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⚫ I’m going to talk about the tensor renormaliza-on group (TRG) approach and its 
   applica-on to the high-energy physics, par-cularly to the la/ce gauge theories 
   (LGT) 

⚫ Tradi-onally, the LGT community has been working on the path integral 
    formalism using the MC methods. The sign problem is inevitable, unfortunately

⚫ The community has been recently paying more aTen-on to some alterna-ve 
    approaches, involving tensor networks and quantum compu-ng

⚫ A goal for the community is to inves-gate the quantum chromodynamics (QCD)
   using tensor networks, which will be allow us to understand the QCD phase diagram     
   at finite temperature and density 

⚫ Two ways are available in tensor networks:

⚫ Working on the canonical quan-za-on ⇨ 3D PEPS, TTN, … 

⚫ Working on the path integral quan-za-on ⇨ 4D TNR, TRG, …

⚫ Interdisciplinary efforts should be needed 
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A quick look at the QCD
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Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.
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PACS-CS results for 2+1 flavor lattice QCD simulation on and off the physical point
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Figure 6: Light hadron spectrum extrapolated to the physical point (red circles) in comparison with the
experimental values (black bars).

the MILC results obtained with two-loop renormalization factors are found in the middle of ours
and the RBC/UKQCD ones. We are now evaluating the nonperturbative renormalization factors
employing the Schrödinger functional scheme.

In Table 4 we also present the results for the pseudoscalar meson decay constants at the
physical point employing the perturbative renormalization factor at one-loop level. We find that
our results are consistent with the experimental values within the errors. On the other hand, the
RBC/UKQCD results are smaller than the experimental values by 5%, albeit rather large systematic
uncertainties are estimated. Since the MILC results are free from the uncertainties due to the finite
renormalization, they use fπ as a physical input.

Table 4: Cutoff, renormalized quark masses, pseudoscalar meson decay constants determined with mπ , mK
and mΩ as physical inputs. Quark masses are renormalized at 2 GeV.

physical point experiment[43] RBC/UKQCD[29] MILC[30]
w/o FSE w/ FSE

a−1 [GeV] 2.176(31) 2.176(31) − 1.729(28) continuum
mMS

ud [MeV] 2.509(46) 2.527(47) − 3.72(16)(33)(18) 3.2(0)(1)(2)(0)
mMS

s [MeV] 72.74(78) 72.72(78) − 107.3(4.4)(9.7)(4.9) 88(0)(3)(4)(0)
ms/mud 29.0(4) 28.8(4) − 28.8(0.4)(1.6) 27.2(1)(3)(0)(0)
fπ [MeV] 132.6(4.5) 134.0(4.2) 130.7±0.1±0.36 124.1(3.6)(6.9) input
fK [MeV] 159.2(3.2) 159.4(3.1) 159.8±1.4±0.44 149.6(3.6)(6.3) 156.5(0.4)(+1.0

−2.7)

fK/ fπ 1.201(22) 1.189(20) 1.223(12) 1.205(18)(62) 1.197(3)(+6
−13)

6. Results of the physical point simulation

A direct simulation at the physical point is attempted by choosing the hopping parameters as
(κud,κs) = (0.137785,0.13660), which is estimated using the four data set with κud ≥ 0.13754.
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⚫ The QCD describes the strong interacGon btw quarks and gluons

Quarks = Grassmann fields

Dimensionality: d = 3+1
# of flavors: Nf = 2+1(+1)

# of colors: Nc = 3
Quarks: 4×Nf×Nc-component spinor

Gluons: Nc×Nc matrixGluons = SU(Nc) fields

μ≠0 ⇨ the sign problem



⚫ Can be a good roadmap

calculations that would ultimately replace the use of event
generators such as PYTHIA (Sjostrand et al., 2015).
The simplest starting point for the real-time evolution is the

evolution operator expð−iĤt=ℏÞ acting on the Hilbert space
of the quantum Hamiltonian Ĥ. We provide a first look at
the transfer matrix that smoothly connects the “classical”
Lagrangian approach to the Hilbert space used in the
Hamiltonian formalism. We discuss various types of dualities
(geometrical and topological) that are often used together and
mistaken for one another.
For the models in the Kogut sequence, the bosonic field

variables and the symmetry groups are compact. General
mathematical theorems, namely, the Pontryagin duality
(Pontryagin, 1939) and the Peter-Weyl theorem (Peter and
Weyl, 1927), guarantee that functions over compact groups
can be expanded in terms of discrete sums of representations.
This is called the “character expansion” and was exploited to
calculate strong coupling expansions (Balian, Drouffe, and
Itzykson, 1975) or introduce new variables on geometrically
dual lattice elements (Savit, 1980).
The discreteness of the character expansion provides a

natural starting point for building approximate reformulations
of lattice models suitable for quantum computing or quantum
simulation experiments. The Ising model is an elementary
example where the Hilbert space of the transfer matrix can be
implemented with a set of qubits, the basic components of
actual quantum computers that exist in a linear superposition
of two states j0i and j1i, rather than being just on or off like
the bits of a classical computer. For models with continuous
fields, character expansions allow us to perform the “hard
integrals” analytically without needing to approximate the
numerical discretizations that break the continuous sym-
metries. Demonstrating the power of the character expansion
is one of the main goals of this review. Examples of quantum
computations and simulations are provided at the end of
Sec. III. In Sec. IV, we clarify the use of the terms “classical”
and “quantum” in various contexts and make connections with
other approaches (Schollwöck, 2011b; Haegeman and
Verstraete, 2017; Ran et al., 2020; Cirac et al., 2021).
Section V introduces the tensor reformulation for the Ising

model. SVD, truncation, and the TRGmethod are discussed in
Sec. VI. Spin models with an Oð2Þ symmetry or with discrete
subgroups are discussed in Sec. VII. In Sec. VIII, we derive
expressions for local tensors in the simple case of a non-
Abelian spin model with Oð3Þ symmetry. We also find tensor
expressions for effective theories of gauge theories known as
principal chiral models.
Models with local gauge symmetry are introduced in

Sec. IX. We first consider Abelian gauge theories and work
up in complexity to tensor expressions for non-Abelian gauge
theories as well.
In Sec. X, tensor network expressions for the real and the

complex ϕ4 theory are derived. For models with noncompact
fields such as the scalar ϕ4 theory, the Gaussian quadrature
rule can be used to extract discrete degrees of freedom, just as
the gauge degrees of freedom are discretized via character
expansions. The accuracy of the tensor network approach is
shown for the real-field case, and an ability to deal with a
severe sign problem is shown in the complex-field case.

In Sec. XI, we present tensor formulations for models with
fermionic degrees of freedom. In general, fermions fit in well
with the tensor (and discrete) approach thanks to the nilpo-
tency of the Grassmann variables. In the section, various
models that contain fermions such as pure fermions, gauged
fermions, and fermions combined with scalars are discussed.
In Sec. XII, we rediscuss the transfer matrix using the tensor

formalism and broaden the perspective. Recent TLFT deve-
lopments regarding symmetries, topological solutions, and
quantum gravity are discussed in Sec. XIII.

II. LATTICE FIELD THEORY

A. The Kogut sequence: From Ising to QCD

In the early 1970s, QCD appeared to be a strong candidate
for a theory of strong interactions involving quarks and
gluons. However, the perturbative methods that provided
satisfactory ways to handle the electroweak interactions of
leptons failed to explain confinement, mass gaps, and chiral
symmetry breaking. A nonperturbative definition of QCD was
needed. In 1974, Wilson proposed (Wilson, 1974) a lattice
formulation of QCD where the SUð3Þ local symmetry is exact.
As this four-dimensional model is fairly difficult to handle
numerically, a certain number of research groups started
considering simpler lattice models in lower dimensions and
then increased symmetry and dimensionality. This led to a
sequence of models, sometimes called the “Kogut ladder,” that
appears in the reviews of Kogut (1979, 1983) and was later
addressed with small modifications by Polyakov (1987) and
Itzykson and Drouffe (1991).
The sequence is approximately the following:
(1) D ¼ 2 Ising model
(2) D ¼ 3 Ising model and its gauge dual
(3) D ¼ 2 Oð2Þ spin and Abelian Higgs models
(4) D ¼ 2 fermions and the Schwinger model
(5) D ¼ 3 and 4Uð1Þ gauge theory
(6) D ¼ 3 and 4 non-Abelian gauge theories
(7) D ¼ 4 lattice fermions
(8) D ¼ 4 QCD

This sequence should not be understood in a rigidway as if each
step is necessary for the next step. For instance, steps (3)–(5) can
be interchanged, and the problems involving fermions have
specific features that are not easily compared to those involving
only bosonic fields. The message that we want to convey is that
there is an approximate roadmap that has proven to be effective
for the classical approach of lattice field theory in dealing with
static problems using importance-sampling (Monte Carlo)
methods. We advocate following a similar path to develop
the quantum versions of these models and deal with real-time
evolution and other problems not accessible with classical
methods. The difference between quantum and classical is
explained more precisely in Sec. IV.A. A similar path is
followed to develop numerical coarse graining.

B. Classical lattice models and path integral

In this section we introduce lattice versions of classical field
theory models. At this point, we point out that, while we
provide definitions of the fields, notations, and acronyms or

Meurice, Sakai, and Unmuth-Yockey: Tensor lattice field theory for renormalization …

Rev. Mod. Phys., Vol. 94, No. 2, April–June 2022 025005-4

Meurice-Sakai-Unmuth−Yockey, Rev. Mod. Phys. 94 (2022 )025005

⚫ Gradually try to enlarge symmetry 
    and to increase dimensionality

⚫ Advantage of TN over MC

⚫ No sign problem

⚫ What should be addressed

⚫ Can directly deal with fermions

⚫ Thermodynamic limit can be handled 
    directly when the system has the 
    transla-onal symmetry

⚫ How can we regularize bosons?

⚫ Accuracy vs computa-onal cost

“Kogut’s sequence” toward QCD
2/43



What is TRG?
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⚫ TRG is a variant of RSRG to approximately carry out tensor contrac-ons

⚫ What do we have to do within the TRG approach?

