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J. Eglinton, T. Pyhäranta, K. Saito, KB; New J. Phys. 25 043014 (2023)



From Horsepowers to Zeptowatts



From Horsepowers to Zeptowatts

Macroscopic Engine Microscopic Engine
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From Horsepowers to Zeptowatts

Macro Engine

d ∼ 100m

P ∼ 103W

η ≃ 7%|0.3ηC

Micro Engine

d ∼ 10−6m

P ∼ 10−22W

η ≃ 14%|0.9ηC

➸ V. Blickle, C. Bechinger;

Nat. Phys. 8, 143 (2011).

Pico Engine

d ∼ 10−10m

P ∼ 10−22W

η ≃ 0.3%|0.07ηC

➸ J. Roßnagel et al.;

Science 352, 325 (2016).

Quantum Engine

−

P ∼ 10−28W

η ≃ 42%|0.5ηC

➸ J. Peterson et al.;

PRL 123, 240601 (2019).
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From Horsepowers to Zeptowatts

Micro Engine

d ∼ 10−6m

P ∼ 10−22W

η ≃ 14%|0.9ηC

➸ V. Blickle, C. Bechinger;

Nat. Phys. 8, 143 (2011).

Pico Engine

d ∼ 10−10m

P ∼ 10−22W

η ≃ 0.3%|0.07ηC

➸ J. Roßnagel et al.;

Science 352, 325 (2016).

Quantum Engine

−

P ∼ 10−28W

η ≃ 42%|0.5ηC

➸ J. Peterson et al.;

PRL 123, 240601 (2019).

Collective QE

−

P ∼ 10−28W

η ≃ 95%|0.97ηC

➸ J. Kim et al.;

Nat. Phot. 16, 707 (2022).
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From Horsepowers to Zeptowatts

Why going small?

Fundamental Limits

Are there universal
constraints on
thermodynamic
figures of merit?

Micro Engineering

Can we systematically
develop optimal
design and control
strategies?

Quantum World

How can we describe the
role of quantum effects
and exploit them to
improve performance?
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Classical Thermodynamics



Classical Thermodynamics

Efficiency:
ηth ≡ W/Qh ≤ 1 − Tc/Th ≡ ηC

Power:
P = W/T
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Thermodynamic Geometry of
Microscopic Heat Engines



Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Generalized p− V and T − S diagrams:

Output and input:

W =

∮
γ

pdV =

∫ T

0
dt fwt Λ̇wt U =

∮
γ

TdS = −
∫ T

0
dt f ut Λ̇ut

Dissipated availability:

A ≡ W − U =

∫ T

0
dt fµt Λ̇

µ
t =

∫ T

0
dt TtΣt ≥ 0

Σt ≡ Ṡt − Q̇t/Tt
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Generalized p− V and T − S diagrams:

Dissipated availability:

A ≡ W − U =

∫ T

0
dt fµt Λ̇

µ
t =

∫ T

0
dt TtΣt ≥ 0

Generalized efficiency:

η ≡ W/U ≤ 1 (η ≤ ηth/ηC)
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Output and input:

W =

∮
γ

pdV =

∫ T

0
dt fwt Λ̇wt U =

∮
γ

TdS = −
∫ T

0
dt f ut Λ̇ut

Generalized efficiency:

η ≡ W/U ≤ 1 (η ≤ ηth/ηC)

Quasi-static Limit

ρt = ρΛt ρΛ ≡ exp[−(HV −FΛ)/T]

fµt = Fµ
Λt Fµ

Λ ≡ −∂µFΛ

η = ηth/ηC = 1 P = W/T = A = 0
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Adiabatic Response

fµt = Fµ
Λt+R

µν
Λt Λ̇

ν
t P = W/T η = 1−A/W

Geometric work and dissipated availability:

W ≡
∮
γ

Aµ
ΛdΛ

µ Aµ
Λ ≡ ∂µFw

Λ Λ
w

A ≡
∫ T

0
dt gµνΛt Λ̇

µ
t Λ̇

ν
t ≥ 0 gµνΛ ≡ −(Rµν

Λ + Rνµ
Λ )/2 ⪰ 0

Thermodynamic length:

A ≥ L2/T L ≡
∮
γ

√
gµν

Λ dΛµdΛν

Trade-off relation between power and efficiency:

