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E » ABSTRACT.  °
i

The probability of intermal pair production by radiationless transition

) of the radioactive nucleus was calculated and its ratio to the probability of

V{ emission of electrons from K levels by the same nuclear transition was
— compared with the experiment in the case of RaC'.

v : :
§1. Introduction and Summary.

i The theory of the production of the pair of an electron and a
L positron by the internal conversion of the Y-ray with the energy larger
= than 2mc’, was developped recently by ‘Jaeger and Hulme®, as a
b natural cxtension of the theory of ordinary internal conversion of the
o é: s fy ray with the emission of the B-ray. :

Y, They compared their result with the experiment of Alichanow and

_"’} » Kosodaew™, who measured the number of positrons emitted from a
Ra(B 4 C) source. According to the theory the second and the third

maxima of the experimental distribution curve®, at about 07 x10%V
and 10°%V, were to be due to the Y-rays of energies 1'7x10%V and
e 2:2x10%V respectively, as the coefficient of internal pair production
' was maximum at the upper limit of the energy of the positron.

The exceptional case, where a pair of an electron and Apos1tron is
emitted with the absorption of the energy liberated by a nuclear transi-
tion between two S levels, was not dealtﬁ'wmh by the former authors,
because of lack of the corresponding y-ray.

If the maximum of the distribution curve of the positron produced
by such a process lies also at the upper limit of the eénergy, the first
hump of the curve of Fig. 1, at about 0-4x 10%V, can be attributed to
the missing y-ray of energy 1-4 x 10%V.

Hence it seems worth while to investigate this case in detail to

see whether such a process is sufficient to account for the large hump
of the curve.

() va (© J’leger & ISR Hulme, Proc Roy Soc 148, 708 1935
() A. I Alichanow A M. 8. Kosodacw, Zeits. f. Phys. 90, 249, 1934.

(4) See Fig. 1 below, which is the same ‘with Fig. 15 of Alichanow & Kosodaew,
loc. cit.
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The nuclear transition between two levels of energy difference AW
can be considered in general as a perturbing field on the electron

varying with the frequency —A{Z This perturbing field extends only

over the region of nuclear dimension in the case of S—§ transition, so
that the probability of transition of the electron is large only when the
eigenfunction of the initial and the final states are not small in the
neighborhood of the nucleus. Accordingly, we have only to consider
the case, where the total angular momenta of both of the electron and
the positron take the smallest values. >

The distribution function of the positron calculated in this manner
has the maximum in the neighborhood of the upper limit of the energy,
which agrees with the first maximum of the curve of Fig. 1

To find the absolute value of the probability of the pair production,
we must have the detailed information of the nuclear structure >, Which,
is too difficult as yet. For this reason we considered only the ratio of bl
the probability of the pair production to that of the emission of K
electrons caused by the same nuclear transition, as they have the com-
mon factor concerning the nuclear transltlon(fﬁ-%he-we-terwpetemm}:r‘*
“the--perturbing field is neglisiblecompared —with—the scalar potential.
The result obtained shows that the ratio is so small that only a small
part of the hump in the experimental curve can be attributed to the
positrons emitted by the above” process.

H.the vector potential-is-alse-talken- ~1&b@—a@@e&1}t the-ratio-depends
on the special forms of scalar-and-wveetor..potentials and in.the-faver-

¢ able ease-it becomes large-enough-to-be-in—accord-withthe experiment.
1 It should be noticed, however, that the application of the present theory

of the electron up to the immediate neighborhood of the nucleus may
happen to be totally wrong. It remainﬁ)”ﬁherefore,still uncertain whether Ve
or not other processes such as the emission of the positron alone from T
the nucleus or the internal conversion of the B-ray may be considered
necessary for the complete explanation of the experimental result.

A brief account of the calculation will be given in the followmo- ?
sections. ‘

§ 2. Probability of Internal Pair Production.

We consider the general case, where an electron moving in the field
of the nucleus with the charge Zg is perturbed by a nuclear transition
between two levels of energy diffgrence AW.