① Derive a TN representaGon for the path integral we want to solve 

② Carry out the tensor contracGons employing a certain TRG algorithm

Levin-Nave, PRL99 (2007) 120601
Cf. Talk by Naoki Kawashima on Jul. 30
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2.1 2.2 2.3 2.4 2.5
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Levin-Nave TRG
ATRG
HOTRG
BTRG
CTMRG

Pros and Cons
⚫ Several advantages:

Cf. Talk by Naoki Kawashima on Jul. 30

⚫ No sign problem

⚫ Thermodynamic limit

⚫ Grassmann variables

⚫ Path integral, Transfer matrix

⚫ For the 2D TNs, there are much more efficient contrac-on algorithms are available

⚫ Higher-dimensional extension

⚫ Corner Transfer Matrix RG (CTMRG)
Baxter, J. Math. Phys. 9 (1968) 650

Nishino, J. Phys. Soc. Jpn, 64 (1995) 3598-3601
Nishino-Okunishi, J. Phys. Soc. Jpn, 65 (1996) 891-894

⚫ infinite Time-Evolving Block Decima-on G. Vidal, PRL91 (2003) 147902, PRL98 (2007) 070201

⚫ Naïve TRG algorithms suffer from the short-range correlaGon
Cf. Evenbly-Vidal, PRL115 (2015) 180405, Yang+, PRL118 (2017) 110504, Hauru+, PRB97 (2018) 045111, 

Harada, PRB97 (2018) 045125,  Homma-Okubo-Kawashima, PRR6 (2024) 043102, …

2D Ising model

4/43



TN formulaDon of spin systems 1/2
⚫ In the case of the nearest-neighbor interac-ng model on a square lafce

𝜎! 𝜎!"#$

𝜎!"#% 𝜎!"#$"#%

𝜎! 𝜎!"#$

𝜎!"#% 𝜎!"#$"#%

⚫ 𝑍 = Σ{"#±%}Π',)exp 𝐾𝜎'𝜎'*+)

⚫ 𝑍 = Σ{"#±%}∏𝑇"!"!"#$"!"#%"!"#$"#%

⚫ 𝑇"!"!"#$"!"#%"!"#$"#% ≔ exp 𝐾 𝜎'𝜎'*,% + 𝜎'*,%𝜎'*,%*,- + 𝜎'*,%*,-𝜎'*,- + 𝜎'*,-𝜎'

Real Space TN rep. of 𝑍
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Cf. Nakayama-Schneider, PRD110(2024)094501



TN formulaDon of spin systems 2/2
⚫ Another way to derive a TN rep. by integra-ng out original spin variables

⚫ 𝑀!!!!"#& ≔ exp 𝐾𝜎"𝜎"#$% = ∑&𝑈!!& 𝑠&𝑉!!"#&&
∗

⚫ 𝑇" ()(')' ≔ 𝑠(𝑠)𝑠('𝑠)' ∑!! 𝑈!!(𝑈!!)𝑉!!('
∗ 𝑉!!)'

∗

⚫ 𝑍 = tTr ∏"𝑇"

Real Space TN rep. of 𝑍
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Cf. Song-Zhang, PRB105(2022)134516



TN formulaDon of gauge fields 1/2
⚫ Let us consider the Ising gauge theory on a square lafce

⚫ 𝑍 = ∑ !*±, Π",%./exp 𝐾𝜎% 𝑛 𝜎/ 𝑛 + 𝜇̂ 𝜎% 𝑛 + 𝜈̂ 𝜎/ 𝑛

⚫ 𝑍 = Σ{!*±,}∏𝑇!" "#$% !# "#$& !" " !# "

⚫ 𝑇"( '*+) "& '*+. "( ' "& ' ≔ exp 𝐾𝜎) 𝑛 𝜎. 𝑛 + 𝜇̂ 𝜎) 𝑛 + 𝜈̂ 𝜎. 𝑛
Cf. Kuramashi-Yoshimura, JHEP04(2020)089

𝑛 𝑛 + 𝜇̂

𝑛 + 𝜈̂ 𝑛 + 𝜇̂ + 𝜈̂

𝜎!(𝑛)

𝜎!(𝑛 + 𝜈̂)

𝜎"(𝑛 + 𝜇̂)𝜎"(𝑛)
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TN formulaDon of gauge fields 2/2
⚫ One can move on to another TN rep. by integra-ng out original Ising gauge fields

= =

= =

HOSVD

Integra(ng out
original gauge fields Regrouping

Cf. Liu+, PRD88(2013)056005, SA-Kuramashi, JHEP10(2023)077
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2.2 TRG algorithms 2 Procedure of the TRG approach

Figure 2.4: (Left) Asymmetric formulation in three dimensions. Red symbol shows a link tensor Aℓ
and blue one does a plaquette tensor B!. Dotted lines show a cubic lattice. Tc is given by three
Aℓ’s and three B!’s. (Right) Four-dimensional asymmetric formulation. Dotted lines show a three-
dimensional sub-lattice. “Skewed” lines in Aℓ’s and B!’s correspond to subscripts along the rest of
one direction in the four-dimensional total lattice.

(B)

(C)

(A)

HOSVD

ContractionIteration

Figure 2.5: Schematic illustration of HOTRG. (A) Local tensors construct tensor network representa-
tion. (B) HOSVD introduces the optimal approximation for each subnetwork, which is consist of two
adjacent tensors. (C) After the contraction, the lattice size is reduced by a factor of 2.

9

3D

⚫ Fundamental tensors are available by integra-ng out the original gauge fields 

TN formulaDon of higher-dimensional LGTs

4D

⚫ Asymmetric formulaGon Liu+, PRD88(2013)056005

⚫ Another TN formula-on without integra-ng out the original fields

⚫ PlaqueTe gauge ac-on ⇨ Can be regarded as local four-leg tensors

9/43

Cf. Meurice, PRD102(2020)014506
Cf. Tagliacozzo-Vidal, PRB83(2011)115127, Canals-Chepiga-Tagliacozzo, arXiv:2412.16961



⚫ Character expansion

How about non-Abelian gauge theories?

⚫ Fourier transforma-on on a group manifold

⚫ Reduced TN formulaGon

Liu+, PRD88(2013)056005, Hirasawa+, JHEP12(2021)011

Fukuma-Kadoh-Matsumoto, PTEP2021(2021)123B03

Kuwahara-Tsuchiya, PTEP2022(2022)093B02

Yosprakob, PTEP2024(2024)073B05, Yosprakob-Okunishi, PTEP2025(2025)033B06

⚫ Removes redundancy from the ini-al TN rep. 

⚫ Sampling method

⚫ Tensor indices label the gauge field configura-ons

⚫ Random sampling

⚫ Trial ac-on method

⚫ Numerical quadrature

⚫ Replaces integrals by discre-zed summa-ons Luo-Kuramashi, PRD107(2023)094509
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Gu-Verstraete-Wen, arXiv:1004.2563

Gu, PRB88(2013)115139
Shimizu-Kuramashi, PRD90(2014)014508

Takeda-Yoshimura, PTEP2015(2015)043B01
Meurice, PoS LATTICE2018(2018)231

Bao’s thesis, PhD, Uwaterloo 

Grassmann TN formulaDon for fermions
⚫ Path integrals involving the fermionic DoFs are defined as the Grassmann integrals

⚫ 𝒯'$'%'&⋯ = ∑)$,)%,)&,⋯𝑇
)$)%)&⋯𝜂+

)$𝜂,
)%𝜂-

)&⋯ 

⚫ A straighPorward derivaGon of the GrassmannTN rep. for the ferminonic path  
   integral is available by introducing auxiliary Grassmann fields to decompose  
   the hopping structure

⚫ e./𝝍𝒏𝝍𝒏(𝝁 = ∫ ∫ d𝜂̅"d𝜂"e1/'*'* 	exp − 𝐴1𝝍𝒏𝜂" + 𝐴𝜂̅"𝝍𝒏#𝝁  

SA-Kadoh, JHEP10(2021)188 

Normal TN Grassmann TN
Fundamental tensor 𝑻𝒏 𝒙𝒚𝒙+𝒚+ 𝓣𝒏 𝑿𝒀/𝑿/𝒀

Contraction ∑𝜶⋯ ∫/𝚯,𝚯⋯ 

TN rep. 𝐭𝐓𝐫 ∏𝒏𝑻𝒏  𝐠𝐓𝐫 ∏𝒏𝓣𝒏  

⚫ Explicit correspondence btw TN and GrassmannTN

11/43



Fundamental unit-cell tensor TN rep. of parDDon funcDon

⚫ Normal TN formula-on for the gauge part and GrassmannTN formula-on for the 
   fermion part

TN formulaDon of LGTs w/ fermions

J. Phys.: Condens. Matter 36 (2024) 343002 Topical Review

Figure 4. Diagrammatic representation of Grassmann tensor network formulation for two-dimensional lattice gauge theories. Background
dotted lines show a real-space square lattice. (A) Structure of the fundamental tensor defined in equation (54). The blue symbol is located on
the site and denotes the right-hand side of equation (51). Note that the coefficient tensor depends on n1 as shown in equation (52). The red
symbol is located on the plaquette and denotes the four-leg tensor T(g)xgtgx ′g t

′
g
in equation (53). Each diamond shows the link variable. (B)

Grassmann tensor network in equation (56). Each internal line represents the contraction between auxiliary Grassmann variables and
integration over the shared link variable.

