
Exact renormalization flow 
for matrix product density 

operators
Kohtaro Kato (Nagoya University)

28/07/2025

Based on arXiv:2410.22696 (will be updated soon)



Outline

1. Classification of Gapped quantum phases and MPS

2. Quantum mixed-state phases and MPDOs

3. Main results: exact RG-flows for MPDOs



Classification of gapped quantum phases and MPSs



Gapped quantum phases

 A class of ground states of local Hamiltonians that can be connected 
without closing the energy gap (i.e., undergoing a phase transition).

𝜓𝜓𝑘𝑘1 ∼ 𝜓𝜓𝑘𝑘2 , ∀𝑘𝑘 = 1, … ,𝑚𝑚

Gap 𝑡𝑡 > 0, ∀𝑡𝑡 ∈ 0,1 .

𝐸𝐸1

𝐸𝐸0 𝑡𝑡

10

∃𝐻𝐻 𝑡𝑡 = −�
𝑋𝑋

ℎ𝑋𝑋 𝑡𝑡 �𝐻𝐻 0 = 𝐻𝐻1
𝐻𝐻 1 = 𝐻𝐻2

𝜓𝜓𝑘𝑘𝑖𝑖 : ground state of a gaped local Hamiltonian 𝐻𝐻𝑖𝑖 (𝑘𝑘 = 1, … ,𝑚𝑚)

𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)
⇔



Classification by short-depth unitary circuit

 Two ground states are in the same if they are (approximately) 
connected by a short-depth unitary circuit

𝜓𝜓𝑘𝑘1 ∼ 𝜓𝜓𝑘𝑘2 , ∀𝑘𝑘 = 1, … ,𝑚𝑚

𝜓𝜓𝑘𝑘𝑖𝑖 : ground state of a gaped local Hamiltonian 𝐻𝐻𝑖𝑖 (𝑘𝑘 = 1, … ,𝑚𝑚)

𝜓𝜓𝑘𝑘2 = 𝑊𝑊 𝐾𝐾 …𝑊𝑊 2 𝑊𝑊 1 𝜓𝜓𝑘𝑘1

𝑊𝑊(𝐾𝐾)

𝑊𝑊(2)

𝑊𝑊(1)

⋮

𝑈𝑈𝑖𝑖

|𝜓𝜓𝑘𝑘1⟩

|𝜓𝜓𝑘𝑘2⟩

⇔

∀𝑘𝑘 = 1, … ,𝑚𝑚

∃𝐾𝐾 = 𝑂𝑂 1 ,𝑊𝑊 𝑖𝑖 : product of local unitaries
logN

[Hastings, Wen ’05]



Matrix product states

 1D gapped ground states ≒ matrix product states (MPS)

𝜓𝜓 = �
𝑖𝑖1,…,𝑖𝑖𝑁𝑁

Tr 𝐴𝐴𝑖𝑖1𝐴𝐴𝑖𝑖2 …𝐴𝐴𝑖𝑖𝑁𝑁 𝑖𝑖1𝑖𝑖2 … 𝑖𝑖𝑁𝑁 𝐴𝐴𝑖𝑖𝑘𝑘:𝐷𝐷 × 𝐷𝐷 matrix (for each 𝑖𝑖𝑘𝑘 ∈ 𝑑𝑑 )MPS

𝐴𝐴

𝑖𝑖

𝛼𝛼 𝛽𝛽𝐴𝐴𝑖𝑖 𝛼𝛼𝛼𝛼 ∈ ℂ ⇔ 𝐴𝐴 ≔�
𝑖𝑖=1

𝑑𝑑

𝑖𝑖 ⊗ 𝐴𝐴𝑖𝑖 ∈ ℂ𝑑𝑑 ⊗ ℬ ℂ𝐷𝐷

𝐴𝐴 𝐴𝐴 ⇔ 𝐴𝐴𝐴𝐴 = �
𝑖𝑖,𝑗𝑗=1

𝑑𝑑

𝑖𝑖𝑖𝑖 ⊗ 𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗 ∈ ℂ𝑑𝑑 ⊗2 ⊗ ℬ ℂ𝐷𝐷

[Fannes, et al., '92; Nachtergaele, '96; Hastings, '07; Arad et al., '13] 



Exact renormalization flow for MPS

 Any MPS has a well-defined renormalization flow. 

𝐴𝐴 𝐴𝐴

ℂ𝑑𝑑𝑛𝑛

ℂ𝐷𝐷 ℂ𝐷𝐷⋯

By regarding few neighboring tensors together, it 
can be regarded as a 𝑑𝑑𝑛𝑛 × 𝐷𝐷2 matrix.

𝐵𝐵

w.l.o.g assume 𝑑𝑑 to be 𝑑𝑑 > 𝐷𝐷2 by coarse-graining few sites. 

⋯

𝑉𝑉

ℂ𝑑𝑑𝑛𝑛

ℂ𝑑𝑑

The polar decomposition: there is an isometry 𝑉𝑉 s. t. 

𝐴𝐴…𝐴𝐴 = 𝑉𝑉𝑉𝑉,=
where 𝐵𝐵 is tensor on a single physical site. 

[Schuch et al., `11; Cirac et al., `17]



Exact renormalization flow for MPS

 Since 𝑉𝑉 is an isometry, this RG-flow is exactly reversible.

𝐵𝐵

⋯

𝑉𝑉
ℂ𝑑𝑑

=

𝐴𝐴 𝐴𝐴ℂ𝐷𝐷 ℂ𝐷𝐷⋯
⋯

𝑉𝑉†

𝐵𝐵=

𝐴𝐴 𝐴𝐴⋯

Coarse-graining

Fine-graining



Classification of quantum phases via RG-fixed points

 Two MPS connected by the exact RG-flow are in the same phase.