7(/
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The perturbation can be expressed by scalar and vector potentials
of tho form A(r) exp (—2mwivt) and A(r) exp (—2mivt), where v= ———AhW_
If we assume only one particle with the effective charge Qe and the

reduced mass M in the nucleus to fall from a state o(r) to a state q;o(;-:),
the energy difference being AW, the potentials can be expressed in

general by

An(;) == Qef—(m—p—lgg—-l_%—llﬁ 9’0*(’—1:1)?(—7}10’({;1, (1)
BT .

21' 7 i, Qeh exp (iq | —71) * —’1 Al —’1
) 471']1:[0?;.[ i Lonlie /19)(7”)

[ —m4] ,
—-93(7“1) grad@ﬁ*(?‘ x) } d,ﬁ’(i) . (2)
where :gfl;:M. The svmbol — means always a vector quantit
g 7 Y q iV

and * a conjugate complex quantity.

Now, according to the perturbation theory, the probability per unit
time per unit energy range of the transition of the electron from the
continuous state of negative energy —E.(E.>mc’) to the continuous
state of positive energy E_(>mc’), satisfying tho relation E, + E_=AW,

is given by

Zez > >
L *) =0 i
( - +caﬁ'\+§m° "' ' 3 j{;

with energy E, inner quantum number | j]——%, and its z-component

u+%. j is a positive or a negative integer excluding zero and w takes
» =2 = i b -

a value between —|j| and |j|—1. o, are Dirac’s matrices with four

rows and four columns and ¥ can be considered as a matrix with one

 row and four columns, while Y as that with four rows and one column,

the czvrresponding elements being complex conjugate to each other.
The elgenfunction are normalized with ¢espect to energy, the definition

of which is

(1) H. M. Taylor & N. F. Mott, Proc. Roy.|Soc. 138, 665, 1932,
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f e dr=S )

This corresponds to the process, in which a positron of energy E
and an electron of energy K _are emitted simultaneously from the nueleus.

Hence, the total probability per unit time of the productlon of the =
pair is given by

AW—mc2

ﬁw.[,,mEME (4)

In the case of S—S transition, g, and @ are functions of  only,
g0 that the scalar potential becomes a function of r and the vector

potential is reduced to the form s multiplied by a function of ». Thus
. 7 :
. > >

the perturbing potential ¢4,+eccd can be written in a form

> >

Vo(?‘ ) + V( )

3

which commutes with j and . ;
Hence we obtain the selection rules 4
Aj=0, A&Z =0 R
for the transition of the electron. . /./
In this case moreover, 4, and Z can be reduced to zero outside’ of
the nucleus by a suitable gauge transformation, which does not éffect
“the transition probability in general. Consequently, the probability of
the transition of the electrons is appreciate only when the eigenfunctions
of the initial and the final states are not small in the neighborhood of
r=0, ie. only when j=FZ z : oy M|
Thus, the expression (3) becomes approximately

'p(E h :1 e s ' f '\I’E—»J H(T) { Vo(ﬁ) + V (’7‘)} //,ﬁ‘,jy
Wy

The eigenfunctions in this expression are well known®. Since only
the values of the eigenfunctions in the neighborhood of =0 are im-
portant, their radial parts are expanded in powers of r and the first

X '\I’_E.;.,j,u(‘r)d?‘ .

(1) Jaeger & Hulme, loc. cit. We have to take k=0 in (23) for j=—1 and k=1 in
(2) for j= 1) u bemg the same as in our case.

