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On the Interaction of Elementary Particles., III, /7 @
[ /[ {g
By Hideki Yukawa, Shoichi Sakata and Mitsuo Taketani l 1
| (o)
£)
(Read Septe. 25, 1937 and Jan. 22, 1938) ;_,/ V2
: 3%;
Zt
§1. Introduction and Summary. Y@;

In two previous papers,l) the interaction of elementary partjcles was y»
discussed by introducing a new field of force. On quantizing thﬁp fileld, b
we obtained new quanta, obeying Bose statistics, each with the e#ementary
charge either positive or negative and the mass m,, which is coﬁﬁected with

the range -%: of the nuclear force by the relation = Mu& /, This field

ey
was described by two four vector functions complex conjugate to each other
in I, whereas it was described by two scalar functions in II, These formula-
tions were adopted for the sake of simplicity, but neither of them was ample
enough for the derivation of complete expressions for the interaction of'the
héavy particles and their anomalous magnetic moments.
In this paper, we begin with the construction of the linear equations
for the new field, which can be considered as a generalization of MNaxwell's
equations for the electromagnetic field, The field is thus described by two

four vectors and two six vectors, which are complex conjugate to each other

respectively., (§2.) It is interesting that this system of equations written

&%

1) Yukawa, Proc. Phys.-Math., Soc. Japan 17, 48, 19355 Yukawa and Sakata,
ibid. 19, 1084, 1937. These papers will be referred to as I and II
respectively. See also Yukawa, ibid. 19, 712, 1937,
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in spinor form reduces to a special case of Dirac's wave equations for the
particle with the spin larger than 1/2.2) Meanwhile, it came to ocur notice
that our formulation was equivalent to a method of linearization of wave
equations for the electron, which had been developed by Procaa) 28 an ex-

tension of the scalar theory of Pauli and Weisskopf.*j

Very recently, Kemmer
and Bhabha® also discussed the nature of nuclear force, anomalous magnetic
moment of the heavy partieleS) and cosmic ray by using Proca'gs scheme,

The new field equations can be derived from the Lagrangian, so that the
canortéal variables and the Hamiltonian can be determined in the usual way.
We can then go over into the quantum theory by constructing the commutation
relations and the equations of motion for these variables. (§2.) We can
decompose the fileld variables into Fourier components, eech of which consists,
in turn, of three components, indicating that the quanta accompaﬁfﬁigfgrthis
field have each spin 1l. (§3.) H’W\g

In the presence of the electromagnetic field, the Lagrangian for the
U-field is transformed in the usual way, corresponding to the fact that the
ﬁ%quantum has the charge either positive or negative., It follows, further,

that the quantum has the magnetic moment of the magnitude eh/2m,c in nonre-

lativistic epproximation. (§4.) It is likely that the anomalous magnetic

2)#fDirac, Proc. Roy. Sec. A, 155, 447, 1936, See further Sakata and Yukawa,
Proc, Phys.=-Math. Soc, Japd?an 19 91 1937, Detailed discussions of more
formal problems will be made elsewhere.

3) Proca, Jour. d. Phys. 7, 347, 1936, See further Durandin and Erschow,
Phys. Zeits, d. Sow]. 12 466 937,

4) Pauli and Weisskopf, Helv. Phys. T, 09, 1934,

5) Kemmer, Nature 141, 116, 1938; Bhabha, ibld ddl , 1Y 1958,

6) The problem of the magnetlc moment of the heavy . particle was discussed es-
pecially by Taketani, Kagaku 7, 532, 1937 and by Frohlich and Heitler,
Nature 141, 37, 1938
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moments of the neutron and the proton can be attributed to the virtual pre- 4§
sence of the heavy quanta in the intermediate states. Xgﬁ/] The order of
magnitude and the sign of the additional moment thus obtained is in agreement
with the experiment. (§5.)

Finally, the possible forms of the interaction between the U-field and
the heavy ememds particle is considered and the force between the neutron and
the proton is deduced. It is found that the combination of the exchange forces
of Majorana and Heisenberg types, which is in accord with the result of the
current theory both in sign and magnitude, can be obtained in a natural way.
It should be noticed, however, that the force is not strictly central, so that
considerable departures from the results of the current theofry are expected
in some cases. (§6. §7.) ,

(pessible existence g&, : p ) )

The problem ofYthe neutral heavy gquanta, which seems to be important in
connection with the problem of the forces between two neutrons and between
two AZYLYBA protons, as well as that of the ordinary force between the neutron
and the proton, is not considered in detail in this paper.

Among various phenomena, which are related with the interaction of the
heavy quanta with the light particles, only the process of annihilation of
a heavy quantum in free space by emitting a positive or negative electron and
a neutrino or an antineutrino simultaneously, the possibility of which was
pointed out by Bhabha,7) is dealed with quantitatively and its bearing on the

problem of the hard component of the cosmic ray is discussed. (§8.)

7) Bhabha, loc. cit,
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= §2 Linear Equations for the U-Field in Vacuum.

= -
%—g We consider two three dimensional vectors'ﬁ and G forming a six vector
S—% in four dimensional space in analogy with the electric and magnetic vectors
E;j in electrodynamics and assume them to satisfy linear equations of MNaxwell

type, which however, result in the guadratie eguations

80

(1)

i}
Chl et Tl

100

by iteration, instead of the D'Alembért equations, where ¥ = muc/h. Such a

110

system of linear equations can be constructed only by introducing, furthfer,

120

-
a four vector with the time components Uy and the space components U, Thus,

130

we obtain ten equations

= : -3 =
L e e SO div F +xU, = O
C.-D-t - (»
B (2)
> — >
2 %—%‘f+;_:rad Uy, +KF = 0 curl U -%G = 0,

=5 =3
from which we can easily derive the quadratic equations g'(l) for F, G and

_ > .'Ltcaq.\_,g-{,b’uwmm
also for Uy, U. Furthermore,\we«sanaa&&i}y—sh;%‘that five redlations A¥¢

170

180

-’-’bé? -+ curl ?- 0 div E— 0 -L-?’U"-i- div ?- 0 (%34)
<ot s s coT @

190

200

are satisﬂgéd, which, together with (2), are equivalent to Dirac's generalized

8)
wavde equations with k = 1/2 and {= 1. On the other hand, the equations

210

(2) are the same with those proposed by Pfocagi if we take K= mc/A.

