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New Frontiers in Tensor Networks 
Computing and Compressing Quantum and Classical Fields
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Collaborators from TU Wien, LMU Munich, Univ. Fribourg, Riken, CEA Grenoble….
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In a Nutshell

3

f(x)

x

≈

Quantics Tensor Train (QTT): exploiting scale separation

Tensor Cross Interpolation (TCI): adaptively learn a TT from a function

f(σ1, ⋯, σL)

σ1 σ2 σL

≈

Convolution, Fourier transform…

Integration…
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tensor4all community
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• References 

• Lecture notes 

• C++/Python/Julia tutorials 

• Monthly online meeting 

• Onsite meeting (October 2025)

https://tensor4all.org/

X. Waintal (CEA Grenoble) J. von Delft (LMU Munich)

and H. Shinaoka (Saitama U.)
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MACHINE LEARNING TENSOR NETWORK WORKSHOP
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Fluid dynamics
Registration closed, next year 

in Asia?

Grenoble, October 2025

Applied MathQuantum physics
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Outline
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Part I 
• Introduction 

- Quantics Tensor Train (QTT) 
- Tensor Cross Interpolation (TCI) 

• Applications to quantum field theories 
• New TCI algorithms & open-source libraries 

Part II 
Short lecture on TCI
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Coexisting scales in physics
• Classical example 

- Turbulence 
from macroscopic to microscopic vortices 

- Plasma 
ion and electron dynamics from nano- to milliseconds, microns to meters 

• Quantum example 
- Thermal equilibrium 

Kondo physics, bandwidth vs low Tc 
- Nonequilibrium dynamics 

Fast electron relaxation and slow phonon dynamics 

How to describe such a field and perform computation?
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My own motivation
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• Migal-Eliashberg theory 

• GW 

• Dynamical mean-field theory 

• Functional RG 

• …

Novel correlated physicsNovel theories

Needed: compression and computation!Effective 
interaction

( ⃗r, t) ( ⃗r′￼, t′￼)

( ⃗r′￼′￼, t′￼′￼) ( ⃗r′￼′￼′￼, t′￼′￼′￼)
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Tensor networks

José I. Latorre, arXiv:quant-ph/0510031v1
Image compression

Conventional targets 
Low-dimensional quantum states

Zhao-Yu Han et al., PRX 8, 031012 (2018)

Machine learning
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Quantum field theories
HS et al., PRX 13, 021015 (2023)

Y. Núñez Fernández et al., PRX 12, 041018 (2022)

N. Gourianov et al., Nat. Comput. Sci. 2, 30 
(2022)

Navier-Stokes equations
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• Introduction 
- Quantics Tensor Train (QTT) 
- Tensor Cross Interpolation (TCI) 

• Applications to quantum field theories 
• New TCI algorithms & open-source libraries
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A golden rule for efficient computation: Exploit structure!
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• Periodic functions → Fourier basis 
• Symmetry-invariant systems → Group theory 
• Low entanglement entropy → Tensor networks 
• Separation of length scales → Quantics representation 
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Scale separation
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N. Gourianov et al., Nat. Comput. Sci. 2, 30 (2022)

Vlasov-Poisson equations for collisionless plasmas 
E. Ye and N. F. G. Loureiro, PRE 106, 035208 (2022)

Solving Navier-Stokes equations for turbulent flows
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Quantum field theories
HS et al., PRX 13, 021015 (2023)

and more and more!

Tensorized orbitals for quantum chemistry
N. Jolly, Y. Núñez Fernández, X. Waintal, Phys. Rev. B 111, 
245115 (2025)



I. V. Oseledets, Doklady Math. 80, 653 (2009) 
B. N. Khoromskij, Constr. Approx. 34, 257 (2011)

Quantics Tensor Train (QTT)

m = 0 1 2 2R − 13

x

m = (σ1σ2⋯σR)2 =
R

∑
r=1

2R−rσr σr ∈ {0,1}

σ1
0 1

σ2 0 1 0 1

σR

⋯

0 1 0 1

Δx/2

Δx/22

Δx/2R

f(x)

m
(2R,)

Exponentially fine resolution with 
exponentially large data size

= f(xm)



