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On the Efficiency of the y-Ray Counter.
By Hideki YUKAWA and Shoichi SAKATA.

(Received January 30, 1937.)

Abstract.

The efficiency, i.e. the probability of the electric discharge per one
quantum, of the 7-ray counter with thick wall was computed by mak-
ing various simplifying assumptions for several energies between 0-2
and 5 MEV in the case of Al and between 1 and 10 MEV in the case of
Pb. The efficiency of the thin-walled counter was also discussed.

1. INTRODUCTION

In order to infer the absolute intensity of the y-ray from the
measurement by means of a counter, it is always necessary to have
a reliable knowledge of the efficiency of the counter. Whereas it can
not easily be determined experimentally, the theoretical evaluation of
it is possible at least in principle, since, under favourable conditions,
it is approximately equal to the probability that, when a y-ray quan-
tum falls on the counter, a secondary electron or a pair of a positron
and a negatron is produced in the wall and is emitted into the inner
space.

We can not expect, however, to obtain a result, which is valid
at once for wide range, because the above probability depends on the
material, the shape and the thickness of the wall as well as the ener-
gy of the r-ray quantum in a complicated manner. Further, the
effect of multiple scattering of the secondary electron in the wall pre-
vents us from the rigorous calculation for the thick counter. Hence,
approximate numerical computations were performed for several ener-
gies in the cases of Al and Pb on various simplifying assumptions®.

On the contrary, an approximate expression of the efficiency can
be deduced at once from elementary considerations for the counter

(1) A semi-empirical formula of the efficiency of the brass counter was ob-
tained by v. DROSTE: Z. Phys., 100 (1936), 529.
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with thin wall.
2. THE ALUMINIUM COUNTER

In general, the efficiency increases at first with the thickness as
far as the latter becomes roughly the same with the upper limit
of the range of the secondary electrons and then decreases on account
of the futile absorption of the j;-ray. Hence, we want to consider
the case in detail, in which the thickness is small compared with the
reciprocal of the absorption coefficient of the 7-ray and larger than
the range of most on the secondary electrons.

In order to simplify the calculation, the cylindrical counter may
be replaced by a rectangular one with an equal cross section. The
direction of incidence of the y-ray is assumed to be normal to a pair
of planes with the same thickness as that
of the cylindrical counter and the remain-
ing planes are assumed to be infinitely thin,
as shown in Fig. 1. The necessary correction
due to the oblique incidence will be consider-

ed later.
Now, in the case of aluminium, most of
il the secondary electrons responsible for the

discharge is produced by the Compton effect,
at least for y-ray of energy between 0-5
= and 5 MEV. The contribution of the elec-

Fig. 1 trons produced by the photoelectric effect
or the materialization becomes important gradually as the energy be-
comes smaller or larger.

The angular distribution of the Compton recoil electrons can be
inferred immediately from Klein-Nishina’s formula, which shows the
angular distribution of the scattered photons. Thus, the differential
cross section per one electron that a photon of energy hy = y me?
produces an electron making an angle between 7 and y+dy with the
direction of incidence is given by

d(x)dy = Sa(r+1)%dw [ s 2 (lsiaings i
(G2 +4r+2) =2}l (2427 +2) — (12 +2)w
sl A )

(1)1 —a) 1], (1)

W2+ 4r+2)—1% (2 +27+2)— 2+ 2r)m)

[SeERPap: NP C R,

HGEZEEHE
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where x = cos 2y and 7, = 622. As the electron is projected for-
’ me:

T

ward, 7 is always smaller than 2 , so that x takes a value between

+1 and —1. The kinetic energy of the electron is given by

272 (1 + x)mc? )
e(x o < e\ Sl ;
e o

The probability that such an electron is produced at a depth be-
tween z and z+dz from the internal surface of the wall is appro-

ximately equal to
NZdz¢(x)dx , 3)

where Z is the atomic number and N is the number of atoms per
unit volume of the wall. Hence, the required probability that, when
a photon falls on the wall, a recoil electron is emitted into the inner
space without being intercepted in the wall by the Bremsung and the
scattering is given by
a +1
NZ S S {D.(2, 2, €) +p5(2, @, €) }dzg (x) dx 4)
2=0 z=—1
where p,(2,2,¢) is the probability that the electron produced at the
depth z in the upper wall with energy ¢ and direction x reaches the
inner space and p,(z, @, ¢) is that the similar electron produced in the
lower wall is scattered back. The theoretical determination of p, and
py is very difficult owing to the complicated effect of the multiple
scattering, so that we want to infer the effective thickness z,(x,¢)
defined by
20 = [(p(2,,9) + pa(2 3, €) ) 2 (5)
0
from the considerations of the following two cases.
(i) The effect of the multiple scattering becomes larger, as the
energy of the jy-ray decreases and in the limit of complete diffusion,
2,(x,¢) will be equal to the practical range R(¢), which has been

No. 686, Vol. 31.]
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190 H. Yukawa and S. Sakata:

determined quite accurately by experiment®, multiplied by a factor

between ; and 1 nearly independent of the initial direction a.

