
• 1905 "Langevin function"                   (Paul Langevin)

— equilibrium response of a classical spin under field, !h"0=x.
• 1908 "Langevin equation"   (Paul Langevin)

— equation for stochastic evolution with drift and noise . → S.D.E.

Background
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• 1940's+ "Martingale" in math. (Lévy,  Doob, Kunita-Watanabe, ... )
— [definition below]

• This talk :   Langevin equation + Martingale → Langevin function
— How can a spin emerge from the Langevin dynamics in ℝd ?



0)   For ∀t ∃ (L1-integrable)

i)          is causally determined by                               ,  hereafter

ii)

"Process Yt is martingale associated with the process Xt ": 

⇒

A martingale process is defined in connection with a reference process
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(if d and ⟨ ⟩ are commutative)

~Yt
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⇔
~X[0,t]
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hd~Yt| ~X[0,s]i = 0 for 8t � s
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"Harmonic function" is a special type of martingale

is martingale associated with~Yt = ~h(~xt)
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⇔
hd~h(~xt)|~x[0,s]i = 0 for 8t � s

<latexit sha1_base64="OB9/yjAy1z2rltkDpIQoZyEey7o="></latexit><latexit sha1_base64="xlX/h8DtILIuhoseiLJI5Aph8Gw="></latexit><latexit sha1_base64="E9RSix5KuzRNtEZMZ9up7gZGBEI="></latexit>

⇒

"h is harmonic function associated with the process xt "

for 8t � s h~Yt| ~X[0,s]i = ~Ys
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d~Yt ⌘ ~Yt+dt � ~Yt
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Itô differential
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t0



(~a ·r)~h+
1

2
�~h = 0
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⇒

d~xt = ~a(~xt)dt+ d ~Wt
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: Family of harmonic h associated with

A family of harmonic functions is defined by a Langevin equation
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(Itô's theorem)

d~xt = ~a(~xt)dt+ d ~Wt
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Case : Reference process {xt} generated by Langevin equation, or, S.D.E.

~Wt :
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d-dimensional Wiener process

d-dimensional drift~a(~x) :
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hd~h(~xt)|~x[0,s]i = 0 for 8t � s
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harmonic:

• Itô ptoduct

d~h(~xt) = (d ~Wt •r)~h+ dt


(~a(~xt) ·r)~h+
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2
�~h
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⇔



~a ⇤
2 H~a ⇤
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We introduce "self-harmonic drift ", a kind of self-reference
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~h = ~a ⇤
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Definition: " is self-harmonic drift "~a ⇤
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⇔ is martingale associated with the process xt generated by 

⇔

⇔ 2nd order non-linear PDE

~a ⇤(~xt)
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d~xt = ~a ⇤(~xt)dt+ d ~Wt
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~a ⇤(~x) = Ld(k~xk)x̂
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: unit vector along

ODE with scale invariance : 

(Ricatti transformation) gives

Ld(x) ! Ld(x)
<latexit sha1_base64="ybKgjTcivWXyR7GHI7MdCt/K7J8="></latexit><latexit sha1_base64="MBKvCQH0hJPLigw5Mxi0dJlMZlU="></latexit><latexit sha1_base64="gDpATrIUVhkar39VgmW9NfGZNmY="></latexit>

L00
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⇒

⇒

Zd(k~xk) /
I

kŜk=1
eŜ·~xd⌦S ,
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canonical partition function of a spin !

~a ⇤(~x) = hŜ|field = ~xieq
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⇒

Isotropic self-harmonic drift is equilibrium response of a single spin
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: equilibrium response of a spin  

⊕ isotropic assumption: 

first integral,

⇒ Z 00
d +

d� 1

x
Z 0
d � Zd = 0
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(# =1)

= static external field~x
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⇔

the farther from x=0,  the stronger field

d : dimension

~a ⇤(~x) = r log[Zd(k~xk)]
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⇒

regular
solution

Ld ⌘ d

dx
logZd

<latexit sha1_base64="q+rpUecfdDeUfbAvf/6Ocfw0eWw="></latexit><latexit sha1_base64="ThpZjOckqpNJ0x7MIIbeHwrSyW4="></latexit><latexit sha1_base64="OFxAbTm4j+ulKKJ8CQYqdS06pkk="></latexit>



L3(x) = cothx� 1
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⇒ Ld are Langevin functions

L1(x) = tanh(x)
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L2(x) =
I1(x)

I0(x)
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L4(x) =
x[I0(x) + I2(x)]� 2I1(x)

2xI1(x)
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Langevin functions emerge in the self-harmonic drift

d=1

2
3

4

x

Ld (x)

In : n-th Bessel function of 2nd kind

cf.  Drift a* saturates under strong field

~a ⇤(~x) = Ld(k~xk)x̂
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~a ⇤(~x) = hŜ|field = ~xieq
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→ ⟨a*(xt=2) | x0⟩ = (0.6981,  0.0097)

t = 0;     x0 =(2,0) :    a*(x0) = (0.6978,  0.0000)      

Numerical check in d=2 : 

Martingality of self-harmonic drift was numerically verified
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up to rel.error = {0.05%, 1.34%}

Initial state need not be 0:      x0=0 or ≠0 

Constraints between drift and noise:

C=#=1, d=2, 

t = 2 ;   {a*(xt=2)}1000 samples . . . . .

