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§ Nonreciprocity ubiquitous out of equilibrium à Examples
§ Activator-inhibitor models as NR dynamical systems 
§ From global to local dynamics: a generic model of 

spatiotemporal patterns
§ Mapping of previously studied systems (in 1D) onto this generic 

form
à formulate a general criterion for identifying a new class of 

NR pattern formation 
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Nonreciprocal Phase Transitions

Two species 
flocking model

NR forces among species yield time-dependent self-organized phases
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Reciprocal Nonreciprocal

antiflocking chiral

Static polar states , broken rotational symmetry Time-dependent chiral state

M Fruchart, R Hanai, PB Littlewood, V Vitelli, Nature 2021



Nonreciprocal (odd) elasticity
Nonconservative interactions yield antisymmetric elastic moduli and unusual response to deformations

Self-sustained chiral strain cycles in crystals of 
starfish embryos TH Tan et al. Nature 2022
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Realization of odd-elastic engine cycle

Odd elasticity couples 
compression and shear 
à spontaneous shear  
under uniaxial compression

C Schneiber et al. Nat Phys 2020

M Brandenbourger et al. arXiv:2108.08837



Traveling Waves of Conserved (Diffusive) Densities 

Protein (Rho-GTP) 
waves on the 
membrane of starfish 
egg cells

TH Tan et al. 
Nat Phys 2020

Travelling patterns at 
driven fluid-air interface

L Pan JR de Bruyn
PRE 1994

drive

Mass-conserving reaction-diffusion: MinDE of E.Coli

M Loose et al.
Science 2008

P Schwille Lab
Munich



Static patterns NR interactions Mass conservation

§ Unifies a broad class of pattern forming 
systems with conservation laws

§ Provide a criterion for identifying them 
through linear stability analysis

A generic model of nonreciprocal pattern formation of conserved fields

F Brauns, MCM arXiv:2306.08868

Related work:
T Frohoff-Hülsmann, J Wrembel, U Thiele PRE 2021
S Saha, J Agudo-Canalejo, R Golestanian PRX 2020
S Saha, R Golestanian arXiv:2208.14985
T Frohoff-Hülsmann, U Thiele arXiv 2301.05568

Traveling and oscillatory states emerge from NR-coupled conserved Cahn-Hillard 
Z You, A Baskaran, MCM, PNAS 2020 & S Saha, J Agudo-Canalejo, R Golestanian PRX 2020



Equilibrium Phase Transitions captured by Free Energy Minimization

Landau free energy: 

Stationary states are determined 
by free energy minimization
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Pattern formation with mass conservation: Cahn-Hilliard Equation

D< 0: phase separation
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Conserved concentration: binary 
mixture of A and B molecules



Revisiting a classic model of excitable media
à FitzHugh-Nagumo (FHN) model

activation and deactivation 
dynamics of a spiking neuron

c0

Stationary states are obtained from free energy minimization

àBistability but no oscillatory/travelling states

𝜙 𝑡 fast voltage-like variable
𝜓 𝑡 slower feedback
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�

<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 
<latexit sha1_base64="Vzad87bUkLt1Qry6hif/iX+j4Kc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSKre1CKLpxWcE+oDMMmTTThmYeJJlCGfonblwo4tY/ceffmGlHUNEDFw7n3Jvce/yEM6kQ+jBKa+sbm1vl7crO7t7+gXl41JNxKgjtkpjHYuBjSTmLaFcxxekgERSHPqd9f3qT+/0ZFZLF0b2aJ9QN8ThiASNYackzTSfBQjHMPeUkkl0hz6wiq47sVsOGyEJLaFKro1YTQbtQqqBAxzPfnVFM0pBGinAs5dBGiXKz/FXC6aLipJImmEzxmA41jXBIpZstN1/AM62MYBALXZGCS/X7RIZDKeehrztDrCbyt5eLf3nDVAVNN2NRkioakdVHQcqhimEeAxwxQYnic00wEUzvCskEC0yUDquiQ/i6FP5PejXLblj23UW1fV3EUQYn4BScAxtcgja4BR3QBQTMwAN4As9GZjwaL8brqrVkFDPH4AeMt0+qspOw</latexit>

@t = 0

<latexit sha1_base64="iX5NWSp0aScgk4NRe8FdQWASaDs=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWS0o52FUHTjsoJ9QGcYMmnahmYeJJlCGfonblwo4tY/ceffmGkrqOiBC4dz7k3uPWHKmVQIfRilldW19Y3yZmVre2d3z9w/aMskE4S2SMIT0Q2xpJzFtKWY4rSbCoqjkNNOOL4p/M6ECsmS+F5NU+pHeBizASNYaSkwTS/FQjHMA+WlI3aFArOKLOS4jo0gshxku+cFcd16zXGgbaE5qmCJZmC+e/2EZBGNFeFYyp6NUuXnxauE01nFyyRNMRnjIe1pGuOISj+fbz6DJ1rpw0EidMUKztXvEzmOpJxGoe6MsBrJ314h/uX1MjWo+zmL00zRmCw+GmQcqgQWMcA+E5QoPtUEE8H0rpCMsMBE6bAqOoSvS+H/pH1m2ReWfVerNq6XcZTBETgGp8AGl6ABbkETtAABE/AAnsCzkRuPxovxumgtGcuZQ/ADxtsnx7iTxQ==</latexit>

@t� = 0



Revisiting a classic model of excitable media
à FitzHugh-Nagumo (FHN) model

activation and deactivation 
dynamics of a spiking neuron

Reciprocal  c12=c21=c>0 Anti-reciprocal  c12=-c21
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Dynamics cannot be obtained 
from free energy

