Progress of Theoretical Physics Supplement 1

Wilsonian Renormalization Approach to Nonlinear Sigma Models

Takeshi Higashi, Kiyoshi Higashijima^{∗)} and Etsuko Itou

Department of Physics, Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan

Nonlinear sigma models with N = 2 supersymmetry is formulated in the framework of Wilson renormalization group in three dimensional space-time. Interesting conformal field theories are found as fixed points of the renormalization group equation. Any Einstein- Kähler manifold corresponds to a conformal field theory when the anomalous dimension is γ = −1/2. §1. Introduction

Possible candidates for interacting field theories are severely restricted by the requirement of renormalizability in the perturbation theory, Interacting field theories cease to exist in the space-time whose dimension is larger than a critical value. The critical dimension of self-interacting scalar field theories or non-Abelian gauge theories is four, whereas the critical dimension is two in the gravity or non-linear sigma models. It is an important and interesting problem if these critical values remain unchanged even in non-perturbative treatment of field theories.

Although gauge and gravity theories are more important than non-linear sigma models, non-linear sigma models offer the theoretical playground for these models since there is deep similarity between gauge theories and sigma models. In this work, therefore, we study the non-perturbative renormalization property of three dimensional non-linear sigma models, non-renormalizable in the perturbation theory.

For that purpose, we use the Wilson’s renormalization group.^{1)} In this method, field variables are divided into two parts, field ϕ_Λ and with wavelength shorter than 1/Λ and ϕ_> of higher frequency modes. Then, fields with frequencies higher than Λ are integrated out in the path integral formulation in order to obtain the effective action S_Λ describing the field dynamics with the ultraviolet cutoff Λ. Since it is difficult to integrate out all the field variables of higher frequencies, we integrate out field variables in an infinitesimal momentum range Λ · e^{−δt} < k ≤ Λ to calculate the infinitesimal change of the effective action when the ultraviolet cutoff is changed infinitesimally from Λ to Λ · e^{−δt}. The infinitesimal change of the effective action is described by the renormalization group equation(RGE).^{1), 2)}

The effective action, expanded in powers of space-time derivatives, contains all higher derivative terms, and the RGE is a set of coupled differential equations of infinite dimensions.^{3)} In order to solve these equations, we have to introduce some kind of truncations. In the simplest truncation method, one retains only terms without

∗) Talk given at the International Workshop ”Frontier of Quantum Physics” (17-19 February, 2005)

derivative, and is called the local potential approximation. In the next approximation, we retain all terms with two derivatives. We may call this approximation as the sigma model approximation, since the typical Lagrangian with two derivatives are written as L = 1 2 g_{ij} ∂_μϕ^i∂^μϕ^j which is nothing but the Lagrangian of non-linear sigma model, where g_{ij} (ϕ) describes the metric of the target manifold M where field variables ϕ reside. In this work, we use this sigma model approximation. Furthermore, we confine ourselves to theories with N = 2 supersymmetry, in order to forbid the appearance of local potential terms.

The renormalization group equation for nonlinear sigma models describes the deformation of the metric of the target manifold M when the ultraviolet cutoff has been changed. The fixed points of the RGE correspond to conformal field theories which remain unchanged under the change of the mass scale. In this work, we study the fixed point theories of the RGE. It should be emphasized that RGE obtained in the perturbation theory has the similar form with the RGE obtained in the Wilson’s renormalization method can only be used in the vicinity of the free field theory, whereas the Wilsonian RGE can be used to study even nontrivial conformal field theories located far away from the free field theory.

§2. Nonlinear sigma model with N = 2 supersymmetry in three dimensions

Nonlinear sigma models with N = 2 supersymmetry in three dimensions are defined by the so-called Kähler potential K(ϕ, ϕ̄), which is a function of the chiral and anti-chiral superfields, ϕ^i and ϕ̄^j . A chiral superfield ϕ^i(x, θ) consists of a complex scalar field φ^i(x) and a complex fermion ψ^i(x). The bosonic fields φ^i(x) play the role of the coordinates of the target manifold M. The metric, characterizing the target manifold M, is obtained by the second derivative of this Kähler potential

g_i¯_j = ∂^2K(φ, φ̄) ∂φ^i∂φ̄^j ≡ K,_i¯_j . The manifold defined by a Kähler potential is called the Kähler manifold. The Lagrangian of nonlinear sigma model with N = 2 supersymmetry reads

L = g_i¯_j∂_μφ^i∂^μφ̄^j + ig_i¯_jψ̄^j (D/ψ)^i + 1 4 R_i¯_{jk}¯_lψ^iψ^kψ̄^jψ̄^l,

where the covariant derivative for the fermion fields is given by

(D_μψ)^i = ∂_μψ^i + ∂_μφ^j Γ^i_{jk}ψ^k.

