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Quantum entanglement
Multipartite entanglement in mixed states

• Intrinsically difficult to diagnose in general

Bipartite entanglement in pure states

• Fully characterized by entanglement spectrum
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Main topic: Entanglement in random symmetric states



Why random states?
Black hole information paradox
• Page curve

Quantum statistical mechanics
• Canonical typicality
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Why symmetry?
Random matrix theory
• Reduced density matrix as Laguerre ensemble 

• Cf. Hamiltonian as Gaussian ensemble
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ω = WW †, W → Fm→n, Wij i.i.d.
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T 2 = →1No Time-Reversal Sym. 
(Page curve)

PW!rÞ ¼
1

Z!

!rþ r2Þ!
!1þ rþ r2Þ1þ!3=2Þ! ; (7)

with Z! the normalization constant (see values in Table I).
One can check that this result satisfies the symmetry (4).

The distribution PW!rÞ has the same level repulsion at
small r than P!sÞ, namely, PW!rÞ % r!, while for large r
the asymptotic behavior is PW!rÞ % r&!2þ!Þ, contrary to
the fast exponential decay of P!sÞ. This surmise also yields
an analytic expression for the mean values hriW and h~riW
widely used in the literature as a measure of chaoticity
(see Table I for the exact values).

Comparison with numerics and polynomial fit.—We
now investigate the accuracy of the surmise (7) with
respect to numerical calculations for large matrix sizes.
As illustrated in Fig. 1, the surmise is almost indistinguish-
able from numerics and can thus be used for practical

purposes as a reference to discriminate between regular
and chaotic dynamics. The absolute difference "P!rÞ ¼
Pnum!rÞ & PW!rÞ between numerics and the surmise (7)
is plotted in Fig. 2 for the three ensembles, and has a
maximum relative deviation of about 5%, similar to the
Wigner surmise for P!sÞ [13].
In order to go beyond the surmise (7), we propose a

simple expression which perfectly fits this remaining dif-
ference "P!rÞ within our computational accuracy. In order
to fulfill Eq. (4), and assuming that P!rÞ for large N and
PW!rÞ have the same asymptotic behavior for small and
large r, a reasonable ansatz is the following expansion

"Pfit!rÞ ¼
C

!1þ rÞ2
!"

rþ 1

r

#&!
& c!

"
rþ 1

r

#&!!þ1Þ$
; (8)

where c! is easily calculated from the normalization con-
dition

R1
0 "P!rÞdr ¼ 0 (see Table I for the exact value).

Thus the large-N expression for P!rÞ can be fitted by the
expression P!rÞ ¼ PW!rÞ þ "Pfit!rÞ with only one fitting
parameter, which is the overall magnitude C of the
discrepancy. The best fit C can be found in Table I. The
corresponding curves are shown in Fig. 2. Thanks to these
very good fits, one can quickly infer accurate predictions
for hri and h~ri and any average weighted by P!rÞ (see
Table I).
Large-N calculation.—We now turn to the exact calcu-

lation of P!rÞ for GUE (i.e., ! ¼ 2) in the limit N ! 1,
following a path similar to the derivation of the exact level
spacing distribution P!sÞ.
Our starting point is Eq. 5.4.29 of Ref. [2]. From that

equation, one can check that the probability p!&t; y; tÞ of
having three consecutive levels at points &t, y, t can be
rewritten as

p!&t; y; tÞ ¼ det!1& KÞ det½R!x; zÞx;z¼&t;y;t(; (9)

where R!x; yÞ is the resolvent kernel, i.e., the kernel of the
operator !1& KÞ&1K, and det!1& KÞ is the Fredholm
determinant of K. Operator K is an integral operator whose
action is defined as

!KfÞ!xÞ ¼
Z t

&t
K!x; yÞf!yÞdy (10)

with the kernel

K!x; yÞ ¼ sin#!x& yÞ
#!x& yÞ : (11)

It is known (see, e.g., Ref. [14]) that for a kernel of this
form the resolvent kernel can be written as

R!x; yÞ ¼ Q!xÞP!yÞ &Q!yÞP!xÞ
x& y

; (12)

with functions Q!xÞ and P!xÞ obeying integral equations

FIG. 1 (color online). Distribution of the ratio of consecutive
level spacings P!rÞ for Poisson and RMT ensembles: full lines
are the surmise Eq. (7), points are numerical results obtained
by diagonalizing matrices of size N ¼ 1000 with Gaussian
distributed entries, averaged over 105 histograms. Inset: the
distribution P!~rÞ.

