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(Read March 183, 1937)

ABSTRACT

The problem of the neutron-deuteron collision was reduced to a
simple form by taking the structures of *H and °H into account and
neglecting the forces depending explicitly on the spin. (§1.) The form
of the effective potential hole was determined by comparing the estimated
value of the cross scction of scattering of slow neutrons by deuterons
with that obtfined experimentally. The cross section of capture was
found to be small in agreement with the experiment. The energy de- % :

pendence of the scattering cross section was also discussed. (§2). The
oL theory of Fermi concerning the effect of the chemical binding on the
scattering of slow neutrons was extended to more general case and )
Vnecessary limitation of the theory was discussed. The cross section for
thermal neutrons was found to be nearly twice as large as that for
neutrons of several volts. (§8). Theoretical reasons for the small con-
tribution of the deuteron to the slowing down were considered. (§4).

§1. Reduction of the Collision Problem. b

The theory of collision of neutrons with protons was developed by ¢
many authors and was able to account for the existing experimental = %
results sufficiently well®® The problem of the neutron-deuteron colli- A B g
sion, which is the next to be attacked, is a three body problem already Jer

"
;}r
z

too complicated to be solved rigorously. It will be worth while, how- [

/;/"L\ —£ver, %o reduce it to the form as simple as possible by taking the /
(\H )  siructures of *H and *} into account and to find an approximate
1

solution at least valid for neutrons of not too large energies.

5 - b ‘
e The wave equation of the system containing a proton and two i
- > > > ! K | j
% neutrons with the coordinates »,, 79, 75 and thesz components of the sping ’Lk
:i‘ 7 9% 0y Tespectively kas the general form } i

/ A S LG RIS
{A1+A2+A;,+2—]L[(E~t Vs~ Vi~ Vil 01, 7o, 7, 01, 03, 05) =0, b

(1) See, for example, the summary report of Bethe and Bacher, Rev. Mod. Phys. Jere
» 8% 1986 and further Fermi, Ric. Soiont, VII , 1, 1936. :
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where M is the common mass and Vi, Vi, Vi are the potentials of
forces, each involving the coordinates, spins and exchange operators of
two particles in general. If we neglect the terms other than those of
Majorana type, they become

Vie=JE)RE, Ves— ()P, Vs =K (s") P

respectively, where

> > > > > > —7 -> >
S=ri—7Ts S=ri—7s S'=ir—1,

and P’s are the operators of the coordinate exchange.
Further, if we adopt the coordinates of the centre of mass

> > >

}E_ it To+7s

T )
D

. >
those of the proton relative to the first neutron s and those of the
second neutron relative to the centre of mass of the former

> iy
71+ 7o
2

a8 independent variables, (1) reduces to

r=7rs—

ey o8+ 28+ 20y — I P T6) P KOPH, D=0 ()
I Tl &
foa+> A%—(E’ T} ts )
+ @ e 6
after separating s and r from R and o’s, where e D
: ;;:;:2_7'1+’l'2’ A)r/:._,):l__’l's—i-’l“e
2

and E' is the energy of, system excluding the kinetic encrgy of the
centre of mags.

Now, When the energy E, of the incident ncutron is not large
enough to dmmtecrrate the deuteron, i.e. E, is smaller than it§ binding
energy Ep=2.2x10%V, provided that it has no true excited levels, the
wave function can be assumed to have the approximate form®

(1) In order to avoid the complication of the formulae, we Want to omlt hereaftel
‘the double sign =+, which should be suffixed to each of fun?tlons @ r), HT) and G(T /
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/ |
Yo (sr) = (r)x(s) £ p (@ )x(s), (4)

where x(s) is the normalized wave function of the deuteron, \atlﬁfylhﬂ
the equation

{As—f‘—f B+ TDfx)=0 (5)
=

— i

. : — -

and the approximate orthogonality : o

(sds=0
1o w

1s assumed.
The wave function ¥, should be multiplied by either of two spin
functions

OL(O"[) o\ o2 ‘0'3 T ’O'u (o
‘ B(m)}{ (02)8(s) — Bls)(rs)]

antisymmetric with respeet to the neutrons, corresponding to °S, *P, . ...
states of "I, while Y. should be multiplied by cither of six symmetric.
spin functions '

