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INGCEREWR

Many-body system on D-dim lattice

pr = Tr[¥)(y]

Volume law: S(p.) « |L| (general case)

Arealaw:  S(pp) «x |0L| (much less entanglement)

2/85



INGCEREWR

Many-body system on D-dim lattice )
O
pr = Tr[$)(¥| !
Volume law: S(p.) o< |L| (general case) ?
®

Arealaw:  S(pp) «x |0L| (much less entanglement)

Area-law conjecture:
Ground states of gapped local Hamiltonians on a lattice satisfy an area-law
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Previous results

@® Proven for 2D under additional assumptions:

Y For unique ground states (dim Hy = 1): ™ : ! I :
@ Proven for 1D systems (Hastings '07, Arad et al ’13) )| o /o

®

®

Particle-like excitations (Hastings '07),

Low density of low energy states (Masanes '09),

FF spin 1/2 with 2-body interactions ( N. de Beaudrap et al 2010),

Adiabatic assumption (Cho '14), Specific heat assumption (Brandao & Cramer '15),
FF + local gap (Anshu et al '21)
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Previous results

Y For unique ground states (dim Hy = 1): ™ : ! I :
@ Proven for 1D systems (Hastings '07, Arad et al ’13) oL o /o

®

®

@® Proven for 2D under additional assumptions:

Particle-like excitations (Hastings '07),

Low density of low energy states (Masanes '09),

FF spin 1/2 with 2-body interactions ( N. de Beaudrap et al 2010),

Adiabatic assumption (Cho '14), Specific heat assumption (Brandao & Cramer '15),
FF + local gap (Anshu et al '21)

Y For degenerate ground spaces (dim Hg = r):

@® For 1D and 2D (F.F. + local gap):

S(pr) = O(|0L]) +logr
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Previous results

Y For unique ground states (dim Hy = 1): ™ : ! I :
@ Proven for 1D systems (Hastings '07, Arad et al ’13) oL o /o

®

®

@® Proven for 2D under additional assumptions:

Particle-like excitations (Hastings '07),

Low density of low energy states (Masanes '09),

FF spin 1/2 with 2-body interactions ( N. de Beaudrap et al 2010),

Adiabatic assumption (Cho '14), Specific heat assumption (Brandao & Cramer '15),
FF + local gap (Anshu et al '21)

Y For degenerate ground spaces (dim Hg = r):

@® For 1D and 2D (F.F. + local gap):
— becomes trivial when r = 22(?)

S(pr) = O(|OL]) + logr <
6/85



Non-interacting 1D system of qudits {|0), [1), |2)}

~— N~ T T T

hi he hs hy hs  hg

> Ho = Span{\0>» |1>}®n

—=>  Not all ground states satisfy an area-law
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Non-interacting 1D system of qudits {|0), [1), |2)}

~— N~ T T T

hi hy  hy  he  hs g

S=aaS =S S =S - H=3"12)|

> Ho = Span{\0>» |1>}®n

—=>  Not all ground states satisfy an area-law

What about the maximally-mixed state in #:
Pmax — % ZlﬁiEHo ‘wl><¢l‘
?
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The maximally-mixed ground state

For mixed states, we use mutual information instead of entanglement entropy:

I(L: L), < S(pr) + S(pre) — S(p) L ‘

1 r
H:th Ho :Span{|¢1>,...,|¢r>} Pmax — _Z‘¢z><¢z‘
; =1

r
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The maximally-mixed ground state

For mixed states, we use mutual information instead of entanglement entropy:

I(L: L), < S(pr) + S(pre) — S(p) L ‘

1 r
H:th Ho :Span{|¢1>,...,|7,br>} Pmax — ;Z‘¢z><¢z‘
; =1

Is there an area-law in the mutual information for p,,,,..?
I(L: L°) = O(|0L])

Pmax

1085



Motivation (and why it might be true)

1
H = th Ho = span{|i1), ..., V)Y Pmaz = — Z |1:) (]

r

)

1185



Motivation (and why it might be true)

1 L°
H:th Ho ZSpaﬂ{W1>a---aW7~>} Pmax — ;Z|¢z><¢z| ‘

Y Omas IS the most “natural” state in #, (zero temp’ Gibbs state limg_, o, e 9H)
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Motivation (and why it might be true)