Let us begin with reviewing the original Levin–Nave TRG.
The algorithm aims to evaluate the partition function or path
integral represented by the tensor network

Z= tTr

[
∏

n∈Λ

Tn

]
, (62)

where we assume the two-dimensional periodic square lat-
tice Λ and Tn is a four-leg tensor defined on the site n. The
algorithm employs the singular value decomposition (SVD)
to decimate the four-leg tensor Tn into three-leg tensors:

Tn;xtx ′t ′ ≃
DLNTRG∑

a=1

An;xtaBn;ax ′t ′ , (63)

Tn;xtx ′t ′ ≃
DLNTRG∑

a=1

Cn;xt ′aDn;ax ′t. (64)

Each three-leg tensor is defined as a unitary matrix multi-
plied by the square root of its singular value. In the above
expressions, we have assumed that the singular values are
in descending order. The truncation parameter DLNTRG is
called the bond dimension. Since we have used the SVD,
equations (63) and (64) give the best approximation in terms
of the Frobenious norm of Tn under the fixed bond dimension.
Then, we define a new four-leg tensor via

Tn ′;xtx ′t ′ =
∑

x1,x2,t1,t2

Cn+2̂;x2t1x
An;x1t1tDn+1̂;x ′x1t2

Bn+1̂+2̂;t ′x2t2
,

(65)

which approximates the original Z as

Z≃ tTr

[
∏

n ′∈Λ ′

Tn ′

]
. (66)

Therefore, Tn ′ is a new fundamental tensor defined on a
site n′ in the coarse-grained lattice Λ ′. Since equation (66)
describes the tensor network whose geometry is the same as
that in equation (62), we can easily repeat the above decima-
tion procedure. Repeating this procedure N times, 2N original
fundamental tensors are approximately contracted. Thanks to
this property, the algorithm allows us to evaluate the parti-
tion function in the thermodynamic limit. The Levin–Nave
TRG requires theO

(
D6

LNTRG

)
complexity and theO

(
D4

LNTRG

)

memory cost. Note that the cost can further be reduced to the
O
(
D5

LNTRG

)
complexity and the O

(
D3

LNTRG

)
memory using

the randomized SVD [140]. The algorithm is graphically sum-
marized in figure 5.

We now need to define the SVD for the Grassmann tensor
to extend the algorithm for the Grassmann tensor network.
Suppose OΦΨ is a Grassmann tensor defined via

OΦΨ =
∑

i,j

OijΦ
iΨj, (67)

where we have assumed the notation in section 2.3, say i =
(i1 · · · im) and j = ( j1 · · · jn) with Φi = Φi1

1 · · ·Φim
m and Ψj =

Ψj1
1 · · ·Ψ

jn
n . We also assume thatO is Grassmann-even, in other

words, the matrix elements are zero unless the sum of all the

12
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Schwinger model
⚫ The most important QCD toy model in 2D

⚫ Exactly solvable in the massless limit

⚫ Mass perturba-on, Bosoniza-on

2

is expressed as

Z =
1X

Q=�1
ei✓Q

Z
DA(Q) D ̄D e�S[A(Q)] (4)

=
1X

Q=�1

Z
DA(Q) D ̄D e�S[A(Q)]+ ✓

4⇡

R
d2x ✏µ⌫F

(Q)
µ⌫

(5)

=

Z
DAD ̄D e�S[A]+ ✓

4⇡

R
d2x ✏µ⌫Fµ⌫ , (6)

where ✓ is the vacuum angle. In addition, with the use
of a chiral transformation,

 ! e�i ✓
2 �5  , (7)

 ̄ !  ̄ e�i ✓
2 �5 , (8)

the ✓ term is canceled by the anomaly and the mass term
is modified:

Z =

Z
DAD ̄D 

e
�

R
d2x

n
 ̄(�µ@µ+i�µAµ+m cos ✓+im�5 sin ✓) + 1

4g2
Fµ⌫Fµ⌫

o

.
(9)

The Schwinger model can be mapped to a bosonic
model by using following correspondences [2, 12]:

Sm=0 $
Z

d2x

⇢
1

2
(@�)2 +

g2

2⇡
�2

�
, (10)

 ̄ $ �Cg cos(2
p
⇡�), (11)

i ̄�5 $ �Cg sin(2
p
⇡�), (12)

where � is a scalar field and C is some constant which
depends on the scheme employed for normal-ordering op-
erators [13]. The bosonized version of the partition func-
tion is

Z =

Z
D� e�

R
d2x

n
1
2 (@�)

2+ g2

2⇡�
2�Cmg cos(2

p
⇡��✓)

o

. (13)

Let’s consider the potential term,

V [�] =
g2

2⇡
�2 � Cmg cos(2

p
⇡�� ✓). (14)

Intriguing finding is that ✓ = ⇡ is a special case. For suf-
ficiently large m/g, V [�] becomes a double well potential.
It tells us that there exists a first order phase transition
at the semiclassical level. On the other hand, in the limit
of m/g ! 0, the second term can be negligible so that
V [�] has an unique minimum. This means that the first
order phase transition terminates at some value of m/g,
where a second order phase transition takes place due to
the breaking of the Z(2) symmetry. In Fig. 1 we illustrate
the expected phase diagram of the Schwinger model with
the ✓ term. It should be noted that the Ising model has a
similar phase structure in the plane of an external mag-
netic field H and the temperature T . In the Ising case,
a first order phase transition at lower temperature with
H = 0 terminates at some critical temperature Tc where
a second order phase transition occurs.

FIG. 1. Expected phase diagram of Schwinger model with the

✓ term. The dotted line denotes a first order phase transition,

which terminates at a second order phase transition point

belonging to the Ising universality class.

B. Lattice formulation

We follow the formulation given in Ref. [11] except
the additional ✓ term. Hereafter, all the parameters are
expressed by dimensionless quantities multiplied by the
lattice spacing a.
We employ the Wilson fermion action and plaquette

gauge action. The Wilson-Dirac matrix D[U ] is given by

 ̄D[U ] =
1

2

X

n,↵

 ̄n,↵ n,↵

� 1

2

X

n,µ,↵,�

 ̄n,↵{(1� �µ)↵,� Un,µ n+µ̂,�

+ (1 + �µ)↵,� U
†
n�µ̂,µ n�µ̂,�},

(15)

where the hopping parameter  satisfies 1/ = 2(m+ 2)
and an U(1) link variable at site n along µ direction, Un,µ

is related to Aµ(n) as follows:

Un,µ = eiaAµ(n). (16)

↵,� denote the Dirac indices and µ̂ represents an unit
vector along µ direction. The U(1) gauge action including
the ✓ term is given by

Sg = ��
X

p

cos'p � i✓Q, (17)

'p = 'n,1 + 'n+1̂,2 � 'n+2̂,1 � 'n,2, (18)

'n,1,'n+1̂,2,'n+2̂,1,'n,2 2 [�⇡,⇡], (19)

Q =
1

2⇡

X

p

qp, (20)

qp = 'p mod 2⇡ (21)

with � = 1/g2. 'n,1,'n+1̂,2,'n+2̂,1 and 'n,2 are phases
of U(1) link variables which compose a plaquette variable.

Coleman, Ann.Phys.101(1976)239

Fig. from Shimizu-Kuramashi, 
PRD90(2014)074503

⚫ Various TN studies par-cularly for the model with a θ term
Byrnes-Sriganesh-Bursill-Hamer, PRD66(2002)013002

Bañuls-Cichy-Jansen-Cirac, JHEP13(2013)158
Byrnes-Haegeman-Acoleyen-Verschelde-Verstraete, PRL113(2014)091601

Shimizu-Kuramashi, PRD90(2014)014508, 074503, PRD97(2018)034502
Bañuls-Cichy-Cirac-Jansen-Kühn, PRL118(2017)071601

Pichler-Dalmonte-Rico-Zoller-Montangero, PRX6(2016)011023
Saito-Bañuls-Cichy-Cirac-Jansen, LaGce2014, LaGce2015

Zapp-Orús, PRD95(2017)114508
Magnifico-Vodola-Ercolessi-Kumar-Müller-Bermudez, 

PRD99(2019)014503, PRB100(2019)115152
Funcke-Janse-Kühn, PRD101(2020)054507

Bum-Camerall-Meurice-Sakai-Unmuth−Yockey, PRD101(2020)094509
Honda-Itou-Tanizaki, JHEP11(2022)141

Angelides-Funcke-Janse-Küh, PRD108(2023)0145156
Dempsey-Klebanov-Benjamin-Søggard-Zan, PRL132(2024)031603

Yosprakob-Nishimura-Okunishi, JHEP11(2023)187
Itou-Matsumoto-Tanizaki, JHEP11(2023)231, JHEP09(2024)155

Kanno-SA-Murakami-Takeda, arXiv:2412.08959
Fujii-Fujikura-Kikukawa-Okuda-Pedersen, PRD111(2025)094505

Cruz-Tarnopolsky-Xin, arXiv:2412.01902

⚫ “θ≠0 ⇨ The sign problem”

⚫ However, this sign problem can be 
    avoided by the bosonizaGon!

Ohata, JHEP12(2023)007, PTEP2023(2023)013B02
PTEP , 013B02 H. Ohata 

Byrnes et al. [15]

Fig. 9. Fermion mass dependence of the energy gap at zero temperature. 

Byrnes et al. [15]

Fig. 10. Fermion mass dependence of the electric field at zero temperature. 
strong agreement between the prediction and their direct numerical results, indicating that the 
scaling behavior holds surprisingly well in the region m ∈ [ 0 , m c ] at zero temperature. 