𝜓𝜓
exact RG

𝜙𝜙 ⇔ 𝜓𝜓
short−depth QC

𝜙𝜙 ⊗ 0 ⊗𝑚𝑚

|0⟩

|0⟩ |0⟩

|0⟩ |0⟩ |0⟩|0⟩

|0⟩ |0⟩

|0⟩ |0⟩ |0⟩

|0⟩ |0⟩

Thus, it suffices to classify the RG-fixed points.



RG-fixed points of MPS

 The RG-fixed points of MPS are isometric MPSs.

𝜔𝜔𝐷𝐷 𝜔𝜔𝐷𝐷

𝑉𝑉:ℂ𝐷𝐷⊗2 → ℂ𝑑𝑑 isometry
Finite correlation length →

(injective MPS) 

Long-range correlation →
(non-injective MPS) 

�
𝛼𝛼

|𝛼𝛼𝛼𝛼…𝛼𝛼⟩ ⊗ 𝜔𝜔𝐷𝐷𝛼𝛼
⊗𝑁𝑁

𝜔𝜔𝐷𝐷𝛼𝛼 𝜔𝜔𝐷𝐷𝛼𝛼

𝑉𝑉:isometry

|𝛼𝛼𝛼𝛼…𝛼𝛼⟩
GHZ-like state

[Schuch, et al., '11;Chen, et al., '11] 



Gapped quantum phases in 1D

 Interesting gapped phases exist in 2 or higher-dimensions, such as 
topologically ordered phases and fracton phases.

 It is known that quantum phases in 1D are classified by GSD only, 
when no symmetry is imposed.

GSD= 1 Trivial phase (connected to 1-body Hamiltonian with product g.s.)→

GSD≥ 2 Dimer ground states × GHZ-like state→

Not stable without protection from symmetries

Only one stable gapped phase: trivial phase



Quantum mixed-state phases and MPDOs



Quantum mixed-state phases

 New classification of phases: A class of mixed states that can be 
connected by short-depth circuits of quantum channels.

Quantum channel = Completely-Positive Trace-Preserving (CPTP) map 
= Isometry + partial trace

𝜌𝜌1 ∼ 𝜌𝜌2
𝜌𝜌1,𝜌𝜌2: “physically reasonable” mixed states

𝜌𝜌2 = 𝐸𝐸(𝑀𝑀) ∘ ⋯ ∘ 𝐸𝐸 1 𝜌𝜌1
∃ a short-depth circuit of quantum channels

𝜌𝜌1 = 𝐹𝐹(𝑀𝑀) ∘ ⋯ ∘ 𝐹𝐹 1 𝜌𝜌2
s. t. there is another local circuit of quantum channels⇔

𝐸𝐸(𝐾𝐾)

𝐸𝐸(1)

⋮

[M. Hastings, `11; Coser et al., `18; S. Sang, et al., `23]



𝜌𝜌𝑋𝑋 ≔ Tr𝑋𝑋𝑐𝑐|𝜓𝜓⟩⟨𝜓𝜓|
Entanglement entropy: 𝑆𝑆 𝑋𝑋 𝜌𝜌 ≔ −Tr𝜌𝜌𝑋𝑋log2𝜌𝜌𝑋𝑋

Area law：𝑆𝑆 𝑋𝑋 𝜌𝜌 ≤ 𝑐𝑐 𝜕𝜕𝜕𝜕 .

 We want to study the mixed-state analog of “gapped” ground states.

Physically reasonable mixed states?

• Gapped ground states satisfy area law of entanglement entropy:

• Mixed-states⟶ the mutual information quantifies the total correlation. 

Mutual information: 𝐼𝐼 𝑋𝑋:𝑋𝑋𝑐𝑐 𝜌𝜌 ≔ 𝑆𝑆 𝑋𝑋 + 𝑆𝑆 𝑋𝑋𝑐𝑐 − 𝑆𝑆 𝑋𝑋𝑋𝑋𝑐𝑐

𝐼𝐼 𝑋𝑋:𝑋𝑋𝑐𝑐 𝜌𝜌 ≤ 𝑐𝑐 𝜕𝜕𝜕𝜕 .Area law：



Matrix product density operators (MPDOs)

𝑀𝑀 𝑀𝑀 𝑀𝑀 𝑀𝑀 𝑀𝑀 𝑀𝑀 𝑀𝑀

𝑖𝑖𝑘𝑘

𝑗𝑗𝑘𝑘

𝜌𝜌𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = �
𝒊𝒊,𝒋𝒋

Tr 𝑀𝑀𝑖𝑖1𝑗𝑗1𝑀𝑀𝑖𝑖2𝑗𝑗2 …𝑀𝑀𝑖𝑖𝑁𝑁𝑗𝑗𝑁𝑁 |𝑖𝑖1𝑖𝑖2 … 𝑖𝑖𝑁𝑁⟩⟨𝑗𝑗1𝑗𝑗2 … 𝑗𝑗𝑁𝑁|

𝑀𝑀𝑖𝑖𝑘𝑘𝑗𝑗𝑘𝑘:𝐷𝐷 × 𝐷𝐷 matrix (for each 𝑖𝑖𝑘𝑘 , 𝑗𝑗𝑘𝑘)

A natural generalization of MPS to 1D mixed states.

• Good ansatz for quantum Gibbs states (thermal equiliburium).

• Always satisfy the area law of mutual information.
[Hastings, `06]



 MPDOs can describe more than Gibbs states.

MPDOs and boundary theory of PEPS

𝜌𝜌𝜕𝜕𝜕𝜕

𝐷𝐷-dimensional pure states ⟷ (𝐷𝐷 − 1)-dimensional mixed states 

PEPS
(2D pure states)

Typically, MPDOs

 The boundary of a 2D topological order can be a non-thermal MPDO.