220

230

8) IDirac, locs cits
9) Proca, loc. eit. (9) and (21).
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i_ _ Hereafter, the arrow —) denoting the space vector will often be omitted in
zmz order to avold the unnecessary complication of the formulsae,

§ =] g Fd L
= °7 Exactly the same set of equations is assumed for the six vector (F, &)
= ~ o~

=—Re— and the four vector (Uy, U), which are complex conjugate to 7 (F, G) and
%_%_ (Up, U) respectively. First four equations in (2) and the equations complex
é_ o _ conjugate to them can be derived from the Lagrangian

= g L= SSS L dw (2)

: 5.3 _ i ~ ~ 0=

= " with =FE — GG % U0, = T, L = Jr,.;{ (FF-GG*U,U, UUZ (5)

= 5 3 = T it f ' ' e
=R where Uy, U, Uy and U are considered as independent variables and F, G, F and
= = ~ _

S B G are defined by the remaining six equatiogns in (2) and the equations complex
ig___g conjugate to them., .

= 7 ) T T
isE The variables, which are canonically conjugate to U, U,, U and Uy re-
E— —E spectively, can be defined in the usual way by the relations

—8—

= = 0 C ol

=~ = PR s = G L !

=83 oS i % Ux = SRR ISAE SRR M REC.

= = ; R ER¢ '

= g = (6)

s .2 e T AT S e oUoe

g—ﬂ—g \_J'u' ot i

S g_= The Hamiltonian for the U-field in vacuum becomes thus

g— —g Hu—_-. SSS Hud/"'\ (7)

— 8=

= = o 2T, & DU RS

D g= with H = an_.tﬁ + U fgft—-+ comp. conj. ,,% - L

= = = 202 (Yt T t Mt 5 I 00

P g = weocer JIUT - c(UTgrad U, + UTgred U,) + g el U ek U

= = ¢ oL A0 TG
I i | e

: g3

=B

e

-3

. g2

—g
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In the quantum theory, the canonical variables Uy, Ur, etc. should satis-

50

60

R fy the commuta£ion relations

2 B2 5] TRt Ui(?; t) Uul?, &) =
Uy (2, t) U?T(-x:: t) - U;(i’; £) Ux(Z, t) = e
U (2, t) TN )= UHE, &) 0. (ZE)E=N0

100

eteu),

110

corresponding to the Bose statistics. The variables UE and Ug, however,

90
| IIII|IIII‘llII|I1_IL_I_IL|_LQL[ILI_JJ_JJ.IJJ_I_!_lJ||lII|IHlII|IJ‘I]JI'II]JlIIlLI]III[lIIl|II|Il[lllllll_i‘llll]ll]]lI_J_I_I_‘j_UL

120

vanish identically, so that they can not be taken into the quantum theory as

130

canonically conjugate to U, and ¥/ U, respectively. Hence, we have to elimi-

nate Ug and ﬁo themselves by using the conditions

140

A M
div F +%x Uy = O gdiv5‘+kuo =¢§ O

150

or

160

Uy = 4xee div :L\T’T ?J’o = knc div UT: W e )

170

The Hamiltonian (8) now takes the form

180

A '\I'Ht A A :
H, = pode2UTuT - CQ(UTgrad div U + UTgrad div UT)
+ L curl T curl U +,0U -,c® div olaiv T,

e
Ho
so that we obtain

190

200

% b o
‘EU:=§§(kaf02UTU* +(ég div UTdiv ol +

Foecurl U curl U ;$3U) g~ L)

: T
by partial integration. The above procedure is not satisfactory from relativ-

210

_——

220

istic point of view. A more symmetrical method of guentization will be dis-

cussed elsewhere,
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380 370 360 350 340 330 320 310 300 290 280 270 260 250 230
IlLIlIIIIJI.IlllIIIIIIIII|IIII|HII|IIII|IIlI|IIIIII!II]IIIIIIIII'IIII[IlJI|_I_l_r_l_‘_l_i_l_l_l_l_l|__{,‘_II_I_|__|J.||I‘IIIIlI[IIIIIIIlIIII|II|||I||||IlIIJIIIFlI1II|IIII‘IIII||I[I‘IIII’UII‘IIII'[IIIJIIII|iJ_LI_|I.IJ_|_|J_|JJ_|_lI_LI_LI_U

390

400
|.l.U_L|_LLLL|_I_llJJ.lLl



]Illllllll|llll|llll|IIH]IIIIIHII|Illi|irlI|lll'|ii'r|rlllIlliIllIIlllIIIIIHI|llll|lkl|lllll|llll[IlllllllI]llll|l||IIIIIIIIIIIIIIII|IIIIIIIII|Hl1|IIII[IIIIlIIFfIIIIIlIIIl|.|l||rl||1||||||l|||||1||||||[||||||||]|I||||[i||]||||||l|||||||r[“!||”||]||||||”|]||||[|“|||[|||”|||””|||“|““|||||||“|||||||||“||”|||”ll“”l”“l”“l“”‘||“[|”|||”i!||||‘|||||||||||“II””‘””'”“‘“”“”ll

o_fﬁumu

=
=
=

80 70 60 50 40 30 20 10

90

140 130 120

150

280 270 260 250 240 230 220 210 200 190 180 170 160

290

320 310

380 370 360 350
JLLLL'.LLLI.IJJ.LL'.LLLIJ.LLLLI.LLULJJJJJJJJJLLU'IIJLIII.II||||||I|l|JIIII|I|[I]iIII|IIII|IIII|IIIIIIIII|II1I||||I||I|||II_II[.|||||_|_|Il_‘_l.ll_i_l_lI_F_i[J.I._I.I.I_J.l_IJJ.U.“|_|__|I.[J].l,l_|_l_[[_|J|_l|l_|_|_|_|__|J__|_|J|_!l|_LL|‘| II‘I II‘IIII | II‘IIII IIl|IIII IIII|II