We can also predict the electric field in the CP broken phase ( m > m c ) at zero temperature from 
the asymptotic form of the correlation function ( 31 ). In this region, using the zero temperature 
limit of G I [ 38 ]: 

G I (!/T ) → (!/T ) 1 / 4 , !/T ≫ 1 , (35) 
the correlation function behaves as 

C(x ) → Z(T /g) 1 / 4 ( !/T ) 1 / 4 = Z ( !/g ) 1 / 4 = Zr 1 / 4 (m 
g − m c 

g 
)1 / 4 

. (36) 
Ther efor e, the electric field in the CP broken phase is gi v en by 

| ⟨ E ⟩ | 
g = Z 1 / 2 r 1 / 8 (m 

g − m c 
g 

)1 / 8 
. (37) 

We plot Eq. ( 37 ) using the nonuni v ersal constants ( 33 ) in Fig. 10 . We observe a rather sharp 
but continuous increase in the electric field near the QCP, corresponding to the small critical 
exponent β = 1/8. In Fig. 10 , the numerical results by Byrnes et al. [ 15 ] are also plotted. We find 
that the analytical curve successfully explains their numerical results near the QCP. While clear 
discr epancies ar e observed away from the QCP, the discr epancies ar e very small e v en at m / g = 
1. This allows us to conclude that the scaling behavior holds well in the region m/g ∈ [ m c /g, 1 ] 
at zero temperature. 
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Two-color QCD in two dimensions
Kwok Ho Pai-SA-Todo, JHEP03(2025)027, PoS(LATTICE2024)364

⚫ 2D non-Abelian gauge theory is a non-trivial testbed for tensor networks

⚫ Nc=2, finite gauge coupling, dynamical fermions, 
    finite density

Numerical results: 𝜷 = 𝟎. 𝟖

• The behavior at finite coupling is like that at infinite coupling
• As 𝛽 becomes nonzero, the intermediate phase becomes broader at m = 0.1

𝛽 = 0 0.22 ≤ 𝜇 ≤ 0.46 𝛽 = 0.8 0.22 ≤ 𝜇 ≤ 0.52

K = 14Numerical results: 𝜷 = 𝟎. 𝟖

• The behavior at finite coupling is like that at infinite coupling
• As 𝛽 becomes nonzero, the intermediate phase becomes broader at m = 0.1

𝛽 = 0 0.22 ≤ 𝜇 ≤ 0.46 𝛽 = 0.8 0.22 ≤ 𝜇 ≤ 0.52

K = 14

(1+1)-D lattice two-color QCD with staggered fermions

What we calculate with TRG

Fermion hopping term 
+ mass term

Wilson’s gauge action Diquark source term

Phase structure of  the (3+1)-D theory

Parameters: 𝑚,𝛽, 𝜇, 𝜆

[Y. Nishida+, Phys. Rept. 398 (2004) 281–300] (3+1)-D infinite coupling two-color QCD with staggered fermions

Bare quark mass = 0.02 • Finite diquark condensate 
due to the SSB of  U(1) 
symmetry

• Lattice artifact comes into 
play at large chemical 
potential

Nishida+, Phys. Rept. 398(2004)281-300

⚫ The typical ini-al bond dimension is χ=4Nc×K

⚫ The DMRG study has been also reported recently
Hayata-Hidaka-Nishimura, JHEP07(2024)106
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MulD-flavor theory
⚫ Different flavor DoFs can be arranged in the virtual dimension direc-on

Yosprakob-Nishimura-Okunishi, JHEP11(2023)187

⚫ Pseudo-site approach

⚫ The bond dimension can be reduced from 𝝌𝒇
𝑵𝒇  to 𝑵𝒇×𝝌𝒇

⚫ 𝜒< = 4=-  in 2D Ho Pai-SA-Todo, JHEP03(2025)027, PoS(LATTICE2024)364, Cf. Asaduzzama+, JHEP05(2024)195

⚫ 𝜒< = 16=-  w/ the 4D Wilson fermion

In the tensor network calculation based on the Hamiltonian
formalism, one uses the MPS with its canonical form to
represent a state vector. One of the advantages of the
canonical form is that one can calculate physical quantities
on a larger system just via some local manipulations. For a
detailed explanation of the canonical form, see Ref. [47], for
instance. In the following, we will see that the canonical
form enables us to calculate some reduced density matrices
easily and to develop a coarse-graining procedure of the
Grassmann tensor network via some local operations with
respect to each flavor. The matrix product decomposition of
Eq. (11) can be rewritten as

TI1I2I3 ¼
Xχ

α1¼1

Xχ

α2¼1

ΓI1
α1σα1Γ

I2
α1α2σα2Γ

I3
α2 ; ð12Þ

where ΓI1
α1 ¼ UI1α1 , Γ

I2
α1α2 ¼ σ−1α1 Uα1I2α2 , and ΓI3

α2 ¼ V$
I3α2 .

The right-hand side of Eq. (12) is a different type of
canonical form which was first proposed in Ref. [48], in
the context of the classical simulation of the quantum
computations based on the Hamiltonian formalism. In this
canonical form, singular values exist explicitly between allΓ
tensors. For Eqs. (11) and (12) to hold, a naive choice of χ is
χ ¼ 28. If we have the vanishing singular values, however,
we have a chance to compress original coefficient tensors
by expressing the right-hand sides of Eqs. (11) and (12).
We will see later that χ ¼ 4 is sufficiently large for these
equations to hold.

Obviously, the matrix product decomposition of the
coefficient tensor can be interpreted as that of the corre-
sponding Grassmann tensor. Equation (12) provides us
with

T ¼
Xχ

α1¼1

Xχ

α2¼1

Aα1σα1Bα1α2σα2Cα2 ; ð13Þ

where Aα1 , Bα1α2 , and Cα2 are the Grassmann tensors,
defined by contracting If (f ¼ 1, 2, 3) with corresponding
Grassmann numbers in Eq. (8), labeled by some extra
indices, α1, α2. Figure 1 schematically shows Eq. (2) with
Nf ¼ 3 and its matrix product decomposition of Eq. (13).
We can understand that Eq. (13) has introduced a virtual
direction for the original two-dimensional Grassmann
tensor network. Notice that the contractions parallel to
the original two-dimensional plane are the Grassmann
contractions, but those along the virtual direction are
normal tensor contractions.

B. Coarse-graining procedure

Our method is basically similar to the algorithm of
higher-order TRG (HOTRG) [10]. At each coarse-graining
step, however, we convert two adjacent coefficient tensors,
along the spatial or temporal direction, into a canonical
form along the virtual direction before we carry out the
spacetime coarse-graining, doing the same with the
HOTRG. A schematic picture is shown in Fig. 2. In

FIG. 1. Schematic illustration of Eq. (2) with Nf ¼ 3. (a) Original description of Eq. (2). Yellow square symbols show the Grassmann
tensor defined by Eq. (3). (b) Equation (2) generated by Eq. (13). Green square symbols showAα1, Bα1α2 , and Cα2 in Eq. (13). Diamond
symbols correspond to σα1 and σα2 in Eq. (13). Contractions parallel to the original two-dimensional plane are given by the Grassmann
contractions. On the other hand, contractions along the virtual direction are given by normal tensor contractions. (c) Diagrammatic
representation of Eq. (13).
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Figure 1: a) The two-dimensional tiling of the site tensor, which is composed of four

subtensors. The shaded region represents a plaquette. b) The three-dimensional tiling of

the site tensor for Nf = 3. Each layer corresponds to some flavor ↵. c) The site tensor

(2.14) with the gauge fields and fermionic variables. d) The site tensor with the index for

each bond. In the diagrams, fermionic legs with an arrow pointing away from the tensor are

non-conjugated fermions, while those with an arrow pointing into the tensor are conjugated

fermions.
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Abstract
We review the basic ideas of the tensor renormalization group method and show how they can
be applied for lattice field theory models involving relativistic fermions and Grassmann
variables in arbitrary dimensions. We discuss recent progress for entanglement filtering, loop
optimization, bond-weighting techniques and matrix product decompositions for Grassmann
tensor networks. The new methods are tested with two-dimensional Wilson–Majorana fermions
and multi-flavor Gross–Neveu models. We show that the methods can also be applied to the
fermionic Hubbard model in 1+1 and 2+1 dimensions.

Keywords: tensor networks, lattice gauge theory, relativistic lattice fermions,
Fermi Hubbard model, Grassmann path integrals, sign problems
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Higher-dimensional TRG algorithms
⚫ Real-space RG on tensor networks, whose accuracy can be systema-cally 
    improved by increasing the bond dimension 𝜒
⚫ Higher-Order TRG (HOTRG)

⚫ Anisotropic TRG (ATRG)

⚫ Triad TRG

Xie-Chen-Qin-Zhu-Yang-Xiang, PRB86(2012)045139

⚫ Computa-onally demanding: 𝑂 𝜒>?1+

⚫ Less demanding than HOTRG: 𝑂 𝜒,?#+

⚫ Based on three-leg tensors: 𝑂 𝜒?#-

Adachi-Okubo-Todo, PRB102(2020)054432

Kadoh-Nakayama, arXiv:1912.02414

⚫ Minimally-Decomposed TRG

⚫ Comparable accuracy to HOTRG: 𝑂 𝜒,?#+

Nakayama, arXiv:2307.14191

XIE, CHEN, QIN, ZHU, YANG, AND XIANG PHYSICAL REVIEW B 86, 045139 (2012)

T
(n)(a)

M
(n)

T
(n+1)

(b)

i
T
(n)

T
(n)

x1
x2

x'1
x'2

y

y'

T
(n+1)

x x'

y

y'

x1

x2

x'1

x'2
x x'

y

y'

U
(n+1)

U
(n+1)M

(n)

FIG. 1. (Color online) (a) A HOTRG contraction of the tensor-
network state along the y axis on the square lattice. (b) Steps of
contraction and renormalization of two local tensors. The initial tensor
T (0) = T .

To coarse grain, we contract the lattice alternatively along
the horizontal (x axis) and vertical (y-axis) directions. This
scheme of coarse graining is simple to implement. Figure 1(a),
as an example, shows how the contraction along the y axis is
done. At each step, two sites are contracted into a single site
in the coarse-grained lattice [Fig. 1(b)], and the lattice size is
reduced by a factor of 2.

The contracted tensor at each coarse-grained lattice site is
defined by

M
(n)
xx ′yy ′ =

∑

i

T
(n)
x1x

′
1yi

T
(n)
x2x

′
2iy

′ , (5)

where x = x1 ⊗ x2, x ′ = x ′
1 ⊗ x ′

2, and the superscript n de-
notes the nth iteration. The bond dimension of M (n) along the
x axis is the square of the corresponding bond dimension of
T (n). To truncate M (n) into a lower rank tensor, we first do a
HOSVD for this tensor,20

M
(n)
xx ′yy ′ =

∑

ijkl

SijklU
L
xiU

R
x ′jU

U
ykU

D
y ′l , (6)

where U ’s are the unitary matrices. S is the core tensor of
M (n), which possesses the following properties for any index,
say index j :

(1.) all orthogonality,

⟨S:,j,:,: | S:,j ′,:,:⟩ = 0, if j ̸= j ′, (7)

where ⟨S:,j,:,: | S:,j ′,:,:⟩ is the inner product of these two
subtensors.