1 L°
H:th Ho :Spaﬂ{’¢1>a---a’¢r>} Pmax — ;Z|¢z><wz| ‘

Y Omas IS the most “natural” state in #, (zero temp’ Gibbs state limg_, o, e 9H)

X Holds for finite temperature Gibbs state ps = ~e~ A7 we have:

I(L: L)y, =O(B-|0L]) (Wolf, F. Verstraete, M. B. Hastings, and J. |. Cirac ‘08)

1385



Motivation (and why it might be true)

1 L°
H:th Ho ZSpaﬂ{W1>a---aW7~>} Pmax — ;Z|¢z><¢z| ‘

Y Omas IS the most “natural” state in #, (zero temp’ Gibbs state limg_, o, e 9H)

X Holds for finite temperature Gibbs state ps = ~e~ A7 we have:

I(L: L)y, =O(B-|0L]) (Wolf, F. Verstraete, M. B. Hastings, and J. |. Cirac ‘08)

Y Holds in the commuting case: -
L, (. JC me )

Prmaz = lIMg_0 e_ﬁH/Tl"(~ )= Tr(I1o)

g =11y, - e - 1154

1485



Main result
1 L°
H:th HO:{|¢1>77|¢T>} Pmax = ;ZWJWJ ‘

4 )
If there exists a “good” (D, A)-AGSP with D? - A < 1, then

L I(L:L.),,,.. <2logD+ 24log(|L])+ O(1) )
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Main result
1 L°
H:th HO:{|¢1>77|¢T>} Pmax = ;ZWJWJ .

4 )
If there exists a “good” (D, A)-AGSP with D? - A < 1, then

L I(L:L.),,,.. <2logD+ 24log(|L])+ O(1) )

Y Gives an area law with logarithmic corrections for systems with a good AGSP
with log D = O(|0L))
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Main result

H=Yh  Ho={lérh o [} pmaa = 5 3 [00) 0

r
)

r

.

If there exists a “good” (D, A)-AGSP with D? - A < 1, then

I(L:L.) < 2log D + 24 log(|L|) + O(1)

pmam

~\

J

Y Gives an area law with logarithmic corrections for systems with a good AGSP

with log D = O(|0L))

Y  Holds for gapped 1D systems and for F.F. 2D systems with a local gap

1785



* Background: the AGSP framework + min/max smooth entropy

) ¢ An (almost) formal statement of the main result

* Proof idea

1885



Background I: AGSP framework

AGSP = Approximate Ground Space Projector
'®

Given a bi-partite L U L¢ system, an operator K is a (D, A)-AGSP if:

1. K|Q) = KT|Q) = |Q) for every |Q) € H,
2. | K|QLY?| < A for every [QL) € M
3. K=" A ®B; (SR(K)< D)

H:Zhi
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Background I: AGSP framework

AGSP = Approximate Ground Space Projector
'®

Given a bi-partite L U L¢ system, an operator K is a (D, A)-AGSP if:

1. K|Q) = KT|Q) = |Q) for every |Q) € H,
2. | K|QLY?| < A for every [QL) € M
3. K=" A ®B; (SR(K)< D)

H:Zhi

K isagood AGSP if D? - A < 1/2
2085



The overlap bootstrapping lemma: (Arad et al ‘11)

“®

Suppose K is a good (D, A)-AGSP and the ground state |2) is unique.

Then 3 a product state |L) ® |L¢) such that

(L, LE|)] =

3-
S

2185



LC
The overlap bootstrapping lemma: (Arad et al ‘11) @

Suppose K is a good (D, A)-AGSP and the ground state |2) is unique.
Then 3 a product state |L) ® |L¢) such that

(L, LE|)] =

3-
S

Intuition: K approaches the g.s. faster than it creates entanglement

Good AGSP —= Area law:

[Yo) = |L) @ [L9) — Kl[ho) = K [tho) — ... = [Q)
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LC
The overlap bootstrapping lemma: (Arad et al ‘11) @

Suppose K is a good (D, A)-AGSP and the ground state |2) is unique.
Then 3 a product state |L) ® |L¢) such that

(L, LE|)] =

3-
S

Intuition: K approaches the g.s. faster than it creates entanglement

Good AGSP —= Area law:

[Yo) = |L) @ [L9) — Kl[ho) = K [tho) — ... = [Q)

Y Good AGSPs for 1D gapped systems (Arad et al '13)

