roadiations of various sorts, etc, Among them, .the ercation ol a pair bﬁfﬁ

17) The mass of the new particle in cosmi¢ ray, which is eonsidered to be
identifled with the heavy guantum in our theory, is not yet known AZ&VpL¥sx
accurately, Very recently, a value 120 m was obtained by Ruhlig and
Crane, Fhys. I&ov;} 266, whalch 13 in close agreoment with the wvalue
130 m of Street émenson, but is considerably smeller than those of

Nishina, Pakeuchl and fehimiya and Corson and Brode.
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cross section, which 1s roughly ebout (m/m,)® times that of the creation by
Y=ray of a pair of electrons, Hence, if the primary cosmic ray consists ex=
clusively of the positive and nngntivo electrons and consequently, 1s accome
penied by about equal number of light quanta produced by nuclear collision,

the number of the secondary heavy quanta per one primary electron should have
— 577

" the order of magnitude 10”“, which seems to be ellittle too small to account

for the experimental result of Bowen, Millikan and Neher®*® as pointed out by
Bhabhs,*? In this connection, it is important to determine how large are the
contributions of other processes to the creation of heavy quanta.

In conclusion, it should be remarked that the interaction of the U=fleld
with the light particle, as well as that with the heavy particle, has rather
complicated form in the present theory, so that the force between the light

amd

particles, which is responsible for the @ «disintegration, can be identified
neither with the force of Ferml type nor with that of Konopinski-Uhlenbeck
type, but will be a combination of varidus tyves of forces, The detailed

discussion of these subjects, however, will be made in the next paper,

Department of Physiecs,
Osaka Imperial University,
Osaka, Japan,

18) Bowen , Millikanm anet Mehen | Loc, k.
) Bhabha, Froc Roy. Soc A, Lk, 257, 1138
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§7. Deduction of Exchange Forces between the Neutron and the Proton.
The interaction between the neutron and the proton, which is caused by
virtual emission and absorption of the heavy quanta, can be calculatded from
the Hamiltonian (50§ as second order effect by straightforward application of
the perturbation theory, as in §3, II, Namely, we first transform the vari-

1.
ables for the unperturbed system with the Hamiltonian Ho =H + H

e

210—

20—

230 —

240 —

2%0—

260 —

20—