(1 − η)(W/L)2 ≥ P
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Adiabatic Response

fµt = Fµ
Λt+R

µν
Λt Λ̇

ν
t P = W/T η = 1−A/W

Geometric work and thermodynamic length:

W ≡
∮
γ

Aµ
ΛdΛ

µ Aµ
Λ ≡ ∂µFw

Λ Λ
w

A ≡
∫ T

0
dt gµνΛt Λ̇

µ
t Λ̇

ν
t ≥ L2/T L ≡

∮
γ

√
gµν

Λ dΛµdΛν

Optimization principle:

t→ ϕt t ≡ T
∫ ϕt

0
ds

√
gµν

Λs Λ̇
µ
s Λ̇

ν
s

/
L

Optimal efficiency:

(1 − η∗)(W/L)2 = P η∗ = 1 − L2/WT
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Thermodynamic Geometry of Microscopic Heat Engines

Driving protocol:
Λ ≡ (T, V) ≡ (Λu,Λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St ≡ −Tr[ρt ln ρt]

fwt ≡ pt ≡ −Tr[ρt∂VtHVt ]

Adiabatic Response

fµt = Fµ
Λt+R

µν
Λt Λ̇

ν
t P = W/T η = 1−A/W

Geometric work and thermodynamic length:

W ≡
∮
γ

Aµ
ΛdΛ

µ Aµ
Λ ≡ ∂µFw

Λ Λ
w

A ≡
∫ T

0
dt gµνΛt Λ̇

µ
t Λ̇

ν
t ≥ L2/T L ≡

∮
γ

√
gµν

Λ dΛµdΛν

Graphical interpretation:
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Example: Two-Level Engine

Driving protocols:
Tt = ℏΩ

(
1 + sin2[πΩt]

)
Vt = 1 + sin2[πΩt+ π/4]

Hamiltonian:
HV = − ℏΩ

2
(
εσx +∆Vσz

)
∆V ≡

√
V2 − ε2

Dynamics:

ρ̇t = − i
ℏ
[HVt , ρt] +

∑
σ=±

(
[LσΛtρt, L

σ†
Λt ] + [LσΛt , ρtL

σ†
Λt ]

)
[HV , L±Λ ] = ±ℏΩVL±Λ Tr[L±Λ L

±†
Λ ] =

±ΓΩV
1 − exp[∓ℏΩV/T]

Results:

(1 − η)(W/L)2 ≥ P t = T
∫ ϕt

0
ds

√
gµν

Λs Λ̇
µ
s Λ̇

ν
s

/
L
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Thermodynamic Geometry of
Many-Body Quantum Engines



BEC Engine

➸ N. M. Myers, F. J. Peña, O. Negrete, P. Vargas, G. D. Chiara, S. Deffner; New J. Phys. 24 025001 (2022).
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Thermodynamic Geometry of Many-Body Quantum Engines

Driving protocol:
Λ ≡ (T, V, µ)
≡ (Λu,Λw,Λz)

γ : Λ 7→ Λt

Generalized forces:
f̂ ut ≡ St = −Tr[ρt ln ρt]

f̂wt ≡ pt = −Tr[ρt∂VtHVt ]

f̂ zt ≡ Nt = Tr[ρtNt]

Grand Canonical Adiabatic Response

f̂µt = F̂µ
Λt+R̂

µν
Λt Λ̇

ν
t F̂µ

Λ = −∂µΦΛ

Fix Λzt = µt by fixing mean particle number:

Nt = f̂ zt = F̂ z
Λt + R̂zνΛt Λ̇

ν
t

!
= N

Λzt = Λz0λt + Λzaλt λ̇
a
t λ ≡ (T, V) ≡ (λu, λw)

Effective Canonical Adiabatic Response

f at = Fa
λt + Rabλt λ̇

b
t a,b = u,w

gabλ ≡ −(Rabλ + Rbaλ )/2 ⪰ 0

Optimal efficiency:

(1 − η∗)(W/L)2 ≡ (1 − η∗)Ψ = P η∗ = 1 − L2/WT
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BEC Engine Revisited

Driving protocol:
λ ≡ (T, ω) ≡ (λu, λw)

γ : Λ 7→ Λt

Generalized forces:
f ut ≡ St = −Tr[ρt ln ρt]

fwt ≡ pt = −Tr[ρt∂ωtHωt ]

Hamiltonian

Hω =
∑

n
EnA†nAn n = (nx,ny) En = ℏω(nx+ny+1)