330

390

400

|l|

I|FI|!|IIII|Illllll!l|ll|l|!l|||lllli||II|I|I'I|Il'|llllillll]1lll LR PR R R rirgpnang
= 8 8 = 2 2 &g 2 =

].I'[J—E
1m—€
mm{
mm{
150-;
160 —
s
180 —
190 —
2m—§
mm{

10—

LJ.LLLIJMJ.IJ.IIHILI
©2022 YHAL, YITP, Kyoto University
HBRFERYESHRT BEsmENE
Nes 1
L Qm

s

The field equations are, now, expressed in the form of the equations of £&

=

motion

Z2 i) L= e

lﬁ _,_—b—i—x— = LxH - H.-U;,\ etC.

: (12)

if .;.’bk%z_ =ulE - mul ete.,
which reduce to the form 2 : +

“Dildac ”-’-NT__ -'*‘-_g - ,}' Vi [

= = ke 'Y, - 4w %mkk%hv-@; c

’bOI | | (23)

i (LLULQ_K(WL/Q,“)_" 'I—R‘"Ux./ Qrt(-.)

by the help of the commatation relations (9), These equation% together with

the conditions (10§) and the relatiogns (6) omch

curl U - %G = 0, curl U - %G = o, (14)

are equivalentlw%fgjthe equations (2).

§§, Representation

of the U-Field in Vacuum by Normal Coordinates,

If we consider the field in a unit cube, we can change the field variables

into new ones by Fourier transformation -
1-’

(k)

S
F 4

where the suffix k stands for the vector & with the integer/

components multi-
plied by 2Wm and glk is a unit vector paryallel to g; whiyé 32& and g}g_are

3/ /
L% 1’"

- A ‘—)‘ ;ii}? /
U= 722, (et VEEREE /
2
- A Y -tk AR
U'=2, 7, (ulh + Ve es s
4 51\)2,3 ‘) ') J
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_ é those perpendicular to g};k and to each other, forming a right handed system:.___'_.:
) —i By inserting (15) into the field equations (13), we obtain the equations of i3
Sé motion for the new variables uﬂ{, j& etc.

%E )k— I & uﬁ+ lm«kcg,%.& )J .

"?—; e "';' = ._.H"H(‘) M)k-t- & & u\g.., ) Ac,

gii and similar equations for v, ks 5 & etc. These equations show that each ¥EY1ABY
S E variable has the time factor either g ~heeT or E‘.L&“ with ko, = +/[k® +K*, so

~t ~
that we denote the variables with the former factor by uﬂ‘, U o vjk’ vfk and
those with the latter factor by Hj&, u}'&, "tr';.k, Vﬁ. The commutation relations

(9) are transformed izgfee the Hes=m into

+ —
ik W k! ~ Mgg,j 1,\,;@- Lt cg 5(4&,:&’), i

Vit WAl ™ WA Wik S4By

and similar relations for v's, u's and v's being commutative with one another,

|1|||n||||1|||nrr|uu|n||i|||||m||||||[1|11||!|||||||]1||||III||IIII|IIliIIIII[IIIIlIIIIIrIIIlIIII||||I|Il|I|!III|IH1|IIII|I1IIIllIIIIIIr|IIII|rI1I|IIIF|IIII|IIH|IIII'IIllllrlF|1III|IIrI||III’IIII|II|1|1IIIII1II|IIII|IIII‘IIII1II!I[IIII|IIII‘IIII|IIII|IIII]HII|
120

2—= Correspondingly, the Hamiltonian (11) becomes
8 —= = ¥ 20 V(Ui tVig) (18
E o =§:2{ (ke K SJ.)(U« &Hf&)( Tt Jp.)+ z(%., Jﬂt%.X“ﬂ*J (18)
=] ér ‘k‘) ("' oA
r—— . V=
3 From (16), we obtain the relations (u.)‘k* /"’)
= ~ 6
%__I .} Y = £ 0 ~
T H — 4e4 KR, XC ’ij{q=((4.,~ﬁ< 5),)7*\)& () ¢
%—; and consequently, (17) takes the form
= ALK R, C
g§—= L \/\ &.UQ&J—\A’[%/MJ{{ —-—,E—;—%:—E—“ 5 8( ) LY Gy
SE Hence, if we Introduce the new vam.ables
™ = s b 5
—= N~&2ﬂ_§£_gd—l—2— Wil Wk,
8= 2mc *Rg_ J J (19)
E 8 3 v
.3 EWEJC e
= which are all comutatLVe with one another and each has the eigenvalues 0, 1,
EE 2, sesss the Hamiltonian reduces to
§:§ H %J{(”RLU\/ g&—’r' ﬂ&*\) (20)
§—§ The varlables NJ'R denotes the number of the heavy quanta with the positive
: o _é charge in the state of energy E,= kohc = ﬁchB +7* and momentum 'fng, while
e
— 5=
i o =
— 8
-8
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The suffix j = 1 denotes the state represented by the longitudinal wave, while

40

= Lr 4

J = 2 or 3 that represented by the transverse wave polarized in a definite

50

direction.

60

Thus, the quantized U-field, which is described by two four vectors and

70

two six vectors complex conjugate with each other respectively, is accompanied

10)

by the quanta obeying Bose statistics with the mass ku=5£; and the charge

80

either positive or negative, as in the case of the scalar field discussed in

90

13’ The suffixﬁ%@@ Js which can take three values, indicates the extra degree

100

of freedom for the quanta corresponding to the spin 1, in contrast to the spin

110

O in the case of the scalar field.

120

130

§4. Interaction of the Heavy Quanta with the

Electromagnetic Field.
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In the presence of the electromagnetic field with the scalar and the

150

_’
vector potentials Ay and A, grad and %f%%E operating on the variables F, G,

160

Up and U should be replaced by

170

.