ACHLICH! Pt e e
Z,((Z’;f {a(a ):8\0'1 + (e )a(az ey o ?ﬁ ;
B(o2)B(7) S o
corresponding to the mlxtule oftstates B8P - cand 'S, "P, e wilere
o) — 18 o0
Bla) =0 or

accordinge as o—1 oL
If we insert (4) in the wave equation (3), multiply -both sides by

x*(s) and integrate it with respect to s, we obtain an integro-differential
~ equation

by + My 1) ‘“f [ [ [xei6)= 7o) solll L -+ T
[XOEE 0 £ ol ds (@

This can be transformed into an integral equation with the asymptotic &
form®

- —-mﬁl ikr = : 2%
o(r)= F(r, 9)+ZTlrffIG(q)F(q,7r—w)dq )

- (1) Mntt;;kTheory of Atomic (/OHI*]OHS, ‘Oxford, 1933, Chapt. VI.
I ‘and ¥ ma&b& g
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PV

for large r, where

£

6 = Ll f [ w1 T6) Yoo (s s

ijfx T e IO RRO RN

e

6 deunotes the angle between the vector » and z axis, i.e. the dlrectlon %
b B
of motion of the incident neutron and o the angle between 7' and g.

F(r,6) is an axially symmetric solution of the homogeneous differential 2

equation .
AF + 4§(E’+E0—U+ 22;1, () (10) ;

e S

B, e);e'mf'f'—' 1®) (11)

where k—%l/y%ﬂ and U.(r) are auxiliary potentials, which will

be-determined in the following section.

§2. Estimation of the Scattering Cross Section.

In order to obtain an approximate value of the scattering cross
scetion without solving the complicated integral equation, it is needed
to choose the adxiliary potentials U.(r) in (9) and (10) such that F.(r, 6)
become already approximate expressions for the required function

P(r,0). It we consider the deuteron to be a sphere of diameter
= L~4.36 x10™ ¢m and the nuclear forces to have a definite range

0=2.32x10"" cm, the interaction between the neutron and the deuteron
can be represente gbgby @ potential hole Wlth the radius b, which may

7wl
take a value betwecn 21 =218 x 10~"¢m and 2— +a=45%X10""cm. Thus

(e o

A
-

%,
4

o

we can pub
()= —con-t on 0

. according as 7 <<b or r>b.
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A legitimate value for U, can be obtained by assuming that (10) 4
has a solution with the energy

B = —ET: EEIRE ¢ 1066 v
corresponding to the normal state of *H. Such a procedure was already
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used by Massey and Mohr.””> Thus we find
—U.—=138x ISWr 32.5 % 10% 1%

for the extreme case b=4.5Xx10""cm or 2.18 x 10~ ¢m and consequently
the cross section of the deuteron at rest for slow neutrons becomes
c.=27x10""em’ or 146x10 *cm?

We have calculated further the cross section for scveral values of
the neutron energy, the results being shown in Fig. 1 and 2. In the
former case o, reaches to a large maximum and then decreases as the
energy Increases on account of the presence of the virtual P-level, while
in the latter case it decreases steadily with the energy.

On the other hand, U. can not be determined in like manner, as
little is known of the excited states of *H, and Wgcan say ¢ onthat
—U_ is much smaller than — U, or

may even be negative. Thus the cross T S b=45X107¢n o
section o in this case can be determined o o
only by making use of further experi- 2 .
mental information as follows. Namely, g 20 s
the obgerved cross section of the deu- £ | ;
teron in heavy water is o, =4 X 10~ ¢m? ; ; \
for slow neutrons of C-group according o 10 i
to Dunning, Pegram, Fink and Mit- &

chellL® Tf we consider the effect of &

chemical binding of deuterons,® the
cross section oy of the free deuteron for
slow neutrons should be about half of
the above ., so that we obtain ax

10* 10° 165 107

Energy in el”
Fig. 1

b= 2isXiosisen
This value is to correspond to the

G—
ayverage

Bl Tl

2D ;O] UL UOIJD9S BSOI) —»

10 s
c=—0,+—0_ i L
4 4 - 0 | | =
of the cross sections of the deuterons 10 10 i i
i ; Energyinielir = -
for slow neutrons in two cases above Fig. 2
considered.
Hence, we can choose U_ with a given valus of b so as to make
(1) ‘Massey and Mohr, Proc. Roy. Soc. A, ), 206, 1935.

(2) Dunning, Pegram, Fink and Mitchell, Phys. Rev. (,3 265, 1935,
(3) Compare § 3.
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o satisfy the relation
1, 1350 o0 en
4 4 '

for slow neutrons, where o. takes the value determined with the same

b. We obtain in this manner the results

e 18 10 Y ame =k L 9eal0Re ]
for b=4.5x10""cm and

o —2ls 10 e e

for b=218%10"%cm. As shown in Fig. 1g and 2,0 decreases with
the energy in the latter case, while it has a small hump due to the
virtual S-level in the former case.