Dynamics:

ρ̇t = − i
ℏ
[H, ρt] + κ

∑
n
(nn + 1)

(
AnρtA†n − 1

2{ρt, A
†
nAn}

)
+nn

(
A†nρtAn − 1

2{ρt, AnA†n}
)

Thermodynamic quantities:

W =

∮
γ

Aa
λdλa ≡

∫∫
Γ

Bw
λdλudλw

L =

∮
γ

√
gabλ dλadλb

Ψ ≡ (W/L)2
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BEC Engine Revisited: Geometric Work
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BEC Engine Revisited: Thermodynamic Length
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BEC Engine Revisited: Optimal Speed Function
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Thermodynamic Geometry of
Microscopic Refrigerators



Thermodynamic Geometry of Microscopic Refrigerators

Driving:
Λ ≡ (Λ1,Λ2)

γ : Λ 7→ Λt

Fq ≡ 1/T − 1/Tc

Generalized forces:
jt ≡ Tr[ρ̇tHΛt ]

fαt ≡ pαt ≡ −Tr[ρt∂Λα
t
HΛt ]

Output and input:

Q =

∫ T

0
dt jt W = −

∮
γ

pαdΛα = −
∫ T

0
dt fαt Λ̇α

t

Efficiency:

ε ≡ Q/W ≤ εC ≡ Tc/(T − Tc)

Adiabatic Response

jt = RqqΛt Fq + RqαΛt Λ̇
α
t /T + RqqαΛt Λ̇α

t F/T

fαt = Fα
Λt − Rαq

Λt Fq − Rαβ
Λt Λ̇

β
t /T − Rµqq

Λt F2
q
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Thermodynamic Geometry of Microscopic Refrigerators

Driving:
Λ ≡ (Λ1,Λ2)

γ : Λ 7→ Λt

Fq ≡ 1/T − 1/Tc

Generalized forces:
jt ≡ Tr[ρ̇tHΛt ]

fαt ≡ pαt ≡ −Tr[ρt∂Λα
t
HΛt ]

Adiabatic Response

jt = RqqΛt Fq + RqαΛt Λ̇
α
t /T + RqqαΛt Λ̇α

t F/T

fαt = Fα
Λt − Rαq

Λt Fq − Rαβ
Λt Λ̇

β
t /T − Rµqq

Λt F2
q

Power-efficiency trade-off relation (RqqΛ = 0):

Z(εC − ε)2/ε2
C ≥ Jq ≡ Q/T

Optimization principle:

t = T
∫ ϕt

0
ds

√
gαβ

Λs Λ̇
α
s Λ̇

β
s

/
L Aq = −

√
z/T

Z ≡ L3
qw/4(Lqwq + Lqqw)L2 z ≡ L2/(Lqwq + Lqqw)T[

Lwq Lqw
Lqwq Lqqw

]
= −

∮
γ

Λβ∂α

[
Rβq

Λ RqβΛ
Rβqq

Λ RqqβΛ

]
dΛα
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Thermodynamic Geometry of Microscopic Refrigerators

Driving:
Λ ≡ (Λ1,Λ2)

γ : Λ 7→ Λt

Fq ≡ 1/T − 1/Tc

Generalized forces:
jt ≡ Tr[ρ̇tHΛt ]

fαt ≡ pαt ≡ −Tr[ρt∂Λα
t
HΛt ]

Adiabatic Response

jt = RqqΛt Fq + RqαΛt Λ̇
α
t /T + RqqαΛt Λ̇α

t F/T

fαt = Fα
Λt − Rαq

Λt Fq − Rαβ
Λt Λ̇

β
t /T − Rµqq

Λt F2
q

Power-efficiency trade-off relation (RqqΛ = 0):

Z(εC − ε)2/ε2
C ≥ Jq ≡ Q/T
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Thermodynamic Geometry for Quantum Thermal Machines

Why going small?

Fundamental Limits

Power-efficiency
trade-off

Micro Engineering

Optimal speed
functions

Quantum World

BEC-enhanced
performance

23


	From Horsepowers to Zeptowatts
	Classical Thermodynamics
	Thermodynamic Geometry of Microscopic Heat Engines
	Thermodynamic Geometry of  Many-Body Quantum Engines
	Thermodynamic Geometry of  Microscopic Refrigerators