FIG. 2 (color online). Difference "P!rÞ ¼ Pnum!rÞ & PW!rÞ
between the numerics and the surmise (7), with the same data
as in Fig. 1. The fit function is given by Eq. (8). Green diamonds
are results of exact calculations obtained from (9) for GUE.
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Page curve with TRS?
Laguerre orthogonal ensemble (LOE)
• Random states with normal TRS 

Laguerre symplectic ensemble (LSE)
• Random states with anomalous TRS
   due to the Kramers’ theorem:

• Solution: Fractionalization of global normal TRS

   Cf. SPT (Haldane) phases 
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LOE <-> LSE
Minimal setup: two qubits

• Cf. Haldane quantum circuit J. I. Cirac et al., JSM (2017) 083105
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Beyond Haldane & LSE?
SPT phases in 1D

• SPT quantum circuit (unitary symm.) ZG et al., PRL 124, 100402 (2020)
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Setup
Quantum spin lattice

Symmetric random state
3

FIG. 1. (a) Bipartitite system a → b in an arbitrary (e.g., two) spa-
tial dimension. The system is supposed to have an onsite symmetry
G. (b) Local unitary conjugation of the onsite symmetry D(g)→N

gives 1L ↑ D(g) ↑ D(g) ↑ 1R, shown in the rearranged one-
dimensional configuration. (c) Configuration of the system consist-
ing of L, l, r, R. Here P acting on l→r is a projection from the |G0|2-
dimensional space onto the |G0|-dimensional G0-symmetric space.
Within this subspace, U is a unitary operator sampled from the Haar
measure on some compact Lie groups. If G = G0 (G = G0 ⊋ ZT

2 ),
that Lie group is the unitary group (isomorphic to the orthogonal
group). Application of ! (or/and ”) realizes the symmetry fraction-
alization of G0 (G0 ⊋ ZT

2 ).

space. In fact, one can choose the orthonormal basis to be

|ωg→ =
1√
|G0|

∑

h→G0

|hg→ |h→ , ↑g ↓ G0. (2)

These G0-symmetric states are not necessarily invariant under
time reversal (unless G = G0 ↔ ZT

2 ): D(t) ↗ D(t) |ωg→ =

|ωg̃→. In terms of |ωg→, we can write down a random G-
symmetric state of the entire system as

|!→ =
∑

L,g,R

cL,g,R |L→ |ωg→ |R→

=
1√
|G0|

∑

L,gl,gr,R

cL,g→1
r gl,R

|L→ |gl→ |gr→ |R→ ,
(3)

where cL,g,R’s are sampled independently from CN (0, 1). In
the presence of TRS, we further require cL,g̃,R = cL,g,R. In
particular, this implies cL,g,R follows the real normal distribu-
tion N (0, 1) if g̃ = g [57]. So far, we have wab ↘ cL,g→1

r gl,R
(a = Lgl, b = grR) and [1L ↗D(g), εa] = 0 ↑g ↓ G.