Y Good AGSPs for F.F. 2D locally gapped systems (Anshu et al, '21)

235



Proof of the overlap bootstrapping lemma
£2) — ground state of H e
K —A (D,A) AGSP with D - A < 1/2 ‘

We want to show: 3 |L) ® |L¢) such that [(L, L¢|Q)| > —2

3
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Proof of the overlap bootstrapping lemma
£2) — ground state of H e
K —A (D,A) AGSP with D - A < 1/2 ‘

We want to show: 3 |L) ® |L€) such that |(L, L¢|Q2)| >

i

Proof:
Let |L) ® |L°) be the optimal product state state. Write:

L) @ |L°) = p|Q) + (1 — p2)/2|Qh)
Apply K:  |¢) = K|L) @ |Le) = Y2, M| A @ |Bi) = p|) + (1 — p2)/2K QL)
= u=[Qle) = Xl MHQIAL B < u Xl A
—_— ZZD A >

—_— By Cauchy-Schwartz: D -3 7 A2 > 1

i=1"" 25/85



Proof of the overlap bootstrapping lemma
£2) — ground state of H e
K —A (D,A) AGSP with D - A < 1/2 ‘

We want to show: 3 |L) ® |L¢) such that [(L, L¢|Q)| > —2

3

Proof:
Let |L) ® |L°) be the optimal product state state. Write:

L) @ |L¢) = plQ) + (1 — p?)!/2|Q)
Apply K |¢) = K|L) ® |Le) = 3,2 MilAi) ® | Bi) = plQ) + (1 — p) /2K |04

= u=[Qle) = Xl MHQIAL B < u Xl A

= Y2 x> ol <+ A

> By Cauchy-Schwartz: D <Zi1>\?§ 1 26/85
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Proof of the overlap bootstrapping lemma

|2) — ground state of H

K —A (D,A) AGSP with D - A < 1/2

We wantty/
Proof: => D-(+4)21
Let |L) ® | .
> P> L5 -A=
Apply K: \_ K|
= p={e) = il Ml QAL B < >l A
—= Yl N>l /H¢H2§M2+A

—=> By Cauchy-Schwartz: D <Zzlz’ > 1

S -
________
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mutual information

Background ll: 1,,,,, and I¢

max

Assume supp(p) C supp(o)
Relative entropy: D(p||o) Yy p(log p —log o)
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mutual information

Background Il 1,,,,. and I¢

max

Assume supp(p) C supp(o)
Relative entropy: D(p||o) Yy p(log p —log o)

Mutual information: I(A: B), L D(paBllpa®pp)= min  D(pap||lo)

c=0AQ0RB
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mutual information

Background Il 1,,,,. and I¢

max

Assume supp(p) C supp(o)
Relative entropy: D(p||o) Yy p(log p —log o)

Mutual information: I(A: B), L D(paBllpa®pp)= min  D(pap||lo)

c=0AQ0RB

Min/Max relative entropy:

Din(p||o) L log Tr(Il,0) I1, = projection to supp(p)
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mutual information

Background Il 1,,,,. and I¢

max

Assume supp(p) C supp(o)
Relative entropy: D(p||o) Yy p(log p —log o)

Mutual information: I(A: B), L D(paBllpa®pp)= min  D(pap||lo)

c=0AQ0RB

Min/Max relative entropy:

Din(p||o) L log Tr(Il,0) I1, = projection to supp(p)

Dinaz(pllo) =t log mtin(t e R;p < to)

Intuition: P = (1+e)o = |p—ol; <2
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Background llI: 1,,,,. and I¢ _ mutual information

max

Assume supp(p) C supp(o)
Relative entropy: D(p||o) Yy p(log p —log o)

Mutual information: I(A: B), L D(paBllpa®pp)= min  D(pap||lo)

c=0AQ0RB

Min/Max relative entropy:

Din(p||o) L log Tr(Il,0) I1, = projection to supp(p)

Daz(pllo) T og mtin(t e R;p <to)
Intuition: P = (1+¢e)c = |p—o0|; <2

Fact:
Dpin(pllo) < D(pllo) < Diaz(pllo)

32/85



We can use D,,;n, Dmaz t0o define 1in, Imax:

ef .
Recall: I(A:B)pd: D(pagllpa®pp)= min  D(pap||lo)

c=0AQ0pB
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We can use D,,;n, Dmaz t0o define 1in, Imax:

def .
Recall: I(A:B), = D(paBllpa®pp)= min D(pag||o)

c=0AK0BRB

Imin(A:B), € min  Duin(p|lo)

0=0AQK0RB

def .
]max(A : B)P — 02?1141503 Dmax(pHa)

—_ For every state p and two regions A, B:

Imin(A: B), < I(A: B), < Inas(A: B),

34/85



Imaz(A @ B), is easy to analyze combinatorially, but it depends non-smoothly on p.