The connection and the Riemann curvature are also written in terms of the Kähler potential K as follws

Γ^k_{ij} = g^{kl̄}g_j¯_{l,i} = g^{kl̄}K,_{ij}¯_l , R_i¯_{jk}¯_l ≡ g_{im̄}R^{m̄}¯_{jk}¯_l = K,_i¯_{jk}¯_l −g^{mn̄}K,_m¯_j¯_l K,_{n̄ik} .

§3. Renormalization group equation

Renormalization group equation for the metric of the target manifold M in three dimensional sigma models has been derived in^{4)–6)} − d dt g_i¯_j = 1 2π^2

R_i¯_j − g_i¯_j + ∇_iξ¯_j + ∇¯_jξ_i (3.1)

where t parametrize the change of the cutoff Λ → e^{−t}Λ. The vector field ξ^i can be written ξ^i = ( 1 2 + γ ) φ^i (3.2)

in the Kähler normal coordinate.^{7)} The anomalous dimension γ of the field ϕ is introduced to normalize the field at the origin

g_i¯_j |_{φ=0} = δ_i¯_j . (3.3)

The renormalization group equation (3.1), called the Ricci flow in mathematical literature,^{8)} describes the deformation of the target manifold of the effective theory when the renormalization mass scale is changed from Λ to e^{−t}Λ.

The fixed point, invariant under the change of the mass scale, is obtained by solving an equation 1 2π^2

R_i¯_j − g_i¯_j + ∇_iξ¯_j + ∇¯_jξ_i = 0. (3.4)

The metric g_i¯_j satisfying this equation defines a conformal field theory.

In the rest of this section, let us discuss the change of the volume of the target manifold along the flow of the RGE. The change of the volume of the manifold along the renormalization group flow (3.1) is given by d dt ∫ √ det (g)dφdφ^∗ = 1 2 ∫ √ det (g)Tr ( g^{ij̄} dg_i¯_j dt ) dφdφ^∗ = − 1 4π^2 ∫ √ det (g)Rdφdφ^∗ + dim_C M 2 ∫ √ det (g)dφdφ^∗ where use has been made of the covariant constancy of the metric ∇g = 0 and the scalar curvature R is defined by

R = g^{ij̄} R_i¯_j .

Terms depending on the anomalous dimension γ has disappeared in this equation, therefore the volume of the target manifold is independent of the anomalous dimension along the flow of RGE. When dim_C M = 1, the change of the volume is determined by the Euler number χ(M) of the manifold χ(M) = 1 4π ∫ √ det (g)Rdφdφ^∗ = 2(1 − g) where the genus is 0, 1 for S^2 and T^2. Especially, the volume at the fixed point is given by V (M) = ∫ √ det (g)dφdφ^∗ = 2 π χ(M) If the manifold is a round sphere S^2 with radius a,

V (S^2) = 4πa^2 = 2 π implies the radius at the fixed point is

a^2 = 1 2π^2 . §4. Fixed point theory for γ = −^1_2

When the anomalous dimension of the field takes a specific value −^1_2 , the fixed point of the renormalization group equation has an extremely simple form 1 2π^2

R_i¯_j − g_i¯_j = 0. (4.1)

By comparing with the equation for the Einstein-Kähler manifolds^{∗)}

R_i¯_j − hλ^2g_i¯_j = 0, (4.2)

with a positive cosmological constant hλ^2 > 0, we find the coupling constant λ (inverse radius of the Einstein-Kähler manifold) of the fixed point theory is given by

λ^2 =

2π^2 h . (4.3)

We found that any Einstein-Kähler manifold corresponds to the conformally invariant field theory, when the radius, the inverse coupling constant, takes a specific value (4.3).