We move on to incorporate symmetry fractionalization. To
impose a fractionalized (projective) symmetry to the subsys-
tem, we only have to apply the following local unitary gate ”

(supported on l ≃ r) to |!→ (3) [58]:

” =

∑

gl,gr→G0

ϑ(gr, g
↑1
r gl) |gl, gr→ ⇐gl, gr| , (4)

where ϑ is a 2-cocycle with nontrivial cohomology class.
Now we have [1L ↗ D(g), εa] = 0, where the projec-
tive representation D(g) identified from D(g) ↗ D(g) =

” [D(g)↗D(g)]”
† satisfies D(g)D(h) = ϑ(g, h)D(gh)

↑g, h ↓ G0. In the presence of TRS, one can separate the
solution into ϑ(t, t) = ±1 and the unitary part by an ap-
propriate gauge fixing, with the latter further constrained by
ϑ(g, h)ϑ(g̃, h̃) = 1 ↑g, h ↓ G0 on top of the (unitary) cocy-
cle condition [59]. If ϑ(t, t) = ⇒1, one should further apply
# gate (1) to two 2-dimensional subsystems ϖL,ϖR = ±1 in
L = L

↓
ϖL and R = ϖRR

↓ of ” |!→ to fractionalize the TRS.
See Fig. 1(c) for an illustration for the most general case.

In summary, εa obtained from G-symmetric random states
with possible symmetry fractionalization is determined by

wab =
1√
|G0|

ϑ(gr, g
↑1
r gl)cL,g→1

r gl,R
, (5)

where ϑ is a unitary 2-cocycle on G0. In the presence of TRS,
we further have cL,g̃,R = cL,g,R (cL↑,g̃,R↑ = ϖycL↑,g,R↑ϖy in
the 2-by-2 block representation of cL,g,R = [cL↑,g,R↑ ]ωL,ωR )
if ϑ(t, t) = 1 (ϑ(t, t) = ⇒1), and ϑ(g, h)ϑ(g̃, h̃) = 1.

Universal decomposition into the threefold way.— It re-
mains to understand the eigenvalue statistics of G-symmetric
εa, or equivalently, the singular value statistics of Eq. (5).
This turns out to be systematically solvable using the (general-
ized) group representation theory [59]. A fundamental fact is
that any (projective) representation D(g) can be decomposed
into

⊕
ε Dε

(g), a direct sum of irreducible representations
(irreps). For each irrep ϱ, one can define an indicator [60, 61]

ςε =
1

|G0|
∑

g→G0

ϑ(g̃, g)φε(g̃g), (6)

where φε(g) = TrDε
(g). In particular, dε = φε(e) is

the dimension of irrep ϱ. This indicator (6) takes values on
0, 1,⇒1, corresponding to three different possibilities about
how Dε(g̃) is related to Dε

(g). If ςε = 0, they are different
irreps. Otherwise, they are equivalent irreps and one can make
Dε(g̃) = Dε

(g) ((ϖy↗1dω/2)Dε(g̃)(ϖy↗1dω/2) = Dε
(g))

if ςε = 1 (ςε = ⇒1). Having these preliminaries in mind, we
introduce the following theorem [49]:

Theorem 1. The matrix ensemble given in Eq. (5) is com-
pletely decomposed into the direct sum of the threefold way. If
G = G0, the matrix ensemble of WW

† is

⊕

ε

1dω

dε
↗ LUE

dLdω↔dRdω
ε . (7)
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Lattice Reconfiguration

Symmetry concentration

Symmetric random state 

Simplification 3

FIG. 1. (a) Bipartitite system a → b in an arbitrary (e.g., two) spa-
tial dimension. The system is supposed to have an onsite symmetry
G. (b) Local unitary conjugation of the onsite symmetry D(g)→N

gives 1L ↑ D(g) ↑ D(g) ↑ 1R, shown in the rearranged one-
dimensional configuration. (c) Configuration of the system consist-
ing of L, l, r, R. Here P acting on l→r is a projection from the |G0|2-
dimensional space onto the |G0|-dimensional G0-symmetric space.
Within this subspace, U is a unitary operator sampled from the Haar
measure on some compact Lie groups. If G = G0 (G = G0 ⊋ ZT

2 ),
that Lie group is the unitary group (isomorphic to the orthogonal
group). Application of ! (or/and ”) realizes the symmetry fraction-
alization of G0 (G0 ⊋ ZT