(2.) pseudodiagonal,

|S:,j,:,:| ! |S:,j ′,:,:|, if j < j ′,

where |S:,j,:,:| is the norm of this subtensor which is the square
root of all elements’ square sum. These norms play a similar
role as the singular values of a matrix.

In M (n), the two vertical bonds, y and y ′, do not need to be
renormalized. Thus in the practical calculation, UU and UD

are not needed to be determined. Moreover, the right bond of
M (n) is linked directly to the left bond of an identical tensor
on the right neighboring site, thus to truncate any one of the
horizontal bonds of M (n) will automatically truncate the other
horizontal bond. The truncation can be done by comparing the
values of

ε1 =
∑

i>D

|Si,:,:,:|2, (8)

and

ε2 =
∑

j>D

|S:,j,:,:|2. (9)

If ε1 < ε2, we truncate the first dimension of S or the second
dimension of UL to D. Otherwise, we truncate the second
dimension of S or the second dimension of UR to D. This
kind of truncation scheme provides a simple and optimal
approximation to minimize the truncation error.21,22 It has been
successfully applied to many fields such as data compression,
image processing, pattern recognition, etc.23

After the truncation, we can update the local tensor using
the following formula:

T
(n+1)
xx ′yy ′ =

∑

ij

U
(n+1)
ix M

(n)
ijyy ′U

(n+1)
jx ′ , (10)

where U (n+1) = UL (or UR) if ε1 is smaller (or larger) than ε2.
The above HOTRG calculation can be repeated iteratively

until the free energy and other physical quantities calculated
are converged. The cost of the calculation scales as D7 in
the computer time and D4 in the memory space. This is
comparable with the cost of TRG.7,8

The key step in the above HOTRG iteration is to determine
the four unitary matrices on the right-hand side of Eq. (6).
In our calculation, we determine these matrices by taking the
singular value decomposition of matrices. As an example, let
us consider how to evaluate UL. We first convert Mxx ′yy ′ into
a matrix M ′

x, x ′yy ′ ,

M ′
x, x ′yy ′ = Mxx ′yy ′ ,

with the first index x as the row index and the rest indices
(x ′,y,y ′) as the column index of this matrix. Then from the
theory of HOSVD, we know that UL is equal to the left unitary
matrix of M under the singular value decomposition. Thus UL

can be simply determined from the canonical transformation
of the unitary matrix M ′M ′†,

M ′M ′† = UL"L(UL)†, (11)

where "L is the eigenvalue of M ′M ′†. Furthermore, it can be
shown that

|Si,:,:,:|2 = "L
i . (12)

The cost for evaluating these U matrices scales with D6.

045139-2

Xie+, PRB86(2012)045139

⚫ Triad ATRG Sugimoto-Sasaki, PoS(LATTICE2024)038, arXiv:2507.21909
Cf. P28 by Yuto Sugimoto on Aug. 6
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PoS(LATTICE2023)355

Tensor renormalization group study of 3D principal chiral model Judah Unmuth-Yockey

SVD

SVD

Insert 
squeezers

Contraction

Iterate

Decompose local tensors
to start the ATRG 

Coarse-graining
in the ATRG

!

"

#

Figure 1: The decomposition of the initial tensor (left) and schematic overview of the ATRG algorithm
(right) as proposed in Ref. [7].

where A label the half-integer irreducible representations (irreps.) of the (* (2) group, �A (V) are
the expansion coefficients given in terms of modified Bessel functions, and jA are the characters of
the group. This expansion introduces discrete, half-integer degrees of freedom associated with the
interaction surfaces of the lattice—in this case the links. The characters can be used to isolate the
group matrices using,

jA (* (G)* (G + â)) =
’
<,=

⇡A
<= (* (G))⇡A

=,<
†(* (G + â)). (4)

This factorization allows for exact integration over the original, matrix degrees of freedom, leaving
only the discrete degrees of freedom behind. This integration creates constraints between the
different irreps. in the form of Clebsch-Gordon coefficients. After integrating out all the original
matrix variables a local tensor can be constructed identically at every site on the lattice having the
form,

)(A1<1=1 ) (A2<2=2 ) (A3<3=3 ) (A4<4=4 ) (A5<5=5 ) (A6<6=6 ) =

vut 6÷
?=1

�A? (V)

⇥
A1+A2’

'12= |A1�A2 |

'12+A3’
'123= |'12�A3 |

A5+A6’
'56= |A5�A6 |

’
"12,#12

’
"123,#123

’
"56,#56

1
2'123 + 1

⇥ ⇠'12"12
A1<1A2<2⇠

'12#12
A1=1A2=2⇠

'123"123
'12"12A3<3

⇠'123#123
'12#12A3=3

⇠'123"123
A4<4'56"56

⇠'123#123
A4=4'56#56

⇠'56"56
A5<5A6<6⇠

'56#56
A5=5A6=6 . (5)

The ATRG uses a decomposition of the initial tensor given by,

)(A1<1=1 ) (A2<2=2 ) (A3<3=3 ) (A4<4=4 ) (A5<5=5 ) (A6<6=6 )

⇡
’
W

*(A1<1=1 ) (A2<2=2 ) (A3<3=3 )WfW+
⇤
(A4<4=4 ) (A5<5=5 ) (A6<6=6 )W (6)

which can be seen in the left-hand side of Fig. 1. This initial singular value decomposition (SVD)
of the tensor is used in the main updating step of the algorithm, as can be seen in the right-hand

3

Figure is adapted from SA-Jha-Umuth-Yockey, PoS (LATTICE2023) 2024

Adachi-Okubo-Todo, PRB102 (2020) 054432

(𝐴) (𝐵)

(𝐶)(𝐷)

Anisotropic TRG
⚫ Decomposi-on of fundamental tensors
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Kadoh-Nakayama, arXiv:1912.02414
Triad TRG

⚫ Further decomposi-on of fundamental tensors

⚫ Triad TRG is based on the HOTRG recursion formula 
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Algorithm Cost Model

HOTRG
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PRB86(2012)045139
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★Ising Lyu-Kawashima 

Potts model Wang+
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U(1) gauge theory Unmuth-Yockey
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COARSE-GRAINING TENSOR RENORMALIZATION BY . . . PHYSICAL REVIEW B 86, 045139 (2012)
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FIG. 7. (Color online) Graphical representation for the determi-
nation of the bond density matrix ρ(n)

zw,xy from the environment tensor
E

(n+2)
lrf bud in three dimensions.

the Monte Carlo result.27 Our result for the specific heat agrees
with the Monte Carlo one. At the critical temperature, Tc =
4.511544, the internal energy is found to be Uc = −0.995592
for D = 14. This value of Uc, as shown in Table I, also agrees
well with other published data.

From the temperature dependence of the specific heat
around the critical point, one can estimate the critical exponent
of the specific heat with the formula,

C ∼ t−α, (16)

where t = |1 − T/Tc|. However, as the specific heat data are
obtained simply from the numerical derivative of the internal
energy, the accuracy of the specific heat data is much less than
that of the internal energy, especially around the critical point.
This causes a big error in the determination of the exponent α
with the above formula. This problem can be solved by directly
evaluating this exponent from the temperature dependence of
the internal energy. From the temperature integration of the
specific heat, it is simple to show that the internal energy
should exhibit the following critical behavior:

U = Uc + at + bt1−α, (17)

FIG. 8. (Color online) The internal energy and the specific heat
for the 3D Ising model obtained by the HOTRG with D = 14.
The Monte Carlo result (black curve) obtained from an empirical
fit formula given in Ref. 27 is shown for comparison.

TABLE I. Comparison of the internal energy at the critical
temperature Uc for the 3D Ising model obtained by different methods.

Method Uc

HOTRG (D = 16) − 0.990842(3)
Series expansion30 − 0.991(1)
Series expansion31 − 0.9902(1)
Series expansion32 − 0.99218(15)
Monte Carlo27 − 0.990604(4)
Monte Carlo33 − 0.9904(8)
Monte Carlo34 − 0.990(4)

where a and b are unknown parameters which can be
determined by fitting.

Figure 9 shows the fitting curves for the internal energy
around the critical point obtained with Eq. (17). The critical
exponent is found to be α = 0.1023 and 0.1137 for the tem-
perature higher and lower than the critical value, respectively.
These values of the critical exponent are consistent with the
result obtained from the series expansion,28 0.104, and the
Monte Carlo calculation,29 0.111.

Figure 10 shows the temperature dependence of the sponta-
neous magnetization M obtained by the HOTRG with D = 14.
Our data agree well with the Monte Carlo results.35 From the
singular behavior of M , we find that the critical temperature
Tc = 4.511615 for D = 14. Furthermore, by fitting the data of
M in the critical regime with the formula,

M ∼ tγ , (18)

we find that the exponent γ = 0.3295, consistent with the
Monte Carlo29 (0.3262) and series expansion36 (0.3265)
results.

Figure 11 shows the critical temperature Tc determined
from the singular points of the internal energy as well as the
magnetization for D up to 16. The values of Tc obtained from
these two quantities agree with each other. For D = 16, Tc

obtained from the internal energy and the magnetization are
4.511544 and 4.511546, respectively. The relative difference
is less than 10−6. But Tc does not vary monotonically with

FIG. 9. (Color online) The internal energy (D = 14) and its fitting
curves with Eq. (17) around the critical point for the 3D Ising model.
α is the critical exponent for the specific heat.