Def: Max smooth mutual info:

I$,.(A:B),C min I,u(A:B)y
lo—p'il, <e

35/85



Imaz(A @ B), is easy to analyze combinatorially, but it depends non-smoothly on p.

Def: Max smooth mutual info:

I$,.(A:B),C min I,u(A:B)y
lo—p'il, <e

Fact: I(L:L°),<I; .(L:L%,+0O(e|L])

max
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Imaz(A @ B), is easy to analyze combinatorially, but it depends non-smoothly on p.

Def: Max smooth mutual info:

I$,.(A:B),C min I,u(A:B)y
lo—p'il, <e

Fact: I(L:L°),<I; .(L:L%,+0O(e|L])

max

—2> Bounding I},
(take e ~ 1/|L|)

(L : L°) can give us an immediate area-law

37/85



Main result (more formal)

Thm 1:
Let H =) . h; be a local Hamiltonian on a lattice with a

bi-parition L U L€, and assume that there exists a good
AGSP (D? - A < 1/2). Then for every € > 0,

Iﬁnax(L : Lc)pmaw — O(]‘OgD —|_ 10g(|L|/6)>

38/85



Main result (more formal)

Thm 1:

Let H =) . h; be a local Hamiltonian on a lattice with a
bi-parition L U L€, and assume that there exists a good

Lc‘

AGSP (D? - A < 1/2). Then for every € > 0,

e, (L:L°, = O(logD +log(| L] /e))

max

—=> Takinge=1/|L|givesus I(L: L°) = O(logD + 10g(|L|)>
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Main result (more formal)

Thm 1:

Let H =) . h; be a local Hamiltonian on a lattice with a
bi-parition L U L€, and assume that there exists a good

Lc‘

AGSP (D? - A < 1/2). Then for every € > 0,
Ipaa(L L9, = O log D + log(|L|/e))
—>> Taking ¢ = 1/|L| gives us I(L : L) = 0(1ogD + 1og(|L|))
Using known AGSP constructions:
Y  I(L:L%, .. =O(logL|) in1D
*  I(L:L°)

— [§L|1+O0eIOL)  jn 2D

Pmax

40/85



MPO approximation in 1D

Thm 2:

Let H =) . h; be a 1D gapped system. Let p,,,, be its maximally-mixed
ground state and ¢ > 0. Then there exists an MPO ¥ with bond dimension
D = poly(n/e) s.t.

1
,O'm,a:z;—‘Trl—IO

08 00 00 o0 o0 o0 o0 o0 o0 B

I

|Pmaz — \Ij||1 <€

41/85



Proof idea I:

Imaz(L : L) bootstrapping



Recall:

e L*
Dinaz(pllor) = log min(t € R; p < to) ‘

Imaz(A:B), Y min  Dpas(pl|o)

0=0AQK0ORB

> Imaz(L: L), = min {logt|pjt-aL®aLc}

t,O'L ,071,C

43/85



Recall:

e L*
Dinaz(pllor) = log min(t € R; p < to) ‘

Imaz(A:B), Y min  Dpas(pl|o)

0=0AQK0ORB

S Iaz(L: L), = min {logt|pjt-aL®aLc}

t,O‘L ,071,C

»  Start with the optimal o, 01, t:

:I/ \\\\ Imaa: LILC
Pmaz X 10L @ 0pe, | t:f2 ( )
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Recall:

e L*
Dinaz(pllor) = log min(t € R; p < to) ‘

Imaz(A:B), Y min  Dpas(pl|o)

0=0AQK0ORB

S Iaz(L: L), = min {logt|pjt-aL®aLc}

t,O‘L ,01,C

»  Start with the optimal o, 01, t:

:I/ \\\\ Imaa: LILC
Pmaz S0, & 0pe, | t:f2 ( )