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 

<latexit sha1_base64="Vzad87bUkLt1Qry6hif/iX+j4Kc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSKre1CKLpxWcE+oDMMmTTThmYeJJlCGfonblwo4tY/ceffmGlHUNEDFw7n3Jvce/yEM6kQ+jBKa+sbm1vl7crO7t7+gXl41JNxKgjtkpjHYuBjSTmLaFcxxekgERSHPqd9f3qT+/0ZFZLF0b2aJ9QN8ThiASNYackzTSfBQjHMPeUkkl0hz6wiq47sVsOGyEJLaFKro1YTQbtQqqBAxzPfnVFM0pBGinAs5dBGiXKz/FXC6aLipJImmEzxmA41jXBIpZstN1/AM62MYBALXZGCS/X7RIZDKeehrztDrCbyt5eLf3nDVAVNN2NRkioakdVHQcqhimEeAxwxQYnic00wEUzvCskEC0yUDquiQ/i6FP5PejXLblj23UW1fV3EUQYn4BScAxtcgja4BR3QBQTMwAN4As9GZjwaL8brqrVkFDPH4AeMt0+qspOw</latexit>

@t = 0

<latexit sha1_base64="iX5NWSp0aScgk4NRe8FdQWASaDs=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWS0o52FUHTjsoJ9QGcYMmnahmYeJJlCGfonblwo4tY/ceffmGkrqOiBC4dz7k3uPWHKmVQIfRilldW19Y3yZmVre2d3z9w/aMskE4S2SMIT0Q2xpJzFtKWY4rSbCoqjkNNOOL4p/M6ECsmS+F5NU+pHeBizASNYaSkwTS/FQjHMA+WlI3aFArOKLOS4jo0gshxku+cFcd16zXGgbaE5qmCJZmC+e/2EZBGNFeFYyp6NUuXnxauE01nFyyRNMRnjIe1pGuOISj+fbz6DJ1rpw0EidMUKztXvEzmOpJxGoe6MsBrJ314h/uX1MjWo+zmL00zRmCw+GmQcqgQWMcA+E5QoPtUEE8H0rpCMsMBE6bAqOoSvS+H/pH1m2ReWfVerNq6XcZTBETgGp8AGl6ABbkETtAABE/AAnsCzkRuPxovxumgtGcuZQ/ADxtsnx7iTxQ==</latexit>

@t� = 0

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 

<latexit sha1_base64="+8eiZrdclgf4c1fjqsyhh8878l4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GhIfte6KblxWsA9oh5JJM21oJjMkGaEM/QU3LhRx6w+582/MTEdQ0QMXDufcy733+LHg2iD04ZSWlldW18rrlY3Nre2d6u5eR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Drzu/dMaR7JOzOLmReSseQBp8Rk0iDWfFitIfcc4cs6gshFOXLSwKcY4kKpgQKtYfV9MIpoEjJpqCBa9zGKjZcSZTgVbF4ZJJrFhE7JmPUtlSRk2kvzW+fwyCojGETKljQwV79PpCTUehb6tjMkZqJ/e5n4l9dPTNDwUi7jxDBJF4uCREATwexxOOKKUSNmlhCquL0V0glRhBobT8WG8PUp/J90Tlxcd/HtWa15VcRRBgfgEBwDDC5AE9yAFmgDCibgATyBZyd0Hp0X53XRWnKKmX3wA87bJ1ewjnI=</latexit>

 

<latexit sha1_base64="Dq1YOQiBxDnLZpjD5qfW36HtlRA=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ6a0td0V3bisYB/QDiWTZjqhSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57goQzbRD6cNbWNza3tgs7xd29/YPD0tFxV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gep37vXuqNIvlnZkl1Bd4IlnICDa5NEwiNiqVkYsqjVq1ApFbqaGm17SkhrxmvQo9Fy1QBiu0R6X34TgmqaDSEI61HngoMX6GlWGE03lxmGqaYDLFEzqwVGJBtZ8tbp3Dc6uMYRgrW9LAhfp9IsNC65kIbKfAJtK/vVz8yxukJmz4GZNJaqgky0VhyqGJYf44HDNFieEzSzBRzN4KSYQVJsbGU7QhfH0K/yfdiuvVXe+2Wm5dreIogFNwBi6ABy5BC9yANugAAiLwAJ7AsyOcR+fFeV22rjmrmRPwA87bJ31vjo0=</latexit>

�

𝜙 𝑡 fast voltage-like variable
𝜓 𝑡 slower negative feedback

<latexit sha1_base64="hB/1tujk9NhfSQ4uujghjyhO9d4="></latexit>

@t�(t) = �� �3 + c12 

@t (t) = �b + c21�

time



Revisiting a classic model of excitable media
à FitzHugh-Nagumo (FHN) model

activation and deactivation 
dynamics of a spiking neuron

Reciprocal  c12=c21=c>0 Anti-reciprocal  c12=-c21
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Dynamics cannot be obtained 
from free energy

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 

<latexit sha1_base64="Vzad87bUkLt1Qry6hif/iX+j4Kc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSKre1CKLpxWcE+oDMMmTTThmYeJJlCGfonblwo4tY/ceffmGlHUNEDFw7n3Jvce/yEM6kQ+jBKa+sbm1vl7crO7t7+gXl41JNxKgjtkpjHYuBjSTmLaFcxxekgERSHPqd9f3qT+/0ZFZLF0b2aJ9QN8ThiASNYackzTSfBQjHMPeUkkl0hz6wiq47sVsOGyEJLaFKro1YTQbtQqqBAxzPfnVFM0pBGinAs5dBGiXKz/FXC6aLipJImmEzxmA41jXBIpZstN1/AM62MYBALXZGCS/X7RIZDKeehrztDrCbyt5eLf3nDVAVNN2NRkioakdVHQcqhimEeAxwxQYnic00wEUzvCskEC0yUDquiQ/i6FP5PejXLblj23UW1fV3EUQYn4BScAxtcgja4BR3QBQTMwAN4As9GZjwaL8brqrVkFDPH4AeMt0+qspOw</latexit>