2 ).

space. In fact, one can choose the orthonormal basis to be

|ωg→ =
1√
|G0|

∑

h→G0

|hg→ |h→ , ↑g ↓ G0. (2)

These G0-symmetric states are not necessarily invariant under
time reversal (unless G = G0 ↔ ZT

2 ): D(t) ↗ D(t) |ωg→ =

|ωg̃→. In terms of |ωg→, we can write down a random G-
symmetric state of the entire system as

|!→ =
∑

L,g,R

cL,g,R |L→ |ωg→ |R→

=
1√
|G0|

∑

L,gl,gr,R

cL,g→1
r gl,R

|L→ |gl→ |gr→ |R→ ,
(3)

where cL,g,R’s are sampled independently from CN (0, 1). In
the presence of TRS, we further require cL,g̃,R = cL,g,R. In
particular, this implies cL,g,R follows the real normal distribu-
tion N (0, 1) if g̃ = g [57]. So far, we have wab ↘ cL,g→1

r gl,R
(a = Lgl, b = grR) and [1L ↗D(g), εa] = 0 ↑g ↓ G.

We move on to incorporate symmetry fractionalization. To
impose a fractionalized (projective) symmetry to the subsys-
tem, we only have to apply the following local unitary gate ”

(supported on l ≃ r) to |!→ (3) [58]:

” =

∑

gl,gr→G0

ϑ(gr, g
↑1
r gl) |gl, gr→ ⇐gl, gr| , (4)

where ϑ is a 2-cocycle with nontrivial cohomology class.
Now we have [1L ↗ D(g), εa] = 0, where the projec-
tive representation D(g) identified from D(g) ↗ D(g) =

” [D(g)↗D(g)]”
† satisfies D(g)D(h) = ϑ(g, h)D(gh)

↑g, h ↓ G0. In the presence of TRS, one can separate the
solution into ϑ(t, t) = ±1 and the unitary part by an ap-
propriate gauge fixing, with the latter further constrained by
ϑ(g, h)ϑ(g̃, h̃) = 1 ↑g, h ↓ G0 on top of the (unitary) cocy-
cle condition [59]. If ϑ(t, t) = ⇒1, one should further apply
# gate (1) to two 2-dimensional subsystems ϖL,ϖR = ±1 in
L = L

↓
ϖL and R = ϖRR

↓ of ” |!→ to fractionalize the TRS.
See Fig. 1(c) for an illustration for the most general case.

In summary, εa obtained from G-symmetric random states
with possible symmetry fractionalization is determined by

wab =
1√
|G0|

ϑ(gr, g
↑1
r gl)cL,g→1

r gl,R
, (5)

where ϑ is a unitary 2-cocycle on G0. In the presence of TRS,
we further have cL,g̃,R = cL,g,R (cL↑,g̃,R↑ = ϖycL↑,g,R↑ϖy in
the 2-by-2 block representation of cL,g,R = [cL↑,g,R↑ ]ωL,ωR )
if ϑ(t, t) = 1 (ϑ(t, t) = ⇒1), and ϑ(g, h)ϑ(g̃, h̃) = 1.

Universal decomposition into the threefold way.— It re-
mains to understand the eigenvalue statistics of G-symmetric
εa, or equivalently, the singular value statistics of Eq. (5).
This turns out to be systematically solvable using the (general-
ized) group representation theory [59]. A fundamental fact is
that any (projective) representation D(g) can be decomposed
into

⊕
ε Dε

(g), a direct sum of irreducible representations
(irreps). For each irrep ϱ, one can define an indicator [60, 61]

ςε =
1

|G0|
∑

g→G0

ϑ(g̃, g)φε(g̃g), (6)

where φε(g) = TrDε
(g). In particular, dε = φε(e) is

the dimension of irrep ϱ. This indicator (6) takes values on
0, 1,⇒1, corresponding to three different possibilities about
how Dε(g̃) is related to Dε