I. V. Oseledets, Doklady Math. 80, 653 (2009) 
B. N. Khoromskij, Constr. Approx. 34, 257 (2011)

Quantics Tensor Train (QTT)

m = (σ1σ2⋯σR)2 =
R

∑
r=1

2R−rσr

m σ1 σ2 σR σ1 σ2 σR

≈=

(2R,) (2,2,⋯,2)
reshape

Coarse Fine

Exponentially fine resolution, multivariate variables, computable!
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Multivariate function
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mn = (σn1⋯σnR−1σnR)2

Fσ11⋯σ1ℛ⋯σ𝒩1⋯σ𝒩ℛ
=

σ11 σ𝒩1

-dimensional function𝒩 f(x1, ⋯, xn, ⋯, x𝒩)

⋯ σ1R σ𝒩R⋯σ1r σ𝒩r⋯⋯ ⋯

Δm = 2R−1 Δm = 2R−r Δm = 20

σ1
σR⋯σr⋯

σr ≡ (σ1r⋯σ𝒩r)

Binary coding for n-th variable

=

Interleaved representation

Fused representation

Degrees of freedom at the same length scale are usually highly entangled.

I. V. Oseledets, Doklady Math. 80, 653 (2009) 
B. N. Khoromskij, Constr. Approx. 34, 257 (2011)

2𝒩 2𝒩 2𝒩

2 2 2
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• Representation of Continuous Functions: https://tensornetwork.org/functions/ 

• B. N. Khoromskij, Tensor Numerical Methods in Scientific Computing, 

doi:10.1515/978311036591

Compressible functions
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f(x) = ex = ex1/2ex2/22⋯exn/2n⋯
x = (0.x1x2⋯xn⋯)2 ∈ [0,1)

Exponential function χ = 1

by Miles Stoudenmire

The sum of N exponential functions can be represented as a QTT of rank at most N. 
 Bond dimensions are added when MPSs are added.∵

Identity matrix f(x, y) = δx,y = δx1,y1
δx2,y2

⋯

=0
0

⨂ ⨂ ⨂ ⨂ ⨂⋯

χ = 1

y1

x1

yR−1

xR−1

yR

x′￼R

https://tensornetwork.org/functions/
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Integration
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σ1 ⋯ σR

∫ dx f(x) = 2−R ∑
σ1,⋯σR

f(σ1, ⋯, σR) + O(2−R)

<latexit sha1_base64="00rP1B75qiAD7w7Pq056knwXKwQ="></latexit>

{ = (1,1)

Efficient integration with exponentially small discretization errors!
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Convolution = MPO-MPO contraction!
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∑
y1,⋯,yR

A(x1, y1, ⋯, xR, yR)B(y1, z1, ⋯, yR, zR) ≈ C(x1, y1, ⋯, xR, zR)

x1 xR−1 xR

z1 zR−1 zR

y1 yR−1 yR

A

B

≈
x1 xR−1 xR

z1 zR−1 zR

∫ dy A(x, y) B(y, z) ≈ C(x, z)
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Fourier Transform
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Coarse Fine Coarse Fine(a)

(c)
MPO

Plateau

Coarse Fine Short range Long range

Matrix product operator (MPO) is equivalent to the 
Quantum Fourier Transform quantum circuit.

F(r) = ∫ dk ̂F(k)eikr

r = (r1⋯rR−1rR)2

K. J. Woolfe et al., Quantum Inf. Comput. 17, 1 (2017)  
HS et al., PRX 13, 021015 (2023) 
J. Chen, E.M. Stoudenmire, S. R. White, PRX Quantum 4, 040318 (2023)
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Less compressible functions
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0

x

x′￼ 1

 increases exponentially with .χ ℛ
I. V. Oseledets and E. E. Tyrtyshnikov, SIAM J. Sci. Comput. 33, 1315 (2011)

 # of linearly independent patches increases exponentially.∵
Discontinuity on curved boundary

0

x

x′￼ 1

ℛ = 2 ℛ = 3
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• Introduction 
- Quantics Tensor Train (QTT) 
- Tensor Cross Interpolation (TCI) 

• Applications to quantum field theories 
• New TCI algorithms & open-source libraries
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Tensor Cross Interpolation (TCI)
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f(σ1, ⋯, σL)