@t = 0

<latexit sha1_base64="iX5NWSp0aScgk4NRe8FdQWASaDs=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWS0o52FUHTjsoJ9QGcYMmnahmYeJJlCGfonblwo4tY/ceffmGkrqOiBC4dz7k3uPWHKmVQIfRilldW19Y3yZmVre2d3z9w/aMskE4S2SMIT0Q2xpJzFtKWY4rSbCoqjkNNOOL4p/M6ECsmS+F5NU+pHeBizASNYaSkwTS/FQjHMA+WlI3aFArOKLOS4jo0gshxku+cFcd16zXGgbaE5qmCJZmC+e/2EZBGNFeFYyp6NUuXnxauE01nFyyRNMRnjIe1pGuOISj+fbz6DJ1rpw0EidMUKztXvEzmOpJxGoe6MsBrJ314h/uX1MjWo+zmL00zRmCw+GmQcqgQWMcA+E5QoPtUEE8H0rpCMsMBE6bAqOoSvS+H/pH1m2ReWfVerNq6XcZTBETgGp8AGl6ABbkETtAABE/AAnsCzkRuPxovxumgtGcuZQ/ADxtsnx7iTxQ==</latexit>

@t� = 0

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 

<latexit sha1_base64="+8eiZrdclgf4c1fjqsyhh8878l4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GhIfte6KblxWsA9oh5JJM21oJjMkGaEM/QU3LhRx6w+582/MTEdQ0QMXDufcy733+LHg2iD04ZSWlldW18rrlY3Nre2d6u5eR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Drzu/dMaR7JOzOLmReSseQBp8Rk0iDWfFitIfcc4cs6gshFOXLSwKcY4kKpgQKtYfV9MIpoEjJpqCBa9zGKjZcSZTgVbF4ZJJrFhE7JmPUtlSRk2kvzW+fwyCojGETKljQwV79PpCTUehb6tjMkZqJ/e5n4l9dPTNDwUi7jxDBJF4uCREATwexxOOKKUSNmlhCquL0V0glRhBobT8WG8PUp/J90Tlxcd/HtWa15VcRRBgfgEBwDDC5AE9yAFmgDCibgATyBZyd0Hp0X53XRWnKKmX3wA87bJ1ewjnI=</latexit>

 

<latexit sha1_base64="Dq1YOQiBxDnLZpjD5qfW36HtlRA=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ6a0td0V3bisYB/QDiWTZjqhSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57goQzbRD6cNbWNza3tgs7xd29/YPD0tFxV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gep37vXuqNIvlnZkl1Bd4IlnICDa5NEwiNiqVkYsqjVq1ApFbqaGm17SkhrxmvQo9Fy1QBiu0R6X34TgmqaDSEI61HngoMX6GlWGE03lxmGqaYDLFEzqwVGJBtZ8tbp3Dc6uMYRgrW9LAhfp9IsNC65kIbKfAJtK/vVz8yxukJmz4GZNJaqgky0VhyqGJYf44HDNFieEzSzBRzN4KSYQVJsbGU7QhfH0K/yfdiuvVXe+2Wm5dreIogFNwBi6ABy5BC9yANugAAiLwAJ7AsyOcR+fFeV22rjmrmRPwA87bJ31vjo0=</latexit>

�

𝜙 𝑡 fast voltage-like variable
𝜓 𝑡 slower negative feedback

<latexit sha1_base64="hB/1tujk9NhfSQ4uujghjyhO9d4="></latexit>

@t�(t) = �� �3 + c12 

@t (t) = �b + c21�

time

What is the minimal generalization to extended
dynamical systems?



From FHN to Extended System: coupled Cahn Hilliard & Diffusive Fields

Two conserved fields: 

Generic minimal model 
of excitable extended 

dynamical system

<latexit sha1_base64="VTLtizuXCdNIcBPA4gB/5fHEQ+c="></latexit>

@t�(x, t) = r2(D11�+ �3 � r2�+D12 )

@t (x, t) = r2(D22 +D21�)

<latexit sha1_base64="+5fSEsEy4SLqx9qNtkLXtyGyCx8="></latexit>

@t�(x, t) = r2 �F

��

@t (x, t) = r2 �F

� 

<latexit sha1_base64="rfcGb9ArU9d24NSNPrx09XB86NY="></latexit>

F =

Z

r


f�(�) +

1

2
(r�)2 + f ( ) +D� 

�

<latexit sha1_base64="LcuOlViLmYVMS6AAKh7pGhbnmeA="></latexit>

@t�(x, t) = r2(D11�+ �3 � r2�+D )

@t (x, t) = r2(D22 +D�)

Allow for NR cross couplings:

Z You A Baskaran MCM PNAS 2020; S Saha et al. PRX 2020; T Frohoff-Hülsmann et al. PRE 2021

<latexit sha1_base64="OJ+oHniRXmUvGYbUtRZ2IRFS/FA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lY2IevBQ1IPHCvYD2qVk02wbms2uSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyRSGOt532hpeWV1bb2wUdzc2t7ZLe3tN0ycasbrLJaxbgXUcCkUr1thJW8lmtMokLwZDG8mfvOJayNi9WBHCfcj2lciFIxaJ7Vuuxkh4yuvWyp7FW8KvEhITsqQo9YtfXV6MUsjriyT1Jg28RLrZ1RbwSQfFzup4QllQ9rnbUcVjbjxs+m9Y3zslB4OY+1KWTxVf09kNDJmFAWuM6J2YOa9ifif105teOlnQiWp5YrNFoWpxDbGk+dxT2jOrBw5QpkW7lbMBlRTZl1ERRcCmX95kTROK+S8Qu7PytXrPI4CHMIRnACBC6jCHdSgDgwkPMMrvKFH9ILe0cesdQnlMwfwB+jzB+Uhjzk=</latexit>