(g). If ςε = 0, they are different
irreps. Otherwise, they are equivalent irreps and one can make
Dε(g̃) = Dε

(g) ((ϖy↗1dω/2)Dε(g̃)(ϖy↗1dω/2) = Dε
(g))

if ςε = 1 (ςε = ⇒1). Having these preliminaries in mind, we
introduce the following theorem [49]:

Theorem 1. The matrix ensemble given in Eq. (5) is com-
pletely decomposed into the direct sum of the threefold way. If
G = G0, the matrix ensemble of WW

† is

⊕

ε

1dω

dε
↗ LUE

dLdω↔dRdω
ε . (7)
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Symmetry Fractionalization
Unitary and anti-unitary parts are decoupled

Matrix elements

3

FIG. 1. (a) Bipartitite system a → b in an arbitrary (e.g., two) spa-
tial dimension. The system is supposed to have an onsite symmetry
G. (b) Local unitary conjugation of the onsite symmetry D(g)→N

gives 1L ↑ D(g) ↑ D(g) ↑ 1R, shown in the rearranged one-
dimensional configuration. (c) Configuration of the system consist-
ing of L, l, r, R. Here P acting on l→r is a projection from the |G0|2-
dimensional space onto the |G0|-dimensional G0-symmetric space.
Within this subspace, U is a unitary operator sampled from the Haar
measure on some compact Lie groups. If G = G0 (G = G0 ⊋ ZT

2 ),
that Lie group is the unitary group (isomorphic to the orthogonal
group). Application of ! (or/and ”) realizes the symmetry fraction-
alization of G0 (G0 ⊋ ZT

2 ).

space. In fact, one can choose the orthonormal basis to be

|ωg→ =
1√
|G0|

∑

h→G0

|hg→ |h→ , ↑g ↓ G0. (2)

These G0-symmetric states are not necessarily invariant under
time reversal (unless G = G0 ↔ ZT

2 ): D(t) ↗ D(t) |ωg→ =

|ωg̃→. In terms of |ωg→, we can write down a random G-
symmetric state of the entire system as

|!→ =
∑

L,g,R

cL,g,R |L→ |ωg→ |R→

=
1√
|G0|

∑

L,gl,gr,R

cL,g→1
r gl,R

|L→ |gl→ |gr→ |R→ ,
(3)

where cL,g,R’s are sampled independently from CN (0, 1). In
the presence of TRS, we further require cL,g̃,R = cL,g,R. In
particular, this implies cL,g,R follows the real normal distribu-
tion N (0, 1) if g̃ = g [57]. So far, we have wab ↘ cL,g→1

r gl,R
(a = Lgl, b = grR) and [1L ↗D(g), εa] = 0 ↑g ↓ G.

We move on to incorporate symmetry fractionalization. To
impose a fractionalized (projective) symmetry to the subsys-
tem, we only have to apply the following local unitary gate ”

(supported on l ≃ r) to |!→ (3) [58]:
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gl,gr→G0

ϑ(gr, g
↑1
r gl) |gl, gr→ ⇐gl, gr| , (4)

where ϑ is a 2-cocycle with nontrivial cohomology class.
Now we have [1L ↗ D(g), εa] = 0, where the projec-
tive representation D(g) identified from D(g) ↗ D(g) =

” [D(g)↗D(g)]”
† satisfies D(g)D(h) = ϑ(g, h)D(gh)

↑g, h ↓ G0. In the presence of TRS, one can separate the
solution into ϑ(t, t) = ±1 and the unitary part by an ap-
propriate gauge fixing, with the latter further constrained by
ϑ(g, h)ϑ(g̃, h̃) = 1 ↑g, h ↓ G0 on top of the (unitary) cocy-
cle condition [59]. If ϑ(t, t) = ⇒1, one should further apply
# gate (1) to two 2-dimensional subsystems ϖL,ϖR = ±1 in
L = L

↓
ϖL and R = ϖRR

↓ of ” |!→ to fractionalize the TRS.
See Fig. 1(c) for an illustration for the most general case.