3 + &= A,

—.9
- ae A
grad - A and 2

ﬁrf

180

190

respectively, since these variables involve the operator, which increases the

g #4 number of the positively charged quanta by one and decreases that of the
= negatively charged by one. Similarly, grad and %:%Tf operating on ﬁﬂ a; ﬁ;
= ~

and U should be replaced by -
8
=] ~ ..-., ~ .

+ A2 Ju eLe

) grad, £ A and a % = A,
N respectively,

240

Thus, the field equations (2) are feplaced by

250

10) The impossibility of quantization of the scalar field corresponding to

S Fermi SfAAiA¥i¢dd statistics, which was shown by Pauli and Weisskopf, loc.
% cit., can easily be extended to g¥ our case, as already pointed out by

- Durandin and Erschow, loc. cit.
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\ =2 . - =2 i = :
e (TRE+EADF — (gua-& AIXG -x U =0 | (21)
e "
" e \(jw—’—g)‘;f; B+ xU,=0 & (=2
cpt - A0 ~1—(%_'m1~%‘:%cﬁ)uo+?ﬁh | (22)
8 \ . = J

A - ..? =
(Prod — = ADX U - xG =0
where the symbol X denotes the vector product.

70

The Lagrangian for the system consisting of the U-field and the electro-

80

magnetic field can be written in the form

= 23)
L= 8 L dwr ' =8

90

100

with

110
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By, =6 = B )
i L, = = (FF - & - T + UoUo) _; (=)
i /
i ) ;\2_ 2
Le = e Bf= H

140

so that the equationslfzzﬁsand those complex conjugate to them can be derifved
21D -

150

from this Lagrangian by performing the variation with respect to U, Uy, U ##

i

and Ugs and by using the relations (22). On the other hand, by performing the

160

-_’
variation with respect to A and A, and by using the relations

170

>

©

180

ﬁ
E= - - grad Ag _ﬁ’= curl A, (25)

A

X
C

190

we obtain Maxwell's equations for the electromagnetic field

200

curl i = —'C%%_‘_‘L}f div i’:zms), - (26)

210

220

where
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Ix,: e e § l_j DU f)U T Z,

are the ¢ffcharge and current densities due to the presence of the heavy

~ guanta,

e d
If we introduce the variables canonically conjugate to Uy, U etc. defined

L2 T -GL/ |

Ux = > 'b"—t’:a. T HIEXC Tx

S H-zrxc_{(u’b‘t ‘-ELA )U +(W+ A)U 3 aC, ( (28)
UT‘--:(} :
& s Soiwvm /‘,

in addition to the canonical variables for the e&enﬁrie field, the Hamiltonlan

for the total system beGOmes

E:S\ I dv _ (29)
with
=+ He

Hu = ;-Q_‘Lé_ U"'BU sb. L

e ’J(c‘ﬁ*U*—-LQUTAau QUT(%AM{— Y= AU, _%DTA"% (30)
~cOTgrad +£2- D0, + {(%maﬁ%mxu}ﬂwd—%mmﬁ
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40

In the quantum theory, the canonical variables U, UV, U and UT shoula
nJ

50

satisfy the commutation relations (9) as in §2 and U, and U, should be elimi-
nated by using the relations (28) omd

Thus, the field equations are obtained by constructing the equations of the

60

70

80

typge

90

If we change the variables for the U-field by Fourier transformation

100

(15), the new variables satisfy again the commutation relations (17) and the

110

Hamiltonian takes the form similar to g’(20). In this way, we can deal with

the phenomena due to the interaction of the U-field with the electromagnetic

120

fleld in any detail, but we consider, here, only the problem of the magnetic

130

moment of the heavy guantum.

140
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Now, we can deduce second order equations such as

i (E3e+ A - Qran - $5A V) B

§ - (Rx3 « Bt EF-H&) =0 e

: from (21) and (22) by iteration, Thus, when a heavy quantum with the positive
2 charge is present in a state of the energj mu02 4 W, where W 1s small compared
g with the proper energy m,c®, the equations (32) reduce to

f_ =W+ eAyd -2 A )‘}GW%LﬁxG +BEF)=0 (33)

- =
in the first approximation, because U, and G are small compared with'ﬁ and U

220

in this case,
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The equations (33) show that the heavy quantum has the magnetic momen%%_

>
eﬁ/szC'E?, where O 1is a vector with the components given by the matrices

26,0 0 O Ga0r =4 (o J o
GRNe) O OL 40 =1 0 0 (34)
0 =1 @ 3= i) i D) 6508 ©

These matrices have each eigenvalues 1, O and -1, so that the magnitude of

the magnetic moment becomes eh/2m,c, which is smaller than that of the

electgron by the factor m/m, = £t Yieo .

§56. Anomalous lMagnetic Moments of the Neutron and the Froton.

As well known, the magnetic moments of the neutron and the proton have
the values, which are in apparent condradiction with the assumption that they
satisfy the relativistic wave equations of Dirac type. Nickiﬁ)suggested that
this anomaly might be attributed to the presence of the electrons in the inter-
mediate states, which was expected from the theory of"§—disintegration of
Fermi and others, but the extra magnetic moments thus calculated was found
to be far too small compared yyZfA with the actual values owing to the small
probability of the virtual presence of the light particles.