D11 < 0

<latexit sha1_base64="r2a4zS75AePtphuiNaDVl6EwjDM=">AAACSnicbVDNS8MwHE3n1Dm/qh69BIfgQUYrol6EoRePE9wHrGWkWbqFpWlJUmGU7t/z4smbf4QXD4p4Me16mNseBF7e+z3yy/MiRqWyrHejtFZe39isbFW3d3b39s2Dw7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF95neeiZA05E9qEhE3QENOfYqR0lLfRE6o7SydONGIprcOQ3zISHZxRE77iRMgNfL8RKTp+XQ6n5DzCbky0TdrVt3KAZeJXZAaKNDsm2/OIMRxQLjCDEnZs61IuQkSimJG0qoTSxIhPEZD0tOUo4BIN8mrSOGpVgbQD4U+XMFcnU8kKJByEnh6MltRLnqZuMrrxcq/cRPKo1gRjmcP+TGDKoRZr3BABcGKTTRBWFC9K8QjJBBWuv2qLsFe/PIyaV/U7au6/XhZa9wVdVTAMTgBZ8AG16ABHkATtAAGL+ADfIFv49X4NH6M39loySgyR+AfSuU/yae3fg==</latexit>

� = h�ir,  = h ir



Linear Stability of Homogeneous States

Coalescence of hydrodynamic modes 
associated with mass conservation near q+ 
à band of propagating modes

Re
Im
q q

1
0

1

00

11 Re
Im

q

<latexit sha1_base64="2IcPuqx6xvWo+24VdBM5/i6MkTU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5Ipom4KRV24rGAf0IYwmU7boZNJmJkINeRL3LhQxK2f4s6/cdpmoa0HLvdwzr3MnRPEnCntut9WYW19Y3OruF3a2d3bL9sHh20VJZLQFol4JLsBVpQzQVuaaU67saQ4DDjtBJObmd95pFKxSDzoaUy9EI8EGzKCtZF8u3zrp6iW1U2roazu+nbFrbpzOKsE5aQCOZq+/dUfRCQJqdCEY6V6yI21l2KpGeE0K/UTRWNMJnhEe4YKHFLlpfPDM+fUKANnGElTQjtz9fdGikOlpmFgJkOsx2rZm4n/eb1ED6+8lIk40VSQxUPDhDs6cmYpOAMmKdF8aggmkplbHTLGEhNtsiqZENDyl1dJu1ZFF1V0f15pXOdxFOEYTuAMEFxCA+6gCS0gkMAzvMKb9WS9WO/Wx2K0YOU7R/AH1ucP3Q2R7Q==</latexit>

D12 = D21 = 0
decoupled modes

<latexit sha1_base64="ySu7GnUZqsSaOgt5imlnrtkZafQ=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclUkRdSVFXbisYB/QjiWTZtrQTGZIMkoZ5j/cuFDErf/izr8xbWehrQfu5XDOveTm+LHg2rjut7O0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR9cTv/XIlOaRvDfjmHkhGUgecEqMlR5ueimuZrZXcXbp9kplt+JOgRYJzkkZctR7pa9uP6JJyKShgmjdwW5svJQow6lgWbGbaBYTOiID1rFUkpBpL51enaFjq/RREClb0qCp+nsjJaHW49C3kyExQz3vTcT/vE5iggsv5TJODJN09lCQCGQiNIkA9bli1IixJYQqbm9FdEgUocYGVbQh4PkvL5JmtYLPKvjutFy7yuMowCEcwQlgOIca3EIdGkBBwTO8wpvz5Lw4787HbHTJyXcO4A+czx/hdpF2</latexit>

D12D21 > 0

<latexit sha1_base64="vhPJ94ADMNruNBwUe3Kla6DIU0A=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclUkRdeGiqAuXFewD2rFk0kwbmskMSUYpw/yHGxeKuPVf3Pk3pu0stPXAvRzOuZfcHD8WXBvX/XaWlldW19YLG8XNre2d3dLeflNHiaKsQSMRqbZPNBNcsobhRrB2rBgJfcFa/uh64rcemdI8kvdmHDMvJAPJA06JsdLDTS/F1cz2Ks4u3V6p7FbcKdAiwTkpQ456r/TV7Uc0CZk0VBCtO9iNjZcSZTgVLCt2E81iQkdkwDqWShIy7aXTqzN0bJU+CiJlSxo0VX9vpCTUehz6djIkZqjnvYn4n9dJTHDhpVzGiWGSzh4KEoFMhCYRoD5XjBoxtoRQxe2tiA6JItTYoIo2BDz/5UXSrFbwWQXfnZZrV3kcBTiEIzgBDOdQg1uoQwMoKHiGV3hznpwX5935mI0uOfnOAfyB8/kD3myRdA==</latexit>

D12D21 < 0

avoided crossing

Nonreciprocity controlled by 
sign of 𝐷"#𝐷#"

<latexit sha1_base64="VTLtizuXCdNIcBPA4gB/5fHEQ+c="></latexit>

@t�(x, t) = r2(D11�+ �3 � r2�+D12 )

@t (x, t) = r2(D22 +D21�)
<latexit sha1_base64="OJ+oHniRXmUvGYbUtRZ2IRFS/FA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lY2IevBQ1IPHCvYD2qVk02wbms2uSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyRSGOt532hpeWV1bb2wUdzc2t7ZLe3tN0ycasbrLJaxbgXUcCkUr1thJW8lmtMokLwZDG8mfvOJayNi9WBHCfcj2lciFIxaJ7Vuuxkh4yuvWyp7FW8KvEhITsqQo9YtfXV6MUsjriyT1Jg28RLrZ1RbwSQfFzup4QllQ9rnbUcVjbjxs+m9Y3zslB4OY+1KWTxVf09kNDJmFAWuM6J2YOa9ifif105teOlnQiWp5YrNFoWpxDbGk+dxT2jOrBw5QpkW7lbMBlRTZl1ERRcCmX95kTROK+S8Qu7PytXrPI4CHMIRnACBC6jCHdSgDgwkPMMrvKFH9ILe0cesdQnlMwfwB+jzB+Uhjzk=</latexit>