In summary, εa obtained from G-symmetric random states
with possible symmetry fractionalization is determined by

wab =
1√
|G0|

ϑ(gr, g
↑1
r gl)cL,g→1

r gl,R
, (5)

where ϑ is a unitary 2-cocycle on G0. In the presence of TRS,
we further have cL,g̃,R = cL,g,R (cL↑,g̃,R↑ = ϖycL↑,g,R↑ϖy in
the 2-by-2 block representation of cL,g,R = [cL↑,g,R↑ ]ωL,ωR )
if ϑ(t, t) = 1 (ϑ(t, t) = ⇒1), and ϑ(g, h)ϑ(g̃, h̃) = 1.

Universal decomposition into the threefold way.— It re-
mains to understand the eigenvalue statistics of G-symmetric
εa, or equivalently, the singular value statistics of Eq. (5).
This turns out to be systematically solvable using the (general-
ized) group representation theory [59]. A fundamental fact is
that any (projective) representation D(g) can be decomposed
into

⊕
ε Dε

(g), a direct sum of irreducible representations
(irreps). For each irrep ϱ, one can define an indicator [60, 61]

ςε =
1

|G0|
∑

g→G0

ϑ(g̃, g)φε(g̃g), (6)

where φε(g) = TrDε
(g). In particular, dε = φε(e) is

the dimension of irrep ϱ. This indicator (6) takes values on
0, 1,⇒1, corresponding to three different possibilities about
how Dε(g̃) is related to Dε

(g). If ςε = 0, they are different
irreps. Otherwise, they are equivalent irreps and one can make
Dε(g̃) = Dε

(g) ((ϖy↗1dω/2)Dε(g̃)(ϖy↗1dω/2) = Dε
(g))

if ςε = 1 (ςε = ⇒1). Having these preliminaries in mind, we
introduce the following theorem [49]:

Theorem 1. The matrix ensemble given in Eq. (5) is com-
pletely decomposed into the direct sum of the threefold way. If
G = G0, the matrix ensemble of WW

† is

⊕

ε

1dω

dε
↗ LUE

dLdω↔dRdω
ε . (7)
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Matrix elements (no symm. frac.)

Minimal Example: G0 = Z2
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Matrix elements (with symm. frac., TRS necessary)

Minimal Example: G0 = Z2
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General results
Without TRS (           )

     labels a (projective) irrep of        with dimension   

With TRS (                    ,                      )

                                                      is the Schur-Frobenius indicator   
          
Cf. Gaussian (GUE/GOE/GSE) version for Hamiltonians
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Degeneracy without symm. frac.
Multiple LUE/LOE

LUE conjugate pair

LSE
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Take-home message

• LSE arises from TRS fractionalization à la Haldane

• Universal reduction to the “threefold way” 
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Beyond Threefold Way?
Symmetry may not be a group
Categorical symmetry:

• Tannaka-Krein dual picture of a group
• Generally not group rep., e.g., Fibonacci 

Hilbert space may not be a tensor product
• Fermion: Z2-graded tensor product
• Lattice gauge theory
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(d-1)-form Rep(G) Symmetry
MPO symmetry

Block structure of 

N. Tantivasadakarn et al., PRX Quantum 4, 20339 (2023)
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Beyond Random Matrices?
Local unitary equivalence for pure states
• Bipartite:                          if

   LU equivalent = same entanglement spectrum
                             = same n-Renyi entropy (n=2,…,min{d1,d2})
• Multipartite:                                      if

  LU equivalent = same multi-entropies
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We propose that a multipartite generalization of bipartite entanglement Renyi entropy, which is parametrized
by several integers. We also conjecture that when applied to short-range correlated many-body states or quantum
cellular automata, they give rise to a family of topological invariants.