Now, as shown in the preceeding section, the heavy quantum has the
magnetic moment of amount eh/2muc in nonrelativistic approximation. This is
small by itself compared with the magnetic moment of the electron, but the
LrEAEAEE probability of the virtual presence of the heavy guanta in the neigh-
borhood of the heavy particle is very much larger than that of the electrons,

on account of the strong interaction of the former with the heavy parti#cle,

is
which.&aazconsidered to be the.origin of the nuclear force in our theory.
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, detail, as will be discussed in §6 andj¥ §7, we want to content ourselves, for
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3—;- In fact, such a suggestion was proposed recently by one of the present authd?s,
53 by Frohlich and Heitler and by BhabhaZ)
o = Atrthough" this problem can be solved exhaustively, only if the form of

‘% the interaction of the heavy particle with the U-field is determined in

=

80

the time being, with the rough estimation as follows.
T
ﬁhEn“&—H6&%F9H—i8—éﬂ—&—&%&%&ﬂﬁHﬁTﬁﬁﬂrfﬁﬁﬂ%ﬁF4;3FQEB fraction of time,
: with the negative
during which the neutron is splitting up into a proton and a heavy quantum
Chares)

virtually, is roughly given by g®/Ac, where g is the constant characterizing ¥K
the strength of the interaction of the heavy particle with the heavy quantum.
Thus, the contribution of the heavy quanta to the magnetic moment of the
neutron has the negative sign and the magnitude of the order

_j:.&_ — %—i":u.f«“ (35)

X C 2m, ¢

160

where/““is the nuclear magneton and M is the mass of the heavy particle.

Now, g®/fc and M/m, have the orders of magnitudef 1/10 and 10 respectively,

170

soﬂlthat (35) is equal to the nuclear magneton multiplied by a number of the

180

order of 1, It is clear from the symmetry considerations that the extra

190

virtual
magnetic moment of the proton due to tﬁﬁvﬁgggggce of the heavy gquantum with
approximately )
the positive charge hasYthe same magnitude as that of the neutron, but the

200

210

the sign 1s positive. These results agree with the experiment both in sign

220

and in the order of magnitude.

230

12) Taketani, loc. cit.; Frohlich and Heitler, loc. cit.; Bhabha, loc. cit.

340 330 320 310 300 290 280 270 260 250 240

350

380 370 360
|.Il| []!Il.LLIJllLLL'.LLLLI_LIJJJJJJJ_IJLLLIJJJJJlLU].LLLLlLLU[JI.IIIIIHI]JII|I|IIIIIII|IIII|JI|I|IIH|II1I|IIIrIIIII|I[IIIIIII|!III]IIII|IIJIJIIIIIIIJI|IIII|I_I_J_I|_II|I‘J.J.JI|I|_II[_I_I,lllll.lllill_lll|.|.|.|lIJ.I_|I_I.I_I’III_I|IIII_I_II,I,Il,LIJ_IJ_lIUlJJ_[i‘__]__L!_I_ILIIIlI

400 390



60 50 40 30 20 10 0

70

90

100

150 140 130

160

390 380 370 360 350 340 330 320 310 300 290 280 270 260 250 240 230 220 210 200 190 180

400

|J iJ_LlJ_LLIJ_LIJ..ILLL

]uulnm'uulnn'lm]unlmllnnlmllunlnm|lnulunlnmlunlm||nn||rr||llll|nn||l|| |||r||l||||m||n||||r||||||Ir|||||||r|r|1|||llll||!||||lrlliIl|llll]1lll|ll|1||lll[|lll||III|IIIr|IIII|IIIIIIIII|IIII|IIII|II1!|IIII[]III|IIrI|IlIIIIIIl]IIIIIlIII|IiII|IIIl]llllll[lll““lliillll||I11|||l|l1||l|||||||||||||||||||||!]|||||||i|||1|1||||]]||||[|||||!|||||l||||||l‘i||l|||li‘lllf‘”lfl
70

illllll‘ll !l‘!lllii|IIIIIIIkl]lllllrr“lllll{l‘Il|l|l'|||l']lllliilII]illllliil[1Iliilllllilllrlliliiil LRl

(=]

Lyl

E
.-
—=

UiJIIIJ.III.IU‘IIIIIIIllllllllllil]illllllll|I|II|IIIIIIIII|IIII|II|I|IIlllllll[lllllllll‘II]I_|_I_|_.|_|l_l_l__i,[_l,l_l_i_}J.l.Hl_l|__|_|_L‘_J.J.l._|.|[_[[_1.|_!.|_.|_|_.|J_l_l_l_I,IlJ.IJJ.LI.I (AARA] LLJMIJ_!_III‘II | ANNANARAANARAT) |I

250 —

190—;
2m—§
mm{
mmﬁ
mw{
mm{

170 —
180 —

140 —
150 —
160 —

120—
130 —

R
[ = T
= = 2 2 g 2 = = -

|
lJ 11 I.| I.HJJ_IJ_LI

©2022 YHAL, YITP, Kyoto University 9
REVKFERYEFHRR BIESELEHE Vv
e [

§6. Interaction of the U-Field with the Heavy Particle.

In the preceeding paper (II, §3), we found that the scalar U-field was
not adequate for describing the interaction between the neutron and the proton,
since the exchange force of Heisenberg type thus obtained had the sign op-
posite to the one required from the experimental result. DNow, the U-field
considered in this paper consists of two four vectors and two six vectors, so
that theregaiz ample space for variojfus types of interaction between the U-
field and the heavy particle, which in turn result in various types of forces
between the neutron and the proton aszaecond order effects,

If we ignore the electromagnetic field altogether, the most general equa-

tions for the U-field in the presence of the heavy particle may have the form

=3 - = e
_16%]_; el G —% L] -;—Jm%,M/ dw F+xU,= H““gnMo (36)

— ->
-‘Z?;%-\-WUO-*K?'-‘- ‘W‘}ﬂ_, WG*KZT':"”‘}:SI (37)
where ﬁ?and Mo are the space and time components of a four vector, which can
be expressed each by a Iimeer bilinear form of the wave functions gf fhg for
the heavy particle. If we assume the heavy particle to satisfy the wave equa-
tions of Dirac's typetvthe simplest expreagions for ﬂ, My become

M = {'{j(a‘Q)\y, Mo= TQ U _ (38)
where ib) a; are the wave functions for the heavy particle, which have each
eight components and satisfy the same commutation relations as in II, a'is
the Dirac's spin vector and & is the operator changing the heavy particlef¥rgu
from the proton to the neutron state, E?and-g are two space vectors forming
a six vector, which can be constructed in the way similar to ﬁz Moo The simpl-

est possible expressions for them are
_—

F & —\59,3"5\1// g = ‘PF'sg'Q‘l’, (39)
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corresponding to (38), where 93 and O“ ##¥ have the same meanings as those
employed in Dirac's theory of the electron usually. g; and ge are the const-
ants with the dimension of the electric charge as the constant g in I and II
and characterize the strengths of two types of interactions above considered.

