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Spontaneous symmetry breaking — low-energy d.o.f

« Examples of Nambu-Goldstone (NG) modes
* pions in QCD
* magnons
 superfluid phonons (He?*, He’, atomic BEC)
 |attice phonons
« Kelvon (vibration of a vortex string)
* photons



Number of NG modes

* (Internal) symmetry breaking G - H

* Lorentz invariance

Nyg = ]\%G
# of gapless NG modes # of broken generators

« Dispersion relation: @ = ck k=|K|



Magnets:Heisenberg model H=7) 5,5,
)
« J> 0: Anti-ferromagnetism

Nyg=2 wxk f‘f‘f‘f‘f‘

 J<0: Ferromagnetism

Me=1 oxi®  tttttttett

Symmetry breaking pattern is common  SO(3) — SO(2)

Npg =2



Thermodynamic properties: heat capacity

* When w ~ k"

heat capacity behaves as
d
C~Tn

d . spatial dimension

AC, / J K~-1 mol !

Fig.9

[K. Asano, et. al., Bull. Chem. Soc. Jpn. 72, 1749 (1999).]
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Excess heat capacities of MnCu(obbz) *5H,0
around the antiferromagnetic phase transition
temperature 7. Solid line indicates the theoretical
heat capacity curve estimated by the high-
temperature series expansion for §S=2 one-
dimensional ferromagnetic Heisenberg model
with J/kg =0.75 K. The broken straight line shows
the heat
excitation.3®

capacity due to the spin-wave
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What’s the difference?

« Anti-ferro: (5,) =0
e Ferro: (8,) = (ilS,, $,]) # 0O

» ([0, Qsl) =0 for Yo, — Ny = Ngg

[Schafer-Son-Stephanov-Toublan-Verbaarschot '01]



Number of NG modes

* Non-relativistic systems

|
Nng = Npg — Erank ([Q0 Opl)
/ \

[Watanabe-Brauner '11]
# of gapless NG modes # of broken generators

[Watanabe-Murayama’12] [Hidaka’12]

* Dispersion relation
* Type A: w ~ k
* Type B: @ ~ k?



Derivation by effective field theories

« Up to 2nd order in fields & derivatives,

1 _ .
g — pAB ﬂAﬁB + EGAB ﬂAﬂB - EGAB aiﬂAalﬂB

rank p Npg —rank p
< > < >
(ker p)* ker p
1/2 mode 1 mode
per generator per generator

1 1
Ny = 5 rank p + 1 - (Ngg —rank p) = Npg — Erankp



Higher-form symmetries

[Gaiotto-Kapustin-Seiberg-Willett ’15]

« Charged objects are extended

* “p-form symmetry” — charged obj. is p-dimensional

. D

0-form symmetry 1-form symmetry

» U symmetry:  W(C) — e'® W(C,)



Higher-form symmetries

[Gaiotto-Kapustin-Seiberg-Willett ’15]

Classification of phases

« Certain topological orders are understood as a
consequence of broken higher-form symmetries

Nambu-Goldstone theorem
't Hooft anomalies
« Constraints on the low-energy physics
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1-form symmetries of Maxwell theory

Wilson loop W(C) = expi[

= ] K
a=expi J a,dx
C

C

Symmetry transformation ~ W(C) — e “W(C)

a—a+ A di =0

1
Lagrangian &£ = — ﬁda A *da is invariant under this tr.
e

Noether charge 0.(S) = J E-dS
S



1-form symmetries of Maxwell theory
Symmetry generator U:ia(S) — 0iaQ/S) — pialgE-dS

U (SW(C)(USS)™ = e “"SOW(C)
by using [E(#,X),a(t,y)] = —id;0(x —y)

The generator is topological:

E-dS:[ d’xV -E=0
Vv

Q(S) = QS5 = [

SU(=S")

oV=SU(-YS)



Spontaneous symmetry breaking

<Q ~/ exp —k perimeter[C ])
Broken

exp (—karea[C])

12 12

0 Unbroken )



NG modes for higher-form symmetries

« Spontaneous breaking of a continuous HFS — gapless excitations

~J 1 Perimeter law
E— or Coulomb law

- Breaking of U(1)! T-form symmetry — photons

* Questions
« How many NG modes?
« Does ([Q,. Os]) affect the number of NG modes?
« cf. Non-commuting O-form and 1-form charges

[Sogabe-Yamamoto’19]
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Generalized formula to count NG modes

1
Nyg = 2 p2C, — Erank ([Q, Oyl)
A

[Hidaka-Hirono-Yokokura '21]

« SSB of internal symmetries (that can include higher-form)
e D-dim Minkowski space R!P-1

* Lorentz symmetry doesn’t have to be there

* Translational symmetry is intact
« “A” is the label of a generator for a p,-form symmetry


https://arxiv.org/abs/2007.15901

Generalized formula to count NG modes

« Symmetry generators Q, should be enumerated taking
into account how to place them

* For O-form symmetries, O(V) is (D — 1)-dimensional
* For a p-form symmetry, the generator is (D —p — 1)-dim.

* Ex) 1-form-symmetry in (3 + 1)-dim. — gen. is 2-dim.

U(e'®, ) = ¢i“0"®



Generalized formula to count NG modes

1
Nyg = Z p2C, — Erank ([Q, Opl)
A

When all the symmetries are O-form

1
Nng = Npg — Erank ([Qy> Opl)

Reproduce the previous result
[Watanabe-Brauner '11]
[Watanabe-Murayama’12] [Hidaka’12]



Generalized formula to count NG modes
B 1
Ny = ; p-2Cp, = S 1ank ([0, Opl)

* Photons in (3 + 1)-dimensions
 Broken symmetry: U(1)}!