I. GENERALIZATION OF ENTANGLEMENT RENYI ENTROPY

We start from a brief review of bipartite entanglement. Consider a general bipartite pure state

∣ψ⟩ = ∑
a,b

wab∣a⟩∣b⟩ (1)

living on A ∪B. The nth Renyi entanglement entropy is given by

Sn = 1

1 − n TrρnA = 1

1 − n TrρnB , ρA = ∑
b,a,a′

wabw̄ba′ ∣a⟩⟨a′∣, ρB = ∑
a,b,b′

wabw̄ab′ ∣b⟩⟨b′∣. (2)

The well-known fact SA
n = SB

n can be graphically represented as

w w̄
n

= w̄ w
n , (3)

where the normal and thick bonds correspond to subsystems A and B, whose Hilbert space dimensions may differ in general.
According to Eq. (3), one may interpret the identity SA

n = SB
n as two different ways of choosing unit cells for the same lattice,

which very much resembles the SSH model.
We move on to consider a general tripartite pure state

∣ψ⟩ = ∑
a,b,c

wabc∣a⟩∣b⟩∣c⟩ (4)

living on A ∪ B ∪ C. To construct entanglement measures invariant under arbitrary local unitary transformations UA ⊗ UB ⊗
UC , one may contract corresponding indices in w and w̄ in a two-dimensional lattice configuration reminiscent of the Kitaev
honeycomb model:

a

b
c

. (5)

In comparison to the bipartite case, now we have two integer parameters m,n describing the size of the two-dimensional lattice.
To specify the configuration, we denote SXY

m,n as the tripartite Renyi entropy for a two-tensor (w and w̄) unit cell with Z contracted
(X,Y,Z is an arrangement of A,B,C) inside and X (Y ) along the horizontal (vertical) direction, and there are m (n) unit cells
along this direction in all. The specific example in Eq. (5) is SAB

4,4 . One can then check the validity of the following identities:

SAB
m,n = SBA

n,m = SCA
m,n = SAC

n,m = SBC
m,n = SCB

n,m, (6)

which generalizes SA
n = SB

n in the bipartite case.
We should emphasize that the configuration of honeycomb lattice in Eq. (5) is definitely not the only pattern of tensor contrac-

tion. An obvious way of generalization is to introduce lattice defects such as eliminating one or a few unit cells. The topology
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Topological invariants
Entanglement reformulation of topological invariants
• 1D unitary: usual (2-)entropy

• 2D state: 3-entropy

Conjecture: in dD, topological invariant of a unitary (odd d)/ 
state (even d) is related to (d+1)-entropy
• E.g., index for 3D unitary might be like

2

�I�
�I�
�I�
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�0� H �X�

A
B

SA
U ⊗ I (8)

U⊗
I

a b

a′ b′ (9)

a b

a′ b′ (10)

u u u u u

(11)

sL aR
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(12)

sl ar a′rs′l

(13)

of the bulk. Our formula is based on the modular
commutator—a new quantity expressed in terms of reduced
density matrices of a many-body wave function. We argue
that the CCC can be expressed in terms of the modular
commutator for ground states of gapped Hamiltonians, with
or without symmetries. We numerically confirm our for-
mula up to a small error attributable to finite-size effects in
our companion paper [29].
Summary of results.—For a general tripartite state

ρABC on a finite dimensional Hilbert space, the modular
commutator is

JðA;B; CÞρ ≔ iTrðρABC½KAB; KBC$Þ; ð2Þ

where KA ¼ − ln ρA is the modular Hamiltonian [30,31]
associated with the reduced density matrix ρA on subsystem
A. We can readily see that J is real (because ½KAB; KBC$ is
an anti-Hermitian operator) and odd under complex con-
jugation (with respect to any product-state basis over the
local degrees of freedom). The latter operation corresponds
to time reversal in our physical context, meaning that it can
flip the direction of a system’s edge current. Thus, the fact
that J is odd under time reversal is a necessary property for
it to encode information about the CCC.
Plugging in a many-body ground state σ ¼ jψihψ j

satisfying the area law with a constant subcorrection term
[12,13], we relate the modular commutator [Eq. (2)] to the
edge energy current [Eq. (1)], obtaining our main result