𝜌𝜌MPDO =
1

2𝑁𝑁
𝐼𝐼⊗𝑁𝑁 + 𝑍𝑍⊗𝑁𝑁 ≠

1
𝑍𝑍
𝑒𝑒−𝛽𝛽 ∑𝑖𝑖 ℎ𝑖𝑖,𝑖𝑖+1Boundary of toric code:



 A similar classification strategy to that used for MPS and gapped 
ground states might be expected to apply here.

Classifying 1D mixed-state phases via MPDO

𝑀𝑀

Renormalization fixed-points for MPDO [Cirac, et al., `18]:

𝑀𝑀 𝑀𝑀

ℱ

ℰ

ℰ:ℬ ℂ𝑑𝑑2 → ℬ ℂ𝑑𝑑

ℱ:ℬ ℂ𝑑𝑑 → ℬ ℂ𝑑𝑑2

Coarse-graining

Fine-graining

A MPDO is called a fixed-point MPDO if there is a pair of CPTP-maps ℇ,ℱ s. t.

[Cirac, et al., `18]



Renormalization fixed-point (RFP) MPDOs

If 𝜌𝜌 is a fixed-point MPDO, then 𝜌𝜌 is a “global MPO” × a commuting Gibbs state. 

𝜌𝜌MPDO = �
𝑖𝑖=1

𝜆𝜆𝑖𝑖𝑃𝑃𝑖𝑖 𝑒𝑒− ∑𝑘𝑘 ℎ𝑘𝑘,𝑘𝑘+1 𝑃𝑃𝑖𝑖 ,�
𝑘𝑘

ℎ𝑘𝑘,𝑘𝑘+1 = ℎ𝑘𝑘,𝑘𝑘+1,ℎ𝑙𝑙,𝑙𝑙+1 = 0.

Theorem [Cirac, et al., `18] 

What are these global MPOs?

Any 𝑪𝑪∗-weak-Hopf algebra ⇒ RFP MPDOs 
Theorem [Ruiz-de-Alarcón, et al., ‘24] 

𝐶𝐶∗−weak−Hopf algebra ⇔ (multi-) fusion category: classifying 2D topological orders!
𝐻𝐻 Rep 𝐻𝐻



Boundary non-invertible symmetry = MPO algebra

2D PEPS in a topological order obey a non-invertible symmetry 
acting on the boundary (virtual legs).
The symmetry action forms an algebra generated by MPOs.

Matrix Product Operators

For topological orders, the MPO algebra is a rep. of 
the corresponding 𝐶𝐶∗-weak Hopf algebra.

Is the 1D classification fully captured by 𝐶𝐶∗-weak Hopf algebras as well?

RFP MPDOs constructed from 𝐶𝐶∗ −Hopf algebra (subclass of weak HA) are in the 
trivial mixed state phase [Ruiz-de-Alarcón, et al., ‘24].

Whether there exists a non-trivial mixed-state phase in 1D is an open problem.



Main results: exact RG-flows for MPDOs
[arXiv:2410.22696, will be updated]



● RFP MPDOs are partly characterized by 𝐶𝐶∗ −weak Hopf algebra.

Is this classification complete? To answer that, we need to go in the 
reverse direction.

● Any MPS admit the exact RG-flow leading to RFP. 

How about MPDOs? Most of CPTP-maps are not invertible unlike 
isometries…

Motivation 

This work: establishes exact RG-flow for MPDOs and extract algebraic information.



Exact renormalization flow for MPDOs?

�𝐵𝐵 < 𝐵𝐵

If �𝑩𝑩 can chosen to be independent of |𝑩𝑩|, then we obtain the desired RG-flow.

CPTP-maps

Does such a pair ℰ,ℱ always exist?

𝐴𝐴 𝐴𝐴𝐵𝐵

�𝐵𝐵𝐴𝐴 𝐴𝐴

id𝐴𝐴 ⊗ ℰ𝐵𝐵→ �𝐵𝐵 ∃id𝐴𝐴 ⊗ ℱ �𝐵𝐵→𝐵𝐵



Canonical forms of MPDOs

 The 4-leg tensor of MPDO have two direct sum decompositions.

𝑀𝑀 = �
𝑖𝑖,𝑗𝑗=1

𝑑𝑑

𝑖𝑖 𝑗𝑗 ⊗𝑀𝑀𝑖𝑖𝑖𝑖 = �
𝛼𝛼,𝛽𝛽=1

𝐷𝐷

𝑊𝑊𝛼𝛼𝛼𝛼 ⊗ 𝛼𝛼 𝛽𝛽
𝐷𝐷 × 𝐷𝐷 𝑑𝑑 × 𝑑𝑑

𝑖𝑖

𝑀𝑀𝑖𝑖𝑖𝑖 𝑊𝑊𝛼𝛼𝛼𝛼

𝑗𝑗

𝛼𝛼 𝛽𝛽=𝑀𝑀 =

𝑀𝑀𝑋𝑋 𝑋𝑋−1 = �
𝑘𝑘 𝑁𝑁𝑘𝑘

⊗𝑀𝑀𝑘𝑘 𝑊𝑊𝑘𝑘

𝑈𝑈

𝑈𝑈†

= �
𝑎𝑎

𝑊𝑊𝑘𝑘,𝑎𝑎
Ω𝑎𝑎⊗

Horizontal canonical form Vertical canonical form

𝑴𝑴𝒌𝒌: injective block (normal tensor)
We will omit k for simplicity



Vertical canonical form (v-CF) changes under grouping

Unlike h-CF, v-CF changes when multiple tensors are considered.