D11 < 0

spinodal instability
diffusion



Line of ``exceptional’’ points a.k.a. 
Bogdanov-Takens bifurcation.
Mode coalescence:

Linear Stability Phase Diagram

<latexit sha1_base64="keY3ZZPGg2hohXgbIOkrmDAL7W0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVSZF1I1Q1IXLCvYB7TBk0kwbmnmQZJQy7ae4caGIW7/EnX9j2s5CWw9c7uGce8nN8RPBlXacb2tldW19Y7OwVdze2d3bt0sHTRWnkrIGjUUs2z5RTPCINTTXgrUTyUjoC9byhzdTv/XIpOJx9KBHCXND0o94wCnRRvLsEkK3XlbFk6ux6bg6GXt22ak4M6BlgnNShhx1z/7q9mKahizSVBClOthJtJsRqTkVbFLspoolhA5Jn3UMjUjIlJvNTp+gE6P0UBBLU5FGM/X3RkZCpUahbyZDogdq0ZuK/3mdVAeXbsajJNUsovOHglQgHaNpDqjHJaNajAwhVHJzK6IDIgnVJq2iCQEvfnmZNKsVfF7B92fl2nUeRwGO4BhOAcMF1OAO6tAACk/wDK/wZo2tF+vd+piPrlj5ziH8gfX5A2Agksw=</latexit>

D21 = |D12|

<latexit sha1_base64="F9RRVBQ7YjqTURhiRi95CI7YgQw=">AAACC3icdVDLSgMxFM3UV62vqks3oUVw4zAZtOpCKOrCZQX7gHYcMmnahmYeJBmlDLN346+4caGIW3/AnX9j2o6iogeSezjnXpJ7vIgzqSzr3cjNzM7NL+QXC0vLK6trxfWNhgxjQWidhDwULQ9LyllA64opTluRoNj3OG16w9Ox37ymQrIwuFSjiDo+7gesxwhWWnKLpY5g/YHCQoQ38MxNkJ3q20bp8e642umV7RbLlrlvoaMKgpZpTQC/FJQpZZCh5hbfOt2QxD4NFOFYyjayIuUkWChGOE0LnVjSCJMh7tO2pgH2qXSSyS4p3NZKF/ZCoU+g4ET9PpFgX8qR7+lOH6uB/O2Nxb+8dqx6h07CgihWNCDTh3oxhyqE42BglwlKFB9pgolg+q+QDLDAROn4CjqEz03h/6Rhm6hioou9cvUkiyMPtkAJ7AAEDkAVnIMaqAMCbsE9eARPxp3xYDwbL9PWnJHNbIIfMF4/AEctmes=</latexit>

! D12D21 = �D2
22
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<latexit sha1_base64="HF+4PuiVIHABznwrQkUJtCFGnK8=">AAACAHicbZC7TsMwFIadcivlFmBgYLGokJiquELAWAEDY5HoRWqjyHGd1qrjRLaDVKVZeBUWBhBi5THYeBucNgO0/JKlT/85R8fn92POlHacb6u0srq2vlHerGxt7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3445u83nmkUrFIPOhJTN0QDwULGMHaWJ591A8kJumtl6J6lqXTHFA2zTy76tScmeAyoAKqoFDTs7/6g4gkIRWacKxUDzmxdlMsNSOcZpV+omiMyRgPac+gwCFVbjo7IIOnxhnAIJLmCQ1n7u+JFIdKTULfdIZYj9RiLTf/q/USHVy5KRNxoqkg80VBwqGOYJ4GHDBJieYTA5hIZv4KyQibRLTJrGJCQIsnL0O7XkMXNXR/Xm1cF3GUwTE4AWcAgUvQAHegCVqAgAw8g1fwZj1ZL9a79TFvLVnFzCH4I+vzB6XvlnI=</latexit>

D12

|D11|
<latexit sha1_base64="GIaQxphdldHIUpoxr74P06cVWAw=">AAACAHicbZC7SgNBFIbPxluMt1ULC5vBIFiFnSBqGdTCMoK5QLKE2clsMmT2wsysEDbb+Co2ForY+hh2vo2TZAtN/GHg4z/ncOb8Xiy40o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEUtagkYhk2yOKCR6yhuZasHYsGQk8wVre6GZabz0yqXgUPuhxzNyADELuc0q0sXr2UdeXhKa3vbRazbJ0YgDjbJL17LJTcWZCy4BzKEOues/+6vYjmgQs1FQQpTrYibWbEqk5FSwrdRPFYkJHZMA6BkMSMOWmswMydGqcPvIjaV6o0cz9PZGSQKlx4JnOgOihWqxNzf9qnUT7V27KwzjRLKTzRX4ikI7QNA3U55JRLcYGCJXc/BXRITGJaJNZyYSAF09ehma1gi8q+P68XLvO4yjCMZzAGWC4hBrcQR0aQCGDZ3iFN+vJerHerY95a8HKZw7hj6zPH6eAlnM=</latexit>