✭

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0
a*(xt )

1.0

1.0✭
⇒

d~x⌧ = C~a ⇤(~x⌧ )d⌧ +
p
Cd ~W⌧
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Martingale convergence theorem: "If martingale & bounded ⇒ converges! "

Reference process xt has cross-over from Random to Ballistic trajectory
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C="=1, d=2, ~x0 = ~0
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Noise dominates

Drift dominates

~xt
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Simulation with

~a ⇤
1 = lim

t!1

~xt

t
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1k = 1
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⇒
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h~a ⇤
1|~x0i = ~a ⇤(~x0)
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:  Ballistic direction

(0 ≤ t ≤ 16)

k~xtk � 1
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d~xt = ~a ⇤(~xt)dt+ d ~Wt
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Furthermore, 
Drift converges: 

~a ⇤
1
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: "spin"                                   and 

d~xt = ~a ⇤(~xt)dt+ d ~Wt
<latexit sha1_base64="+NaqN22sxOcWUm8ehric5QXFJlw="></latexit><latexit sha1_base64="u8c5yroPMcUqeo7GQERr7Kiatc4="></latexit><latexit sha1_base64="nXSq1AIlz9jPkYWWeSmupX5CloE="></latexit>

k~xtk . 1
<latexit sha1_base64="RYz9cM5EolzUm9/yEhFqkY2JYeY="></latexit><latexit sha1_base64="dQUjbGPCE6il+vSqhXycpQ6NkA4="></latexit><latexit sha1_base64="PKs2K8xNgkCLDeKj+B7nOnck4zo="></latexit>

(0 ≤ t ≤ 16)

Ld(∞)=1



Distribution of "spin" a∞* reflects the initial state x0

Solutions of          ,  0≤ t ≤ 40 starting from{~xt} ~x0
<latexit sha1_base64="KOfam3wRSTak+tMlTk+vo4dV9kQ="></latexit><latexit sha1_base64="tK61SStQABjKigCbtPWEiv6eXBU="></latexit><latexit sha1_base64="yXop36RHJPnl36DPgXuQTdeOPvM="></latexit>

(10 samples,  with the same set of Wiener noises)

~xt
<latexit sha1_base64="oSvA0ZMLipEjbYH3S5Dh4vjxEbg="></latexit><latexit sha1_base64="vLEkq8EMgRd75uVRYw5UMahFmyk="></latexit><latexit sha1_base64="rq2n8vUhziGbanMJvmeQw99KQ5E="></latexit>

~xt
<latexit sha1_base64="oSvA0ZMLipEjbYH3S5Dh4vjxEbg="></latexit><latexit sha1_base64="vLEkq8EMgRd75uVRYw5UMahFmyk="></latexit><latexit sha1_base64="rq2n8vUhziGbanMJvmeQw99KQ5E="></latexit>

~xt
<latexit sha1_base64="oSvA0ZMLipEjbYH3S5Dh4vjxEbg="></latexit><latexit sha1_base64="vLEkq8EMgRd75uVRYw5UMahFmyk="></latexit><latexit sha1_base64="rq2n8vUhziGbanMJvmeQw99KQ5E="></latexit>

~xt
<latexit sha1_base64="oSvA0ZMLipEjbYH3S5Dh4vjxEbg="></latexit><latexit sha1_base64="vLEkq8EMgRd75uVRYw5UMahFmyk="></latexit><latexit sha1_base64="rq2n8vUhziGbanMJvmeQw99KQ5E="></latexit>



"How can the spin appear ?"  ⇒ "Spin appears as macro-orientation"

Numerical cumulative probability of                        :

Invisible spin                    behind Ld (∥x0∥) obeys ⇢(Ŝ) =
e~x0·Ŝ

Zd(k~x0k)
<latexit sha1_base64="3VGwegXAaCt7ykdB9b+xXcF3ypI="></latexit><latexit sha1_base64="OIhJ61J1nUVcttcegb6fPdLeG5U="></latexit><latexit sha1_base64="Ddgnp7AQvuuatKEfQ7NqIojXe9E="></latexit>