𝑀𝑀 = �
𝛼𝛼,𝛽𝛽=1

𝐷𝐷

𝑊𝑊𝛼𝛼𝛼𝛼 ⊗ 𝛼𝛼 𝛽𝛽 𝑊𝑊𝛼𝛼 𝛽𝛽

𝑀𝑀𝑀𝑀 = �
𝛼𝛼,𝛽𝛽=1

𝐷𝐷

�
𝛾𝛾

𝑊𝑊𝛼𝛼𝛾𝛾 ⊗𝑊𝑊𝛾𝛾𝛾𝛾 ⊗ 𝛼𝛼 𝛽𝛽 𝑊𝑊𝛼𝛼 𝑊𝑊 𝛽𝛽

𝑊𝑊𝛼𝛼 𝑊𝑊 𝛽𝛽

𝑈𝑈

𝑈𝑈†

= �
𝑎𝑎

𝑊𝑊𝑎𝑎
(2)

Ω𝑎𝑎
2



Compression bound from quantum information theory

𝑊𝑊𝛼𝛼 𝑊𝑊 𝛽𝛽

𝑈𝑈

𝑈𝑈†

= �
𝑎𝑎

𝑊𝑊𝑎𝑎
(2)

Ω𝑎𝑎
2

Tr

This is the optimal, exactly reversible dimension reduction among all CPTP maps.

Theorem [Kato,‘24] 

Equivalent to the Koashi-Imoto decomposition for bipartite quantum states.
[Koashi, Imoto, ’02;Hayden, et al., ‘04]

𝜌𝜌𝐴𝐴𝐴𝐴 = �
𝑖𝑖

𝑝𝑝𝑖𝑖 𝜌𝜌𝐴𝐴𝐵𝐵𝑖𝑖𝐿𝐿 ⊗ 𝜔𝜔𝐵𝐵𝑖𝑖
𝑅𝑅 .



Exact compression of general bipartite states (Technical)

 One-shot, exact compression of mixed bipartite state

𝒟𝒟 ∘ ℰ 𝜌𝜌𝐴𝐴𝐴𝐴 = 𝜌𝜌𝐴𝐴𝐵𝐵𝜌𝜌𝐴𝐴𝐴𝐴

ℰ𝐵𝐵→ �𝐵𝐵 𝒟𝒟 �𝐵𝐵→𝐵𝐵
𝑖𝑖𝑑𝑑 �𝐵𝐵𝐵𝐵

𝐴𝐴

𝐵𝐵

Question
What is the minimum dimension of 𝓗𝓗�𝑩𝑩?



Minimal sufficient subalgebra (Technical)

 The minimal dimension of �𝐵𝐵 is then derived from the min. sufficient subalgebra of 𝒮𝒮. 

The condition 𝒟𝒟�𝐵𝐵→𝐵𝐵 ∘ ℰ𝐵𝐵→�𝐵𝐵 𝜌𝜌𝐴𝐴𝐴𝐴 = 𝜌𝜌𝐴𝐴𝐵𝐵 is equivalent to the following [Hayden, et al., ‘04]

𝒮𝒮 ≔ 𝜇𝜇𝐵𝐵 = tr𝐴𝐴 𝑂𝑂𝐴𝐴𝜌𝜌𝐴𝐴𝐵𝐵
tr 𝑂𝑂𝐴𝐴𝜌𝜌𝐴𝐴

0 ≤ 𝑂𝑂𝐴𝐴 ≤ 𝐼𝐼𝐴𝐴 .𝒟𝒟 �𝐵𝐵→𝐵𝐵 ∘ ℰ𝐵𝐵→ �𝐵𝐵 𝜇𝜇𝐵𝐵 = 𝜇𝜇𝐵𝐵,∀𝜇𝜇𝐵𝐵 ∈ 𝒮𝒮,

[Petz, ‘86, ’88; Jenčová&Petz, ‘06]

ℳ𝐵𝐵
𝑆𝑆 ≔ Alg 𝜇𝜇𝐵𝐵𝑖𝑖𝑖𝑖𝜌𝜌𝐵𝐵−𝑖𝑖𝑖𝑖 ,𝜇𝜇 ∈ 𝒮𝒮, 𝑡𝑡 ∈ ℝ ⊂ ℬ ℋ𝐵𝐵

ℳ𝐵𝐵
𝑆𝑆 ≅�

𝑖𝑖

Mat ℋ𝐵𝐵𝑖𝑖
𝐿𝐿 ⊗ 𝐼𝐼𝐵𝐵𝑖𝑖𝑅𝑅 .ℋ𝐵𝐵 ≅�

𝑖𝑖

ℋ𝐵𝐵𝑖𝑖
𝐿𝐿 ⊗ℋ𝐵𝐵𝑖𝑖

𝑅𝑅

ℳ𝐵𝐵
𝑆𝑆 is a finite-dimensional 𝐶𝐶∗-algebra, thus there is a decomposition

s.t.



Minimal sufficient subalgebra (cont.) (Technical)

𝜌𝜌𝐴𝐴𝐴𝐴 = �
𝑖𝑖

𝑝𝑝𝑖𝑖 𝜌𝜌𝐴𝐴𝐵𝐵𝑖𝑖𝐿𝐿 ⊗ 𝜔𝜔𝐵𝐵𝑖𝑖
𝑅𝑅 .

called “Koashi-Imoto decomposition”. [Koashi, Imoto, ’02; Hayden, et al., ‘04]

 For any bipartite state 𝜌𝜌𝐴𝐴𝐴𝐴 ∈ ℬ ℋ𝐴𝐴 ⊗ℋ𝐵𝐵 , s.t., 𝜌𝜌𝐵𝐵 > 0,

and

Quantumly correlated

Classically correlated

ℳ𝐵𝐵
𝑆𝑆 ≅�

𝑖𝑖

Mat ℋ𝐵𝐵𝑖𝑖
𝐿𝐿 ⊗ 𝐼𝐼𝐵𝐵𝑖𝑖𝑅𝑅ℋ𝐵𝐵 ≅�

𝑖𝑖

ℋ𝐵𝐵𝑖𝑖
𝐿𝐿 ⊗ℋ𝐵𝐵𝑖𝑖

𝑅𝑅 s.t.