(i) The effect of the scattering becomes smaller, as the energy
increases, until z, will be equal to R (¢)cosy multiplied by a factor a
little smaller than 1.

Further, we have to take into account the effect due to the cy-
lindrical shape of the counter instead of the rectangular shape. In
the case (i), if the photon falls on the wall with the angle ¢ as in-
dicated by the straight line AB in Fig. 1, the effective thickness z,

becomes larger by a factor about - l-ﬂ- compared with the photon

cos
falling normally as indicated by CD. Hence, the efficiency will be
larger by a factor about
; j cosfidf _ = (6)

' cos fl 2

=

than that of the rectangular counter above considered.

In the case (ii), most of secondary electrons are emitted into near-
ly the same direction as the incident photon, so that the form facter
will not differ appreciably from 1.

Thus, the required efficiency due to the Compton effect takes the
form

+1
Eff. (Compton i) — 8NZSR(5)¢(x)dx (7
—1

or
+1

/ 3
Eff. (Compton ii) — JNZSR(E)]/ 1;““ $(z)dz ®)

according as the assumption (i) or (ii), is employed where 0 is a number
a little smaller than 1. The evaluations of these integrals were made
numerically for several values of the y-ray energy, the results being
shown in Table I. As the conespondlng values for two cases do not

(2) VARDER: Phil. Mag., 29 (1993), 795; SHONLAND: Proc. Roy. Soc., (A)
104 (1923), 235; 108 (1923), 187. See, further, a summary report of Bothe, Handb.
d. Phys. Bd. XXII/2 (1933), 1.
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differ appreciably from each other, the simple mean was taken as the
probable value. (Fourth line in Table I).

TABLE I. The efﬁmency of the Al-counter.
\

T- Ray energy | 0- 2 ‘ 05 ‘ 1-0 k 2:0 ‘ 5:0 MEV
Eff. (Compton i) 0:068 0-34 1:0 el ‘ 3-8

1845t (% ii) 0-058 0-30 0-9 2l \ 358

13ie, (7 average) 0-063 0-32 0-95 2:1 l 3-8] % 5%
Eff. (Photo.) 0-18 0-02 0 0 0

Eff. (Pair) 0 0 0 0-1 ‘ 0~4I

Eft. (Total) 0-24 0-34 0-95 952 4-2

Next, the efficiency due to the photoelectric effect, which is only
appreciable for small energy of the y-ray, can be calculated in the
1
similar manner as above. For 1 >7 > > TS 1, the differential
cross section per one atom that the electron is emitted from the K-
shell making an angle between % and X+ dX with the direction of in-
cidence is given approximately by

) — Tty 9871/2 sin®y dy

HOd g e e )
where « is the fine structure constant and 3 is the velocity of the
photoelectron divided by e¢. By using this expression, the probable
value of the efficiency was estimated for y = 0:4 (0:2 MEV). It was
found to be negligibly small already for 05 MEV. (Fifth line in
Table I).

On the other hand, the efficiency due to the pair creation is al-
ways small compared with that due to the Compton effect for the
energy range above considered, so that only rough estimations were
made. (Sixth line in Table I). By summing up the above three parts,
we obtain finally the required efficiency as shown in the last line of
Table 1.

The theoretical determination of the common factor o is very
difficult, but if we take presumably 6 = 0-8, the efficiency of the Al-
counter for energy hv = 2:65 MEV (of the hard y-ray of ThC’’) be-
comes about 2:75x 08 = 2:294, which is a reasonable value, since it
is a little smaller than the efficiency 2495 for this energy in the case

No. 686, Vol. 31.]

i | 9‘ i I iiii ;lu 1|L|l||2|l||||1|1|:|3|||||||un||ui||5|||||||u|| |||||||7nl||||||§|||n|1|nlllllhmllnn nnhlll lllllll3l|||lll|

E23 010 POS8 |



192

of the brass counter determined experimentally by Droste™:

H. Yukawa and S. Sakata:

"©2022 YHAL, YITP, Kyoto University
REMRFERENEFHARFR SRR

Hence,

the efficiency was plotted in Fig.