D22

|D11|

Fast decay of diffusive field 𝜓 (D22>>|D11|)
pushes down 𝜙 fluctuations and suppresses 
pattern forming instability

coarsening

TW

<latexit sha1_base64="b+ujFjnuANMoymr4ca/4M5QjCFU=">AAACDnicdZDLSgMxFIYz9VbrbdSlm2ApVJQyI1p1IRTd6K6KvcB0KJk0bUOTmTHJCGWoL+DGV3HjQhG3rt35NqbtKFr0h8Dh+8/h5PxeyKhUlvVhpKamZ2bn0vOZhcWl5RVzda0qg0hgUsEBC0TdQ5Iw6pOKooqReigI4h4jNa93OvRrN0RIGvhXqh8Sl6OOT9sUI6VR08ydc6chaYej/HVze8s9tnZu4SWZYE0zaxX2LfuoaEOrYI0Ev4mdkCxIVG6a741WgCNOfIUZktKxrVC5MRKKYkYGmUYkSYhwD3WIo0sfcSLdeHTOAOY0acF2IPTzFRzRnxMx4lL2uac7OVJdOekN4V+eE6n2oRtTP4wU8fF4UTtiUAVwmA1sUUGwYn1dICyo/ivEXSQQVjrBjA7h61L4f1HdLdjFgn2xly2dJHGkwQbYBHlggwNQAmegDCoAgzvwAJ7As3FvPBovxuu4NWUkM+vgl4y3Tx8zmkI=</latexit>

Im[�(q+)] = 0, Re[�(q+)] = 0



Weak Nonreciprocity à Uninterrupted Coarsening

<latexit sha1_base64="keY3ZZPGg2hohXgbIOkrmDAL7W0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVSZF1I1Q1IXLCvYB7TBk0kwbmnmQZJQy7ae4caGIW7/EnX9j2s5CWw9c7uGce8nN8RPBlXacb2tldW19Y7OwVdze2d3bt0sHTRWnkrIGjUUs2z5RTPCINTTXgrUTyUjoC9byhzdTv/XIpOJx9KBHCXND0o94wCnRRvLsEkK3XlbFk6ux6bg6GXt22ak4M6BlgnNShhx1z/7q9mKahizSVBClOthJtJsRqTkVbFLspoolhA5Jn3UMjUjIlJvNTp+gE6P0UBBLU5FGM/X3RkZCpUahbyZDogdq0ZuK/3mdVAeXbsajJNUsovOHglQgHaNpDqjHJaNajAwhVHJzK6IDIgnVJq2iCQEvfnmZNKsVfF7B92fl2nUeRwGO4BhOAcMF1OAO6tAACk/wDK/wZo2tF+vd+piPrlj5ziH8gfX5A2Agksw=</latexit>

D21 = |D12|
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<latexit sha1_base64="HF+4PuiVIHABznwrQkUJtCFGnK8=">AAACAHicbZC7TsMwFIadcivlFmBgYLGokJiquELAWAEDY5HoRWqjyHGd1qrjRLaDVKVZeBUWBhBi5THYeBucNgO0/JKlT/85R8fn92POlHacb6u0srq2vlHerGxt7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3445u83nmkUrFIPOhJTN0QDwULGMHaWJ591A8kJumtl6J6lqXTHFA2zTy76tScmeAyoAKqoFDTs7/6g4gkIRWacKxUDzmxdlMsNSOcZpV+omiMyRgPac+gwCFVbjo7IIOnxhnAIJLmCQ1n7u+JFIdKTULfdIZYj9RiLTf/q/USHVy5KRNxoqkg80VBwqGOYJ4GHDBJieYTA5hIZv4KyQibRLTJrGJCQIsnL0O7XkMXNXR/Xm1cF3GUwTE4AWcAgUvQAHegCVqAgAw8g1fwZj1ZL9a79TFvLVnFzCH4I+vzB6XvlnI=</latexit>

D12

|D11|
<latexit sha1_base64="GIaQxphdldHIUpoxr74P06cVWAw=">AAACAHicbZC7SgNBFIbPxluMt1ULC5vBIFiFnSBqGdTCMoK5QLKE2clsMmT2wsysEDbb+Co2ForY+hh2vo2TZAtN/GHg4z/ncOb8Xiy40o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEUtagkYhk2yOKCR6yhuZasHYsGQk8wVre6GZabz0yqXgUPuhxzNyADELuc0q0sXr2UdeXhKa3vbRazbJ0YgDjbJL17LJTcWZCy4BzKEOues/+6vYjmgQs1FQQpTrYibWbEqk5FSwrdRPFYkJHZMA6BkMSMOWmswMydGqcPvIjaV6o0cz9PZGSQKlx4JnOgOihWqxNzf9qnUT7V27KwzjRLKTzRX4ikI7QNA3U55JRLcYGCJXc/BXRITGJaJNZyYSAF09ehma1gi8q+P68XLvO4yjCMZzAGWC4hBrcQR0aQCGDZ3iFN+vJerHerY95a8HKZw7hj6zPH6eAlnM=</latexit>

D22

|D11|

coarsening

TW

<latexit sha1_base64="+8eiZrdclgf4c1fjqsyhh8878l4=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GhIfte6KblxWsA9oh5JJM21oJjMkGaEM/QU3LhRx6w+582/MTEdQ0QMXDufcy733+LHg2iD04ZSWlldW18rrlY3Nre2d6u5eR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Drzu/dMaR7JOzOLmReSseQBp8Rk0iDWfFitIfcc4cs6gshFOXLSwKcY4kKpgQKtYfV9MIpoEjJpqCBa9zGKjZcSZTgVbF4ZJJrFhE7JmPUtlSRk2kvzW+fwyCojGETKljQwV79PpCTUehb6tjMkZqJ/e5n4l9dPTNDwUi7jxDBJF4uCREATwexxOOKKUSNmlhCquL0V0glRhBobT8WG8PUp/J90Tlxcd/HtWa15VcRRBgfgEBwDDC5AE9yAFmgDCibgATyBZyd0Hp0X53XRWnKKmX3wA87bJ1ewjnI=</latexit>