 The minimal exact compression is then given by

ℰ𝐵𝐵→ �𝐵𝐵:𝜌𝜌𝐴𝐴𝐴𝐴 ↦ 𝜌𝜌𝐴𝐴 �𝐵𝐵 ≔�
𝑖𝑖

𝑝𝑝𝑖𝑖 𝜌𝜌𝐴𝐴𝐵𝐵𝑖𝑖𝐿𝐿 .



Diverging exact RG-flow

 We show that not all MPDOs admit a converging exact RG flow.

𝜌𝜌(𝐿𝐿) ≔
1

3𝐿𝐿
𝐼𝐼⊗𝐿𝐿 + Λ⊗𝐿𝐿

dim �𝐵𝐵 ≅ ℂpoly 𝑙𝑙

Λ =
𝜆𝜆1 0 0
0 𝜆𝜆2 0
0 0 𝜆𝜆3

trΛ = 0, Λ ≤ 1,
𝜆𝜆1 ≠ 𝜆𝜆2 ≠ 𝜆𝜆3 .

Exact RG-flow must diverge!

𝑙𝑙

𝐴𝐴 𝐴𝐴𝐵𝐵

�𝐵𝐵𝐴𝐴 𝐴𝐴

id𝐴𝐴 ⊗ ℰ𝐵𝐵→ �𝐵𝐵 ∃id𝐴𝐴 ⊗ ℱ �𝐵𝐵→𝐵𝐵



Conditions for well-defined exact RG-flow

 We thus consider a subclass of MPDOs with an exact RG-flow.

𝑙𝑙

= �
𝑎𝑎

𝑊𝑊𝑎𝑎
(𝑙𝑙)

Ω𝑎𝑎
𝑙𝑙

𝑑𝑑𝑎𝑎
(𝑙𝑙)-dim

*the number of 
block also depends 
on 𝑙𝑙 in general

𝒜𝒜𝑙𝑙 ≔ 𝐶𝐶∗-alg. generated by 𝑊𝑊𝑎𝑎
(𝑙𝑙) ≅ ⨁𝑎𝑎ℬ ℂ𝑑𝑑𝑎𝑎

(𝑙𝑙)

Condition 1: there is a finite-dimensional 𝑪𝑪∗-algebra 𝒜𝒜 = ⨁𝑎𝑎ℬ ℂ𝑑𝑑𝑎𝑎

𝒜𝒜𝑙𝑙 = 𝜋𝜋𝑙𝑙 𝒜𝒜 ≅�
𝑎𝑎

ℬ ℂ𝑑𝑑𝑎𝑎 ⊗ 𝐼𝐼 �𝑑𝑑𝑎𝑎(𝑙𝑙)

and injective representations 𝝅𝝅𝒍𝒍 s.t.

𝑑̃𝑑𝑎𝑎
(𝑙𝑙)-dim

𝑙𝑙-independent



Conditions for well-defined exact RG-flow

𝐴𝐴 𝐴𝐴𝐵𝐵1

𝑙𝑙1 𝑙𝑙2

𝐵𝐵2
Lemma: 𝒜𝒜𝑙𝑙1+𝑙𝑙2 ⊂ 𝒜𝒜𝑙𝑙1 ⊗𝒜𝒜𝑙𝑙2

The inclusion 𝜄𝜄𝑙𝑙1+𝑙𝑙2:𝒜𝒜𝑙𝑙1+𝑙𝑙2 𝒜𝒜𝑙𝑙1 ⊗𝒜𝒜𝑙𝑙2 induces

𝒜𝒜 𝒜𝒜⊗𝒜𝒜

𝒜𝒜𝑙𝑙1+𝑙𝑙2 𝒜𝒜𝑙𝑙1 ⊗𝒜𝒜𝑙𝑙2

𝜋𝜋𝑙𝑙1+𝑙𝑙2 𝜋𝜋𝑙𝑙1
−1 ⊗ 𝜋𝜋𝑙𝑙2

−1
𝜄𝜄𝑙𝑙1+𝑙𝑙2

Δ𝑙𝑙1+𝑙𝑙2

Δ𝑙𝑙1+𝑙𝑙2 ≔ 𝜋𝜋𝑙𝑙1
−1 ⊗ 𝜋𝜋𝑙𝑙2

−1 ∘ 𝜄𝜄𝑙𝑙1+𝑙𝑙2 ∘ 𝜋𝜋𝑙𝑙1+𝑙𝑙2



MPDO with an exact RG-flow (definition)

∃Δ:𝒜𝒜 → 𝒜𝒜⊗𝒜𝒜

We say a MPDO has a 𝜋𝜋𝑙𝑙 ,𝒜𝒜 RG-flow if it satisfies the two conditions.

𝒜𝒜𝑙𝑙 = 𝜋𝜋𝑙𝑙 𝒜𝒜 ,Condition 1: ∀𝐵𝐵, 𝐵𝐵 = 𝑙𝑙.

Condition 2: Δl1+l2 = Δ, ∀𝑙𝑙1, 𝑙𝑙2 ∈ ℕ.s. t.

The linear map Δ:𝒜𝒜 → 𝒜𝒜⊗𝒜𝒜 becomes a comultiplication, i.e., it satisfies

id ⊗Δ ∘ Δ = Δ⊗ id ∘ Δ =:Δ2.

Proposition
Δ𝑙𝑙1+𝑙𝑙2 ≔ 𝜋𝜋𝑙𝑙1

−1 ⊗ 𝜋𝜋𝑙𝑙2
−1 ∘ 𝜄𝜄𝑙𝑙1+𝑙𝑙2 ∘ 𝜋𝜋𝑙𝑙1+𝑙𝑙2

Δ 𝑥𝑥𝑥𝑥 = Δ 𝑥𝑥 Δ 𝑦𝑦 ,∀𝑥𝑥,𝑦𝑦 ∈ 𝒜𝒜 holds by assumption.