9

! 2|||n|n$|l il

! A

45|

nnlnn nuhm nnlnu ||1||1||| ||||||| Tl HHlllllllllllllllllllll

E18 030 P02

3 9

i | llllllllllllllllllllll

III’?H]IIII'II%IIIlllllgllllHlllg'lgllll‘llllllIIIIIZH’H;III:I%II|Il'Iﬂ‘lllIIIIII5II|IIll'llqIIHI|||-7I|||llllnglllllllnglllllllllmllll‘lll m||11211|||||||:|%||n|||ﬂ-||m||11|||1||||1||||||||||||1|

REAFERIIEFHERR Z)ICZEEHZFE 71156 8 (PR FRER)



1]1171||||||||§|1111|H9H||||llnmlln‘”n|lll%llmll:u%ln|||1ﬂ-|ln|||u5ul|||||n6||||||1|Z||||n|118nln|1|ugnlnnhgmml

FEARFEBEIIEFHIRR

| e 2 BESE R PR

nnl||[1|1|||I||||||m||u|||mlm|||n|||||||n||||||||||n||

) |15 SE ¥} (P RF5mBA1R)

!

Ll ‘ - (f& /
19351 / On the Theory of Internal Pair Production. . =

term _:/vzwh the power 77~* are taken as the first approximation, where
7%, « being the fine structure constant. Inserting these ex-
s for the eigenfunction in (5), 3;{ obtain at length

d (47”"") {1 =2 ¥ F(e.),  (6)

.E+ R e R { Gt
/ B8 mmm*h B S i
A _ VNG T e )

ol 5
B f 2V () dr.

'pI‘ essi

F,(c.) is the only factor, which depends on the energy of the
positron émitted, having the form ki '

Fiye) =72 e | L +iba) g2 e [Ty — b ) (eae-—77), (D)

where :
= €¢:£i%, 7}+——\/5~;-—‘1
me’
bi—oF L
N+

The forms of the distribution function F,(c.) in special cases are

shown in Fig. 2 and Fig. 3;
The total probability of pair productlon )\ now becomes

4m Arme " Vs 2 SR
P (. ) fa=a7) P, €0

{(I2y+1)FRN\ h |
Al A
Ayt Xf I Iy (e4)dey, 11 s (8)
1 W v
where AW=—- AW

me’
In these formulae, being dependent on the detailed structure of the

nucleus, R, and=S, can not be estimated easily.

If-we negleet the veetor-potentiat, the calculation becomes formally
similar to that of Beck and Sitte® on B-disintegration. The physical
interpretations, however, differ from each other. In the latter case,
either the eclectron or the positron is reabsorbed by the original nucleus,
whereas, in the former case, both of them escape from the nucleus.

(1) G. Beck und K. Sitte, Zeits. f. Phys. 86, 105, 1933.
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§3. Probability of Electron Emission from K Levels.

Next we consider the emission of K electrons by the same nuclear

transitions.

electrons from I 'states of enmergy mc’Vl —o’Z" to continuous states of
energy E'(>mc?), satisfying the condition E/=mc*V1—cZ>+AW, is
given by ,e

Pl ‘ f"’E - u(r){ng(v)JréoaA(a Mbx u(r)dr {9
W

h o Wu.=-0 -1

In general, I{txé probability per unit time of the transition of the

the meaning of AW, Ao(’l’), A(a) and 11’3 7 / being the same as in the
. are normarized eigenfunctions of two K

Now we consider the same S—8 transition of the nucleus as in ‘the
previous section. The expression (9) becomes simply

Pr= (10)

j Vo, -1, MVo<fr>+ﬁ‘lV<r>}«pK.umdfr

By taking for V¥, and \!rE', a0 the first terms of the expansion in powers
of 7, we obtain finally : ; ¥

b 47Tm(OCZ)2‘Y+1 /471'7716 ‘WRQ 72y -1, b’ T i .b’ 9 E’-l— 11
TIEOy e > ™ e | Doy +40)[(E +v), (1)

where =" ' =Ye"—1,

J. /v
In this case, “the probablhty does not depend on the magmtude of
the vector potential.
By comparing (11) with (8), the ratio of the ‘probability of pair
production by the S— transition of the nucleus to that of the emission

AAAL

of electrons from K levels by the sam _ftra’nsmon is given by
‘ o e ety
S F; " _‘_!“" 8 e
e nn
P m(aZ)"' 2y +1)9"" ’[[(v—l—zb’)\ 2o (811 7)

(1) See, for example, H. R. Hulme, Proc. Roy. Soc. 138, 643, 1932.
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§ 4. General Discussion.