 
<latexit sha1_base64="pmCCW5nvrbGs+CaJBecK1KSueCQ=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgQZbZkMTkFvTiMYJ5QLKE2clsMmR2dpmZFULIN3jxoIhXP8ibf+PkIahoQUNR1U13V5AIrg3GH05mbX1jcyu7ndvZ3ds/yB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK/nfvueKc1jeWcmCfMjMpQ85JQYKzV7yYhf9PMF7OJitVwqIuwWy7jm1SwpY69WKSHPxQsUYIVGP//eG8Q0jZg0VBCtux5OjD8lynAq2CzXSzVLCB2TIetaKknEtD9dHDtDZ1YZoDBWtqRBC/X7xJREWk+iwHZGxIz0b28u/uV1UxNW/SmXSWqYpMtFYSqQidH8czTgilEjJpYQqri9FdERUYQam0/OhvD1KfqftIquV3G921KhfrWKIwsncArn4MEl1OEGGtAEChwe4AmeHek8Oi/O67I146xmjuEHnLdP5qaOww==</latexit>
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Stronger NR à Traveling Waves & Arrested Coarsening

<latexit sha1_base64="keY3ZZPGg2hohXgbIOkrmDAL7W0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVSZF1I1Q1IXLCvYB7TBk0kwbmnmQZJQy7ae4caGIW7/EnX9j2s5CWw9c7uGce8nN8RPBlXacb2tldW19Y7OwVdze2d3bt0sHTRWnkrIGjUUs2z5RTPCINTTXgrUTyUjoC9byhzdTv/XIpOJx9KBHCXND0o94wCnRRvLsEkK3XlbFk6ux6bg6GXt22ak4M6BlgnNShhx1z/7q9mKahizSVBClOthJtJsRqTkVbFLspoolhA5Jn3UMjUjIlJvNTp+gE6P0UBBLU5FGM/X3RkZCpUahbyZDogdq0ZuK/3mdVAeXbsajJNUsovOHglQgHaNpDqjHJaNajAwhVHJzK6IDIgnVJq2iCQEvfnmZNKsVfF7B92fl2nUeRwGO4BhOAcMF1OAO6tAACk/wDK/wZo2tF+vd+piPrlj5ziH8gfX5A2Agksw=</latexit>

D21 = |D12|
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<latexit sha1_base64="HF+4PuiVIHABznwrQkUJtCFGnK8=">AAACAHicbZC7TsMwFIadcivlFmBgYLGokJiquELAWAEDY5HoRWqjyHGd1qrjRLaDVKVZeBUWBhBi5THYeBucNgO0/JKlT/85R8fn92POlHacb6u0srq2vlHerGxt7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3445u83nmkUrFIPOhJTN0QDwULGMHaWJ591A8kJumtl6J6lqXTHFA2zTy76tScmeAyoAKqoFDTs7/6g4gkIRWacKxUDzmxdlMsNSOcZpV+omiMyRgPac+gwCFVbjo7IIOnxhnAIJLmCQ1n7u+JFIdKTULfdIZYj9RiLTf/q/USHVy5KRNxoqkg80VBwqGOYJ4GHDBJieYTA5hIZv4KyQibRLTJrGJCQIsnL0O7XkMXNXR/Xm1cF3GUwTE4AWcAgUvQAHegCVqAgAw8g1fwZj1ZL9a79TFvLVnFzCH4I+vzB6XvlnI=</latexit>
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Strong NR + No Flux Boundary Condition à Standing Waves
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D22 = 0.2 |D11|

D22 = 0.9 |D11|
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Two dimensions: undulation instability of traveling fronts
No-flux boundary conditions

Initial flat interface

Strong anti-
reciprocity
à undulational
instability
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à rotating wave

Periodic boundary conditions
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Interface mode predicts pattern propagation speed

``Regional’’ dispersion relation [F Brauns et al. PRX 2020]

Linearization of the steady state profiles near the 
inflection point where                       à

à

Generalization of single-mode approximation of You et al.
where bifurcation occurs at 𝑞!~
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The marginal mode at                                controls 
the interface width and speed
à Transition to traveling waves when 
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NR mass-conserving fields vs broken symmetry fields

NR-coupled flocking agents: 
§ NR breaks chiral symmetry
§ disorder tunes alignment 

transition
M Fruchart et al. Nature 2021
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HOM§ NR breaks polar symmetry 
à TW

§ D11 tunes static phase 
separation
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NR-coupled mass-conserving fields NR-coupled broken symmetry fields

Traveling waves emerge from coalescence of two 
hydrodynamic modes (mass conservation/translational 
invariance)

Patterns (phase separation) a prerequisite

Dynamical states tuned by nonreciprocity and D22/|D11|

Behavior controlled by mode at the right edge of 
unstable band à characteristic form of dispersion 
relation that identifies this class of systems

Chiral states emerge from coalescence of Goldstone 
mode (broken global rotational symmetry of 
OP/oscillator phase) and damped mode

Symmetry-breaking phase transition a prerequisite

Dynamical states tuned by nonreciprocity and noise
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Many other system can be mapped onto the same generic model

Ø Nonreciprocally coupled fluid mixtures, e.g., phoretic colloids Z You 2020, S. Saha 2020, 2022
Ø Mass-conserving reaction-diffusion systems, e.g., MinDE system of E. coli B Jacobs 2019, K John2005, F Brauns 2021
Ø Active-passive mixtures A Wysocki 2016, R Wittkowski 2017, Z You 2020
Ø Active (visco)elastic gels JS Bois 2011, S Banerjee 2015
Ø Active poroelastic media M Radszuweit 2013, CA Weber 2018 
Ø Chemosensitive motile bacterial mixtures AI Curatolo 2020
Ø Chemotactic droplets H Zhao 2023, L Demarchi 2023

actomyosin cortex, epithelia, 
cells in ECM, muscles

<latexit sha1_base64="3KrL7MS5NZfGaG3Um/unveua8Uw="></latexit>

System �  
Non-reciprocal binary mixtures Pattern-forming field Di↵usive field
Active/passive particle mixtures Density of active particles Density of passive particles

Mass-conserving reaction–di↵usion systems MinD concentration MinE concentration
Active gels Density of contractile elements Strain

à Two Examples

All share same characteristic dispersion relation à can be identified by linear stability