A special class of the Kähler-Einstein manifolds is provided by the hermitian symmetric space(HSS) of the form G/H. The compact HSS is completely classified and listed in the following table, where h denotes the dual coxeter number of the group G.^{∗∗)} G/H D = dimC (G/H) h SU(N)/SU(N − 1) × U(1) N − 1 N U(N)/U(N − M) × U(M) M(N − M) N SO(N)/SO(N − 2) × U(1) N − 2 N − 2 Sp(N)/U(N)^1_2 N(N + 1) N + 1 SO(2N)/U(N)^1_2 N(N − 1) N − 1 E6/SO(10) × U(1) 16 12 E7/E6 × U(1) 27 18

∗) A parameter λ has been introduced to satisfy the renormalization condition (3.3) at the origin. ∗∗) For S^2, λ^2 is related to the radius a^2 of the sphere by λ^2 = 1/2a^2 and h = 2.

The metric of HSS is explicitly constructed by using the gauge theory technique in ref.,^{9)} therefore it is possible to write down the Lagrangian of conformal field theories explicitly.

§5. Two-dimensional manifold

Although it is difficult to solve eq.(3.4) explicitly for γ ≠ −^1_2 , it can be solved for two-dimensional target space M by using a graphical method. In this section, we use real variables to describe the target manifold M, and choose a special gauge where the line element of M takes the following form

ds^2 = dr^2 + e^2(r)dϕ^2 (5.1)

where we have assumed the rotational symmetry in the ϕ direction. Here e(r) denotes the radius of a circle for a fixed value of r. In this coordinate system, the Ricci tensor and the vector field ξ^i takes the following form R_{rr} = R^ϕ_{rϕr} = − e^{′′} e , R_{ϕϕ} = R^r_{ϕrϕ} = −ee^{′′}, ξ^r = ce(r), ξ^ϕ = 0, (c = 1 2 + γ). (5.2)

Corresponding to the renormalization condition (3.3), we impose a boundary condition for e(r) lim_{r→0} e(r) r = 1. (5.3)

The RG equation reads in this gauge

−a^2e^{′′} − e + 2cee^′ = 0. (5.4)

When c ≠ 0, it is convenient to rewrite the second order differential equation to a set of the first order differential equations

e^′ = p (5.5)

p^′ = − 1 a^2 e(1 − 2cp) with the boundary condition

e(0) = 0, p(0) = 1 (5.6)

The vector field of the flow (5.5) is shown in fig.1. When 0 ≤ 2c < 1, this equation defines a compact manifold since the trajectory starting from the initial point (5.6) comes back to e = 0 at a finite r implying the circumference of the circle at that r vanishes. On the other hand, the solution corresponds to a noncompact manifold for 2c ≥ 1.

6 T. Higashi, K. Higashijima and E. Itou

Fig. 1. Flow of the first order differential equations (5.5) for 2c < 1 in the ”phase space” (e(r), p(r)).

The solid line represents the solution specified by the boundary condition.

References

1) K.G. Wilson and I.G. Kogut, Phys. Rep.12 (1974) 75. 2) F. Wegner and A. Houghton, Phys. Rev.A8 (1973) 401.

3) T.R. Morris, Int. J. Mod. Phys. A 9 (1994) 2411; T.R. Morris, Phys. Lett. B 329 (1994) 241.

4) K. Higashijima and E. Itou, Prog. Theor. Phys. 108 (2002) 737. 5) K. Higashijima and E. Itou, Prog. Theor. Phys. 109 (2003) 751. 6) K. Higashijima, E. Itou, Prog. Theor. Phys. 110 (2003) 563.

7) K. Higashijima and M. Nitta, Prog. Theor. Phys. 105 (2001) 243. K. Higashijima, E. Itou and M. Nitta, Prog. Theor. Phys. 108 (2002) 185.

8) I. Bakas, Comptes Rendus Physique 6 (2005) 175.

9) K. Higashijima and M. Nitta, Prog. Theor. Phys. 103 (2000) 635; Prog. Theor. Phys. 103 (2000) 833.