Efficiency of Al-Counter
§ =08

Total _ -7 dashed curve shows
the Compton effect alone.

- 7T-Ray energy in MEV
182, 9

er than the range of most of the secondary electrons.

MEV,

2 as the function of the energy
assuming 0 = 0:8. The full curve
shows the total efficiency and the

that due to

3. THE LEAD COUNTER

Next, we want to determine
the efficiency of the lead counter
for the energy between 1 and 10
assuming again the wall

thickness to be small compared
with the reciprocal of the absorption coefficient of the 7-ray and larg-

This condi-

tion is approximately satisfied, if we take the thickness about 0:3 cm,

for instance.

In this case, the evaluation becomes still more difficult

than in the previous case for the following reasons.

(1)

The photoelectric effect and the pair creation have the cross

sections of the same order as the Compton effect and the energies and
the angular distributions of the secondary particles in the former pro-
cesses are not known in detail.

(ii)

On account of the simultaneous emission of two particles,

the efficiency due to the pair creation should be multiplied by a cer-
tain factor between 1 and 2, which can hardly be determined ac-

curately.

(iil)

known in detail experimentally.
Therefore, we are to be contented with rough estimations which
can be performed by using the results of Bethe-Heitler’s theory of

the absorption of the high energy 7-ray and the fast electron‘®.

the final results are shown in Table II.

(3) DROSTE:
(4)
1936.
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Quantum Theory of Radiation, Oxford,
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TABLE II. The efficiency of the Pb-counter.
7-Ray Energy ‘ 1 } 95 l 5 10 MEV
Eff. ‘f 2 9 47 | 9:3 213 x 6’/

The numerical factor ¢’ appreciably smaller than 1 was neces-
sary, as we used the theoretical range of the electron in Pb, which
is surely too large on account of neglecting altogether the effect of
scattering.  According to the experimental results of Kikuchi, Aoki
and Husimi®, the ratio of the efficiencies of Al- and Pb-counters for
the hard y-ray of thorium is about
1:1:4, whereas it is 0: 1:8 xd/
according to the above results.
Thus, 0/ = 0:62 seems to be a rea-
sonable value corresponding to
0 = 0:8, so that the efficiency was 1=
plotted as the function of the ener-
gy in Fig. 3 by using this value
for 0’. The curve shows that it is 2
roughly proportional to the energy
for the whole range above con-
sidered. It will increase further
with the energy owing to the rapid
increase of the cross section of the
pair creation.

Efficiency of Pb-Counter
b =062

|
|

| | J | L | ot 0]

0 1 2 3 4 5 6 7 8 9

- 7-Ray energy in MEV
Fig. 3

4. THIN-WALLED COUNTERS

Next, we want to consider the cylindrical counter with the wall
thin compared with the range of most of the secondary electrons. In
this case, we can easily show that the number of its discharge per
one quantum falling on it is approximately equal to

ié‘i(rc.+ - ) (10)

where d is the thickness of the wall and z,, 7, and c, are the co-

(5) KIKUCHI, AOKI and HUSIMI:

727.

Proc. Phys.-Math. Soc.. Japan, 18 (1936),

No. 686, Vol. 31.]
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efficients of absorption of the y-ray due to the Compton effect, the
photoelectric effect and the pair creation respectively. f is a number
between 1 and 2, which is necessary owing to the simultaneous emis-
sion of a pair of particles. [ will decrease gradually with the energy
of the y-ray, as the angular distributions of the pair incline the more
to the forward direction the larger the energy.

The factor ,+7,+ A7, was plotted for Al and Pb as the func-
tion of the energy in Fig. 4, by taking =1 and 2. The ratio of
the efficiencies in these cases is a function of the energy alone, except
the arbitrary constant factor, as shown in Fig. 5. The experimental
values of Chao and Kung™ are indicated by the circles in Fig. 5, the
arbitrary constant beinng determined so as to be in accord with the
theoretical result for the energy 1 MEV. The agreement seems to be
satisfactory, if we consider the presence of various factors affecting
the results both in theory and experiment*.

2O Ay

I | ] 1
0 1 2 3 4 5 0 1 2 3 4 5

- T7-Ray energy in MEV - 7-Ray energy in MEV
Fig. 4 Fig. 5

In conclusion, the authors desire to express their gratitudes to
Prof. S. Kikuchi and Mr. H. Aoki for helpful suggestions and valuable
discussions.

(6) CHAO and KUNG: Chinese J. Phys., 1 (1934), 56.

*  HEspecially, it is inevitable for the thin counter, that the secondary elec-
trons produced in the substances outside the wall are responsible more or less for
the discharge.
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