Passive particles: thermal noise

ABPs: thermal noise + 
persistent self-propulsion

steric 
repulsion

Example 1: Mixture of Active & Passive Brownian Particles

Pattern-forming field 𝜙à density 𝜌'
of ABPs undergoing Motility Induced 
Phase Separation (MIPS)
Diffusive field 𝜓à density 𝜌( of 
passive particles

§ Both active and passive particles slow 
down the persistent dynamics of ABPs 
à 𝐷$$ < 0, 𝐷$% < 0

§ Cross diffusion of passive particles is not 
affected by activity à 𝐷%% > 0 , 𝐷%$ > 0

Explicit mapping: Z You, A Baskaran, MCM PNAS 2020

v0



Simulations by 
Somaiyeh Shokri

Emergent nonreciprocity
Passive

Active

Also:
Wysocki et al, NJP (2016)
Wittkowski et al., NJP (2017)



Example  2: motile cells in viscoelastic ECM

Conserved contractile 
elements/cell density c

Translationally invariant 
gel/ECM displacement u
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@tc+ @x(u̇c) = D@2
xc
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�u̇ = @x [⌘@xu̇+ E@xu+ �a(c)]
viscosity elasticity active stress 

Instability & pattern formation:
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! @tc = @x [D � c�0
a/�] @xc

<latexit sha1_base64="RHh8NuXS6rOyC2MZ5VBBlWa34mg=">AAAB83icdVDJSgNBEO1xjXGLevTSGIR4GXpCEhPwENSDxwhmgWQIPZ2apEnPQnePEIb8hhcPinj1Z7z5N3YWQUUfFDzeq6KqnhcLrjQhH9bK6tr6xmZmK7u9s7u3nzs4bKkokQyaLBKR7HhUgeAhNDXXAjqxBBp4Atre+Grmt+9BKh6Fd3oSgxvQYch9zqg2Uu+6n4LvTwvs7IL0c3lik2K1XCpiYhfLpObUDCkTp1YpYccmc+TREo1+7r03iFgSQKiZoEp1HRJrN6VScyZgmu0lCmLKxnQIXUNDGoBy0/nNU3xqlAH2I2kq1Hiufp9IaaDUJPBMZ0D1SP32ZuJfXjfRftVNeRgnGkK2WOQnAusIzwLAAy6BaTExhDLJza2YjaikTJuYsiaEr0/x/6RVtJ2K7dyW8vXLZRwZdIxOUAE56BzV0Q1qoCZiKEYP6Ak9W4n1aL1Yr4vWFWs5c4R+wHr7BDq1kSw=</latexit>

Deff (c) < 0
stabilized by viscosity 

at short scales

Incorporating viscosity and elasticity: requires contractile 
activity
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�0
a(c0) > 0

<latexit sha1_base64="R0sFQwrn/J0LKCp7eQSWPKt04qQ=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXUjFN24rGAf0BmGTJppQzOZkGSKZagbf8WNC0Xc+hfu/Bsz7Sy09cCFwzn3JveeUDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqSSVmDRxwhLZCZEijHLS1FQz0hGSoDhkpB0Ob3K/PSJS0YTf67Egfoz6nEYUI22kwD7wRkgSoShL+JUnkNQUseABpoFddWrOFHCRuAWpggKNwP7yeglOY8I1ZkiprusI7Wf5i5iRScVLFREID1GfdA3lKCbKz6YXTOCxUXowSqQpruFU/T2RoVipcRyazhjpgZr3cvE/r5vq6NLPKBepJhzPPopSBnUC8zhgj0qCNRsbgrCkZleIB0girE1oFROCO3/yImmd1tzzmnt3Vq1fF3GUwSE4AifABRegDm5BAzQBBo/gGbyCN+vJerHerY9Za8kqZvbBH1ifP+7FlzI=</latexit>

" = @xu
<latexit sha1_base64="IggSuHW8Puo+WEZ6Lc/h7rfEhr4=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FGRD0GvXiMYBbIDENNpyZp0rPQ3SOEIeCvePGgiFe/w5t/Y2c5aOKDgsd7VVTVCzPBlXacb6u0srq2vlHerGxt7+zu2fsHLZXmkmGTpSKVnRAUCp5gU3MtsJNJhDgU2A6HtxO//YhS8TR50KMM/Rj6CY84A22kwD6i3hCyDIICo2jsKR57qCGwq07NmYIuE3dOqmSORmB/eb2U5TEmmglQqus6mfYLkJozgeOKlyvMgA2hj11DE4hR+cX0/DE9NUqPRqk0lWg6VX9PFBArNYpD0xmDHqhFbyL+53VzHV37BU+yXGPCZouiXFCd0kkWtMclMi1GhgCT3NxK2QAkMG0Sq5gQ3MWXl0nrvOZe1tz7i2r9Zh5HmRyTE3JGXHJF6uSONEiTMFKQZ/JK3qwn68V6tz5mrSVrPnNI/sD6/AFyBpXP</latexit>eff ⇠ ⌘

<latexit sha1_base64="/705dH9sx7fL8OzPRVlvzRSruFA="></latexit>

�@tc = @x
⇥
�Deff@xc� cE@x"

⇤
� e↵@

4
xc

�@t" =
⇥
E@2

x"+ @x(�
0
a @xc)

⇤
Negative feedback between gel elasticity 
and density c of active elements provides  
NR cross-diffusion
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strain rate

strain rate vs time



§ Cahn Hillard equation with NR coupling to diffusive field provides a generic 
minimal model  for traveling and oscillating states in extended systems

§ In 1D a variety of physical systems can be mapped onto this ``normal form’’

§ Interfacial mode as useful framework for investigating more complex 
patterns:
o density dependent transport coefficients

o nonlinear wavelength selection due to 
broken mass conservation

o spontaneous phase separation of 𝜓 field

T Frohoff-Hülsman, U Thiele arXiv:2301.05568

Conclusions and Outlook
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