045139-5

Xie+, PRB86(2012)045139

3D Ising model 

Status in the (2+1)D systems
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⚫ Cri-cal phenomena is in the O(4) universality class Pisarski-Wilczek, PRD29(1984)338
Kanaya-Kaya, PRD51(1995)2402

Toussaint, PRD55(1997)362
Hasenbuch, JPA34(2001)8221

Engels+, PoS LAT2005(2006)148
Ejiri+, PRD80(2009)094505

⚫ Cri-cal point and exponents are well known

⚫

⚫ Inves-ga-on of the trunca-on effect in the character expansion

⚫ Comparison of TRG algorithms beyond the Ising model

⚫ SU(2) symmetry is preserved even a?er the trunca-on 

⚫ O(4) universality should be observed even with the finite cutoff

⚫ Triad TRG and Anisotropic TRG

The SU(2) principal chiral model on a cubic laWce

manifest, e.g., triangle inequalities, drastically increases
the memory cost of tensor networks. Because of this, the
algorithmic improvements provided by the tTRG and the
ATRG are encouraging, but it is still unclear how these
algorithms handle these constraints under blocking.
To understand the potential of these algorithms as a

means to eventually probe QCD, it is often useful to
consider simpler models with similar properties. Notably, it
has been suggested that the chiral phase transition in the
two massless flavors approximation of QCD shares critical
exponents with the three-dimensional SUð2Þ principal
chiral model (Oð4Þ nonlinear sigma model) [38–42].
Leveraging this connection, investigations have been con-
ducted using MC and other numerical approaches to shed
light on this model [43–49].
In this study, we focus on exploring the three-

dimensional SUð2Þ principal chiral model using tensor
network methods. We construct the tensor network repre-
sentation for the path integral based on the character
expansion, which allows us to preserve the original
SUð2Þ symmetry even after the finite truncation of the
irreducible representations. Since the symmetry is pre-
served, it is naturally expected that we can obtain the
correct scaling behavior of the Oð4Þ model. We note that
this kind of truncation effect has been recently investigated
in the two-dimensional Oð2Þ model with tensor network
methods [50] and our work is the first tensorial attempt
in three dimensions extending the preliminary work by
authors in Ref. [51]. By employing the ATRG and tTRG
algorithms, the goal is to compute canonical quantities such
as internal energy, magnetization, and the critical coupling
associated with the continuous phase transition. We also
comment on the critical exponents and the fixed-point
behavior of the algorithms used in this paper.

II. THE MODEL

The SUð2Þ principal chiral model in three dimensions
has a continuum action given by

S ¼ J
4

Z
d3xTr

"
X3

ν¼1

∂νUðxÞ†∂νUðxÞ

#

; ð2:1Þ

where J is the coupling constant and UðxÞ are elements of
SUð2Þ. The action in (2.1) is invariant under an SUð2ÞL ⊗
SUð2ÞR global symmetry which acts on U and U† as
UðxÞ → GLU0ðxÞG†

R and U†ðxÞ → GRU0†ðxÞG†
L where G

is an element of the SUð2Þ. This model is equivalent to the
Oð4Þ nonlinear sigma model because of the well-known
homomorphism i.e., SUð2Þ ⊗ SUð2Þ≡ SOð4Þ and was
first considered by Polyakov as a toy model to understand
the chiral symmetry breaking in QCD [52]. The Euclidean
lattice action is:

S ¼ −
J
2

X

n;ν

Tr½UðnÞUðnþ ν̂Þ†&; ð2:2Þ

where the SUð2Þ group elements live on the sites, n, of
the lattice, and the ν-sum is over the three orthogonal
directions of the cubic lattice. The path integral on the
lattice is given by

Z ¼
Z Y

n

dUðnÞe−S; ð2:3Þ

and the group integration is the typical Haar integral. We
assume periodic boundary conditions for all directions.
The average internal energy density can be defined

by a derivative of the thermodynamic potential
fðJÞ≡ − logZðJÞ,

hei ¼ 1

V
∂

∂J
fðJÞ: ð2:4Þ

One can explicitly break the global symmetry by including
an external field term in the action,

SH ¼ −H
X

n

Tr½UðnÞ&: ð2:5Þ

The average value of this on-site interaction term can also
be defined using a derivative of fðJ;HÞ,

hmi≡ 1

V

!X

n

Tr½UðnÞ&
"

¼ − 1

V
∂

∂H
fðJ;HÞ: ð2:6Þ

In the following section we will provide tensor network
descriptions of the path integral and these expectation
values, along with one more useful quantity.

A. Tensor network construction

Tensor network constructions for this model without SH
have been considered before in Refs. [35,36,49]. Here we
briefly review the construction using the character expan-
sion method, as well as provide a construction in the case of
an external field.

1. Basic construction

Our goal is to represent Eq. (2.3) as a tensor network
such that

Z ¼ tTr
#Y

n

Tn

$
; ð2:7Þ

where tTr is the tensor trace over all indices, and Tn is a
tensor at site n whose indices are suppressed. Using the
character expansion [53,54], we have
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exp
!
J
2
Tr½UðnÞUðnþ ν̂Þ†%

"

¼
X

r

FrðJÞχr
#
UðnÞUðnþ ν̂Þ†

$
; ð2:8Þ

with the coefficients written in terms of the modified Bessel
function of the first kind as:

FrðJÞ ¼
2ð2rþ 1Þ

J
I2rþ1ðJÞ: ð2:9Þ

Since the character χrðUÞ is the trace of the matrix
representation of the group element U in the irreducible

representation of r, we have,

χrðUðnÞUðnþ ν̂Þ†Þ ¼
X

m;k

DðrÞ
mkðUðnÞÞ

×DðrÞ'
mk ðUðnþ ν̂ÞÞ: ð2:10Þ

This allows each group element to be integrated individu-
ally, generating constraints associated with the sites of
the lattice involving Clebsch-Gordan coefficients. After
completing all the integrals, a local tensor at a site n is
given by

Tn;xyzz0y0x0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y6

p¼1

FrpðJÞ

vuut Xr1þr2

R¼jr1−r2j

XRþr3

R000¼jR−r3j

Xr4þR0

R00¼jr4−R0j

Xr5þr6

R0¼jr5−r6j

X

M;N

X

M000;N000

X

M00;N00

X

M0;N0

× CRM
r1m1r2m2

CRN
r1n1r2n2C

R000M000

RMr3m3
CR000N000

RNr3n3C
R00M00

r4m4R0M0CR00N00

r4n4R0N0CR0M0
r5m5r6m6

CR0N0
r5n5r6n6

×
1

2R000 þ 1
δR000;R00δM000;M00δN000;N00 ; ð2:11Þ

where Cjm
j1m1j2m2

is the Clebsch-Gordan coefficient and
x≡ ðr1m1n1Þ is the collective index notation used often
going forward. This tensor can be understood in terms
of a sequence of smaller tensor contractions—whose
nonzero elements are given by the Clebsch-Gordan

coefficients—which are illustrated in Fig. 1. The tensor
in Eq. (2.11) can be inserted into Eq. (2.7) for an expression
of the path integral using a tensor network contraction.
The field regularization is achieved by introducing a

cutoff parameter rmax in Eq. (2.8) as

exp
!
J
2
Tr½UðnÞUðnþ ν̂Þ†%

"
≃
Xrmax

r¼0

FrðJÞχrðUðnÞUðnþ ν̂Þ†Þ; ð2:12Þ

which preserves the global symmetry and does not affect the integration. Using identical methods, we can express the
expectation value given in Eq. (2.4) as a ratio of two tensor network contractions.

FIG. 1. Tensor network diagram of Eq. (2.11). Each three-leg tensor denotes the Clebsch-Gordon coefficients and the two-leg tensor at
the center represents Kronecker delta function. Equation (2.20) is also denoted by the same diagram but with Eq. (2.21) as the matrix at
the center. Due to the fusion rule, internal lines have larger bond dimensions than external ones, as shown by their thickness.
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Cf. TRG studies of the 2D model
Luo-Kuramashi, PRD107(2023)094509
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⚫ Character expansion immediately gives us the triad representa-on

⚫ Network of the CG coefficients

⚫ Fundamental tensor at each site is as follows

⚫ Path integral is restored by contrac-ng these six-leg tensors

The TN formulaDon
Liu+, PRD88(2013)056005
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⚫ Faster convergence in the strong-coupling regime
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⚫ The magne-za-on is available, introducing a finite external field

Anisotropic TRG
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O(4) scaling collapse

0 1
j/h1/Ø±

0.2

0.4

0.6

0.8

1.0

1.2

1.4

hm
i/

h
1/

±

H = 0.01

H = 0.015

H = 0.03

0 1
j/h1/Ø±

°1 0 1
j/h1/Ø±

0.00

0.25

0.50

0.75

1.00

1.25

1.50

hm
i/

h
1/

±

H = 0.01

H = 0.015

H = 0.03

°1 0 1
j/h1/Ø±

°1 0 1
j/h1/Ø±

0.00

0.25

0.50

0.75

1.00

1.25

1.50

hm
i/

h
1/

±

H = 0.01

H = 0.015

H = 0.03

°1 0 1
j/h1/Ø±

°1 0 1
j/h1/Ø±

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75
hm

i/
h

1/
±

H = 0.01

H = 0.015

H = 0.03

°1 0 1
j/h1/Ø±

⚫ 𝑚 ℎ1
$
5 = 𝑓 𝑗/ℎ+/AB  with 𝛽 = 0.3836 and 𝛿 = 4.851

𝑟#$% = 1/2

𝑟#$% = 3/2 𝑟#$% = 2
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⚫ O(4) universality holds even with the finite cutoff

Cf. Kanaya-Kaya, PRD51(1995)2402
Toussaint, PRD55(1997)362

SA-Jha-Unmuth–Yockey, PRD110(2024)034519
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Varia=onal approach TRG approach

・QED at finite density⋆
      Magnifico+ (2021)

・Ising model SA+ (2019), Sugimoto-Sasaki (2024)

・Staggered fermion w/ strongly coupled U(N) Milde+ (2022)

・Complex φ4 theory⋆ SA+ (2020)