Before entering into numerical calculations in special cases, it should
be noticed that the above formulation is incomplete in two points.

The first point is that the perturbing potentials were assumed to
have the special forms (1) and (2). Now, we can show more generally
that the perturbing potentials are expressed in the forms ;

F(r) exp (—2mivt),

> >

bl &(7r) exp (— 2mwivt);
T

where F' and G are certain functions of # only, whenever both the:
initial and the final states of the nucleus have zero spin or, still more

generally, when they have the same spin in the same direction.

To prove this, we consider the fact that the total angular momentum. *
of the system consisting of the nucleus and the electron should be'con- -
stant throughout the above processes. So, if the spin of the nucleus
does not change, the total angular momentum of the electron

> > g
M= —
m+4ﬂ_a
-

> >, >
should become censtant by itself, where m—rx p and o is the spim
vector. Hence, the perturbed Hamiltonian of the electron should com-
>

mute with M, so that we have

JTI (SAZE\)— (edo+ e;Z)Zr[ =0,

iy
where Ai(¥) exp (—2rint), Zt(:') exp (—2mivt) are perturbing potentials due
to the nuclear transition. As the coefficients of I (the unit matrix),
%= P10 Oy= P10, &, =pi0, in the left hand sides of these equations should
vanish separately, we have

A A a1s)
Myl — Ay =0
e
myAz—Aa;my— 2,”- Az (14)
w0, Ay A, =S 4,
2 -

and similar equations for Auwd
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The equations (13) show that 4, is a function of » only, Whlle the
equatmns (14) show that the relatlons of commutatlon between m and

A are the same as those between m and r :
Now, by the help of (14) and the relations of commutation between

&
m and r, we have

m(edy—yd)—(edy—yd =04 o) (15)

«

On the other hand, by using (14) and the relations of commutation,
between p and 7', we obtain ‘
r -
p,(xA,, S yAZ) =7 (mAy T yAm)pm = x(P”AV i A!’p 2) — ;—ZAV T (?/P oo — A“yp ‘")'

(16)
From the third equation Lt

(2py—yp) Ao — Aulap, L yp.) = o
of (14), the last two terms of the right hand side of (15) become
—ap,d.+ A;2p,, so that we have
: p,(:vA,, —yd,)—(vd,— yA:u)p;u = x(Psz = Aypw -—pqu ot Azpv)- (17)
Further, by using the relations .
(2pa—xp.) Ay — A, (2p,—2p.) = 0, and (yp==2py) Az— Ao(yp.—2p,) =0,
we can deduce the equation as follo
pz(fEAy == yAg;) == ('EA;/ A ?/A;u)pz I Z(Psz o Aypz —pyAa: ar Ampy)- (18)

: Combining (17) and (18), we have

i
i

(2ps—2p.)(wdy— yA.) — (wdy—yA.) (2ps— 2p.) = 0.

. Comparing this with (15), we obtain finally

YA, —24,=0.
Similarly, we can further deduce the relations
24, —24.=0, 24, —yA.=0,
and also m(frA) (frA)m 0. i

*LJ«» These equations together show clearly that A has the form — G(r)
J % Thus the proof is ended.
We can show, moreover, that the perturbing field is zero out81de of

the nucleus in this general case. Firstly, the magnetic field H vanishes
everywhere, since

8
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I} =curl 4 exp (—2miwt) =0.
Secondly, from the field equations
1 0F sl Al
= —curl H—— I,
— zé/ ' ¢ at ; ¢
in which T—0 and both the electric field E and the current density I

have the time factor exp (—2mwt), we obtain the relation
E= <_,.>I,
w
showing that the electric field vanishes outside of the nucleus, where
the current density due to the nuclear transition vanishes. ;

Hence, in this case, we can reduce the potentials themselves to zero
outside of the nucleus by a suitable gauge transformation.