The field equations (36) can be derived from the Lagrangian

f§ v ar
3.1-?{ (%F“ a& v GoUOHGU)
+ 3 (M- OMuf-uM), o

A i~ T
where U, Uy, U and U, are considpfered as independent varisbles and F, G, F

with

La

1

A
and G as defined by (37) and the equations complex conjugate to (37). Hence,

the variables canonically conjugate to Up,. Uy etc. become

Bl v Al z

LJ;f-z: T = 0 = —— = —_Ji£;* otc (42)
R i
so that we obtain &ﬂwyﬁ&A&j«g
%EJ- = pexcrUt-c Ao oA U0+LI"R(31QT, LA, (43)

eenversery by the help of the relations (37).

The Hamiltonian, thus, takes the form

Hiw aw (44)

UT(L} )t Y -_(;%n.uLU + 4Ty, e T)
+ O (gt ﬁc_a/mdu + me&LCT)
S o UTUT _\.-_‘_ CW&U"\'”"RQ S)(MLU-Q—M-KBS (45)

Fmx®

i (GLU-GU) + (M -OM + UM, -U )

with
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In the quantum theory, U,, UI_ etc. should satisfy the commmutation Ygrgric
relations of the type (9), and U, and ﬁo should be eliminated by using the

relations

U, = 4me div 0T+ Magn U, = wee dw DT+ 450, (4

The Hamiltonian becomes thus

H=H, + A' = Sgg H, o + 38 H
with h
Mo = emrete UM e o dipl o T 4 —L%i—kqouﬁ—tlj w U ]
+ 20U, e7)

’ 4

= HTHC (dw Ul M, +die OT. 14,) - i_(uMﬂJM)

+lmfazc(U*T + OV s —ﬂ;(uuiu S tandi-S)
Y A% (9, MoMo+§GSS)

In these expression 2 denotes the energy of the U-field in vacuum as in

§2 and H' the energy of interaction between the heavy particle and the U-field.
The last two terms in }/ H' involving gi and # g respectively depend only

on the wave functions of the heavy particle and can be considered as due to
corresponding to the zero range force between the neutron and the proton.

Such # terms é%ear aslo in the calculation of the second order effects and

/the terms above considered,
they compensate with ,as w ll be shown in §7.
Now, the equations of motion for U, uT etec., which are equivalent to

the field equations (36), (3%), are derived from the above Hamiltonian in the

usual manner and become
CJ: wnx%‘ﬁ*uqmcc?a¢dbrﬂT+4n34;T
— L‘-‘N%‘CWMO
M= Gl sl +LU+—%—WV0~5 LM
K>

=+1t

(48)
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From these equations, we obtain at once the quadratic g eguations =

» U LAy ﬁ_L_ \ 2Mg

LB AU = g, (M = 50 Guad i M L3y

+ e Qe (‘\C% —wnﬁ.g) bt
Lyt ot 1M
%1?4%; AT 4 %D (_‘?j""’“""M rede)

E5 Jﬁ
The complete Hamiltonian for the system consisting of the U-field and

the heavy particle is
H = SR A r) d %0

with H , H' given by (47) and
SR F o p (- Mycts 155> Mec W s

if we ignore the electromagnetic interaction between the heavy quantum g and
the proton, where p = -if grad.
By using this Hamiltonian and the commutation relations
. A s ) (0} = =
w9 (R 1) BV) + ()BT t) = o¢; 0K 1)
(wyy
‘I’“')()L t)\;_U(J)(Z‘t)’r \E’ZTE*'"C){' (3), = o (52)
PO R0 00+ Y EUL D =0

for i, j =1, 2, «ee. 8, we obtain the quantized wave equations for the heavy

particle

—~—- [r?]o B (BB My +1=28 M, )
+ ﬁﬂ;(mut@+mu-@)—%{(ua)@ + (Ua)R]
4w, {0 + (ijo—)?zQ}Jt-%{ wlk J- 0,8+l U+ 0:3QY

5 - (53)
+ BTG M, G + M. @.)+~—‘3—{(SO*)§3;Q 1+ (59)e,R} 1, |
provided that M, ho: ’ Eﬁ is given by the simplest expressions (38) and

(39).
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§7; Deduction of Exchange Forces between the Neutron and the frotonfg
The interaction between the neutron and the proton, which is caused by
virtual absorption and emission of the heavy quanta, can be calculated from
the Hamiltonian (50), as .second order effect, by sﬁraightforward application of
the perturbation theory as in §3, II. Namely, we first transform £§g?;riables
for the unperturbed system with the Hamiltonian H, = H, + HEm into the normal
coordinates, then express the perturbation energy H' in terms of these coordi-
nates and perform the calculation gf to the second order, until we arrive at
the required formula. An alternative method, which is similar to that used in
§2, I, leads to the final result more quickly, so that only this method will
be mentioned in the following, We verified that the results of these £4 two

methods are identical.

