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Fluctuation-dissipation theorem

system

⟨A(t)B(s)⟩eq

fluctuation-dissipation

theorem system

H → H − Bf(t)

RAB(t − s) =
δ⟨A(t)⟩f

δf(s)
f=0

In equilibrium,

∂
∂s

⟨A(t)B(s)⟩eq = kBTRAB(t − s) for t > s



Fluctuation-response relations in NEQ
[1] violation of FDT [Harada and Sasa, PRL (2005)]

+fext(t)

(violation of FDT) ∼ (fluctuation) − (response)
∼ (heat dissipation)

[Toyabe et al. (2010)]

[2] generalized FDT

(response of ⟨A⟩) = ⟨A(t)Ω(s)⟩ss

(fluctuation)

with Ω(x) = P−1
ss (x)ℒ̂ptbPss(x)

[Agarwal (1972), Seifert & Speck (2010), …]

∂tP(x, t) = ℒ̂P(x, t) + ϵ(t)ℒ̂ptbP(x, t)
∂
∂t

P(x, t) = ℒ̂P(x, t)

Fokker-Planck equation

master equation


…

arbitrary

perturbation



1D nonequilibrium diffusive system

∂
∂t

P(x, t) = −
∂
∂x

μ(x)(−U′ (x) + f −
∂
∂x ) P(x, t)

Pss(x) is known !

1
ℓ

∂⟨Q⟩ss

∂f
≤ ⟨Q⟩ssforce

mobility

potential

+


mobility
δ⟨Q⟩ss

δU(y)
+

δ⟨Q⟩ss

δ ln μ(y)
= Pss(y){⟨Q⟩ss − Q(y)}

for positive valued observables Q(x) > 0

∫
b

a

δ⟨Q⟩ss

δ ln μ(y)
dy ≤ ⟨Q⟩sstanh ( | fℓ |

4 )

perturbation

on

ℓ = (length of system)

for any observables Q(x)

= − Cov{δ(x − y), Q(x)}



Bound on the violation of the FDT
mobility

potential

+


mobility

U(x) → U(x) − λV(x)

∂⟨Q(λ)⟩ss

∂λ
= − ∫

L

0
V(y)

δ⟨Q⟩ss

δU(y)
dy

A = A − B + B

= Cov{Q, V} − ∫
L

0
V(y)

δ⟨Q⟩ss

δ ln μ(y)
dy

response

fluctuation

: energy perturbation

∂⟨Q(λ)⟩ss

∂λ
− Cov{Q, V} ≤ ⟨Q⟩ss |Vmax | tanh ( | fℓ |

4 )
response fluctuation

= − ∫
L

0
V(y)[ δ⟨Q⟩ss

δU(y)
+

δ⟨Q⟩ss

δ ln μ(y) ] dy + ∫
L

0
V(y)

δ⟨Q⟩ss

δ ln μ(y)
dy

∫
b

a

δ⟨Q⟩ss

δ ln μ(y)
dy ≤ ⟨Q⟩sstanh ( | fℓ |

4 )

thermodynamic force

FDT violation

allowed

δ⟨Q⟩ss

δU(y)
+

δ⟨Q⟩ss

δ ln μ(y)
= Pss(y){⟨Q⟩ss − Q(y)}



Higher dimensions
∂
∂t

P(x, t) = − ∇x ⋅ μ(x){−∇xU(x) + f(x) − ∇x} P(x, t)
Pss(x), jss(x) are unknown

mobility

potential

+


mobility

perturbation

on

δPss(x)
δ ln μ(y)

= ∫
∞

0
dt jss(y) ⋅ ∇yP(x, t |y,0)

= − ∇x ⋅ j(x, t)

if jss(y) → 0,
δPss(x)

δ ln μ(y)
→ 0

δPss(x)
δU(y)

+
δPss(x)

δ ln μ(y)
= Pss(y){Pss(x) − δ(x − y)}

response

F1

F2

⋯

allowed

= − Cov{δ(z − x), δ(z − y)}



EQ-like fluctuation-response relation

(response of ⟨A⟩) = ⟨A(t)Ω(s)⟩ss with Ω(x) = P−1
ss (x)ℒ̂ptbPss(x)

∂tP(x, t) = ℒ̂P(x, t) + ϵ(t)ℒ̂ptbP(x, t)
∂
∂t

P(x, t) = ℒ̂P(x, t)
arbitrary


perturbation

⟨A(t)Ω(s)⟩ss =
∂
∂s

⟨A(t)B(s)⟩ssℒ̂ptb = − ℒ̂B(x)

a special choice of perturbation 

: EQ-like fluctuation-response relation(response of ⟨A⟩) = ⟨A(t) ·B(s)⟩ss

: Onsager’s regression hypothesis around NESS

∂t⟨δρk(t)⟩ = − Mk⟨δρk(t)⟩ ∂t⟨ρk(t)ρ−k(0)⟩ss = − Mk⟨ρk(t)ρ−k(0)⟩ss for long times t

⟨δρk(t)⟩
⟨δρk(0)⟩

=
⟨ρk(t)ρ−k(0)⟩ss

⟨ρk(0)ρ−k(0)⟩ss
EQ-like fluctuation-response relation

response fluctuation
for A = B = ρk,



Implication: Green-Kubo relation

∂t⟨δρk(t)⟩ = − k2D⟨δρk(t)⟩

0 10 20 30 40
x

0

10

20

30

40

y

(a)

0 2 4 6
t

102

103

|Ω
k
| ª k2

(b)

1 2 3 4 5
v0

0.5

1.0

1.5

D

(c)

relaxation
relaxation
steady state
steady state

0 10 20 30 40
x

0

10

20

30

40

y

(a)

0 2 4 6
t

102

103

|Ω
k
| ª k2

(b)

1 2 3 4 5
v0

0.5

1.0

1.5

D

(c)

relaxation
relaxation
steady state
steady state

relaxation 

D ∝ ∫
∞

0
dt∫V

dr∫V
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steady-state fluctuation 

initial preparation homogeneous profile 
blue: weak interaction
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dashed: linear theory



Chemical reaction networks
<latexit sha1_base64="D4GkcUB9doRLZlSpOazD1SaENZQ="></latexit>
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d[X]
dt

= k+1 − k−1[X] + k+2[X]2 − k−2[X]3

k+ρ
∂[X]ss

∂k+ρ
+ k−ρ

∂[X]ss

∂k−ρ
≤ DX tanh ( ℱ

4 )

chemical rate equation
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Summary
One-dimensional diffusions

1
ℓ

∂⟨Q⟩ss

∂f
≤ ⟨Q⟩ss,

∂⟨Q(λ)⟩ss

∂λ
− Cov{Q, V} ≤ ⟨Q⟩sstanh ( | fℓ |

4 )

EQ-like fluctuation-response relation

ℒ̂ptb = − ℒ̂B(x)

(response of ⟨A⟩) = ⟨A(t) ·B(s)⟩ss

D ∝ ∫
∞

0
dt∫V

dr∫V
dr′ ⟨ ·ρ(r, t) ·ρ(r′ ,0)⟩ss0 10 20 30 40
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Thanks for your attention!
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