Coalgebra, bialgebra and Hopf algebra

𝜖𝜖:𝒜𝒜 → ℂ, s.t. id ⊗ 𝜖𝜖 ∘ Δ = 𝜖𝜖 ⊗ id ∘ Δ = id.
𝒜𝒜,Δ, 𝜖𝜖

id ⊗Δ ∘ Δ = Δ⊗ id ∘ Δ =:Δ2.Coalgebra 

Unital algebra + counital coalgebra + Δ 𝑥𝑥𝑥𝑥 = Δ 𝑥𝑥 Δ 𝑦𝑦 = pre-bialgebra
counit

weak bialgebra

weak Hopf algebra Hopf algebra 

bialgebra

pre-bialgebra
+ structure

Any 𝑪𝑪∗-pre-bialgebra ⇒ MPO algebra as a rep.
Theorem [Molnar, et al., ‘24] 



MPO representation [Molnar, et al., ‘24]

A pre-bialgebra 𝒜𝒜, an injective rep 𝜋𝜋1:𝒜𝒜 → ℬ ℂ𝑑𝑑

∀𝑋𝑋 ∈ 𝒜𝒜, ∃𝑏𝑏 𝑋𝑋 𝑠𝑠. 𝑡𝑡.𝜋𝜋⊗𝑁𝑁 ∘ Δ𝑁𝑁−1 𝑋𝑋 ∈ ℬ ℂ𝑑𝑑 ⊗𝑁𝑁 is realized as an MPO algebra:

𝑏𝑏(𝑋𝑋)
𝜋𝜋1
⊗𝐿𝐿 ∘ Δ𝐿𝐿−1 𝑋𝑋 =

≔ �
𝑒𝑒∈basis 𝒜𝒜

𝜋𝜋1 𝑒𝑒 ⊗ 𝜓𝜓 𝑓𝑓𝑒𝑒 {𝑓𝑓𝑒𝑒} : the dual basis of 𝒜𝒜∗

𝜓𝜓: an injective representation of 𝒜𝒜∗



Structure theorem

Any MPDO 𝜌𝜌 ∈ ℬ ℂ𝑑𝑑 ⊗𝑁𝑁 with a 𝜋𝜋𝑙𝑙 ,𝒜𝒜 RG-flow can be written as 

𝜌𝜌 ≅ 𝜋𝜋1
⊗𝑁𝑁 ∘ Δ𝑁𝑁−1 𝑤𝑤 𝑁𝑁 Ω 𝑁𝑁 , ∃𝑤𝑤 𝑁𝑁 ∈ 𝒜𝒜,

where 𝜋𝜋⊗𝑁𝑁 ∘ Δ𝑁𝑁−1 𝑎𝑎 ,Ω 𝑁𝑁 = 0,∀𝑎𝑎 ∈ 𝒜𝒜.

Ω 𝐿𝐿 = �
𝑐𝑐,𝒂𝒂,𝒃𝒃

Γ1,𝑎𝑎1,𝑏𝑏1
𝑐𝑐 ⊗Γ2,𝑎𝑎2,𝑏𝑏2

𝑏𝑏1

⋯⊗ Γ𝐿𝐿−1,𝑎𝑎𝐿𝐿−1,𝑎𝑎𝐿𝐿
𝑏𝑏𝐿𝐿−2 ⨂𝑘𝑘

𝐿𝐿 Ω𝑎𝑎𝑘𝑘 ∈
⋯

Ω𝑎𝑎1Ω𝑎𝑎2Ω𝑎𝑎𝐿𝐿 Ω𝑎𝑎𝐿𝐿−1

Γ1,𝑎𝑎1𝑏𝑏1
𝑐𝑐

Γ2,𝑎𝑎2𝑏𝑏2
𝑐𝑐

Theorem



Example 1 : boundary state of toric code with a noise

𝜌𝜌MPDO =
1

2𝐿𝐿
𝐼𝐼⊗𝐿𝐿 + 𝑝𝑝𝐿𝐿𝑋𝑋⊗𝐿𝐿 , 0 ≤ 𝑝𝑝 ≤ 1.

𝒜𝒜 = ℂ2

𝜋𝜋𝑙𝑙: 𝑐𝑐0, 𝑐𝑐1 ∈ 𝒜𝒜 ↦ 𝑐𝑐0Π𝑋𝑋⊗𝑙𝑙=+1 ⊕ 𝑐𝑐1Π𝑋𝑋⊗𝑙𝑙=−1 Π𝑋𝑋⊗𝑙𝑙=±1 :The projection onto ±1 eigenspace of 𝑋𝑋⊗𝑙𝑙

↦ 𝑐𝑐0 0 0 ⊗ 0 0 + 1 1 ⊗ 1 1 + 𝑐𝑐1 0 0 ⊗ 1 1 + 1 1 ⊗ 0 0

Δ: 𝑐𝑐0 0 0 + 𝑐𝑐1 1 1 ∈ 𝒜𝒜

𝑤𝑤 𝐿𝐿 =
1 + 𝑝𝑝𝐿𝐿

2𝐿𝐿
0 0 +

1 − 𝑝𝑝𝐿𝐿

2𝐿𝐿
1 1 , Ω(𝐿𝐿) =

1
2𝐿𝐿
𝐼𝐼⊗L.

𝜌𝜌MPDO = 𝜋𝜋⊗𝐿𝐿 ∘ Δ𝐿𝐿−1 𝑤𝑤 𝐿𝐿 Ω(𝐿𝐿) =
1 + 𝑝𝑝𝐿𝐿

2𝐿𝐿
Π𝑋𝑋⊗𝐿𝐿=+1 +

1 − 𝑝𝑝𝐿𝐿

2𝐿𝐿
Π𝑋𝑋⊗𝐿𝐿=−1

𝑝𝑝 = 0 𝑝𝑝 = 1

1
2𝐿𝐿
𝐼𝐼⊗𝐿𝐿 1

2𝐿𝐿−1
Π𝑋𝑋⊗𝑙𝑙=+1

𝜖𝜖 ⋅ = 0 ⋅ 0 .