・Nambu—Jona-Lasinio model⋆ SA+ (2021)

・Real φ4 theory SA+ (2021)

・Z2 & Z3 gauge-Higgs⋆ SA-Kuramashi (2022, 2023)

⋆ ： system w/ the sign problem

SA+, PoS(LATTICE2019)138
Yamashita-Sakurai, CPC278(2022)108423

Liao+, PRX9(2019)031041

Jha-Samlodia, CPC(2023)108941, Sugimoto-Sasaki, PoS(LATTICE2024)038

Status of TNs in the (3+1)D systems
⚫ More applica-ons have been made by the TRG approach

⚫ Designing parallel compu-ng methods for individual algorithms 

⚫ Applica-on of the machine learning techniques

⚫ GPU accelera-on
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⚫ NJL model at finite density is an effec-ve theory of the QCD at finite density
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!!! ≠ 0 !!! = 0

Figure 1. Schematic view of expected phase diagram of the NJL model on the T -µ plane. Solid
and broken curves represent the first- and second-order phase transitions, respectively. Closed circle
denotes the tricritical point where the first-order phase transition line terminates.

where n = (n1, n2, n3, n4)(∈ Z4) specifies a position in the lattice Λ, with the lattice spacing
a. χ(n) and χ̄(n) are Grassmann-valued fields without the Dirac structure. Since they
describe the Kogut-Susskind fermions, χ(n) and χ̄(n) are single-component Grassmann
variables. ην(n) is the staggered sign function defined by ην(n) = (−1)n1+···+nν−1 with
η1(n) = 1. The partition function is defined in the ordinal manner:

Z =
∫ ⎛

⎝
∏

n∈Λ
dχ(n)dχ̄(n)

⎞

⎠ e−S . (2.2)

For vanishing mass m, eq. (2.1) is invariant under the following continuous chiral transfor-
mation:

χ(n) → eiαϵ(n)χ(n), (2.3)
χ̄(n) → χ̄(n)eiαϵ(n) (2.4)

with α ∈ R and ϵ(n) = (−1)n1+n2+n3+n4 .

2.2 Tensor network representation
We introduce the tensor network representation for eq. (2.2) in a similar way with refs. [10,
11].3 Hereafter, we set a = 1 for simplicity. Firstly, we expand the local Boltzmann weights

3See ref. [25] for a different TRG approach with the Kogut-Susskind fermion, where the TRG procedure
is applied to the Schwinger model after integrating out the fermion fields analytically.

– 3 –
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Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.

3
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NJL QCD

⚫ TRG has confirmed that the chiral 
    symmetry is restored in the cold 
    dense regime, where the MC is 
    hindered by the severe sign problem
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Figure 7. Chiral condensate extrapolated in the chiral limit as a function of µ with D = 55 on
1284 and 10244 lattices.
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Figure 8. Pressure at m = 0.01 as a function of µ on 1284 and 10244 lattices.

condensate shows the discontinuity. Note that the m = 0.02 result shows little difference
from the m = 0.01 one.

Figure 9 shows the µ dependence of the particle number density ⟨n⟩ obtained by
eq. (3.3). We observe an abrupt jump from ⟨n⟩ = 0 to ⟨n⟩ = 1 at µc = 2.9375 ± 0.0625.
This is another indication of the first-order phase transition. The small shift of µc compared
to the cases of chiral condensate and pressure is attributed to the definition of the numerical
derivative in eq. (3.3).

– 13 –

⚫ Pressure and number density have 
    also been obtained SA+, JHEP01(2021)121

The cold-dense NJL model
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Zn gauge-Higgs model

𝑆 = −𝛽∑'∑./0Re[𝑈. 𝑛 𝑈0 𝑛 + 𝜈̂ 𝑈.∗ 𝑛 + ;𝜌 𝑈0∗ 𝑛 ]

−𝜂 ∑'∑. e)2(,*𝜎∗ 𝑛 𝑈. 𝑛 𝜎 𝑛 + 𝜈̂ + e3)2*,+𝜎∗ 𝑛 𝑈.∗ 𝑛 − 𝜈̂ 𝜎(𝑛 − 𝜈̂)

𝑆 = −𝛽∑'∑./0Re[𝑈. 𝑛 𝑈0 𝑛 + 𝜈̂ 𝑈.∗ 𝑛 + ;𝜌 𝑈0∗ 𝑛 ]

−2𝜂 ∑'∑. cosh 𝜇𝛿.,4 Re𝑈. 𝑛 + isinh 𝜇𝛿.,4 Im𝑈. 𝑛

⚫ The simplest lafce gauge theory coupling to a maTer field

⚫ LGT’s path integral measure is always defined as the Haar measure

⚫ Unitary gauge fixing: 𝜎∗ 𝑛 𝑈& 𝑛 𝜎 𝑛 + 𝜈̂ ↦ 𝑈&(𝑛)

⚫ Although the model looks quite simply, the reliable MC simulaGon is not always 
    available

⚫ The sign problem takes place when n=3 and μ≠0 Cf. TRG studies of gauge-Higgs models in 2D
Unmuth–Yockey+, PRD98(2018)094511

Bazavov+, PRD99(2019)114507
Bum+, PRD101(2020)094509
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Phase diagram of the (3+1)D model at 𝝁 = 𝟎 

We inves=gate the phase diagram along the 
first-order line toward the cri=cal endpoint

𝜂

𝛽

Higgs 

Free Charge

Confinement

0 ∞

Cri=cal endpoint 

Triple point 

𝐿 =
1

𝑑 + 1 𝑉
𝜕

𝜕(2𝜂) ln 𝑍

We evaluate the average link 𝑳 , whose 
discon=nuity vanishes at the cri=cal endpoint

1st  order

1st  order

Cf. Fradkin-Shenker, PRD19(1979)3682
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The (2+1)D model at 𝝁 = 𝟎

with 𝐷 ≤ 48, 𝜂" − 𝜂& = 𝑂(10&')

First-order points seem 
robust against 𝑫

Bond dimension

Δ 𝐿 = 𝐴 𝛽 − 𝛽& 'Δ 𝐿 = 𝐵 𝜂& − 𝜂 (
MC 

Somoza+, 
PRX11(2021)041008

𝛽5 ≈ 0.701

TRG 
this work

𝛽5 = 0.70051(7)

SA-Kuramashi, JHEP05(2022)102
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4 ln tanh𝛽

SA-Kuramashi, JHEP05(2022)102

⚫ All transiGon points are precisely located on the self-dual line
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The (3+1)D model at vanishing density

Difference btw 𝐷 = 48 and 
𝐷 = 52 is about 0.057%

with 𝐷 ≤ 52, 	 𝜂" − 𝜂& = 𝑂(10&()

Mean-field
Brezin-Drouffe, 

NPB200(1982)93
𝛽5 , 𝜂5 = (0.22, 0.205)

MC on 𝑉 = 84
Creutz,

PRD21(1980)1006

𝛽5 , 𝜂5
= (0.22(3), 0.24(2))

TRG w/ 𝐷 = 52 
this work

𝛽5 , 𝜂5
= (0.3051 2 , 0.1784(2))

Δ 𝐿 = 𝐵 𝜂& − 𝜂 (

Δ 𝐿 = 𝐴 𝛽 − 𝛽& '

Bond dimension

SA-Kuramashi, JHEP05(2022)102
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observe that the results from the dual simulation and the
conventional approach match very well. However, since at
! ¼ 0:1 and vanishing chemical potential " the influence
of the Higgs field seems to be small, we consider a second,
larger value of !.

The results for hUi and #U at ! ¼ 0:5 and " ¼ 0:0 are
shown in Fig. 5. We now observe quite a change in the
behavior of the observables in comparison to the pure
gauge and ! ¼ 0:1 cases. The phase transition has appar-
ently disappeared and we only find a smooth crossover type
of behavior between the strong and weak coupling phases.
The maximum of the susceptibility #U has shifted to rather
small values—the crossover takes place near $ ¼ 0:28.
The important fact is that, also here at a larger value of
!, where obviously the Higgs field has a much stronger
influence, the results from the conventional approach and
the dual simulation agree very well, again confirming the
correctness of the implementation of the dual approach.

V. THE Z3 GAUGE-HIGGS MODEL
AT FINITE DENSITY

Let us now come to the more interesting case of finite
density. Here conventional simulations fail and the full
potential of the dual approach can be unveiled. Before
we start with the presentation of Monte Carlo results we
first discuss some characteristic features of the dual repre-
sentation at finite density.

A. Finite density dynamics in the dual representation

The dual representation of the Z3 gauge-Higgs model
uses two sets of degrees of freedom: the plaquette occupa-
tion numbers p and the fluxes k. For the analysis of the
mechanisms that drive the systems at finite density it is
useful to think a little bit about the dynamics of the dual
variables, and this subsection is devoted to that task.

The dual degrees of freedom assume values in
f"1;0;þ1g, i.e., px;%&2f"1;0;þ1g and kx;'2f"1;0;þ1g.