The average cross section o given by (12) depends on the energy
in the manner as indicated by the curve in Fig. 1or 2. If we change
b between the above two extreme values, the shape of the curve will

: fTSé altered thereswith, so that the correct value of b will be determined,
v hen the detailed experimental results for various values of the neutron

energy will be obtained. The cross section 171 x10* em?® measured by
Dunning and others® for fast neutrons from the 2-Be source is an
average over a wide energy range and is insufficient for the determi-
nation of b, although it seems to be in favour of the value of b nearer
to 2.”‘18,><10‘13 cm than to 4.5x107" em.

C**Trt’any case, the cross section of capture of slow neutrons by deu-

~terons will be much smaller than that by protons, as the above results

show that there is no true .or virtual *S_ or *S_-levels of small energy,
‘whiléythe existence of the virtual 'S-level of energy about 12 al0seld

A

was (?j‘(pectoc’lgvﬁam theoretical arguments®. This seems to be in agree-
ment with the recent experimental results of Kikuchi, Aoki and Takeda,®
which indieate that the cross section of the y-ray emission by collision
of slow neutrons with deuterons is very small and has an upper limit
0.3 <1052 crn:.

Thus far, we took only Majorana forces into account. The inclu-
sion of small Wigner forces will not give rise to any substantial mo-
dification, while the presence of Heisebergk forces will result in the
further splitting up and coupling of tyQ set of states above considered,

(1) Loc. cit. n
(2) Fermi, loc. cit.
(3) Kikuchi, Aoki and Takeda, Sci. Pap. Inst. Phys. Chem. Res. ? 195, 1937.
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but our method of estimation is too crude to afford such discussions of
finer details.

It shoud be noticed that thc angular distribution of scattered
neutrons is, of course, spherically symmetric in the relative coordinate
system for small energies, so that the probability of it being scattered
by an angle between 6 and 0+ d@ in the
ordinary coordinate system becomes

1/3+4+2cos’ 8 > :
== L eed@ i), (13)
2 <2V3 +cos’6 (

3+26039 Coso
2Y3+Cos20 *

Thus, most of the neutrons are
scattered into the forward direction as

; ' Fig. 3. Angular Distribution of
shown in Fig. 3. Scattered Neutrons.

§3. Effect of Chemica! Binding of Deuterons on their
Collision with Slow Neutrons,

In the above calculations, we assumed the deuterons to be free and
initially at rest, but we have to consider the effect of chemical binding
of heavy hydrogen atoms with other atoms or with one another, if the
neutron energy is few volts or smaller. Such an effect in the case of
ordinary hydrogen atoms was dealed with in detail by Eermi > The
procedure can easily be extended to a more general case, in which the
scattering nuclei have the mass M’ not equal to that of the neutron,
at least in the limit of the strong binding.

Namely, if the energy of the neutron is small compared with that
of the chemical binding of heavy hydrogen atoms in the scatterer, the
cross section becomes
and the angular distribution of the scattered neutrons is spherically
symmetric in the ordinary coordinate system, where o, is the cross
section of free deuterons for slow neutrons, as was calculated in §2.

Hence, the ratio is

2995  (M!'—2M)
(o

for. the deuteron in contrast to '4 for the proton (M '=M) and 1 for

(1) Loe. cit.

120 i W

1 |2| llLLLl.Ll3ll

4

5

|| ..-Im. nlinn |mlnu'uulnnlnnlu i |||m vlom uuluullml

'E24 010 P10 |



\thl|||l||8nl||l||u%ll11|lngnxgl|n‘|||ll111|1|2||l|1||lu%'111|llﬂ-lIx|11|u5u||11nln6nll|11|Zl:xlnluslnlnllLll?uluuljmnlul

R FEENIE RIS

| IFCZ BB B 2= PR

nnhu|]||n|||n||||||n|||nn|uu llullllll 1101

wnl |15 (PR R (R) e —

—/LULL \YyULU WEHVETD SlLy

SRS ERMESTET B RS

1937] On the Theory of Collision of Neutrons with Deuterons. 087

the heavy nucleus (M ">M). Thus, the cross section of deuterons in
heavy water for thermal neutrons will be nearly twice as large as that
for slow neutrons with the energy large compared with that of the
chemical binding, as was pointed out already in §2.