JðA;B; CÞσ ¼
π
3
c− ð3Þ

for subsystems A, B, and C depicted in Fig. 1. Equation (3)
is insensitive to continuous deformations of the sub-
systems, so long as they remain to partition a disk.
In the rest of this Letter, we derive Eq. (3) using

theoretical tools developed in Refs. [32–34]. Using the
fact that σ satisfies the area law, we show that the state’s
modular Hamiltonian KD for a disk D can be decomposed
into a sum of local operators. From this decomposition, we
can obtain an expression for the “energy current.” The value
of the “energy current” is determined by the expectation
values of commutators of the local terms of KD, and each
nonzero contribution is shown to be of the form of the

modular commutator [Eq. (2)], up to a proportionality
constant. By viewing KD as a physical Hamiltonian
describing the same phase as that of σ, we relate KD’s
“energy current” to the physical current from Eq. (1),
yielding Eq. (3).
Markov-chain states.—An important fact about the

modular commutator is that it vanishes if the underlying
state is a quantum Markov chain [35]. Specifically, con-
sider a tripartite state ρXYZ. This state is a quantum Markov
chain if its conditional mutual information—defined as
IðX∶ZjYÞρ ≔ SðρXYÞ þ SðρYZÞ − SðρYÞ − SðρXYZÞ, where
SðρÞ ≔ −Trðρ ln ρÞ is the von Neumann entropy of ρ—is
zero. It turns out that

IðX∶ZjYÞρ ¼ 0 ⇒ JðX; Y; ZÞρ ¼ 0; ð4Þ

which can be proved via the important relation [35] [This is
true for positive definite ρXYZ. If ρXYZ has zero eigenvalues,
Eq. (5) should be replaced by KXYZρXYZ ¼ ðKXYþ
KYZ − KYÞρXYZ, meaning that the same condition holds
on the subspace spanned by the eigenstates of the nonzero
eigenvalues of ρXYZ; see the Supplemental Material [36] for
details, in particular, on the derivation of Eq. (5) for
fermions based on Refs. [35,37–40] ]:

IðX∶ZjYÞρ ¼ 0 ⇔ KXYZ ¼ KXY þ KYZ − KY: ð5Þ

Applying this relation, the modular commutator becomes
JðX; Y; ZÞ ¼ iTrðρXYZ½KXY; KXYZ þ KY $Þ. The cyclicity of
the trace then implies that this expression is zero.
Area law and modular commutator.—Now we shift our

focus to ground states of gapped quantum many-body
systems in two spatial dimensions. Such states, which we
denote as σ, are expected to obey the area law of
entanglement entropy [12,13], which means that the
following equation holds for any disk-shaped region A:

SðσAÞ ¼ αj∂Aj − γ þ ' ' ' ; ð6Þ

where j∂Aj is the length of the perimeter of A, α is a
nonuniversal constant, and γ is the topological entangle-
ment entropy [12,13]. The remaining ð…Þ term vanishes in
the jAj → ∞ limit. While the rigorous proof of the area law
[Eq. (6)] is unknown, proofs of analogous statements in
one-dimensional gapped systems [41] and two-dimensional
locally gapped systems [42] are known.
The area law implies that the modular commutator

JðA; B; CÞ for the partition of the disk in Fig. 1 is invariant
under topology-preserving deformation of the regions.
Specifically, consider the deformations of subsystems A,
B, and C as described in Fig. 2. Deformations away from B
leaves the modular commutator invariant for the following
reason. Without loss of generality, consider a ⊂ ΛnðABCÞ
as is shown in the first row of Fig. 2. From Iða∶BjAÞ ¼ 0
and Eq. (5), we can obtain KaAB ¼ KAB þ KaA − KA;

FIG. 1. Partition of a disk-shaped region ABC in the bulk (Λ).
Each subsystem is assumed to be sufficiently large compared
with the correlation length.
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