A trivial value of the plaquette occupation number, i.e.,
px;%& ¼ 0, comes with a Boltzmann factor of 1 [compare
(16)], while nontrivial values px;%& $ 1 give rise to a factor
of B$ < 1 [see (11) for the definition of B$]. Thus non-
trivial values of plaquette occupation numbers p are sup-
pressed by their Boltzmann factor. On the other hand
configurations with many px;%& ! 0 have a much higher
entropy and (as always) the interplay of entropy and
Boltzmann factor gives rise to the first order transition of
the pure gauge theory discussed in Sec. IVA. The corre-
sponding observables hUi and #U are simple functions of
the plaquette occupation numbers and their fluctuations.
We stress at this point that both observables have a
$-dependent additive term [compare (18)]. For the pla-
quette expectation value the additive term is given by B$,
and hUi is nonvanishing for $> 0 even when all plaquette
occupation numbers p are trivial, since B$ > 0 for $> 0.
Similar to the plaquette occupation numbers, the spatial

flux variables kx;j, j ¼ 1, 2, 3, have a Boltzmann factor of 1
for kx;j ¼ 0 and a Boltzmann factor B! < 1 for kx;j ¼ $1
[see (16)]. As for the case of the plaquette occupation
numbers, we find for the k variables that trivial values of
the spatial fluxes are preferred by the Boltzmann factor.
The temporal flux variables kx;4 are connected with the
Boltzmann factors Ms with s 2 f"1; 0; 1g defined in (6).
For "> 0 we have Mþ1 >M"1 (see also the discussion
below) and temporal flux with kx;4 ¼ þ1 is favored over
negative temporal flux, i.e., kx;4 ¼ "1.
To illustrate the physical picture in terms of the dual

representation, in Fig. 6 we show a few low-lying excita-
tions of the Z3 gauge-Higgs model in the dual representa-
tion. Thick red lines oriented with arrows are used for the k
flux and filled blue squares for nonvanishing plaquette
occupation numbers, and the circles in the squares indicate
the orientation of the plaquette according to the sign of
the corresponding plaquette occupation number px;%&. The
simplest excitations (the lhs diagram in Fig. 6) are an
occupied plaquette surrounded by flux. At each link the
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χUη = 0.5

FIG. 5 (color online). Same as in Fig. 4, but nowe ! ¼ 0:5.

GAUGE AND MATTER FIELDS AS SURFACES AND LOOPS . . . PHYSICAL REVIEW D 86, 094506 (2012)

094506-7

𝜂 = 0.5, 𝜇 = 0

Monte Carlo TRG w/ 𝐷 = 45
Gamringer-Schmidt, PRD86(2012)094506

𝑈 𝑈

The (3+1)D Z3 model at vanishing density 1/2

𝜒6 𝜒6

𝑈 = −
1
6𝑉

𝜕
𝜕𝛽

ln 𝑍

SA-Kuramashi, JHEP10(2023)077

⚫ Comparison btw MC and TRG via the average plaqueTe 𝑈  and its suscep-bility

⚫ Good agreement just w/ 𝐷 = 45 at finite-𝜂 regime 

⚫ The suscep-bility of 𝑈  is obtained by numerical difference in case of TRG 
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The (3+1)D Z3 model at vanishing density 2/2
SA-Kuramashi, JHEP10(2023)077

⚫ Loca-on of the transi-on point seems converging w.r.t the bond dim.

⚫ Rela-ve error btw	𝐷 = 44 and 𝐷 = 50 is 0.019% 

⚫ Δ 𝐿  becomes smaller when 𝛽 becomes smaller, as expected
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SA-Kuramashi, JHEP10(2023)077

⚫ Again, Δ 𝐿  becomes smaller when 𝛽 becomes smaller, as expected
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CEP in (3+1)D Z3 model at finite 𝝁
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SA-Kuramashi, JHEP10(2023)077

⚫ CEP is determined via the similar fit to the Z2 model 

⚫ Δ 𝐿 = 𝐴 𝛽 − 𝛽D E and Δ 𝐿 = 𝐵 𝜂D − 𝜂 F 

⚫ According to the mean field theory, 𝑝 = 𝑞 = 0.5 

⚫ The simultaneous fit among different μ suggests 𝒑 = 𝟎. 𝟒𝟔 𝟐 , 𝒒 = 𝟎. 𝟒𝟔(𝟑)
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※) Balian+, PRD10(1974)3376

Cf. U(1) gauge-Higgs studies, Baig-Clua, PRD57(1998)3902, Franzki+, PRD57(1998)6625

Pure Z3※)

(0.4086 6 4 , 0.3280(6)(3)) @ 𝜇 = 0
(0.4139 2 13 , 0.2813(2)(10)) @ 𝜇 = 1
(0.40873 7 5 , 0.20994(9)(4)) @ 𝜇 = 2

SA-Kuramashi, JHEP10(2023)077

⚫ n-dependence in the resul-ng CEP is consistent w/ previous studies
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Lüscher’s admissibility condiDon

𝛽𝑆7 = 𝛽∑',)/.
%389:&( '

%3 %3:&( ' /<
 if 1 − 𝑃). 𝑛 < 𝜖

✔ and 𝛽𝑆G = ∞, otherwise

Cf. Fukaya-Onogi, PRD68(2003)074503

Lüscher, NPB549(1999)295-334

⚫ Beyond the standard Wilson gauge acGon? 

⚫ Lüscher’s gauge ac-on for the U(1) gauge fields:

⚫ The gauge fields are separated into disconnected subspaces, corresponding to 
    topological charge

⚫ In the MC simula-on, however, the topological change is substan-ally 
    suppressed ⇨ Topological freezing
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Why don’t we take the advantage of TRG?

𝑆 = 𝛽𝑆7 + 𝑆= + 𝑆>

𝑆= = −∑' ∑. 𝜙∗ 𝑛 𝑈.𝜙 𝑛 + 𝜈̂ + 𝜙∗ 𝑛 + 𝜈̂ 𝑈.∗𝜙 𝑛 +𝑀 𝜙 𝑛 - + 𝜆 𝜙 𝑛 4  

𝑆> = − ?@
-A
∑' log 𝑃%- 𝑛  

!!

" = $
" = 0, 2$

"

𝑀

⚫ At θ=π, the first-order transi-on takes place w/ 
   𝑀 > 𝑀H and the cri-cal behavior at 𝑀 = 𝑀H is in 
   the 2D Ising universality class Gamringer+, NPB935(2018)344-364

Komargodski+, SciPost Phys. 6(2019)003

⚫ TRG allows us to compute the path integral w/o suffering from the sign problem 
    and the full contribuGons from every topological sector should be automaGcally 
    included

⚫ As an example, we consider the U(1) gauge-Higgs model w/ a θ term in (1+1)D

⚫ The MC simula-on for this model is extremely difficult due to the complex acGon 
    problem and the topological freezing
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HunDng the criDcal endpoint
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SA-Kuramashi, JHEP09(2024)086

⚫ Discon-nuity in the topological charge is vanishing by decreasing the mass 𝑀 

⚫ Compu-ng the ground-state degeneracy, we can bound the cri-cal mass 𝑀H 
Gu-Wen, PRB80(2009)155131
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IdenDficaDon of the universality class
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Gu-Wen, PRB80(2009)155131

w/ 𝛽 = 3, 𝜆 = 0.5, 𝜖 = 1, 𝐾N = 𝐾O = 20, 𝐷 = 160

SA-Kuramashi, JHEP09(2024)086

⚫ Transfer matrix from the TN representa-on

⚫ Scaling dimensions are available via

⚫ The volume independence in 𝑥+ 𝐿  is observed w/ 𝑥+ 𝐿 = 1/8, which agrees   
    with the 2D Ising universality class 
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Tensor-network-based level spectroscopy
Ueda-Oshikawa, PRB108(2023)024413

SA-Kuramashi, JHEP09(2024)086

Gamringer+, NPB935(2018)344-364
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Figure 7: The system-size dependence of the scaling dimension x1(L). The dashed line

denotes the theoretical value of the 2d Ising universality class, x1 = 1/8.

the Monte Carlo simulation is performed based on the dual representation. Note that

Mc = 2.989(2) in Ref. [39] is obtained at � = 3.0 and � = 0.5.

Table 1: Comparison of the critical endpoint Mc against the algorithmic parameters.

Kg Kh � D Mc

24 20 8 192 2.9982886(1)

22 20 8 176 2.9998263(13)

20 20 8 160 2.9974765(14)

24 10 6 144 2.9929635(1)

22 10 6 132 2.9945222(9)

20 10 7 140 2.9921698(6)

4 Summary and outlook

We have analyzed the phase structure of the (1+1)d U(1) gauge-Higgs model with a ✓

term, whose gauge action is constructed with Lüscher’s admissibility condition. Although

the model su↵ers from a complex action problem and topological freezing within the Monte

Carlo simulation, the TRG approach allows us to deal with the model successfully. We

– 12 –

𝜒 is another algorithmic parameter to compress 
the ini(al bond dimension from 𝐾)𝐾*  to 𝐾)𝜒

⚫ Assuming the 2D Ising universality class, we employ the level spectroscopy to 
    determine the cri-cal mass 𝑀H from scaling dimensions intersec-ons

⚫ The algorithmic-parameter dependence of 𝑀H seems well suppressed

⚫ Consistent not only with the previous bound from the ground-state degeneracy,   
    but also comparable with the previous MC result based on dual representa-on   
    employing the Villain-type gauge ac-on: 𝑴𝐜 = 𝟐. 𝟗𝟖𝟗 𝟐
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Summary & Future PerspecDves
⚫ TRG approach for the higher-dimensional LGTs

Tagliacozzo+, PRB78(2008)024410 , Pollmann+, PRL102(2009)255701
Ueda-Oshikawa, PRB108(2023)024413, Huang+, PRB107(2023)205123

…

⚫ Gauge sector ⇨ normal TN formula-on, but a regulariza-on scheme is necessary

⚫ Fermion sector ⇨ GrassmannTN formula-on

⚫ The technology needed to invesGgate the actual 4D QCD is gradually coming 
    together

⚫ Enhancing the accuracy of the method is crucial for advancing qualita-ve insights 
    into quan-ta-ve understanding

⚫ The finite-bond effect should be under control

⚫ Any lesson from 2D systems?

⚫ Entanglement filtering Hauru+, PRB97 (2018) 045111, Lyu-Kawashima, PRE111(2025)054140, …

⚫ Lesson from the PEPS/TNS community
Vanderstraeten+, PRE98(2018)042145, Emonts, PRD107(2023)014505, Vlaar-Corboz, PRL130(2023)130601, …

⚫ TN+MC
Ferris, arXiv:1507.00767, Zohar-Cirac, PRD97(2018)034516, Arai+, PRD107(2023)114515, Todo, arXiv:2412.02974, …
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Appendices



A quick look at the QCD

©Schrodinger_nya_es

⚫ The Kogut-Susskind formula-on

⚫ Hamiltonian

⚫ Lagrangian (Ac-on)