» Apply a good AGSP: normalized state

Omaz = K pmaz KT <t - Koy Qop KN =t - Tr(Kop ® JLCKT):'\’:T l‘

L d
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Pmax = Kpmaa:KT <t-Kor, (X)O'LCI(]L :t'Tr(KO'L ®O'LCKT) - T
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Pmax = Kpmaa:KT <t-Kor, (X)O'LCI(]L :t'Tr(KO'L ®O'LCKT) - T

Fact I: SR(7) < D? (because SR(K) = D)
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Pmax = Kpmaa:KT <t-Kor, (X)O'LCI(]L :t'Tr(KO'L ®O'LCKT) - T

Fact I: SR(7) < D? (because SR(K) = D)

Fact Il: Because of that there exist 71, 71 S.t., 7 < D?11, ® Tre
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Pmax = Kpmaa:KT <t-Kor, (X)O'LCI(]L :t'Tr(KO'L ®O'LCKT) - T

Fact I: SR(7) < D? (because SR(K) = D)

Fact Il: Because of that there exist 71, 71 S.t., 7 < D?11, ® Tre

= Pz =t-D?*- Tr(Kop ® O'LcKT) T @ Tre

49/85



Pmax = Kpmaa:KT <t-Kor, (X)O'LCI{]L :t'Tr(KUL ®O'LCKT) - T

Fact I: SR(7) < D? (because SR(K) = D)

Fact Il: Because of that there exist 71, 71 S.t., 7 < D?11, ® Tre

= Pz =t-D?*- Tr(Kop ® O'LcKT) T @ Tre

» Since t was the optimal bound —=>> <t - D? Tr(Koy QoK)

=2 1< D? Tr(Kop QoK)

1
> [ ESTI'(KO'L@O'LcKT) J
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1
[ 2 <Tr(Kop ® JLCKT) ]

<A
EXpand:O'L@()'Lc:HQO'L@ULc—i—(]l—HO)O'L@O'Lc '/J

Ve

=2 Tr(Kop®o0K") = Tr(Klgop @ ore K1) + Tr (K(1 —Ilp)o @ o K1)
< TI(HOO'L &) O'Lc) + A

==  1<D* (Tr(Moor ®ore)+A)  D2.A<1/2

o

1 o1
= Ty(1I > —(1-D* A)> —
r( OO_L@O-L)— D2( )— 2D2
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1
[ ESTI.(KUL@O-LCKT) ]

<A
EXpand:O'L@()'Lc:HQO'L@ULc—i—(]l—HO)O'L@O'Lc '/J

Ve

=2 Tr(Kop®o0K") = Tr(Klgop @ ore K1) + Tr (K(1 —Ilp)o @ o K1)
< TI(HOO'L &) O'Lc) + A

== 1< D? (Tr(lyor ®ore) + A) D?-A<1/2

o

_ 1 . ¥
— > TI‘(H()O'L(X)O‘Lc)Zﬁ(l—D A)Zﬁ
We got:
1 e
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We found a product state with a large overlap with the groundspace:

1 1
Tr(1II c) 2 ——= maxr — H, maxjt' c
[ Mooz @ o10) 2 755 ] P Tr(y) 7 Lo
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We found a product state with a large overlap with the groundspace:

1 1
Tr(1l c) > —— mar = I1,, mar <1 .
[ Mooz @ o10) 2 755 ] P Tr(y) 7 TLEoL

But this is not good enough:

Applying K on o1, ® or. will not necessarily take us to p.,q. !

oL, Q0 — Kop®@opK' — Klop@o0p(KN)? — ... = ?
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We found a product state with a large overlap with the groundspace:

O ¢ 2 ,Cmaac T H 9 pmax — t e ¢

But this is not good enough:

Applying K on o1, ® or. will not necessarily take us to p.,q. !

oL, Q0 — Kop®@opK' — Klop@o0p(KN)? — ... = ?

In the language of entropies:

We found an upperbound I,,,;,(L : L.) < log(2D?) ~ log(D), but we wanted

to upperbound 7,4, (L : L.)
55/85



We found a product state with a large overlap with the groundspace:

O ¢ 2 ,Cmax T H 9 ,Cmax — t e ¢

If only we could live in world where I,,,;, (L : L¢) = L4 (L : L) ...

o, ®ore — Kop QoK' — Koop®@op(K') — ... — ?