 In our framework, 𝓐𝓐 does not always have a counit.

Example 2 : mixed dimer state (non-counital)

Consider a bipartite state 𝜔𝜔 ∈ ℬ ℂ𝑑𝑑 ⊗ ℂ𝑑𝑑 and its operator-Schmidt decomposition:

𝐹𝐹 𝐺𝐺
𝛼𝛼

𝜔𝜔 = �
𝛼𝛼

𝐹𝐹𝛼𝛼 ⊗ 𝐺𝐺𝛼𝛼 . 𝐺𝐺
𝛼𝛼

𝐹𝐹 𝐺𝐺 𝐹𝐹
𝛽𝛽

𝑀𝑀 ≔

Supose 𝐹𝐹𝛼𝛼 , 𝐺𝐺𝛼𝛼 generate ℬ ℂ𝑑𝑑 .

𝒜𝒜 = ℬ ℂ𝑑𝑑 ⊗ ℂ𝑑𝑑 with comultiplication Δ: 𝑥𝑥 ⊗ 𝑦𝑦 ↦ 𝑥𝑥 ⊗ 𝐼𝐼 ⊗ 𝐼𝐼 ⊗ 𝑦𝑦

→ 𝒜𝒜 cannot have a counit!

𝜖𝜖:𝒜𝒜 → ℂ, s.t. id ⊗ 𝜖𝜖 ∘ Δ = 𝜖𝜖 ⊗ id ∘ Δ = id.



Example 2 : mixed dimer state (non-counital)

Γ1,1

𝐺𝐺 𝐹𝐹 𝐺𝐺 𝐹𝐹 𝐺𝐺 𝐹𝐹 𝐺𝐺 𝐹𝐹

Γ1,1 = 𝜔𝜔

𝐺𝐺 𝐹𝐹 𝐺𝐺 𝐹𝐹

Ω = 𝜔𝜔

𝜌𝜌 = 𝜋𝜋𝐿𝐿 ∘ Δ𝐿𝐿−1 ∑𝛼𝛼 𝐺𝐺𝛼𝛼 ⊗ 𝐹𝐹𝛼𝛼 Ω 𝐿𝐿 = 𝜔𝜔𝑁𝑁,1 ⊗ ⨂𝑖𝑖 Γ𝑖𝑖,𝑖𝑖+1 ⊗ Ω⊗𝐿𝐿 = 𝜔𝜔⊗2𝐿𝐿

Ω Ω

The structure theorem still works:



Proof: structure theorem (Technical)

𝑀𝑀 𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙] ≅�
𝑎𝑎

𝜋𝜋𝑙𝑙 �𝑤𝑤𝑎𝑎
𝛼𝛼𝛼𝛼[𝑙𝑙] ⊗Ω𝑎𝑎

𝑙𝑙 .

𝑀𝑀𝑀𝑀…𝑀𝑀 =:�
𝛼𝛼𝛼𝛼

𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙] ⊗ 𝛼𝛼 𝛽𝛽

𝒜𝒜𝑙𝑙 = 𝜋𝜋𝑙𝑙 𝒜𝒜 ,Condition 1: ∀𝐵𝐵, 𝐵𝐵 = 𝑙𝑙.

𝑀𝑀 𝑀𝑀⋯

⇒ 𝜋𝜋𝑙𝑙 = 𝜋𝜋1
⊗𝑙𝑙 ∘ Δ𝑙𝑙−1.𝜄𝜄𝑙𝑙1+𝑙𝑙2 ∘ 𝜋𝜋𝑙𝑙1+𝑙𝑙2 = 𝜋𝜋𝑙𝑙1 ⊗ 𝜋𝜋𝑙𝑙2 ∘ Δ

By Condition 2,

*omit the inclusion maps.

𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙] ≅�
𝑎𝑎

𝜋𝜋1
⊗𝑙𝑙 ∘ Δ𝑙𝑙−1 �𝑤𝑤𝑎𝑎

𝛼𝛼𝛼𝛼[𝑙𝑙] ⊗Ω𝑎𝑎
𝑙𝑙 .



Proof: structure theorem (Technical)

𝑀𝑀 𝑀𝑀 𝑀𝑀⋯

Lemma: ∃𝑉𝑉𝑎𝑎𝑎𝑎 ,∑𝛾𝛾 Vab 𝜋𝜋𝑙𝑙1 �𝑤𝑤𝑎𝑎
𝛼𝛼𝛼𝛼 𝑙𝑙1 ⊗ 𝜋𝜋𝑙𝑙2 �𝑤𝑤𝑏𝑏

𝛾𝛾𝛾𝛾 𝑙𝑙2 𝑉𝑉𝑎𝑎𝑎𝑎
† = ⨁𝑐𝑐 Γ𝑎𝑎𝑎𝑎𝑐𝑐 𝑙𝑙1, 𝑙𝑙2 ⊗ Ω𝑙𝑙𝑐𝑐

This lemma factorizes Ω𝑎𝑎
(𝑙𝑙) into small pieces.