It should be noticed, on the other hand, that the calculation made
by the method of Fermi leads, in the limit of the weak binding, to
the result which is not consistent with that of the preceeding section.
Namely, the cross section thus obtained differs from o, of §2 by a
factor i

l(M—i—M’)Q< M’ _‘_M’—MIOUM’+M>
N M+ M M T )
which takes the value 1.868 for the deuteron (M'=23) and is not
cqual to 1 except for the proton and the heavy nucleus. Correspon-
dingly, the angular distribution of scattered neutrons becomes

(15)

Meos 0+ VMF~ Msin® i, g q (16)

const. X
M+ M!

in contradistinetion to

l( ]l[“_‘MJ,—F 2]’12,0952 < vl 0> sin 616 (17)

2\ M'YM"”— M*in"0 M % :

both in the ordinary coordinate system, which are alzo at variance with
each other except for M/=M and M'>M.

Closer examination shows that the origin of this discrepancy is
the illegitimate use of Born’s approximation, on the part of Fermi’s
method, in the limit of the weak binding, the agreement of the result
of both methods in the case of free protons being only accidental.
Nevertheless, Fermi’s results, seems to be always true in the limit of
the strong binding. e be Wd“ /M‘/{' ‘L\{ E} ’fl\f Y.V,

§4. Slowing Down of Neutrons by Multiple Collision
with Deuterons,

The energy distribution of neutrons with the initialfencrgy B, will
be constant throughout the interval (—Eg—, L‘0> after the collision with

deuterons initially at rest, if we assume the scattering is sp! erically

symmetric in the coordinate system, in which the centre of mass is at

: o S
rest. Hence, the mean energy after a single collision is 'Q'Eo and re-

duces to (g) E, after n collisions, which does not differ very much from
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3
the corresponding value <2> E, in the case of collisions with protor’.®

Thus, the deuteron seems to have an cffect on the slowing down of
neutrons comparable with the proton.
There are, however, many reasons which lead us to the opposite

conclusion. TFirstly, the neutron encrgy can not be smaller than §EU

by a single collision, so that a neutron with the energy of the order
of 10°¢V should undergo at least 6 collisions with deuterons before it
becomes a slow neutron of several volts, while this can be effected by
a single collision with the proton. Secondly, the occurrence of such a
multiple collision with the former will be much rarer than that with
the latter under similar conditions, because the cross section of the
tormer becomes much smaller than that of the latter as the energy of
the neutron decreases. Thirdly, the energy distribution function of
neutrons after n collisions with the former, which can be evaluated by
using the general formulae of Condon and Breit, @ has very small value

in the neighborhood of the lower limit <;> B, compared with the cor-

responding value for the latter. The probabilities that the neutron has

an energy smaller than i afgeriiver o war _*‘,‘ﬁl
94 o - "

collisions, for example, are 1.15X
10~* and 0.063 respectively. General
state of affairs will be illustrated ;
by Fig. 4. The ordinate shows the 5
probability that the neutron has a :
fraction of its initial energy less than
the abscissa after a number of col- ,
lisions marked on each curve. Full 9 11
curves refer to the collisions with
deuterons and dashed curves to those | ;
with protons. Both the absecissa and }* 135107 165 162 107 IR
the ordinate are in logarithmic scale. ¢ e Hinal Bnergy,
Under these circumstances, we dniggiEperey
can nob expect theoretically any ap- Fig. 4. Probalility that the neutron has
. 2 y an energy smaller than a fraction of
preciable contribution of the deuteron

the initial energy afte1 multiple col-
compound such as heavy water to h}gn

(1) ‘Condon and Breit, Phys. Rev. @9, 229, 1936.
(2) Loec. cit.
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the slowing down of neutrons. This conclusion is in good agrecment
with the recent experimental results of Kikuchi, Aoki and Takeda,®

Mbat the number of neutrons of C-group produced in D.0.
by using D> D source is at most 1/27 of that produced in the equal

volume of H,0, although quantitative comparison of the theory and th(
....%—'i 7 xpernnent is very difficult. Previous results of Dunning and others®

= indicating relative eﬂ‘imenmes about 1 :5.5 of 1.0 and H.,O for produ-
z : cmg slow neutrons by unmRn source should be attributed to

ﬁgf 143 the contrlbutlon of B-group as pointed out by Kikuchi and others.®”
In co\lfelusmn, the authorszmdeb@dd\ Rrofi S ch1 for L
6 valuable discussions. wont o dgﬂ ond dmerd
: Tt

I‘_nstiAéa of Physics,
Osaka Imperial University.

(1) Loc. cit.
(2) Loc. cit.

(8) Loec. cit.
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