I. V. Oseledets, SIAM Journal on Scientific Computing 33, 2295 (2011) 
S. Dolgov and D. Savostyanov, Computer Physics Communications 246, 106869 (2020) 
Y. Núñez Fernández et al., PRX 12, 041018 (2022) 
Y. Núñez Fernández, M. K. Ritter, M. Jeannin, J.-W. Li, T. Kloss, T. Louvet, S. Terasaki, O. Parcollet, J. von Delft, HS, X. Waintal, SciPost Phys. 18, 
104 (2025)

Black-box function f

(σ1, ⋯, σL)

TCI learning algorithm

query

Adaptive learning for TT without gradient descent 
Some details in Part II

output

Optimal  for given toleranceχ
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Pioneer work on TCI + quantum field theory
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Y. Núñez Fernández et al., PRX 12, 041018 (2022)

Replacing diagrammatic Monte Carlo sampling

Charge, Green’s function, etc.

Low-rank approximation by Tensor Cross Interpolation (TCI)

TCI

(without quantics)
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Pioneer work on TCI + quantum field theory
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(without quantics)

Alternative/complementary approaches 
to Monte Carlo sampling

Y. Núñez Fernández et al., PRX 12, 041018 (2022)

Not affected by a sign problem

Single-orbital Anderson impurity model in real-time formalism
Small average sign

Monte Carlo

Faster (seemingly algebraic) convergence
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Part I 
• Introduction 

- Quantics Tensor Train (QTT) 
- Tensor Cross Interpolation (TCI) 

• Applications to quantum field theories 
• New TCI algorithms & open-source libraries 

Part II 
Short lecture on TCI
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Quantum field theories
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1P momentum space 2P vertex functions

Nonequilibrium system (real-time Green’s function) Multipolar susceptibility

CeB6
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Spectral function
Space-time dependence of correlation 
functions are compressible!

HS et al., PRX 13, 021015 (2023)
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Real-time Green’s function: Non-equilibrium case
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Low-T AF Mott phase excited by a short electric field pulse, Bethe lattice, T = 0.05

GR(t, t′￼) = − iθ(t − t′￼)⟨{ ̂c(t), ̂c†(t′￼)}⟩

G<(t, t′￼) = i⟨ ̂c†(t′￼) ̂c(t)⟩

<latexit sha1_base64="vFTsIYa9V9xSwaoEUhR6IaSVInc="></latexit>

t/tmax
<latexit sha1_base64="vFTsIYa9V9xSwaoEUhR6IaSVInc="></latexit>

t/tmax

Line discontinuity, structures at diagonal
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Multipolar susceptibility of an f-electron system: CeB6
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J. Otsuki, K. Yoshimi, HS, and H. O. Jeschke, arXiv:2209.10429v1

• Six correlated states (j=5/2) 
• DFT+DMFT using the Hubbard-I approximation 
• Static multipolar susceptibility computed by solving Bethe-Salpeter equation
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What we have done in the last two years…
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BZ integration 
M. K. Ritter, Y. Núñez Fernández, M. Wallerberger, J. von Delft, HS, X. Waintal, PRL 132, 056501 (2024) 

New Tensor Cross Interpolation algorithms and software 
Y. Núñez Fernández, M. K. Ritter, M. Jeannin, J.-W. Li, T. Kloss, T. Louvet, S. Terasaki, O. Parcollet, J. von Delft, HS, 
X. Waintal, SciPost Phys. 18, 104 (2025) 

Solving multiorbital impurity models coupled with phonons 
H. Ishida, N. Okada, S. Hoshino, and HS, PRL 135, 046502 (2025) 

Simulating nonequilibrium dynamics of correlated systems  
M. Murray, HS, P. Werner, PRB 109, 165135 (2024) 
M. Środa, K. Inayoshi, HS, P. Werner, arXiv:2412.14032v1 

Solving parquet equations at the two-particle level 
S. Rohshap, M. K. Ritter, HS, J. von Delft, M. Wallerberger, A. Kauch, Phys. Rev. Research 7, 023087 (2025) 