𝑊𝑊𝛼𝛼𝛼𝛼 𝑙𝑙 ≅�
𝑎𝑎

𝜋𝜋1
⊗𝑙𝑙 ∘ Δ𝑙𝑙−1 �𝑤𝑤𝑎𝑎

𝛼𝛼𝛼𝛼 𝑙𝑙 ⊗ Ω𝑎𝑎
𝑙𝑙 . − (∗)

𝑊𝑊𝛼𝛼𝛼𝛼 𝑙𝑙1 + 𝑙𝑙2 = �
𝛾𝛾

𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙1] ⊗𝑊𝑊𝛾𝛾𝛾𝛾 [𝑙𝑙2]

𝑙𝑙1 𝑙𝑙2
Consistency between decomposition (∗) for LHS and RHS

Ω 𝐿𝐿 = �
𝑐𝑐,𝒂𝒂,𝒃𝒃

Γ1,𝑎𝑎1,𝑏𝑏1
𝑐𝑐 ⊗Γ2,𝑎𝑎2,𝑏𝑏2

𝑏𝑏1 ⋯⊗ Γ𝐿𝐿−1,𝑎𝑎𝐿𝐿−1,𝑎𝑎𝐿𝐿
𝑏𝑏𝐿𝐿−2 �

𝑘𝑘

𝐿𝐿

Ω𝑎𝑎𝑘𝑘 ∈ ℬ ℂ𝑑𝑑𝐿𝐿



Structure theorem

Any MPDO 𝜌𝜌 ∈ ℬ ℂ𝑑𝑑 ⊗𝑁𝑁 with a 𝜋𝜋𝑙𝑙 ,𝒜𝒜 RG-flow can be written as 

𝜌𝜌 ≅ 𝜋𝜋1
⊗𝑁𝑁 ∘ Δ𝑁𝑁−1 𝑤𝑤 𝑁𝑁 Ω 𝑁𝑁 , ∃𝑤𝑤 𝑁𝑁 ∈ 𝒜𝒜,

where 𝜋𝜋⊗𝑁𝑁 ∘ Δ𝑁𝑁−1 𝑎𝑎 ,Ω 𝑁𝑁 = 0,∀𝑎𝑎 ∈ 𝒜𝒜.

Ω 𝐿𝐿 = �
𝑐𝑐,𝒂𝒂,𝒃𝒃

Γ1,𝑎𝑎1,𝑏𝑏1
𝑐𝑐 ⊗Γ2,𝑎𝑎2,𝑏𝑏2

𝑏𝑏1

⋯⊗ Γ𝐿𝐿−1,𝑎𝑎𝐿𝐿−1,𝑎𝑎𝐿𝐿
𝑏𝑏𝐿𝐿−2 ⨂𝑘𝑘

𝐿𝐿 Ω𝑎𝑎𝑘𝑘 ∈ ℬ ℂ𝑑𝑑𝐿𝐿
⋯

Ω𝑎𝑎1Ω𝑎𝑎2Ω𝑎𝑎𝐿𝐿 Ω𝑎𝑎𝐿𝐿−1

Γ1,𝑎𝑎1𝑏𝑏1
𝑐𝑐

Γ2,𝑎𝑎2𝑏𝑏2
𝑐𝑐

Theorem

MPO-algebra + boundary condition?

“thermal” part? (possibly anyonic thermal state)



Construction of exact RG-transformation

𝑀𝑀 𝑀𝑀 𝑀𝑀⋯ 𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙] ≅�
𝑎𝑎

𝜋𝜋1
⊗𝑙𝑙 ∘ Δ𝑙𝑙−1 �𝑤𝑤𝑎𝑎

𝛼𝛼𝛼𝛼[𝑙𝑙] ⊗Ω𝑎𝑎
𝑙𝑙 .

𝑀𝑀𝑀𝑀…𝑀𝑀 =:�
𝛼𝛼𝛼𝛼

𝑊𝑊𝛼𝛼𝛼𝛼[𝑙𝑙] ⊗ 𝛼𝛼 𝛽𝛽

�𝑀𝑀 �𝑊𝑊𝛼𝛼𝛼𝛼 ≅�
𝑎𝑎

trΩ𝑎𝑎
(𝑙𝑙)

trΩ𝑎𝑎
(1) 𝜋𝜋1

𝑛𝑛𝑛𝑛𝑛𝑛 �𝑤𝑤𝑎𝑎
𝛼𝛼𝛼𝛼 ⊗ Ω𝑎𝑎

1 .

𝜋𝜋1𝑛𝑛𝑛𝑛𝑛𝑛 �𝑤𝑤𝑎𝑎
𝛼𝛼𝛼𝛼 ≔ 𝜋𝜋1

⊗𝑙𝑙 ∘ Δ𝑙𝑙−1 �𝑤𝑤𝑎𝑎
𝛼𝛼𝛼𝛼[𝑙𝑙]

ℰ𝑙𝑙→1 ℱ1→𝑙𝑙

�𝑀𝑀 =:�
𝛼𝛼𝛼𝛼

�𝑊𝑊𝛼𝛼𝛼𝛼 ⊗ 𝛼𝛼 𝛽𝛽

ℰ𝑙𝑙→1 ,ℱ1→𝑙𝑙:CPTP-maps

𝑙𝑙 - independent constant dimension



Non-invertible MPO symmetry of MPDOs (counital case)

Let 𝒵𝒵 𝒜𝒜 be the center of 𝒜𝒜. For any 𝑧𝑧 ∈ 𝒵𝒵 𝒜𝒜 , the MPDO 𝜌𝜌 satisfies 

𝜋𝜋⊗𝐿𝐿 ∘ Δ𝐿𝐿−1 𝑧𝑧 ,𝜌𝜌 = 0.

*Recall that 𝜋𝜋⊗𝐿𝐿 ∘ Δ𝐿𝐿−1 𝑎𝑎 ,Ω 𝐿𝐿 = 0,∀𝑎𝑎 ∈ 𝒜𝒜.

=

𝑏𝑏(𝑧𝑧)

𝑏𝑏(𝑧𝑧)



Summary & Open questions

 We introduced an exact RG-flow for 1D mixed states based on MPDOs.

 A subclass of MPDOs admits reversible, size-independent coarse-graining.

 These are fully characterized by algebraic data 𝒜𝒜,𝜋𝜋1,Δ .

 The structure theorem generalizes RFP MPDOs and applies even in non-counital settings.

1. How to formulate approximate RG or stable renormalization flows for general MPDOs?

2. How can we characterize MPO-algebra beyond weak Hopf algebra? (even non-counital).

3. Connection to 2D-1D correspondence? Is there an MPDO which cannot be realized by 

the boundary of 2D gapped ground states?

Summary

Open questions
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