We consider two heavy particles with the coordinates B, the momenta E},

: g’
the spin matrices (P ) €2 ), 39 and the isotopic spin matrices ¥ ) Y
’ F"- ’ 3 ¥,

| I a ,

where j = 1, 2 denote the first and the second particles respectively. When
the kinetic energies of two particles are both A4S small compared with m,c?,

W29)  _PRAY)
Rio?, o

In this approximation, the wave equations (53) reduce

' . -_.> 2
are negligibly small and th?”) is approximately equal to Oﬁ:

<, 2 3 sl %
L’k.ﬁ—:‘ {i?‘t‘ Sb (H;_T MNC}-"\' _-21‘ M?c')g-r H(}\% (54)
where

H' = Hhe (el @ + e 0h Q)+ &2 (0l O 2 v w11 3Q)
which

BIALY LA YA | Voreover, the terms in (49),Swh&iffnvongfthe—time Pivatives\can
LFRE 2 P v

be neglected, so that we obtain
_,AUJ;-KLL.':=1+'K31WS Rl
LIPSO T % \ C*%
mASPLATCNE S A M
AL T (?mi 0

where

M= ¥ g | S= $2AY
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_% These equations show that the U-field at E?l due to the presence of a iy
QE heavy particle at Y% is given by

= — 2@)
B LIR) = _3 el (o @ Qh}
o3 (56)

= WAL —’2 = ? qu ( I) ‘!-TKC 3 Q e
“o‘_g qnsertme expressions into (55), we obtain the e\ﬁégy of interaction
3

between two particles at '5?1 and ?2 respectively

Ay =(2 8 8,01 %/2""“ B a7t f(7)

90

(ANAARARRNNRNRA

o )
g —= — — 1 Q, 2)
= e —%—-OJ wkuvvc\'a} _%1—(8‘“? g(ﬂ_)} (57)
—E‘ By the help of the relation
g_g o~ %k (L s
= e %Sl B i 5(& (58)
- % T L ) %
Dj the terms containing § functions disappear and (57) reduces to the simple
—? form s o3
= u) -
E_E H = t”r?) Ta T;_ 3{|)&(2)) %WL)(.O-( wji}#e_____
= e 2 ‘J e Ca y 78
g—= -
E gl ol [ **(3 R (Cand) (3‘”/0.)(&“%) }
] e ki1l
—= 2 U)212) 5(0"{') )( ’() B,y )
g8 —3 "'CJ?-{@L S o HK/L (59)
- —é As well known, this is a combina-tlo.n of exchange forces of Majorana and
—; Heisenberg types between the neutron and the proton.”) It should be remarked,
8§—= |
= however, that the force thus obtained is not strictly central, so that we can
‘“E separate S'state, P state etec. only in the first approximation,
—g 1%) Similar formula was obtained by Kemmer, loc. c¢it., which had three arbi-
) _i trary constants A, B, C instead of g3 and gs.
83
8=
§—=
53
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Especially, when the system consisting of a neutron and a proton isYin{§
the S state as in the case of the deuteron, the wave function for the system

- 3 - L3 '_’ 1
is spherically symmetric with respect to r, so that we have the average value

(B L))o S }L) \3 340 R

(60)
L
Thus, in S state, the interaction energy Peduces to
p.) u) t!-) Lo G 2)\) €
Mo (PR g B EpE)eT
- XN A < -Kn
= PU(2jes il et |
where PH 5 ‘t?]“tt,n"l- T:,)T‘:) e ”L‘?”’t‘. P Tt:-J I+34035Ltz)
2 ‘ I/ a3 ) 2

are the exchange operators of Heisenberg and Majorana rﬁspectlvely. The ex-
@lways,

pression (61) shows that the Majorana force isYattractive in the S state, while

the Heisenberg force can be made attractive for %S state and repulsive for 1S

state by taking the constants g; larger than gz/43, in conformity with the

assumptions of the current theory. The relative magnitude of the Heisenberg

and Ma jorana forces is [5%?—-2%t :14%t and already the simplest assumption

g1 = gz gives the ratio 1:4, which is not far from that accepted in the current

theory. Thus, our theory can deduce, in a natural way, the exchange force

between the ijgzi?n-and the proton, which is correet in range, sign and magni-

tude . - In“ the-aighgg‘statea,such as P, D ete.,.the expression le for the ex-
‘Wi Conc ”ﬂ e S oxalx)

change force becomes more complicated idered—in deﬁall_e%sea

O At Wl o Gape ko EE::];Q; 5 ol Ak
e \%W&M%gmd Wit e &Ltﬂlim W/

220—
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In order to obtain the short range foces between two neutrons or twoiﬁi

protons, as well as the ordinary forces of Wigner and Bartlett types between
the neutron and the proton, we have to calculate the perturbation energy of
the fourth order. It was shown, however, in II, that these forces was smaller
by Q@JZEOr 10 than the exchange force g?of the second order, so that the intro-
duction of the neutral heavy quanta was felt necessary in order to repmoduce
the approximate equality of the like particle and unlike particle forces
assumed in the current theory. These conclusions seems to be true in the pre-
sent case and indeed, #f it is not difficult to consider the #wfield accom-
panied by the neutral quanta and described by the linear equations similar to

those considered above, The detalled discussions of these subjects will be

made in the next paper.

§8. Creation and Annihilation of the Heavy <uanta.

In the preceeding sections, we considered the FEALAIBYLIGA Bf Xf¢ effects
due to the virtual presence of the heavy guanta in the intermediate states.
Now, if the energy greater than m,c2 is supplied, a heavy quantum can be
created, but it will soon be annihilated by collision with matter as discussed
in §5, II, It should be noticed, furtehr, that a heavy quantum disappears
even in the free space by emitting a positive #Ad or negative electron and a
neutrino or an antineutrino simultaneously according as the charge of the
heavy quantum is positive or negative, as already pointed out by Bhabhal4)

In this case, the conservation laws are guaranteed by the proper energy of the

heavy quantum. Owing to the small interaction of the heavy quantum with the

14) Bhabha, loc. cit.,
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light particle, the probability of occurrence of the above process is so

small that the mean free path of the high speed heavy quantum in the free space
is large compared with the dimension of the measurging apparatus, but is not
small enough, in many cases, to make the mean free path larger than the height
of the whole atgmosphere, as will be shown presently. Hence, if we consider
the heavy quanta as the main constituent of the hard component of the cosmic
ray, th@ge which are observed on sea level should have been created, for the

—%57
most part, in the atgmosphere. These conclusions are L@ﬁccord with recent

arguments of Bowen, Millikan and Neher® 8 and Bhabhal?) In connection with this,
the problem of the creation of the heavy quanta becomes very significant,gg
so that it will also égyééégéssed in the following.