Ŝ 2 Sd�1
<latexit sha1_base64="o/rE+gb15UcPT4NBlwsHk/bacRk="></latexit><latexit sha1_base64="egl0We9XwDgQNUAeC0G2KHJILV4="></latexit><latexit sha1_base64="2lgqcuX8+9i2fB14c/KOOgOeyUI="></latexit>

lim
t!1

~xt

t
= ~a ⇤

1
<latexit sha1_base64="6KhsiIOZ70/lWhIvs0I92KQuoqU="></latexit><latexit sha1_base64="fcgMIzOZJBl0oEi1BUf/J7uH2RA="></latexit><latexit sha1_base64="AbKWQK3+wbnMrflqNfCenzJvyeg="></latexit>

"spin"  of asymptotic trajectory : ~a ⇤
1 2 Sd�1

<latexit sha1_base64="q5yOS3HNWUrQo40ai50WrslXFkE="></latexit><latexit sha1_base64="fy0+L/UZDX6PcUB8vz9IXo4IPC0="></latexit><latexit sha1_base64="5SNI9zCoHSI/TlLf11lS9INztA8="></latexit>

Prob(can)(cos ✓ < �|~x0) =
1

⇡I0(x0)

Z �

�1

ex0⇠d⇠p
1� ⇠2

<latexit sha1_base64="9cEu3LyCkz3/wV7qmhN0BgRW8+g="></latexit><latexit sha1_base64="GcU+KV4U6r3IWM8lIiD6TAGYXJc="></latexit><latexit sha1_base64="4TA+3cIz++TypbHXjTLYh+/KXgc="></latexit>

Cumulative probability (                             ) :

10

x0 = 0

1
2

4

Ensemble of "spin"        reproduces canonical spin distribution at x0 (t = 0) ~a ⇤
1

~a ⇤
1 ' Ŝ

<latexit sha1_base64="9u19kYnCPUhLJYm5b8ZWlZ+zzkw="></latexit><latexit sha1_base64="b+JflX4buD+XmU/iVTNS3Nh1H6I="></latexit><latexit sha1_base64="mHmwuEPmnFl+p1tzrjq49hRs950="></latexit> statistically
⇒

"t∞"=40,   3000 samples/ each x0

t = 0 ~a ⇤(~x0) = hŜ|field = ~x0ieq
<latexit sha1_base64="2f5x1/3PwfQ+Fxrm0tCNDD0j26E="></latexit><latexit sha1_base64="gD8Mnfxx5WU9W+FedkU4Gq2RxT4="></latexit><latexit sha1_base64="DWsCUAedu/Szrl1obVa1OF/gWzA="></latexit>

⇒

t = ∞

:= [normalized rank of cos#∞=$]Prob(~a
⇤
1)(cos ✓1 < �|~x0)

<latexit sha1_base64="ZQ/pVz0LcLC3lnMQEjXrZGSN1W8="></latexit><latexit sha1_base64="5/JjuwAMQ8uEM8SG1UAwTXJLVc0="></latexit><latexit sha1_base64="uW6X/bLMcu9gSkaTjJvQlQm5eLI="></latexit>

cos ✓ ⌘ x̂0 · Ŝ
<latexit sha1_base64="83/dydI/jrrnFtaSxwkZEzgrDXQ="></latexit><latexit sha1_base64="qzCw+j++AKefltyxASZapBiqi5s="></latexit><latexit sha1_base64="ypPXigckqd/Dg7i8yJdv6+9NU0s="></latexit>

cos ✓1 ⌘ x̂0 · ~a ⇤
1

<latexit sha1_base64="EhoidWpZwxWuy+ivXZvrxY4PAP4="></latexit><latexit sha1_base64="IT9awrLwqjH+kkHWhmrOkzWxlkE="></latexit><latexit sha1_base64="R7DbtFMD1Cu1+vM8Gk8LzHeduaA="></latexit>
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(statistically)

Conclusion:  Martingale can somehow transmit canonical characteristics

Ŝ ' ~a ⇤
1

<latexit sha1_base64="Ur3jf1lDCgfIBvTP8y3SgBMdqB8="></latexit><latexit sha1_base64="6bamE0pGBBRWP1XtVX6VV4YtrQM="></latexit><latexit sha1_base64="/FPdVeTJgNjbV5G0dIvw8xToua8="></latexit>
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Open questions :
Why does the Langevin function appear ? 
Why does the canonical "spin" a∞* appear ? 
What stocks the information of x0 through 0 < t <∞ ? 
Is there generalization to the state spaces other than ℝd ? (e.g., compact, non-commutative, ...)
Is there a discrete version, with jumps, or quantum version ?
...  

ref.  K.S.: to be posted soon on arXiv.
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