In the language of entropies:

We found an upperbound I,,,;,(L : L.) < log(2D?) ~ log(D), but we wanted

to upperbound 7,4, (L : L.)
56/85



Flat states

4 )
A
p =2, pilYi)(¢i| is a flat state
when p; = const b
> 1
\- /
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Flat states

4 )
A
p =2, pilYi)(¢i| is a flat state
when p; = const b
>
\_ /
Properties:
> pox/p

» If p,o are flat and supp(p) C supp(o) then D,,in(p||o) = Dmaz(p||o) = log(d,/d,)
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Flat states

4 )
A
p =2, pilYi)(¢i| is a flat state
when p; = const b
>
\_ /
Properties:
> pox/p

» If p,o are flat and supp(p) C supp(o) then D,,in(p||o) = Dmaz(p||o) = log(d,/d,)

—= If p,n.. Was flat, we would get:

Imin(L : L) = I(L : L) = Ineo(L : L) = O(log D) .



Proof idea II:

The brothers extension



or,ore are not flat, but we can extend them to another space where they
are flat. This is done using the Brothers Extension (Anshu et al. ’16).

(PaB)i

(pA)i A
h% -
> »

[/

(314h2) (W] -+ 204h2) (W] + 1) 01 ) pas = 3 [lon) ol @ (1)(1] + [2)(2] + 13)(3)
+ Jih2) (0] @ (11)(1] + 12)(2))
+ [i6s) (03] @ (1) (1]

|

pA =
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Proof idea:

Use the brothers space extension to construct,

a sequence of states in the vicinity of p,,q.,
and for one of them find an upperbound to 1,,,,.

62/85



> Pmaz =p0 = p = p —
k) <) .Tgf) 2 ) $(0) — 9Tmas(LiL) pras < 22111
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> Pmax = ,0(0) — ,0(1) — ,0(2) — ...
b R <) T(k) 2 ) £0) = 9Tmax (LiL) ppar < 92111

7 I p(k) < ¢(k) . T(k) 2 T(k)
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> Pmax = ,0(0) — ,0(1) — ,0(2) — ...
b R <) T(k> 2 ) £0) = 9Tmax (LiL) ppar < 92111

7 I (k) < ¢(k) . T(k) 2 T(k)

\‘/ Brother extension

c k
L | L B P g < t® . 0(1/6%) - )
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> Pmax = ,0(0) — ,0(1) — ,0(2) — ...
b R <) T(k) 2 ) £0) = 9Tmax (LiL) ppar < 92111

7 I p(k) < ¢(k) . T(k) 2 T(k)

p®) € B.(Q)
| _ flat states
\/ Brother extension
D TLILc<B has low SR
c k B ¢ is small param’
L | | B oY <t .00/8%) -t °
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>
>

—

Pmax = ;0(0) — /0(1) — :0(2) .
p(k) < (k) . T(k) 2 ) £0) = 9Tmax (LiL) ppar < 92111
r | e | o =t®. 7P el

\‘/ Brother extension

flat states

k
B Py <t® . 0(1/82) 7

D TI,L<B has low SR

» ¢ is small param’

Extend the AGSP K — K - and apply on both sides

—>> Use the same argument as before (now we are flat so 1,,,u. = Imin)

—>> Trace out B and obtain p*+1) < ¢(k+1) .+

(k:—i—l) QT (k:—i—l)
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o’ is inside B,
4

1 T4
N ()
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o isinside B,
4
1

(041 = 400 (2 4 9= tmes W9y (e, D, L))

Analysis:
t(o) — 2Imam(L:Lc) S 22|L|

—>.  There must be k < 2|L| for which ¢(*+1) > ¢k /2
(otherwize t*) < 1)

= Iaz(L: Le)y =2log D+ 121og(|L|/e) + O(1) ]
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Proof of the MPO result
U 9969999999

|pmaz — ¥l <€ SR(¥) = poly(n/e)



Outline: i N4 1

1.  Show alow SR approx’ at every cut 4, i + 1:

V1, 3,0% s.t., ||pmaa: — szl <¢ and SRi,i—i—l(pi) <R
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Outline: i N4 1

1.  Show alow SR approx’ at every cut 4, i + 1:

V1, 3,0% s.t., ||pmaa: — p’t”l <¢ and SRi,i—i—l(ﬂi) <R

2. Combine all these approx to a single MPO ¢ s.t.,

SRi,i+1(U) < R, ”pmax — UHl < f((sv R, n)
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Outline: i N4 1