The second point ig that the solutions of Dirac’s equation in Cou-
lomb field of the nucleus were taken as the eigenfunctions of the
unperturbed states of the electrons. Since the field is not of Coulomb
type any more in the neighborhood of the nucleus, we shall modify
the forms of the eigenfunction in this region. Thus, each eigenfunction
in the previous sections should be multiplyed by a certain function,
which deviates appreciably from 1 for the value of » comparable with
the nuclear radius ay. ’

As the exact dotermination of such functions is very complicated,
necessitating special assumptions on the nuclear strucpure, we should be
contented with taking for the values of the eigenfunctions in the nucleus
simply the values of the solutions in Coulomb field at r=ax, while their
values outside of the nucleus do not matter, as far as the results of our
caleulation are concerned.

Then, in.the formulae of the preceeding sections, we have only to
change the deﬁmtlonh of R,, B other points being unaltered. Namely,
we have to put

5
R,=a'~? f V.dr,

instead of the corresponding expressionsin § 2.

)

7y W §5. Numerical Results.

We wint nofjﬁ to obtain the numerical values of F(e.) and p in

3
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the case of Ra('. By/ takmg q’uhe values ‘\%
z_84’a_ 1 AW—l 4x10% t(_2 ‘8 me,

“\.

we obtain ,f(‘ : X
o
0Z=06,v=08," =05'e, +e.=28
= @z T2y +D) ot
=36, =35 3
|77 +4b")|%e™ (¢! +ry)"=‘(4-5+147;7’)6'1'2"?(s’+ry)=44'4“’,
so that
Fie.)=(4'5+167_)(4'5+167.)(c_c, —0" e)e"‘"ﬁ
and g ,‘JJ

p=11x 10"

1

The distribution function F,(e.) in this case is given in Fig. 2.
Its maximum lies near the upper limit of the energy of the positron,
coinciding approximately with the first maximum of Alichanow’s curve,
as shown in Fig. 1, which represents the energy distribution of positrons

emitted from a Ra(B +C) sourcef 2

{ 0.5
|
i St S T
Ly e %@5
T\ k‘F %
0.4~
o3
0.2-
o1 !
: A —=E3
, 1.0 2.0 3.0
Fig. 1
g .0 1.2 14 1.6 1.3
v Fig- 2

(1) E. Fermi, Zeits. f. Phys. 88, 161, 1934,

inclusive.
\
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From Fig. 2, we obtain
1-8
f Fye.)de. =018,

1 R vE
so that 2.8y L i

(19)

The number of electrons emitted from the K levels is known to be
about 0003 per disintegration in this case, while on the other hand,
according to Alichanow, total number of positrons is also about 0-003
per disintegration.

Hence, if we assume all of the first hump in Flg 1 to be due to
the process conmdered above, p should be at least about 0°2, fromrwhich
we-obtain W »w‘iu AL J?M:.ém o e Wv& mwbﬁ* g(we’m flm
4 ) (8o N1

%GPW}SQ, p Wlll be of ordexalg ik
Sinee-the oceurence of -such-an-extreme-case as-to satisfy-the- con-

dition-(20). seems  very —improbable;—we—draw..a>conclusion —that-—the

-ealeulated  value-of the-pair-production-is-probably-too-small to account

for the experiment exhaustively. .,
As shown by the formula (12), R o =

p depends, in general, on AW and =z. S'O-I

Tt increases rapidly with the inecrease

of AW and the maximum of F,(e,)

: oW AW
displaces towards g.=——=—— a

B /2 2mec 2.0~
the same time. Awr

For example, assuming Z=84
and AW=4mc*, we have for F,(c.) a
curve as shown in Fig. 8 and for p 10
a value : —%n

4 ga><10-2f1+6 5{5(3‘5’ i

T

) L l
p “decrenses: tapidly .ag  Zime % 30 B3 - L8 20T REE T
creases, owing to the factor («wZ)™*! l. Fig. 3.
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in the denominater.
In conclusion the authors wish to express their cordial thanks to

Prof. G. Beck for valuable discussions on the occasion of his visit to
Osaka. ‘

Department of Physics,
Osaka Tmperial University.

(Received August 22, 1935.)
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