NNG:D—Zszz D=4,p=1



Ex) Photons under 6 gradient

[Yamamoto '16]
* Lagrangian

L = : * ‘0
__Z_ezf/\ f—z—ﬂf/\f

+ d)=C=C,dx'#0
 Broken symmetry: U(1)\!

« Conserved charge: Q)

. Charge commutators ([Q!'!(S)), O!1(S,)]) [ do + 0
S,NS,



Ex) Photons under 0 gradient

(LM, 0M(Sy)1) J

S,NS,

do #0
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Ex) Photons under 6 gradient

- Independent generators: {Q!"l(S), 01")(S,), 01"1(S,)}
S; is a 2-dim surface perpendicular to i-axis

 Charge commutators

My = (101(S), 0"(S)1) o €3Gy

 Number of gapless NG modes

1 1
NNG =D—2C1 _Eranlejz 2—5 . 2 — 1



Ex) Photons under 6 gradient

4 Dispersion relation
% 2+ —sin? k> + Ok gapped
C k a)z(k) = < COS4¢
sin® ¢p k% + Tk4 + O(k°) gapless

C:=|C|

* w ~ k?*when C||k
* w ~ k for other angles

* No generic rule about dispersion relations for higher-form
symmetries?
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Derivation: effective field theories

 EFT of NG modes
* Write down terms consistent with the symmetries
 Derivative expansion

« Higher-form symmetries?



Coset construction

« NG mode: coordinate of G/H E(x) = o7 (DX,
{XA7 Sa}

2N

Broken generators Unbroken generators

* Since gé(n) € G,
g&(m) = E(m)h(B(x. g)) h(O) = ¢S,

* The coset variable is transformed under g € G as

E(m) = &) = g &(m) h™'((m, &)
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Coset constr

« Maurer-Cartan (MC) form

uction

o(x) = — £ (x) d&(x)

=C()J_+G)||

/ N\

« Broken generators

« Transformation under g € G:
w, = hw h!

60” > ha)”h_l — lhdh_l

« unbroken generators

where h = h(x, g)
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Coset construction

* For Lorentz-invariant systems,

g: —thl‘ [a)J_/\*a)J_] — —thr[a)lﬂa)f]

« If we write w, = e?y(n)drn®X,

I A B
L = — EGAB(ﬂ) dr” A xdr

G,z = F* e (m)eCy(n) is a G-invariant metric over G/H



Coset construction

* For non-relativistic systems, we can have
2 2 2 i

e There can also be:

tr [a)J_O XA]’ tr [60”0 Sa]

tr | oXy| P tr wLOh—leh Invariant if
[ ] [ ] [XA,Sa] =O fOI‘ vSa

tr [0S, |+ tr |y h'S,| = ite S hogh™] Inva[r;an; i;—O o VS,
a ~bl —



Extension to higher-form symmetries

Ul breaking — coset variable W(C,) = expi" a®

Cp

Redundancy: a®? — aP + gop—b

Let’s write MC form as

=i Wd) —==> E)EX) = Peilx
X

é(\/'x 0X = {x} U {—x"}
x/

Independent on : :
— > MCequation do+iwoAw=0
the choice of X d + A
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Extension to higher-form symmetries

EH(ER) = Pelh® = WHCHW(C,) = el /™™

X = {C,} U{-C})

P

Y C
\

Independent of — df(p+1) =0

the choice of X
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Extension to higher-form symmetries

Coset variable W(C,) = exp iJ qaP

Cp

Redundancy  a'? — a® 4+ 49—

Generalized MC form WT(C];)W(CP) — eifo(P+1>
f(P+1) — da(P) and df(p+1) —0

P — _ Lf(pﬂ) A * fP+D
2e?
P+ is nothing but the field strength in Maxwell theory

MC eq. < Bianchi identity & magnetic symmetry .



Effective Lagrangian

* For systems without Lorentz invariance, terms with one
derivative is possible:

QAB A ay N\ daB where Q,5 is a (D — p, — pg — 1)-form

* In the case of O-form symmetries, Q,; x dx Ady Adz for D =4

. Those terms lead to ([0/(V,), 0.7 (Vp)]) J Qp
V,nVy

V,y:(D-p,— 1)-dim. subspace, V,:(D—pz— 1)-dim. subspace



Conclusions

* Generalized formula for counting NG modes for higher-
form symmetries,

]
Nxo = ) paCp, = —rank ([Q,, Oy1)
A

* Not sure if there is a generic rule on dispersion
relations

« EFT for broken higher-form symmetries
* Generalization of MC form

« MC eg. < Bianchi identity & magnetic symmetry



Backup slides



Ex) Neutral pion + photon + external B

1 1
« Kinetic term Ly, = ———fAxf——=v2dn A *dn
2e? 2
* miXxing L..=ca(f+B)A(f+B)D2cnfAB

. Charge commutators  ([QY/(V), Q['($)]) oc[ B
VNS

¢ Q = {Qf[x()](v)’ Qe[l](Sx)’ Qe[l](Sy)’ Qe[l](Sz)} [Sogabe-Yamamoto’19]

rank ([Q,, Op]) = rank <—OB 01::3) =2

1
. # of gapless NG modes: Nyg=({1+2)— 5 2=2



Ex) Neutral pion + photon + external B

w?(k) = 4

Dispersion relation

a2+ (1 +sin? Pk +0(kY  gapped

sin* ¢

cosquk2+7k4+ O(k®) gapless

c|B|

v

a .=

e w ~k*when B 1k

* w ~ k otherwise

k2 gapless

L
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