We consider a heavy guantum with the negatjiive charge, for example,‘which
is at rest with respect to a certain coordinate system. The annihilatioﬁxis
accompanied by the transition of the light particlé from the neutrino f4 state
of the negative energy to the electron state of the positive energy. In the
above coordinate system, the conservation laws require that the magnitudes of
the energies of both states are equal to mucz/z and the momenta are equal to
each other, Ak say, with the magnitude ﬁﬁﬁﬁﬂ hk = m,c/2.

According to ordinary perturbation theory, the probability per unit time

of annihilation by emitting the electron in the direction within the solid

angle dJfL is given by

dw, = ‘?'Tc b5 VA | e o dde JL (62)

(9.11) o\ =

15) Bowen, Millikan and Neher, Phys. Rev. 52, 80, 1957,"ibid. 55, 217, 1958,
See#¥#h also Blackett, Proc. Roy. Soc. A, 164 S Ty ¥I%3 8
6) Bhabha, loc. cit. and further Bhabha, Proc. . Roy. boc. A, 164, 257, 1433,
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if we consider the whole system to be in the unit ¥#4Yyf¢ cube, where E ¥ the

total energy of the final #FfFfféMh state and is equal to m,c® in this case, so

that (62) reduces at once to

- :

hwr, = e A5 (63)
€ 32 ARt 2 lV\ IL

V is the matrix element of the energy of interaction of the U-field with the

light particle corresponding to the above transition. andgz, means the summa-
tion with respect to the spins of the electron and the neutrino.

Now, if we assume the interaction in this case has the same form as that
between the U-field and the heavy particle, we can use the formula for H!fg
as given by (47) with the modification that the constants g1 and gz are re-
placed by smaller constants, gi and gé say, and the wave functions, spin
matrices ete. for the heavy particle by the corresponding quantities for the
light particle. As the heavy quantum is at rest in our case, the derivatives
oft U, U" etec. vanish, so that the energy of interaction becomes simply

oo -%isgg O ¢ .0 v — ke %LC,SSS utg P0= dwr (64)
where Ly,qJ are the wave functions for the electron and the neutrino respect-
ively. If we denote the direction of polarization of the heavy quantum by the

unit @M vector 2, the matrix element takes the form

o e ( = :
Vo= -—j?_”'%ﬁ_‘--{%:(uppev) +£ﬁ,_(ﬁ§>zo{?'u—)} (65)
where "W, "V~ are the constant spinors representing the amplitudes of the

wave functions of the electron and the neutrigno respectively.
By inserting (65) in (63) and by performing the summation ZAA with respect
to the spins and the integration with respect to the direction of emission, we

obtain the total probebility per unit time of annihilation

2,
w, = (fdaws = 297957 mt o
§WRc o R

The coressponding probability, when the heavy quantum is moving with the
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velocity v and energy E, is reduced to B
Iz 12 o
3 o = 2P 13wt mye 67
W= Wiy = = < Mue | My (67)

. bR 4w E
owing to the change of time scale under Lorentz transformation., The mean

A
life time T and the mean free patﬁVg} the heavy quantum with the energy E
can be defined by the relations
A (
- — 68
g A A l?ﬁf't )
If we take gi' = ge! = g! = 4X 10"

» & value which was determined from the

LA probability of"?-disintegration in §4, I, and m = 100 m,*7) we obtain

W = 2)(109 E&ELL (69)

The numerical values of Y and N corresponding to this W are shown in

Table 1 for several values of the energy.

A Table 1.
TRy E— = mucé : i 109 o 1010 l i-o-; e ._1.0.1 - Tj eV‘ 2
I.Iea_lj}_ﬁl;f“i._fg_‘Time_ o 5x10'7{ 10‘_5- 10‘4 10""" "10-“"3- l ueo
Mean Free Path A _ ___ lt -.'7; .r_ | 5-6 E 500 - _50-00‘ h _kIIl

Thus, even the heavy quantum with the energy 10%*2eV can travel only a dis=-
tance smaller than the radius of the earth, before it changes into an electron
and an antineutrino. The bearing of this conclusion on the inte:pretation of
the hard component of the cosmic ray was already discussed above,

On the other hand, thére are many processes, which are connected with
the creation of the heavy guanta, such as the creation of a pai; of positive
and nagative quanta by‘f}lray of energy larger than 2m,c®, the emission of

one or more heavy quanta by nuclear disintegration caused by high energy

: has the,
radiations of various sorts, etc. Among them, the creation of a pair by Y -ray

17) The mass of the new particle in cosmic ray, which is considered to be
identified with the heavy quantum in our theory, is not yet known AZZUrLXE
accurately. Very recently, a value 120 m was obtained by Ruhlig and
Crane, Phys. Rev. 53, 266, which is in close agreement with the value
130 m of Street and Stevenson, but is considerably smaller than those of
Nishina, Takeuchi and Ichimiya and Corson and Brode.,
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cross section, which is roughly about (m/'m.U)Q times that of the creation by 2

y-ray of a pair of electrons. Hence, if the primary cosmic ray consists ex-

clusively of the positive and negative electrons and consequently, is accom-
panied by about equal number of light quanta produced by nuclear collision,
the number of the secondary heavy quanta per on%-primary electron should have
the order of magnitude 10'4, which seems to beﬁgizgtle too small to account
for the experimental result of Bowen, Millikan and Neher®?’) as pointed out by

Bhabha,*®

In this connection, it is important to determine how large are the
contributions of other processes to the creation of heavy quanta.

In conclusion, it should be remarked that the interaction of the U-field
with the light particle, as well as that with the heavy particle, has rather
complicated form in the present theory, so that the force between the light
particles, which is responsible for the l@-disintegration, can be identified
nelther with the force of Fermi type nor with that of Konopinski-Uhlenbeck
type, but will be a combination of various types of forces. The detailed

discussion of these subjects, however, will be made in the next paper.
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