1.  Show alow SR approx’ at every cut 4, i + 1:

V1, 3,0% s.t., ||pmaa: — p’t”l <¢ and SRi,i—i—l(ﬂi) <R

2. Combine all these approx to a single MPO ¢ s.t.,
SRi,i+1(U) < R, ”pmax — UHl < f((sv R, n)

Problem:

Standard derivations use L, approximation, but we need an L; approximation.
This makes it non-trivial to combine the different cuts
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i N1
Previous results: H—+"+_+_+_+—+_H

Jarkovsky et al., PRX 2020:

For any state p, if at every cut there’s an approximation p; such that:
lp — pil| <9, SRiiv1pi < R
then these can be combined to an MPO ¢ with bond-dim R and

lp—oll, < (2R +1)"5
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i Ni+1
Previous results: H—+"+—+—+—+—+—H

Jarkovsky et al., PRX 2020:

For any state p, if at every cut there’s an approximation p; such that:
lp — pil| <9, SRiiv1pi < R
then these can be combined to an MPO ¢ with bond-dim R and

lp—oll, < (2R +1)"5

— >~ Touse their result we need § < (2R + 1)lee™ which is probably
too strong to show using our AGSP techniques.
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Our approach:

Find a single purification |®) of p,,4. S.1.:

L | L
> %I‘ [P)(P| = pPrnaz L 1¢ | =>
»  E can also be partitioned to n sequential Lp | Ere

subsystems and for every cut (i,7 + 1) there is | ;) s.t.:
@) — W)l <6

SRip pem,c (1) = O((n/8)) %= 0(1)
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Our approach:

Find a single purification |®) of p,,4. S.1.:

> %I‘ ‘(I)> <(D| — Pmax L

LC

LC

» E can also be partitioned to n sequential

subsystems and for every cut (i,7 + 1) there is | ;) s.t.:

[[®) = [W3)[| <0

SRip pem,c (1) = O((n/8)) %= 0(1)

— We then use the regular MPS construcation for |®) and

trace out E to get the desired MPO result
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Our approach:

Find a single purification |®) of p,,4. S.1.:

> %I‘ ‘(I)> <(D| — Pmax L

LC

LC

» E can also be partitioned to n sequential

subsystems and for every cut (i,7 + 1) there is | ;) s.t.:

[[®) = [W3)[| <0

SRip pem,c (1) = O((n/8)) %= 0(1)

— We then use the regular MPS construcation for |®) and

trace out E to get the desired MPO result

—=>  We get total error nd for local SR < ((’n/5)”)
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Some ideas in the proof:

»  Pmaz IS flat, and therefore p,a: X /Prmaz
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Some ideas in the proof:

»  Pmaz IS flat, and therefore p,a: X /Prmaz

»  We can repeat the AL proof, but now for /pmaz

L

LC

—_—

L

LC
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Some ideas in the proof:

>

Pmaz 1S flat, and therefore p.ae X v/ Pmax

»  We can repeat the AL proof, but now for /pmaz

>

L

LC

Vectorize the brother-extended /pmaz,

—_—

L

LC

by
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Some ideas in the proof:

>

>

Pmaz 1S flat, and therefore p.ae X v/ Pmax

We can repeat the AL proof, but now for /0.0

L

LC

Vectorize the brother-extended /pmaz,

—_—

L

LC

B

by

EFrd FEp

)l = ) @ 1))

Use the fact that for every state p, the vectorization |,/p) is a purification of p

that preserves the SR structure
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» Proved a bootstrapping lemma for showing an area-law for the maximally-mixed
ground state, which is independent of the underlying degeneracy:

Good AGSP =—> Area-lawin I(L : L°)

» Using existing AGSP constructions, proves an AL for gapped 1D systems
and locally gapped, 2D, F.F. systems

» The proof also guarantees the existence of an efficient MPO description
of prmae 1IN 1D

» Uses rather involved tools from quantum information theory —

smooth min/max entropies + brothers extension
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Open guestions

» Is there a simpler, combinatoric proof ?
» Can it be generalized to the case of a low, high density spectrum?

» Can it be used to show an area-law in I(L : L.) for Gibbs states at any
temperature for gapped systems?

» Can it teach something non-trivilal on II? Can it be used to prove AL
for higher dims?
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Thank youl
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