Tensor cross interpolation approach for quantum impurity problems based on the weak-coupling expansion 
S. Matsuura, HS, P. Werner, N. Tsuji, Phys. Rev. B 111, 155150 (2025) 

Diagnosing phase transitions through time scale entanglement 
S. Rohshap, H. Ishida, F. Bippus, A. Kauch, K. Held, HS, M. Wallerberger, arXiv:2507.11276v1
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QTT + TCI: Integration with exponentially high resolution
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M. K. Ritter, Y. Núñez Fernández, M. Wallerberger, J. von Delft, HS, X. Waintal, PRL 132, 056501 (2024)

1. Construct a QTT for  by adaptive sampling 

2. Integrate the QTT

f(kx, ky)

• Exponentially fine resolution with the number of 
bits  

• Not need to evaluate the function on a dense grid 
• # of function evaluations 

R

∝ D2
maxR
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Multiorbital electron-phonon model
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H. Ishida, N. Okada, S. Hoshino, and HS,  PRL 135, 046502 (2025)

Three orbitals + phonons (for C60 lattice), impurity model
: site 

: spinorbital 
: phonon

i
γ, γ′￼

η

Electron Phonon

12 12 6 6 6 6 β β β

12 = 3 oribital × 2 spins × 2 Nambu modes
orbital field
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Feynman diagram integration
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Exponential convergence of 
TCI error
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Low rank!

Future perspectives: higher 
perturbation orders
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Simulating nonequilibrium dynamics of correlated systems
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Memory bottleneck

G(z, z′￼)

H. Aoki, N. Tsuji, M. Eckstein, M. Kollar, T. Oka, P. Werner, RMP 86, 779 (2014)

Green’s function is QTT compressible!   HS et al., PRX 13, 021015 (2023)
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Dyson equation
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M. Murray, HS, P. Werner, PRB 109, 165135 (2024) 
M. Środa, K. Inayoshi, HS, P. Werner, arXiv:2412.14032v1

(I + G0Σ)G = G0

in a compressed form!

The Dyson equation  can be 
solved iteratively or as a linear system:

G = G0 + G0ΣG
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GW calculations with high k resolution
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M. Środa, K. Inayoshi, HS, P. Werner, arXiv:2412.14032v1

QTT solves the memory bottleneck: 6 TB → 1 GB

Interaction quench U = 0 → 1
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QTT as an indicator of crossover and phase transition
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S. Rohshap, H. Ishida, F. Bippus, A. Kauch, K. Held, HS, M. Wallerberger, arXiv:2507.11276v1

Use the bond dimension of QTT 
representing imaginary-time dependence 
of two-point correlators as an indicator of 
a crossover or a phase transition!
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New TCI algorithms and open-source softwares
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1. Robust and stable TCI algorithms 
2. Open-source C++/Python/Julia libraries 
3. Self-contained introduction to (Q)TCI

Y. Núñez Fernández M. K. Ritter
SciPost Phys. 18, 104 (2025)
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Open-source libraries
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Available in C++, Python, Julia

• TensorCrossInterpolation.jl 
• QuanticsGrids.jl 
• QuanticsTCI.jl 
• Interfacing with ITensors.jl …

TCI
Quantics representation

QTCI

Superfast Fourier transform, convolution…

https://tensor4all.org/
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Julia example

39

<latexit sha1_base64="cHb8bYaXb3CPyBroPejXhwD9r0I="></latexit>

f(x) = cos( x
B ) cos( x

4
p
5B

)e�x2

+ 2e�x with B = 2�30 ⇡ 10�9.

Fast oscillations Slow decay
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Summary (of Part I) & Outlook
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QTT + TCI could serve as a general framework for addressing various problems. 

We are establishing computational theories: 
• Divide-and-conquer algorithms  G. Grosso, …, HS in preparation 

• TT + coordinate transformation   with L. Wang, Y. Michishita, S. Ishida  

• Tree tensor networks with R. Watanabe  

(Possible) applications: 
• Quantum field calculations at the two-particle level (non-local extension of DMFT) 
• Simulating nonequilibrium dynamics of correlated systems 
• Perturbative ab initio calculations (e.g., Eliashberg theory for superconductors) 
• …

Join in us @ tensor4all→ Part II (if time permits)


